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Abstract

To obtain the approximate solution of the nonlinear ordinary differential equa-
tions requires the solution to systems of nonlinear equations. The authors study
the conditions for the existence and uniqueness of the solutions to the algebraic
eguations in multiderivative block methods.

4 1. Introduction

Consider the following initial value problem in ordinary differential equations

y'(t) = f(t,y(t), u(to) = o, (1.1)

where 4o € R®, f: Rx R® to R®, is continuous. The approximate solution to (1.1) can be
obtained by the multiderivative block method (MDBM) with second order derivatives:

y-n,+1, M yﬂ + h Z ﬂ«:}fﬂ-{-j "'|' hz Z btj !-"(:33 + hﬁﬁfﬂ + hﬂﬁ?‘irfT(l.l)? (1‘2)

=1 1=1
where i = 1,--+,k, Yn € R®, fn := f(tn,yn) € B®, and £5" := df (tn,yn) /dt € R* are
known vectors. It is proved that there exist ai;, bi;, 8;; and Bo4,4,5 = 1,2, -, k, such

that (1.2) converges with order p = 2k 4 2 (see (1]), and is A-stable for k£ < 5 (see
5]). To compute the approximate solution yn+; = y (t,+;) requires the solution of the
following nonlinear equations:

Unti Hun+hzatjfn+j —|—h22bu L 1€, (1.3)
=1 =1
where u, = yn + hBi fn + h2Bai fi0.

Denote Yn+; by ¥j, f(tntis Ynts) bY Fi(y;), and f D (tnyj,¥n+5) by g;j(#;). Then
(1.3) becomes

Yi = Up + hzﬂijfj (y;) + h22b1393 (¥5), 1<i<k. (1.4)
j=1 Fi=l

* Received May 27, 1992.
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There exists a unique solution to (1.4) if and only if the following nonlinear equations
have a unique solution (see [2]):

k k
yi = h Y ai; fi(y;) + A® D bigi(y;), 1<i<k. (1.5)
j=1 i=1

2. Sufficient conditions for the existence and uniqueness
of the solution to (1.5)

In this section, we will present sufficient conditions for the existence and uniqueness
of the solution to (1.5).

Let A = (ai;), C = (cij) € R***. The Kronnecker product of A and C is defined
by

anG {1120 L lec
ﬂrglC {1220 o & {ngc
ARC = ; ; :
»
apC ageC oo amC
where
ai;C11 QizC12 -+  QiC1k
Ai5C21 Q€22 -+ QjiC2p
ﬂ,,'jC =
QijCk1l Q4Ck2 "+ QiiCkk

Lemma 2.1. Let L and D be m X m matrices, and I, be the s X 8 unit matriz.
Then (LD)® I, = (L® I,){(D ® I,). Furthermore, if DL + LT D and D are positive
definite, then (DL +- LTD) @ Iy and D ® I, are positive definite.

Proof. This lemma can be proved directly by the theorems in [3].

Let
A B AR I, B®I,
L = —_— g —
(0 Ik) o G ( 0 Ikms)
where |
A=(ais)eir B= i)
Denote

;:' (yT!ygi' i :yE)Ta f(y) — (.fl (yl)T afi’ (yE)Ta' " :-fk (yk)T)T:

gly) =g (91 )" g2 ()" 0k (:%}T)T, Y, = (:ﬁ:(y)) ,
hf(y) )

= (h29(y)
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where
T

1,:4? = (y?! y%q: e !y}u h291 (yl)T 3 h292 (yQ)T e 1h29k (yk)T) :

B(Y )= (h.fl (v o hfe (ue)T 201 (w)T - -+ BPgs (yk)T)T :

= (yila Yi2y yia)T:f fi (yt) = (fi.l (yi) :fi? (yi) IR :lf*ia (yi))T ;

i (yt') — (gﬂ (yi) y §i2 (yi) y "ty Gis (yi))T ; 1214 < k.

Then (1.5) can be written as

Y, = LF(Y), (2.1)
or
(at) = (70 o) (Man)
Let
-2 8). weene(78% ,2,)

where D is a.k X k matrix. From Lemma 2.1, if D and DL+ LTD are positive definite,

then D and DL + LTD are positive definite.
Define the inner-product in R?** as

k k
(X, Y] =) dilzi, ) + Y di(@ri, Yrrs) = XTDY,
t=1]

1==1

where .
e T T
X—($1,$2,---,$2k) 3 yz(ylsyﬁa”'ika) 3

~ (D 0 (D&, 0
D_(o D) D_( 0 D@L)

D:diﬂg{dl,dz,'“,dk}, di:}ﬂ: 1<1< k.

And the corresponding norm is defined by

| X1 =[x, X]'/2.
Throughout this paper, we make the following assumptions:
(f(t,u) — f(t,v),u—v) <0, Vte R, Vu,veE R - (2.2)
1 u) - fD ()| <ollu—-v|, VteR, Yu,ve R (2.3)
Then for 1 < 7 < k, we have
(fi(u) — fi(v),u —v) <0, Vu,veR’, (2.2°)
lgj(u) — g;()l| < ollu—vl|, Vu,veR’, o>0 (2,3)

It is well known that assumption (2.2) implies that, for any two solutions U and T
to (1.1), the norm [[U(t) — U(#)|| does not increase when t increases.
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Let w € R*** w # 0. Then
[Cw,w] =w LTDw, [Lw,w]=[w, Lw] =w DLw.

H
ence ]

2
If DL + LT D is positive definite, then so is DL + £TD by Lemma 2.1. Therefore,
[Lw,w] >0 Vwe R w#0,

and this implies that £ is regular and there exists £, and that [£~1w,w] > 0 for all
w € R 2% w £ 0. From the properties of finite dimensional spaces, we see that

|l:Tl|i£1 [ﬁ_lw, w] =03>0,

[Lw,w] = —w? {BL + ETfD} w.

and then
£7w,w| > Bllwl?, we R™,w#o. (2.4)

Theorem 2.2. Let D = diag {d1,d2,--dg}, di > 0,1 < ¢ < k, f; and gj,
1 < j <k, satisfy (22)' and (2.3)". If DL+ LT D is positive definite and

h < \/? | (2.5)

is fulfilled, then (1.5) has a unigue solution.
Proof. Since (2.1} is equivalent to (1.5), we will focus our attention on the existence

and uniqueness of the solution to (2.1).
(i) Existence. Let

GIX)=L"1X - P(X), X¢€R®,

Then,
G(X)=G(0) = L™'X — F(X) + F(0).

Let X be denoted by (vi, v3 )T with v; = (z1,- - ,a:k)T U9 = (Tpa1, ,:.z:gk)T. It
follows from (2.5) and the definition of [*,*] that

[G(X) - G(0), X] = [£7'X, X| - [F(X) - F(0), X — 0]

k k
> BIIXI|1% - r Y dj{fi(z;) — £;(0),z; — 0) — h? D d;{g;j (x;) — 9i(0), Th+j — O)

j=1 j=1

k
> BIXI* - A%} djllg; (z3) — g;(O) Nlwk+s = Of

3=1

K
> BIX|1% = R? D di(e/2)(llzil1* + Hores11%)
=1

k k
= (8- h%0/2) Y d;illzi|® + (8 — K20 /2) Y dillzessl* > Bl X)), (2.6)
j=1

j=1
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where 81 = 8 — h%0/2 > 0. Therefore,
[G(X) = G(0), X - 0] > By|| X (2.7

Since [G(0), X] > —[|G(O)|||lX][, then [G(X),X] > &I X| - IGO)IX| = |IX] -
(B11X]| — IG(0)]]), and this implies that

[G(X), X] 20 (2.8)

for all X € R%* and | X[ > ||G(0)|/5:.
Let 0 # X € R%*, A > 1. Define H(X) = X — G(X). Then

[’XX o H(X):X] = [()‘ — I)X T G(X),X] = [(}‘ - I)X':X] + [G(X)a}{]

> [(A-1)X,X] > 0.

Hence H(X) # AX for all X with | X|| > ||G(0)||/8:.
By Schauder’s fixed point theorem [4.6/3/3]. H(X) has a fixed

X = (M) eB™, ofvie R with X< GO/

v3
a.]].d » .
X* = H(X*) = X" = G(X*),
or
G(X*) =0.
Hence
X' = EF(X*),
i.e.

v} = hA@ Lf(v]) + BB @ Lg(v}) v} = g(u}).

(ii) Uniqueness. Assume that there exist two solutions X and X satisfying (2.1),

that is ; |
0=X-LF(X)=X - LF(X).

From (2.4), we see that

k k _
BIX = X112 =8 _dillz; — 212 + B djllzrsj — Frssll®
i=1

i=1

< [£7HX - X),X - X] = [F(X) - F(X),X - X]

k . k .
= h ) di{fi(z;) — fi(%;), 2 — &;) + B2 Y dilg;i(z) — 6i(&s), Thaj ~ Fiss)
e

i=1

k
<h* ) _dillgi(x;) — 95 (&) - Nzkss — Zrasl
j=1
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< hZZdjﬂ'”mj < B4l # |lks — Traes |
=i

k
s oo ) -
< kY di0/2) (llzj — &l + lowes — Beasl®) = SRIX - X2,
-

This, due to (2.5), implies that z; = z;, j = 1,2,---,2k, and completes the proof of
the theorem.

3. An Example

For the simplicity in calculations, we give a simple example to illustrate the efficiency

of Theorem 2.2.
Consider the Obrechkov methods (multiderivative block method with second order

derivatives, k = 1) :

Unt1,= Yn + (B/2) [+ fara] + (B2/12) [£0 = £24] . (3.1)
In this case,
D 0 A B
A=1/2, B=-112, D=d>00=( ), Z=(g ;).
DA+ ATD DB d —d/12
T st
-tk D“( BTD 29)‘(—d;12 2d )

Obviously, DL + LT D is positive definite. By the well-known results of logarithmic
norms of [6], we see that

8 = min {A:det (DL™' + L"TD - 2AD) =0} = i _‘;2\/97 |

From Theorem 2.2, we conclude that the nonlinear equation {2.1) has a unique solution
provided that (2.5) is fulfilled.
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