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Abstract

Numerical solutions of Riemann problems for 2-D scalar conservation law are
given by a second order accurate MmB (locally Maximum-minimum Bounds pre-
serving) scheme which is non-splitting. The numerical computations show that the
scheme ha# high resolution and non-oscillatory properties. The results are com-
pletely in accordance with the theoretical solutions and all cases are distinguished
efficiently.

1. Introduction

The initial value problem for 2-D scalar conservation law is

U + f(u)s + g(u)y = 0 (1)
u(z,y,0) = up(z, y) (2)

Define the region my = [0,T) x IR2, then the weak form and entropy condition of
problem (1) (2) are

| [uds + f(u)ds + g(u)d,|dedydt + L duo(z,y)dzdy =0, V¢ € CP(wr) (3)

and
| sionu — B){(u ~ K)o + (F() — 1066 + () — (k) ddyde > ¢

vk € R, V$eCP(rr), ¢>0. | (4)

* Received October 5, 1990.
1} The Pro Ject partly Supported by National Natural Science Foundation of China.,



340 YANG SHU-LI

We all know that in [1], existence and uniqueness of solution to problem (1)(2) have
been obtained by using .(3) and (4), and in [2], the two dimensional Riemann problem
for (1)(2) has been solved analytically under the assumption

| _f"ﬁ” ( fﬂ' / gﬂ')! # 0.

There are many numerical methods for solving initial value problems of one dimen-
sional conservation laws and practical problems. For all linear difference schemes, there
exist two shortcomings that the solutions of first order accurate schemes are smoothed
and the solutions of second order (or higher order) accurate schemes have oscillatory
phenomena near discontinuities. In order to eliminate the shortcomings, several modi-
fied difference schemes (or nonlinear difference schemes) have been presented: Harten!®)
proposed a second order accurate TVD difference scheme and gave a sufficient condi-
tion for the scheme to be TVD; Swebyl unified the work of van Leer!?, Roel®l and
Osherl”l and gave a class of second order accurate TVD schemes in the form of limiters;
van Leer(® constructed MUSCL scheme which generalized Godunov scheme to second
order accuracy. In the previous papers, the TVD property of these schemes is valid
only for one dimensignal cases and has got great success to calculate problems of fluid
dynamics. Unfortunately, in [9], it has proved that 2-D TVD scheme is at most of first
order accuracy, although the splitting methods by using higher order one dimensional
TVD schemes seem to work quite well for practical problems. In [10] [11] we presented
a new MmB difference scheme which has high resolution, second order accurate and
nonoscillatory properties, for initial value problems of 2-D scalar conservation laws.

~ In this paper, we briefly describe the theoretical solutions of two dimensional Rie-
mann problems for scalar conservation law in section 2, and present the concept of
MmB scheme and construct a class of second order accurate MmB schemes for 2-D
conservation law in section 3: Finally, we show you all the configurations by numerical
experiments.

2. Theoretical solutions

Consider problem (1)(2) and take initial data as follows,

U1, z>0 y>0
Uy, z<0, y>0
U3, E(O,‘y{O‘
4, x>0, y<0

In [2], in order to construct the solutions of Riemann problem of (1)(5), the similarity
transformation was used

(5)

uﬂ(:’:: y) ==

£ = x/ti 0= y/t
then u(z,y,t) = (€, n), (1) is exchanged as

(f' (@) — E)ug + (g' (@) — m)iy = 0.
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Correspondingly, the initial data exchange to boundary data

Ui, E>0, n>0
U2, 6'::0:7?::’0

lim EE,?}=
E/?? = consi U3, £E<0, n<0
€2+172—:-m Uy, E>0, n<0

Here we assume that f/ > 0, g" > 0, (f"/d") < 0 and uz < w4, otherwise, the
same configuration can be obtained by some transformations. Therefore we get all the
configurations of solution structure.

From the analysis of paper [2], five cases are classified as follows,
(a) none shock wave uz < us < uy < u.
(b) none rarefaction wave u; < uz < ug < us.
(c) exactly one shock wave

¢1 uz < ug < up < ug, ca Uz < ug < ug < .
(d) exactly one rarefaction wave
di u < up < ug < ug, do ug < uyp < ug < Us.
(e) exactly two shock waves and two rarefaction waves
e11 U2 < Uz < u] < u4, €12 U9 < U1 < U3z < Uy,
ez1 U3z < U1 < uz < g, €2 Up < ug < uz < Uj.

The descriptions in detail can be seen in [2].

3. MmB schemes

3.1. One dimensional case

Consider the initial value problem for 1-D scalar conservation law

Ut + f(w)e =0 (6)
and the inconservative form

us + a(u)u, =0

where a(u) = f,,.

A difference scheme u;?*-’l = Lu;l" is called a MmB scheme if

min(u]_;,u}) < i maz(ul_;,u]) (8a)

j
2 maz(ul,us, )- (8b)

or min(ul,ul, ;) < u;
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Condition (8) is equivalent 10 the equation
nt+l _ % o ym
u; =Y cj—%(ua 3—1)
n+l __ .7 n __ M

where 0 < ¢;_1 d+1 <1
Take f(u)=au, the following upwind scheme is

u;?"'l: ;‘—A(u — uj 1) a>0
s

The above scheme is MmB if 0 < |)tl < 1, where A = aAt/Az.
Second order accurate MmB schemes are written 1o

W1 = ul — Muy -—u_l)-——-h(l-—,\)[qb 1 Aul, ——qb' A

7

Oor

1;-'_1 = 'u- o A(ﬂj-{-l E “) -+ "'}t(l + }l)[‘;b_‘- &'H-J+2 - qb+ 1&’!1-?_ ] a < 0

where Au; 35 =W —u;. In this case, MmB and TVD schemes are almost identical(8110),

3.2. Two dimensional case

Consider the initial value problem for 2-D scalar conservation law

w1 f(’"f)m +9(“)y =0

and inconservative form
uy + a(w)ug + b(u)uy =0

where a(u) = fu and b(u) = gu

If a difference scheme T ,:.' = Luf; satisfies
n n+1 7
mm(um, :-—1,31“1.,3-—1) < u-.:.,;; = mzn(utj?ut—-l 2 i,j—l)
n n n+1 n
or mm(um, ’”':+1jv '“'i,j,—l) Lug; = mm(“ijr i+1,:;’ i}j—l) (9)
n+1 u”

ﬂ.+1 n
or min{ug;,u R ,,ﬁ_l)’i ij Emm(uija i+1,5° i,j-l-l)

+

we call the scheme as a MmB scheme based on three points; If a scheme u;

[ T
i ui". -
gatisfies

T T3 'ﬂ'.-+1

mzn(ulj, u""ld’ i,j-‘—-l’ui"'lj*l) < U; 1,9 ) < mt'n(u'iji :-—1,_1? 1,_','—-13 I-—LJ‘ 1)

min{ul;, Y15 % ij-—-l?ui-—lg-l) <ul;) S min{ugj, Ui—1,5> % D1 Yi1,5- )
n n+l "

min(u‘d,u‘—]':}, u‘ J___l-, u‘__'l’j__l) E u ) <- mtﬂ(ut j"} ul'—l,ﬂ,ui,}'—l,ut— J 1)

T ﬂ-+1
mtn(u,‘j,u,_lﬂ, 13_11 1_-11j—1) < u ) < mz'ﬂ'(u't g7 :-—1,_1? 1,3--11' 1.~—1,J 1)

(10)

%

5

s
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we call the scheme as a MmB scheme based on four points.

Take f(u)=au and g(u)=bu, for a > 0 and b > 0, we derive the following schemes,
(I) Three point upwind scheme

ulTt =l — ATA%T . - AAVR, (11)

L% 1—§J % B

when A 4+ A¥ < 1, scheme (11) satisfies (9) and is MmB scheme based on three points.
Where A* = aAt/Az and \Y = At/Ay.
(II) Four point upwind scheme

ul Tl = ui; — ATA%u? — AVAul. 1 +ATAVATAYT , . (12)

17 t‘_'ﬁij 1.?_'_ ‘—"‘%,j'—z

when 0OA®, A¥ < 1, scheme (12) satisfies condition (10) and is MmB scheme based on
four points.
(III) Second order accurate non-splitting MmB scheme

n+l _ _mmn _ {1 _ \x ATyn S t,,M
ul’ NATUD = GA(L - AT AT,y ¢i_%da up )

_,\yﬁuwﬂ_ — M¥(1 - Ay){¢1:;+1ﬂyﬂm+1 - ¢,§h n_“é} (13)
-I—)lmﬁy:ﬁ.m&yu R

z21d 3

s t}.’?(?‘ ) t',?.[’y? -

z g : -
where& U;, 1 L3 = Wi+1,5— Ui 4, AY u‘l,.?"l-l = Ui 41 Ui 4 and ¢, , l:J“l'z

=+2:J
o(r it 1 ). When %% <0, let ¢*, ¢¥ = 0, scheme {13) is MmB if

; 1 - 2(1 — 2 i
0£(¢$/T*,¢”)szn(;}m —1_1” , (1_,,""))

. - 2(1 —2
0 < (¢¥/7Y,¢¥) < mm(ﬁly' _1,[ _ﬁ;f;m, ( — v:’:n).

where v, = aii, Yy = bi;, and v, vy < %[

(IV} Second order accurate splitting MmB schemes
Theorem 1. If L;, L, are 1-D MmB operators, then

Labw Loles Bolalaly, Lalslubs

are 2-D MmB operators.

Proof of theorem 1 can be seen in [10][12]. According to the theorem, the splitting
schemes by the combinations of 1-ID MmB operators L, and L, are all MmB schemes
based on four points.

For general cases of problem (1) (2),' nonsplitting second order accurate MmB schemes
can be written to the follnwing conservative form,

ule-ll B A*(f i+2,§ fi’i%,‘j) " Ay(g?d+% o g:j_%): (14)
where A* = At/ Az, W = :"_"'.t/' Ay.

Ti i " £ 1 XL,
{,.{.%J’ — 2-[ i,7 g i+1,7 F#’l'l'g,j'& ui_*_%‘j
X ﬂ:,+ 1 Yo, z,+ ¥~ YV
_T(“’ LH; —%& ij—% +”t,3+%”m+§:& Yig+l
U, Ly= = Y,,n
+; a+1.;-~—“ :+1,:.- ‘ﬁ Y1 -3 T “:'+1,;+;“i+1,3+; =+1,J+§)]
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™ e 1 o n_ . 1 —y T
Jig+i = gl95; + i+ — ) ;.Li,j_}_%ﬁ U g+l
8 o+ BT ATy R b LB T, n
= : iR . U, ; : Ny : u. :
A (ﬂt*—%aﬂi—%,a i— 5. R WY R W
'! . 'I ; &ﬂ-‘- ﬂ- . ., ; '1 = X 1:1 )
+p:—-%,j+1p't———;-,j+l u‘l—%ﬂ+1 + "l"|.+-i;,,_1,-_-il-l“'1|'--I--;%q..ji+1‘&l ut+%,j+1)]

Tk 2 ) B
By s = ) 1,10 DAl )

= (¥ )2 Y i Tl A
Pijed — (‘u'i,:H%) T I*”’ia'+§|(1 “ui,j+%|)(1 ig‘+§)

“ x x u ¥
AR — T, LS L . csmbY o A
Hivls — %+3d” 0 Higrl =~ Tig+h
fivr5 — Jij N -
s = { S
(fu)i,j Ui ; = Uitl,j
Gig+1 — Gij j ”
B oed o R TR
i+3 I
. (g;):r,j Uij = Uitl,j
¥y Ly b i, iy
— @, 5 A . - Y
wkd T %algt e Mg e
i b
" = it la]) a” =;(a—|al)
b i . oy 5':'1"' Y 1 Ih+
: — W T o = Fe T
Pird 4 i+3.4° =+;a)‘ 4+ g # Wity w-l—%)
Au, 3. ﬁu-_}_ .
=, s t+zij Ey— e a _2_"'?
Tordi ™ Buo .’ i+ii Du, 1.
2 1+§r3 2 ﬁ =+E’J
At ‘&u‘id'i'%, M = uid—i
Y l — 0 b 4 i 1 b - -

As the study of MmB schemes for the above linear equation, when a = 0, schemes
(14) are MmB schemes based on three points. In this case, MmB properties were proved
in [10); When o = 1, schemes (14) are MmB schemes based on four points. Since it
is very difficult to construct a two dimensional total variation norm and make a high
order accurate scheme to be TVD, we must consider the local properties of schemes,
Hence it is very reasonable for us to present MmB schemes.

4. Numerical experiments

We calculate the two dimensional Riemann problems of the scalar conservation law
ue + (u?)z + (u%)y = 0.

The initial data are as (5)
Here, we choose Ax = Ay = 0.1 and At = 0.01 and give all configurations by using

a nonsplitting MmB scheme with
o(r) = maz(0,min(1,7))

and the time step of the results is n=60, S (or R)-(i-j) expresses the discontinuous line of
i state and j state. From the calculations, the results are completely in accordance with
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the theoretical solutions and the MmB schemes have high resolution and non-oscillatory
properties.

- Fig.1 R-(1-2), 5-(2-3)

0.05 0.05

[Ofs. | l <D

Fig.2 R-(3-4), S-(4-1)
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Fig.3 §-(1-2), 5-(2-3), 5-(3-4), S-(§-1)
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Fig.4 R-(1-2), R-(2-3), R-(3-4), R-(41)
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: 1-5

Fig.5a R-(1-2), R-(2-3), R-(3-4), S-(4-1)
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Fig.5b R-(1-2), 5-(2-3), R-(3-4), S-(4-1)
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Fig.7b §-(1-2), 5-(2-3), R-(3-4), §-(4-1)
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