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Abstract

In this paper, we consider the numerical solution of quasi-parabolic equations
of higher order by a spectral method, and propose a computational formula. We
give an error estimate of approximate solutions, and prove the convergence of
the approximate method and numerical stability on initial values. Under certain
conditions, which are much weaker than the conditions in [6], we gain the same
convergence rate as in [6].

g §1. Introduction

This paper considers the following nonlinear quasi-parabolic equations of higher
order with periodic boundary conditions:

8 G gl T 8 B My
o e 1
ot i) A@mﬁMﬁt f(u. T Rl 3:1:23"4)’ (1)
u(e —mt)=ulz+mt), z€lR, 0<t<T, (2)
u(z,0) = do(z) = ¢{z), =€ IR. (3)
Here, u(z, t) is a vector function with dimension J, u(z, t) = (ui(z,t),...,us(z,t)), A =
(a,;,j);f j=1 Is a symmetric and positive definite matrix, and a;; are real constants, i.e.
- e 5 o My
ﬂi,j — {Ij,‘i; ijz=1 ﬂ,ij&fj 2 ﬂogﬁj,ag > U,Vﬁj & IR. Suppcrse f('u,, Eu, P asz) 111
(1} takes the following form:
e oG
i == ~1)" Dt 1§ ' 5 +h;(w)i =1, -+, J),
J ﬂlz::l( ) 6Pj b HIZ___: ( ) T B—R‘],m— J( )( (4)
f= (fl:”'a.f )'

were h;(u) is a function of the vector u, the Jacobi matrix of A = (h; ) _; 1s semi-
bounded, i.e. there exists a constant b such that

(6.27€) <b(6,6), V& ue R,
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F=FP,..  Py_,),G= G(Py,...,Py_1) are smooth tunctions, Py = (P p,.. .,

o
Pym)y, Pjp = Dy, D, = FouI = Ok, oo M= Vg =105 s J 000 #p(x) is a known

T
vector function with period 2.

Equations (1) contain many equations which arise in physics and mechanics. For
example, when we consider the long wave problems in a nonlinear dispersion system,
the BBM equation u, + (P(w))z = u,yy arises. Also, the nonlinear advective equation
of Sobolev-Galpern type is contained in (1). |

Zhou and Fu [1] proved that, under some conditions, system (1)—(3) has a gener-
alized solution u(z,t) € C’“‘*M”‘I(IR) M W2k+M(-?'l‘, m)(k > 1). When k& > M + 1, there
exists a smooth global classical solution, i.e. DD y(2, 1) € €0, T x IR).

Since the solution possesses higher smoothness, we can use the spectral method to
obtain the numerical solutions of ( 1)—(3).

We introduce the usual symbols: the inner product of vectors u, v are

J
w
(u, v) =/ Zujvjda:, set{) = [—m, 7],

» J=1

Lo[0,T; HS (£2)] denotes: when u(x,t) as function of z. which belongs to H®(Q2) for
fixed 0 < ¢ < T, and sup [lu(-, )]s < o0; Jullz[0.T5 HS] = sup [l s, | - [HS

0<t<T 0<t<T
0%u 0%

: 2 5 9 " : -

denotes Sobolev norm, i.e. H’H”HS(Q) = ””Ilwf(m = Z (3:}:&, 8&:‘1)’ |- sy =
0<|a|<§
0% 0%u : .

Z (—‘—amﬂ: 3—;), define Hulir.. o) = ess igg lu;j(x,t)|. Suppose r is the time step.
=5 0<s<T

We define the difference quotient
T |
Un+1,t = ;(u(m, (n+ 1)7) — u(z,n7)).

If there exists a constant b, such that

J M 62F J M ;
z Zl aﬂ-,m—laﬁ,.ﬂ*l gj,mfa,l < bz E gj,m:

Fol=1m,s= j=1m=1

then the Hessian matrix of function F is said to be semi-bounded.

2. The Spectral Method of System (1)-(3) and the Priori
Integral Estimates of Solutions

We introduce Vy = span{l, cosz, sinz, - - -, cos N z,85inNz} as a space. Py denotes
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the projective operator from L; to Vn, ie.

N
Py f =1/2x(f,1) + 1/ > _((f,coslz)coslz + (f,sin Iz)sinlz), Vf €l
I=1

Ly is a space which consists of the solutions of (1)—(3). Thus, we can take

N
ul,(z) = ul (z,n7) = afg + Y _(af; cosle + B sin x) (4')
=1
as the approximate solutions of (1)—(3). Here, al; = a;i(nt), B = B;i(nt), 1=
‘ N
1,2,...,J. Also, we can write the vector form u”¥ = u¥(z,n7) = of + Z(a}‘ coslx +
=1

A7 sinlz), where ap = ay(nt), B = Bi(nt) are ail vectors I J dimensions. By virtue
of the spectral method!4!, Qs ﬁ}:x should satisfy the following integral relations:

J
N M M_N N N
(uj,ﬂ+1,t_ +,Z(—H1) 'ﬂl‘jiDi ui1ﬂ+llf - fj (uj’n_i_l’ Dzu .,ﬂ+1! ¢« 4 = 5
i=1
DﬁMu;TfﬂH),u):o, =01 a0, FolZeeyd, Yo €V, (5)

(6)

ul = 4 = Pnio(z).

Henceforth, we shall use the integral estimation method and Sobolev's functional
interpolational formula to make some priori estimates for the approximate solution
N e ( N N T
Upt1 = Ui n410e - !uJ,n+1) :
Now, we use C;(i = 1,2,...) to denote a constant.

Lemma 1(Sobolev’s inequality)!!?l. Suppose u € H "(Q). Then, for given € > 0,
n, there exists a constant C(e,n), such that

|D§“ 2 < Cllullz + el| D2 ull2, k <n,

|DXu||z.. < Cllullz + e||Dhul2, &k < mn.
Lemma 2 (Growall’s inequality of discrete operator)l. If for functions u(t),v(t); 0 <

v(t) < M, there is a positive constani Cy, such that

[T/7]
u(t) < Ch + Z u(t;)v(t;) “ 7T, 0<t<T,
=0

then
u(t) < ClﬂMT =19, 0<t<LT.

Lemma 3. 51 For any real 0 < u < o, there exists a constant C such that

lu— Pyull, < CNP~7 - |ulo,  Vu € HE, (D).
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Here, H&)(ﬁ) =closure of C )(Q) in HO(Q), C(p)(ﬂ) {v = WHIV R - C() s
infinitely differentiable and 27rwpemodac in each variable}, and d is the dimension.
In this paper, u = 2,d = J. Then

lu — Pyulls < CN?%|u|l, < CN?™°, VYue HE, ().

Lemma 4. Suppose the matric A is symmetric and positive definite, and F €
M+ @ € OMHL e Cl, ¢(z) € WM (~m,n). If the Hessian matriz of F and the
Jacobi matriz of h(u) are aemi-baunded, then ||uf|l2 < Cs;||ul ||z, < Cs. Here, the
constant Cs is independent of N, ulY 7 = u®y (z, L7).

Proof. Set v = coslz, and multiply (5) by a”+1 Then, take v = sin iz, and multiply
(5) by ;3"'“(0 <! < N). Summing up for ! from 0 — N, we obtain

N M 2M N N 2M N N .
(uj:n"'lj + Z(—_l) a'J"D 'l n+1, t f.? (uj,ﬂ-}-l? D j,ﬂ.-}-l)‘! U *,n+1) = 0:
i=1

o Lyor . ()
»

Notice that

N N
('“' ',n+1,f5u',n+1) = (“gn+1,fs T/ 2(”gn+1,f) (T/ 2(“J,n+1 t) 3,n.+1))

= /20w 5l3 + 1/2( 1] [13) (Z;(— MazDPMull 1 5 ufnt)

J J
N M M
= Z(a’.?tDM :,n+1 t! 3 ﬂ.-I-l) — o Z (ﬂ'.?: (D u; n+1 iy (D J,n—i—l)t_)
1=1

1.--1

M M_ N N M N
+ = Z(ﬂ'ﬂD U, n+1! Dm j,n+1)f((f.f (u a1 D2 _',-,n—f-l)? u{:rn+1)
:——1

M M
= Z (D:capi:_ ’D;"“gnﬂ) + Z (a = D J!“+1) ( ’(u““)’ *“"'1)

(”u ,n+1”2)t P — Z(aﬁDM 1-n+1! 3ﬂ+1)t
:—1

M 2F .
Z (aPJm-IBF’I;_ L u1ﬂ+11Da: Jﬂ-l-l)

i(aa

8P; o1 B2 ;.m.+1) £ (hj(uf+1)au¥ﬂ+1)'
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Summing up the above formulas for j from 1 to J, we obtain

(H“n+1“2)t+ Z(ﬂj tDM m+1:DM ;,n+1)

3,1—1

o (8)
Wiz bz z Dm j,n-]—l! jﬂ+l)+/ _d$+ h'(ufil-l)#uf-}-l)‘

By virtue of G € CM+1 / —d:x: < C}/2. From the Taylor expansion of h(ul,,),
we have (h(upi1), nN+1) = (h,(O), $+1) T (hf(ﬁ£+1)ug+lﬁuf+l)‘
We utilize the semi-boundedness of the Jacobi an 8h/du of h, and get
(R (@, a1, uhy) < bllunta |3,
((0),u) = [ 1O de < 7RO +
Therefore, we get
(h(unN-l—l)! “ﬁ+1;§ "’T”"(':]”2 * ”“nN+1H% T b[!uf+1||§ i Cl””wf+1”§ + C3/2.

From (8), we have

M m
(”un+1H2)t + Z (a’.‘} E-DMT Uint1s D L7} n+1 P < 2b Z HD n+1”2
Jyt=1 m=1

2C1 [|uny 113 + 2C5 < bi(llugya iz + 1D w1 ]12) + Coa.

where by, C5 are constants independent of N. The last inequality comes from Lemma

1 (Sobolev’s inequality).
Summing up the above formulas for n from 0 to L — 1(L = [T'/7]}, we get

J
~ N M
[ud 13 + ao| DMuf |3 < 6§13 + 3 (aj:D¥ulf, DI ufl)
2,i=1

+Cy + by Z (lual3 + 1D uli113)-

By virtue of Lemma 2 (discrete Gronwall’s inequality), we get

[uf 13 + aoll DX uf (13 < (1lad'l13 + C2 + }: (055 DM u, D3fujy)) e
J,t=1

where Cj is a constant independent of N. Thus,
Jufllz < Cs,  DZ'uill2 < Cs.

By Sobolev's inequality (Lemma 1), we obtain |luf |z, < Cs. Then, Lemma 4 is
proved.
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3. Error Estimates, Convergence and Stability
for Initial Values

Suppose that the solution of (1)—(3) is u(x,nr), and the solution of (5)—(6) is u.’ ().
Then the error vector between the solution of the spectral method and the solutions of
differential equations is ey = u(zx, nr) — ul (z).

Define the projective error vector as follows:

R) = u(z,nr) — Pru(x, nt).
From the j-th equation of (1) and (5), we get

o J
(B_tuj(m’ (n+1)7) — uffn#—l,f 2 Z(“l)Mﬂj,iDtﬂgMui(m, (n+ 1)7)
s

J |
= 2 (-D)Ya;: DMul L 2~ filus(e, (n+ 1)7), -+, DMy (2, (n + 1)7)

=1
+ fj(t’_?::[n-i-li w3 2 :DiMufn+l):ﬂ) =0, J= Lysv«ydy, Ywe€ V. (9)

From [1], we krtow that the solutions of problem (1)—(3) satisfy ‘%u(m,t)‘ < Ci3;
2NM 41
& (s, t)[ Z s,

Then, from the Taylor expansion,

(H'J (:E! (ﬂ- T I)T))t s u;?:{n-l—l,f — E_fﬂﬁ‘l;f - Ei}l,.ji'd,?"l--l-lal

Dy D*My,(x, (n+ 1)7) — DEM”ﬁHl,E = DE:MEE;H,E + B0 ridn.

Here, |01, n+1] < Co7; 025 n11| < Cor. Take

F = filuj(z, (n+ 1)7), -+, DiMuji(, (n + 1)7)) = f(lpy,- -, DM, )

M
- Z(—I)mﬂm+1 aF(u_j,-“,DgMuj 3G(uj,---,D§Muj)

) M
+ 2 L-1mag

! OF (ul .\, , DMyN )
+ hi(u) — =1} et hntl) 97z “intl
J( ) m=1( ) aa',m——l
= f:(—l)mDmaG(ug““"“"DEM“;LH) - hg(ulY
m= < aP:f,m—l ARl
Set v = Pyui{z, (n+ 1)71) — u"Tn+1 — Efn-kl — Rgn+1' Then, from (9) we obtain

s

N M 2M _N N N —

(Ej:ﬂ'l'l,f L3 gl,j,n—kl T Z(-—l) ﬂj:i(D:I! Cin+17 92!£1n+1) E i €in4+1 — Rj,n-l-]) = 0,
=1

jzlr"'!']ﬂ (10)
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1.e.
N M 2M N N N N
(Ej"ﬂ-‘_l’i + E(_l) a“? tD J:ﬂ"l‘]-:i’ EJ!“"’FI) o (Ej,ﬂ-l-]. R Rj,ﬂ-‘-l)
=1 .
e N M N
_(ﬁlij,ﬂ-i'l! J,ﬂ‘{‘l _Rj,ﬂ'l'].) = (Z(_l) ﬂj,:’BZ,i,n-f-l:Ej,n.f-l R ﬂ‘f‘l)
=1
N :
(E( I)MGJ 1D2M tn+11R ﬂ+1) + (7, Cint+l T R£ﬂ+1)* j=1,--,J (11)
i=1
Since

1
N
(Y i1 €M) = T/20iER a1 4ll3 + F(lTmrll2)e

M M N M M
(E( 1) aj, 1D2 1;ﬂ-}-l %, j,n+1) — B9 (Z a’J#D = n.+1 t D _1 ﬂ--l-]. t)
=1 i=1

i
§ ( E aj, 1D2151 n+19 Df 3,n+1)

N
(83 n+1.0 Rj,ﬂ-i-l) = (E 1,n+1) R; ,ﬂ+1)f ox i(sj,n+11 n.+1 t) _ _(Ej,ﬂ! R 1. n+1, t)

J _
(Z(-l)Ma,-, DN RN ) = 1/ (S (-DMajalelng — i) D2V Ripa)

i=1 =1
from Lemma 4, we know

(-’F# Efn+1 3,n+1) < 2b1(”53 n+1"2 + ”DM jﬂ+1“2 + “ n+1"2 + ||DMan+1||§)

where by is a constant just as in lemma 4.
Substituting the above formulas into (11), we get

M, M |
(HEJ,ﬂ+1"2 t + Z(ﬂ'.? ‘lD £ *1r7|.+11F D:l: Ej;fﬂ-l-l)f (5J,n+11 R; n-i-l)t

1| 3 "
< "Hel,j,n+1"§ + E"Eﬁﬂ-l_l”% “ ﬂ.+1"2 + = H J!“+1’{”2
| 2 I 2 :
g 5 ( ; aj,i) (||92,i,n+1 2 + 5 e nt1 |5 + ” 3,n+1”2)

J
1 Z 4 N M pN
i=1

| M
+ CollleNasall? + 1D e5miallz + IR N 13 + 1Y Rpisll2),
j=11"':J' (12)
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Summing up (12) for j from 1 to J, and for n from 0 to L — 1 (L = [T/7]), we
obtain

||~'=' Hz + Z (ﬂ:.-,:DM :La )— Z(E ,L:R_-;,L

1,7=1
o |
< lled 113 + Z (@ Dy el\ 0 f"fg{)) — E(Egﬂwau) +ET Z(”Blmﬂng
i,7=1 j=1 n=0
+ ||B2,n+1 % + ||E£+1”§ g ||D£ﬁr n+1”2 & ‘|D2MRn+1||2 i ”Rn+1H2
+ 1D RY 1115 + IR 1 £l13) + Crrled’ |12 (13)

By

1
(50, RiL) < (”EJ,L”2+”R zll2), Z(E o Bi) < S(leX 3 + IR,

3=1

1
Z(Eg,m RY) < S (15 1B + | RY 1),

7=1

(13) becomes

L-1
leZ 12 + aoll D2 eL Il < CsR + Crr Y (llefiall3 + 1|1 D2 enalI3)-

n=(

Here,

= ”Eé\'”% . "R "2 R IIR{I]ﬂIE g Z (a.h DM 1.[]? T 3,0)

ji=1
L-1
+Orr Y (161041113 + 162041113 + I RR 4113 + (|1 D2 R 4113
- n={)

=+ HEO 13 + ”DZMRnH"z + || Ry +1, £11%)-

From discrete Gronwall’s inequality (Lemma 2), we obtain ||e}||3 + ao|| DM ef |2 <
1 1
CuiR, ie. |[ef|l2 < C11RZ; | DMeY |2 < C’11R2
From Lemma 1, we obtain [[¢¥]|z_ < CuR2 Therefore,

1 1 1
lez ll2 < CuuR2, ||DYefllz < CuuR2, |lefllr., < CuiR2. (14)

Theorem 1. Suppose that the conditions of Lemma 4 are satisfied, and do(x),
u(z,t}), u(z,t) are all bounded and have continuous s + 1-th partial derivatives (s >
M + 1) with respect to x. Then,

leZ llz < Cra(r + 1/N*7Y),  lef llzew < Cralr + 1/N*7H),

1D |2 < Cra(r + 1/N*71).
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Proof. From the conditions of Theorem 1, we know that do{z), u(z,t), ui(z,t) all
belong to H SH(Q) In the experssion of R,

e |2 = |lu(z,0) — uf ()13 = |lio(z) — Prniio(z)|[3 < C1a(1/N°*71)2,

H Z(%D“ N, DM < max (aj | DM (o(x) — Priio(=))3

1<3,3<J
3i=1

_!_

< Ci3(1/N*"1)?%,
|RY |13 = ||u(z,0) — Pyu(z,0)|13 < Cia(1/N°*71)%,
|RY 12 = ||lu(z, LT) — Pyu(s, L7)||5 < Cia(1/N*1)%,
B1nr1ll3 < Cra7?,  |102n11ll3 < Crar?,
IR 1113 = |lu(z, (n + 1)7) — Pyu(z, (n + 1)7)||5 < Cia(1/N*71)%,

DY RY, 113 = 1D u(z, (n + 1)) = PnDy" u(z, (n+ 1)7)ll3 < Cia(1/N*" &

D2MRY, |12 = | DMu(z, (n + 1)7) - PyDMu(z, (n + 1)7)|2
< C13(1/N*71),

IIRn+1 t”% < ”ui(ma (ﬂ‘ T I)T) — PNut(:"-:a (ﬂ' =+ I)T) + Pn+1”%

< Cua(r? + (1/N*1HY%),

where, |pn+1| < CraT.
Substituting the above estimates into the expressmn of R we get R < Cy3(7°

(1/N*1)2).
From (14), we get the conclusion of Theorem 1.

From Theorem 1, we directly get
Theorem 2. Suppose that the conditions of Theorem 1 are satisfied. Then, when

T — 0, n — 00, the solutions of the spectral method (5)—(6) converge to the solutions
of problem {1)—(3) in Lo norm. The convergence rate is O(r + 1/N*~ . |
Theorem 3. Suppose that the conditions of Lemma 4 are satisfied. Then, the
formulas (5)-(6) of the spectral method are stable with respect to inttiel values.
Proof. Suppose that 4 has disturbance v{¥. From (5) and (6) we set up equations
which are satisfied by v (u s disturbance). Similarly, we obtain analogous estimates
of v¥. By these estimates, the computational formulas (5)~(6) of the spectral method

are stable with respect to initial values.

References

(1] Zhou Yu-lin and Fu Hong-yuan, Scientia Sinica, ser. A, 25 (1982}, 1021-1031. (in Chinese)



A Spectral Method for a Class of Nonlinear Quasi-Parabolic Equations

[2] A.Adams, Sobolev Spaces, Academic Press, New york, 1975.
[3] Guo Bo-ling, Mathematica Numerica Sinica, 3 (1981), 211-233. (in Chinese)

[4] D. Gottlieb and S.A. Orszag, Numerical analysis of spectral methods, CBMS—NSF, Regional
Conference Series in Applied Math., 26 (1977).

[5] C. Canto and A. Quarteroni, Appromma,tmn results for ﬂrthugﬂna.l polynomials in Sobolev
space, Math. Comp., 38 (1982), 67-86.

[6] Zhou Zhen-zhong, Spectral method for nonlinear quasi-parabolic equations of higher order,
Hunan Annals of Mathematics, T : 2 (1987), 57-66. (in Chinese)



	File0001.jpg
	File0002.jpg
	File0003.jpg
	File0004.jpg
	File0005.jpg
	File0006.jpg
	File0007.jpg
	File0008.jpg
	File0009.jpg
	File0010.jpg

