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Abstract
The initial-boundary value problem of Burgers equation is considered. A prediction-
correction Legendre collocation scheme is presented, which is easy to be performed. Its
numerical solution possesses the accuracy of second-order in time and higher order in
space. Numerical results are reported, which show the high accuracy of this approach. The
techniques used in this paper are also applicable to other nonlinear evolutionary problems.
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1. Introduction

Since spectral methods possess the accuracy of “infinite” order, they have been widely
applied to computational fluid dynamics, e.g., see [1-3]. As we know, the Burgers equation
plays an important role in fluid dynamics. Maday and Quarteroni [4] studied Legendre and
Chebyshev spectral approximations to the steady problem. Recently Bialecki and Karageorghis
[10] considered Legendre collocation method and He Li-ping and Sun Shun-kai [11] provided a
fast direct Legendre collocation algorithm for linear elliptic problems. Ma He-ping and Guo Ben-
yu [6] developed Chebyshev spectral methods for unsteady problem. In some existing work, the
temporal discretizations for nonlinear evolutionary problems is of the first order, and so limits
the merit of spectral approximations in space, e.g., see [7]. To remedy this trouble, a prediction-
correction Legendre spectral scheme was proposed in [8,9], which produces precise numerical
results, in which the linear leading terms are approximated implicitely and the nonlinear terms
are approximated explicitely at each step. Thus we can solve it explicitely by using the algorithm
in [11]. However, how to analyze the high accuracy for such an approach is still an open problem.
Indeed, so far, there has been no result on error estimate of prediction-correction operator
Legendre collocation method. Since we can not derive an explicit relationship between the
numerical solution and its predicted one, and so the analysis is very difficult.

In this paper, we take the unsteady Burgers equation as an example to show how to construct
a reasonable Legendre spectral collocation approximation using prediction-correction operator
in time and how to analyze the errors. Let T > 0, A = (—1,1), 0A = {—1,1} and p > 0 be the
kinetic viscosity. f(z) and wuo describe the source term and the initial state. Then the unsteady
Burgers equation is of the form

Ou Pu 10 , .
E—u@+§%u =f, in AX(O>T]7
u=0, on 9A x (0,77,
u(m,o) :UO(CU), in AU@A
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In Section 2, we construct the scheme and present the convergence. In Section 3, we present
the numerical results which show the high accuracy of this method. We list some lemmas in
Section 4 and prove the accuracy of second-order in time and high order in space in the final
section. The technique provided in this paper are also applicable to other nonlinear evolutionary
problems.

2. The Prediction-correction Legendre Collocation Scheme

Throughout the paper we use Sobolev spaces H"(A) and Hj(A). For simplicity, let L?(A) =
HO(A). Their definitions and properties can be found in [12]. The inner product, the semi-norm
and the norm of H"(A), r > 0 are denoted by (-,-),, | - |,., || - ||,. respectively. If r = 0, then the
index r is omitted. We recall that the usual semi-norm | - |, is equivalent to the norm || - ||, in
Hg(A). Further let H™"(A) be the dual space of Hg(A), and <, >p g gry be the duality
parting between H~"(A) and Hf(A). Define the bilinear form A(-,-) : HY(A) x H'(A) — R
and the trilinear form B(-,-,-) : L*(A) x L*(A) x H*(A) — R as follows

Alwv) = (2—;%» Vu, ve H'(A), o)
2.1
Blu,v,w) = —§(uv,g—“;’), Vu,v € LY(A), we H'(A).

So the weak formulation of (1.1) is to find a function v € L*(0,T; H3(A)) (N L>°(0,T, L*(A))
such that

ou
{ (Eav) + 1A (u,v) + B(u,u,v) = < f,0 > g1y, Yo € Hy(A). (2.2)

u(z,0) = uo(x).

It can be proved that if f € L?>(0,T; H=*(A)) and ug € L?(A), then (2.2) has a unique solution.
Let Pn(A) be the set of all algebraic polynomials of degree at most N and Py(A) =
Pn(A) ﬂ Hj(A). We define the orthogonal projection operator Py, : Hi(A) — PY(A) such
that
A(u — Pyu,vn) =0, Yoy € PY(A).

Also, we shall use the orthogonal projection operator Py : L?(A) — Py (A) defined as
(u — PNU,’UN) =0, Yoy € PN(A)

Denote by {:lcj}j:01 ..y and {wj}j:01 ..y the nodes and weights of the Gauss-Lobatto-
Legendre quadratuare formula on A=[-1,1]. Let Iy : C(A) — Py(A) be the interpolation
operator on {z; }j:0 1. n- It is obvious that

INU’(m]):U’(m])’ .]:07177N
The discrete inner product and norm are defined as

N

(o) = 3wl | u lly = ()3

Also, we shall use the norm

N
1
O lulzy) |"wj)a, 1<q< oo,
=0

omax | u(w;) |, q = 0.

| wllpaqa),N=
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We now consider the discretization only in space. The semi-discrete Legendre spectral
approximation solution of (1.1) is a function uy(z,t) € P%(A) such that

6uN 82uN 10 .
—H 0z? (3£UINUN |I z;— f(xjvt)) j=12,--- ,N-1,te (OaT]) (23)

0
’LL(:L‘J',O) = ’U,()(Z’j), .7 = ]-72> >N-

Indeed, (2.3) is easy to be coded. To show this, we consider its vector form. Let

Uo = (Uo(l‘o),Ug(Z’l), T 7”0(mN))T) UN( ) (UN(movt))uN(xl)t)a T 7UN(mN7t))T7
Fy(t) = (0, f(x1,t), -+, f(zn_1,1),0)T, Zxn = diag(0,1,---,1,0)

and Dy be the differentiation matrix(see[3]). Denote the Hadamard product of the vectors
U and V by UQV. It is clearly that the jth component of UV is the product of the jth
component of U and V. Then the vector form of (2.3) is as follows:

ou 1
{ Zn( 8tN pDRUx + DN (UNOUN)) = Fy, 1€ (0,T],
We shall use the variation form of (2.3). Let vy € PY(A). By multiplying it by v (z;)w; and

summing it for j =0,1,--- | N, we obtain that

9 o 0
( gtN”UN)N_,Uf( angV:UN)+ (6 Iyuj,vn)N = (f,on)N-

Since 5 5 5
o 5 _ 5 UN — (2 UN
(55 Ivun,vn)N = —(Inuy, 5 =) = —(uy, 5 =),
we introduce the trilinear form By(,-,-) : C(A) x C(A) x C*(A) — R, satisfying

BN('U/,’U,'IU) = _%(U’Ua g_’l;}

Thus, the semi-discrete Legendre spectral collocation can be written as

)N, Yu,v € C(A),w € C*(N).

Oun
{ ( ;t ,ON)N + pA(un,vn) + By (un,un,on) = (f,on)n, Yon € PR(A),

’LLN(O) = INUO.

We now describe the fully discrete scheme. Divide the interval [0, 7] into M uniform subin-

tervals and then let 7 = L. Set u¥(z) = u(,k7), also denoted by uF for simplicity. Let
uk. € PY(A) be the approximation to the solution of (2.2) at time t; = k7. Denote by u?vf;re

the predicted value of uf\,ﬂ

(2.2) is of the form

. Then the prediction-correction Legendre collocation scheme for

1, . o
_(’u‘?\ff;re u?Vv’UN)N + QMA(UN + U§V+;re7 ) + BN(“?V)“?V:’UN) = (fka’UN)N>
1
—(ukFt —uk oN)N + QMA(U,N + ukFt on) + EBN(us,ufv,vN) (2.4)
1
+§BN(U§V+;T6’U?V+;T6’UN) (fk fk+17vN)N7va EP]QT(A)al SkSM_la

u® = Inug.

Obviously the approximate solution on the initial level is well defined. Now assume that
the numerical solution on the kth level has been calculated. Let

1
Opc(un,vn) = (un,vn) + E/LTA(UN,UN), Yun,vn € PY(A)
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be the prediction-correction operator. Clearly Opc(un,vn) is a bilinear continuous and coercive
form on PY(A)x PY(A). Hence by Lax-Milgram theorem, the numerical solution on the (k+1)th
level is determined uniquely. So this scheme has a unique solution on each level as long as
f€C(0,T; L*(A)) and ug € H}(A).

We now present the convergence. Let u* be the weak solution of (2.2) and

n—1
1
Bw") = || w" |* + Zpr Y- | w4+ wm |
k=0

2
1

THEOREM 2.1. Assume that
(i). u* € Hl(O,T;Hé(A)) NH™(A)NH?(0,T; HY(A) N H3(0,T; H-1(A)), and m > 1,
(ii). f € HY(0,T; LA(A)N H™(A)) N H?(0,T; H 1(A)),uo € H&( N H™(A),
4
(i5i). T = O(N‘A),)\ > 5
Then we have

E(u*™ —uf) < M*(r* + P°N* + N72™), ¥n>1

where M™* > 0 depends only on p and the norms of f,u*,ug in the spaces mentioned above.

3. Numerical Results

In this section we report some numerical results and compare the results of scheme (2.4)
with the following scheme(see[7])

1, . ) . "

— (i = uf, on) N + pA(oul + (1 - o)uky, on)

+B]\f(5u§“\,+1 +(1- 5)u§“\,,u'f\,,vN) = (f*,on)N, VYon € PY(A), 1<k<M-1, (3.1)
u® = Inug

where 0,40 are parameters, 0 < o,d < 1. In all calculations, we take ¢ = 0.5, = 0. In this
case, (3.1) is just the prediction scheme of (2.4). Hence, the efficiency of the correction scheme
is obviously. For descibing the errors, we denote the relative error by

N un —u*||n
B

Example 1. Consider Bergers equation with the exact solution
u*(z,t) = AePlsina.

Take A = B = 0.1. The numerical results are presented in Table 1-Table 3. Table 1 shows the
high accuracy of scheme (2.4). Table 2 indicates that the numerical solution of scheme (2.4)
converges to the exact solution as N — oo, 7 — 0. It also shows that this scheme is very stably
for long time calculation even for small NV and big 7. In particular, the accuracy of scheme
(2.4) with 7 = 0.05 is as good as scheme (3.1) with 7 = 0.0005. So we can save the work. Table
3 shows that the calculation are still stable for very small p, even if 4 = 0. It shows again that
scheme (2.4) provides more accurate numerical results than (3.1).

Table 1 The error E(u*(¢)) of scheme (2.4) p=0.5,N =16

T T=1 T=2 T=3 T=4 T=5
7=0.1 1.764382E-5 | 1.949775E-5 | 2.154612E-5 | 2.380920E-5 | 2.630932E-5
7=0.01 | 2.139889E-7 | 2.364836E-7 | 2.613397E-7 | 2.888052E-7 | 3.191528E-7
7=0.001 | 2.378627E-9 | 2.628647E-9 | 2.904912E-9 | 3.210177E-9 | 3.547475E-9
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Table 2 The error E(u*(30)),

©n=0.5,

scheme (2.4) scheme (3.1)

N=8 N=16 N=32 N=8 N=16 N=32
7=05 | 4.107021E-3 | 3.865909E-3 | 3.865913E-3 | 2.520100E-3 | 2.247803E-3 | 2.247349E-3
7=0.05 | 5.952485E-3 | 8.106889E-5 | 8.106945E-5 | 7.146238E-3 | 2.216810E-3 | 2.214106E-3
7=0.005 | 6.018622E-3 | 9.264174E-7 | 9.266689E-7 | 6.106448E-3 | 2.213275E-4 | 2.213272E-4
7=0.0005 | 6.019403E-3 | 1.903300E-8 | 9.412395E-9 | 6.028449E-4 | 2.212974E-5 | 2.212953E-5

Table 3 The error E(u*(20)), N=16
scheme (2.4) scheme (3.1)
7=0.05 7=0.025 7=0.05 7=0.025
1=0.001 | 3.225754E-5 | 1.572462E-6 | 8.012451E-4 | 4.050147E-4
©#=0.0001 | 6.155348E-6 | 1.611909E-6 | 1.267925E-3 | 6.261861E-4
n=0 6.190734E-6 | 1.663028E-6 | 1.414238E-3 | 6.969674E-4

Example 2. Consider Burgers equation with the exact solution

The numerical results are listed in Table 4. It also shows that scheme (2.4) is stable even for

long time calculation.

Table 4 The error E(u*(t)),

u*(x,t) = (1 — 2®) In(H + (z — Gt)?).

p=005H=1G=001N =16

scheme (2.4) scheme (3.1)
T =0.1 T =0.01 7 =0.001 T =0.1 T =0.01 7 =0.001
t=60 | 1.610350E-5 | 7.539710E-7 | 5.532477E-8 | 1.298524E-3 | 1.294839E-4 | 1.295397E-5
t=120 | 2.570979E-6 | 3.373624E-8 | 2.659552E-8 | 2.586907E-4 | 2.584729E-5 | 2.583722E-6

4. Some Lemmas

Lemma 4.1(see[2]). For any u € Py (A),

Lemma 4.2 (see[2]).

1
< </2+ = :
Tull<lully <q/2+ 5 [Tull

If ¢ > 2 and u € Px(A), then

Lemma 4.3. If w € H}(A) (" C'(A), then

| By (u,v,w) |<

N+1
q <
||U||L (A),N_( \/5
il 22 2
wiiN or gm
2o 22
2" Oz N9

Proof. By imbedding theorem, we have that

| uly) P<e(A) |l

It is not difficult to show that the constant ¢(A) < 1 which indicates that

o<l 20, |
U llc(A)> or

1—2

@
ox

Ay

I”

ou
|U||S\/§||£|I, Nuli<V3|ul -

In, Vue C(A),0 € Hy(A) N CH(A),
o llvs Vo € C(A),u e HY(A)NC'A).

757
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Hence, the Cauchy inequality gives

N
1 ow
By | < 33 Jute) ||”J)||a_(xj)|wj
< —||U||C Z|U351 w])|w]
ow
< Z e
< I 2 ||N

Thus, the first conclusion follows. The above statements also leads to the second conclusion.
Lemma 4.4. If u,v € C(A) and w € H}(A)(C*(A), then

N+1 ow
| B (u,v,w) |< 7” ullyllolixll 51

Proof. By Lemma 4.2 and the Holder inequality, we get that

ow
| By (u,v,w) | < || u ||L4(A) nllv ||L4(A) w5 or ||N
N+1
< 257 IIU||N||UI|N|| ||
Lemma 4.5. Let u,v € L*>(A), and w € Hj(A). We have

1

2 lulllvhlwh, VveH(A),
Bl ) 1S9 2ol wh, Ve HY(A),

[ulilvlillwll,  Vu,ve Hg(A).

Proof. Tt suffice to prove it for any u,v,w € C§°(A). Using the Cauchy inequality and (4.1),

we deduce that
1
ow
‘/ uv—da: < ||v llecay /71 |u% | dz

lwllll vlleml w |1S 3 lulllvliwli.

| B(u,v,w) |

<

N =N =

The above statements also leads to the second conclusion. Finally, by integration by parts,

‘/ v—da:

Lemma 4.6 (see[2]). If0 <r <1< s,then

L du L ou
/ %vwda: + /_ u%wdw

luhllvllewllwll +[Tullewlvhllwl<2]ulfvhllwl.

IN

IN

lu—Pyull< elr,s)N" [l ull,, Vue H(A)[)Hy(A)

c(r, s) being certain positive constant depending only on r and s.
Lemma 4.7 (see[5]). If0<r <1,5s> 1+ % then

lu—Iyul, < c(r,)N™ |l u ||, Vu € H*(A).

Lemma 4.8 (see[13]). Assume that
(a). E* and F* are non-negative functions for k =0,1,---;
(b). Co,C1,a;,b; and q are non-negative constants;
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(c). A(-) is a real-valued function such that,if z < Cy, then A(z) < 0;
(d). For certain non-negative integer p,

n—1 4
E"<q+Cor Y ((1 + Z(Ek)‘”N’”> E* + A(E’“)F’“) ;
k=0 =1

(e). E° <q,nt <T and
b
gexp{CoT'(p+1)} < min ( min N“i,Cl> .
1<i<p

then
E™ < qexp{CoT(p+1)}
In particular,if p = 0, and for all ¥z, A(z) < 0, then the above inequality holds for all n and
any q.
5. The Proof of Convergence Theorem

In this section, we prove Theorem 2.1 by five steps.

1 8 *,k
Step I. Let u% (z,t) = Pyu*(z,t), EfN = ;(u;\}kﬂ - u?\}k) - 6_1: ,
1
E;N = i(u?\}k + u}(\}k—’_l) —u*k, G(u,v,w) = B(u,u,w) — B(v,v,w).
Clearly
G(u,v,w) = G(u,z,w) + G(z,v,w). (5.1)
We have from (2.2) that
1 *,k+1 *,k 1 *,k *,k+1
;(“N —uyn ,UN)N + SuA(uy +uy T, oN)
= (f5,on) + (B o ow) + Ay, on) = B utoy), Yoy € PR(8),  (52)
UR}O = INUO-
Let ek, = uk, — uj\}k and ehfl = “7\{,6;«(13 - u;\}kﬂ. By substracting the above equation from the

first formula of (2.4), we find that

1 . 1
—(ef e — € oN)N + SpA(el + el on)

T 2 . N,pre> )
= (f*on)n = (f*on) + ;(U?\’rkﬂ —uy",on) — = (" —uit,on) Ny (5.3)

_(EfN,vN) - uA(Eé“’N,vN) + B(u** uk on) — B (ub;, ub on),
0 _
ey =0.

1 . o
Let EY = E(fl”+1 — f¥). By substracting (5.2) from the second formula of (2.4), we get that

Lk = ek o) + pd(ek + ek uw) = S+ P o) = 305 £ o)
PR~ i o) — SR~ o) = (B o) — pA(E v, o)
+(E¥,vN) — % Z Guy™, utk uy) — %BN(u'fV,u?V,UN) + %B(U?\}k,u?\}k,'UN) (54)
m=k,k+1
L B (U o) + SBR a on)
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The combination of (5.3) with (5.4) brings

1 1 k :
T(elfvf,}re - elfvﬂ UN)N + /J‘A(ellg\?_[}re — e on) = —(Ef,on)n — §G(U7\’r ut*, oy)
1
+5 G( N u*k,vN) — 5 (B (u, ul, vn) = Bluy®, uy’, vx) (5.5)
1
—y (B (R uh e ow) = B ™ on)).
Step IL. We rewrite (5.4) as
Lokt 1 k+1 : k 0
—(en” —en,on)N + NA(GN +eh ™ on) =Y X[ (uw),Yon € PR(A) (5.6)
=1
where
: 1 m
X{C(UN) = _(Ef,vaN) pA( 2N7UN) (Eéc)UN)_ 2 Z G(“?\’f ’U*’ka'UN)v
1 1 m=k,k+1
Xi(ow) = g(fk + [ on) v - §(fk + M ow),
1
Xi(wn) = ;(Ujkvkﬂ —uy",on) = = (uy = uyt on)w,
1 1
Xf(’UN) = __BN(UN7U§V7UN)+2B(U’N 7U?Vk7vN)
1
XE{C(UN) = _§B (U?V+p1revu§v+1}rev N) + 2B( *k+1au;\}k+1,vN)-
Taking vy = ek + ek in (5.6), we derive that
5
1 2
—(l en iy — Il ek [1%) + ul eh ek [ =30 XF(eK + el ), (5.7)
We first estimate | XF(vy) |- We assert that
Xk UN ZBZ UN (58)
where
1 (k+1)7 82f
Blf(vy) = 3 < / 92 ((k+ 1) — t)dt,on >L(H-1,HY)>
kT
1 82 *,k
BS(UN) = _(Ef,N 2 12 S UN);
1 8u*k
B(on) = —pA(BEy - 2750 ow),
1
Bk(vy) = —?B(u*’kﬂ,u*’k"'l,vzv),
BEI)C(’UN) = _?B(U?Vk)U*’kavN)a
Be’;c('UN) — _EB(U*,k+1 _ *,k u*,k+1 _ u*'k,UN),
(k+1)7 9%u *
Bi(oy) = _B(u*,k’/k o ((k+ 17— t)dt, o).

In order to prove (5.8), we differentiate (2.2) with respect to the variable ¢ to obtain

*
0%u * *

af ou ou
< p U L )= (W ,0) +HA(E ;) + 2B(u”, e V). (5.9)
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On the other hand, we have that

(k+1)T 92
-t =P+ [ S 0w+ e - oar (5.10)

Since
<fa’U>L(H*1,Hé): (f:v)a VfEL2(A), VUEH&(A)

the combination of (5.9) with (5.10) indicates that

1 o™t no . ourk ou**k
o _ L gu Hoq2t B(u**, == BF(uy).
(E5,vn) 2T(8t2 ,UN) + 57 (8t ,un) + 7B(u B uvN) + By (un)
Thus
3 ou*k
(B on) — pAGES yow) + (B, ow) = Y0 BEwow) + 7B, 20 gy ()
=1
On the other hand, thanks to (5.11), we get
G urk un) = GuF+ u * uy) — 2BE (vy). (5.12)
Adding —2B¥(v) to the both sides of this identity yields,
Z Guy™, ut* vn) = GutF T w*F uy) — 2BE (uy) — 2BE (vy). (5.13)
m=k,k+1
Furthermore, (5.1) gives
Gucr ok on) = 2B(u*F, uo kbt —uoF o) — 2BE (uy) (5.14)
and (5.10) brings
b *,k
Blut ut T —uh on) = 7B, S ow) - BE (o).
This identity together with (5.14) imply that
au*,k
G(u*F ut on) = 2rB(u*, 5 ,un) — 2BE(vn) — 2BE (vN). (5.15)
The combination of (5.13) with (5.15) leads to
Y Gy utt vy) = 2rBu* ka" —223, (un).

m=k,k+1

This equality together with (5.11), lead to (5.8).
We now turn to estimate | Bf(ek + ek™) | for 1 <1 < 7. Let D > 0 be an undetermined
constant. Firstly by the property of Bochner intergral and Poincaré inequality,

) 1 (DT 82f
[Bien) | < g || a || (kD)7 = 0t [l o [l
1 ;T (k+1)7 9 1
< 57 NGt v,
(k+1)7 azf
< Dl B+auD) [ I
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1
where C; (D) = ——. Next, since

16D°
durt 1,07 1 DT g8y
k4l _ o xk  OU -2 - k+ 1)1 —t)%dt
" wok b2 S 2/1” o Ok + D7 — 0)dr,
we can write
—Bk(v) = (Y1,v)+ < Ya,v >p-t,mHl), VU E Hj(A)
where
WORL ok ookl _ g ek 1 kDT 9
vo- MLSHL ML [ S - ko),
T kT 3t
1 (k+1 T §3ux 5
No= o[ Gk - vk
By the Cauchy inequality,
1 (k+1)7 9 . . 5 N
Y1 ][ —( Il 5; (W () —up () [[Pdt)=. (5.16)
T2 Jkr
Similarly,
1 g, (D7 3y ,
Y < —=72 2,dt)2. 5.17
1l < g=rd [ 1 G0 ! 6.17)
So, by (5.16), (5.17) and the Poincaré inequality (4.1),
| B¥(on) | < [1Ya ([l ow |l +1|| Yo [l Ul\é”l
< 2D fun F 55 IV 1P +45 1Y (12
k+1§) 83 *
¢ It i [,
C (D) (k+1)T 9
+2 / I o) — ko (0) I
T kT t
1 3 >k o
where C2(D) = — 5+ 30D Since A(u*" —uy",vn) = 0 for any vy € Py (A), we have that
1 u*,k+1 _ u*,k 3u*’k
—B(on) = —prA - .
fow) = gurA(— L~
Furthermore,
wekL ok 6u*’k 1 (k+1)7 92u*
- - == = |= z 7 —
= n T/k'r 52 ) ((k + 1) —t)dt
! 1t (5.18)
1 . (k+1)T 2u* > 4 2
< —72 t
< = 150k
and so
(k+1)T 82 *
| Bion) 1< Do [+ Co0)* [ )

2
where C3(D) = %Cl (D). Thanks to (5.1), we get

) 1 .
Bf(vy) = —§B(u7\}k+1 + u*’kﬂ,u}(\’,k"_l —u*r o).
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Thus we obtain from Lemma 4.5 that

1
BioN) € g L™ T o
< gt llormoanl uy™ = w1 [[Lox s (5.19)
< Dlow [ +Ca(D) | — k|2
1
where Cy(D) = oD I| w* ||%(07T;H6(A)). Similarly, we have
| BE(on) |< D | ow 2 +Ca(D) || uih —u** |12 (5.20)

4
By the Holder inequality with p =4 and ¢ = 3 we have

(k+1)7 6u* 3 (k+1)7 6u 1
<71 4 dt)s.
/k S e < o3[ 5 (1) 11 db)

T kT

Along with Lemma 4.5, this gives

1
| B§(on) | < 5 Lu™ T —ut P et =t oy o

]. 3 k+1)T 6u
< 13
< S 150t o,
(k+1)T ou*
< Doy |? +05(D)T3/ 5 (t) |1 dt
kT

where C5(D) = 2Cy (D). Also, we deduce that

p (k+1)7 62 *
Bion) | < gLt [ (B + V7 = )t ]| o |
k+1)T 62’LL*
< Doy [} +Co(D)r /k | o) 7 at

where Cg(D) = %C4(D).

We now estimate | X¥(vx) | and | X¥(vn) |. By the property of Gauss-Legendre-Lobatto
quadrature formula, we have

(f* on)n = (75 on) = Un f* = Puoa 5 on) 8 = (FF = Puoa £5 o).
Moreover, from the Cauchy ineqality and Lemma, 4.1, we deduce that

| (Inf* = Pyoaffon)n | <l Ifo — Pyaf [Inll on lln
< @+ IINS =Py af* llllox |-

Hence, we see from the Poincaré inequality that

| (ff o)y = (Ffon) | < VBEIE = InfH [ +4 | f* = Pyaf* |l) [ow 1
< Doy f+C(D) F* = Inf* 1P + || f* = Pn—of* |1?)

24
where C7(D) = o Thus we get

| X§(on) |S2D | on [F4C2(D) Y (1™ =Inf™ P+ /™ = Pyvaf™ ). (5:21)
m=k,k+1
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Since
1 (k+1)7 aUN (k+1)7 a’ll/N*
k — -
Xbwn) =+ (/kT AN it ) - (/kT SNt o)
1 (k+1)T o . . (k+1)7 o . .
== (/kT &(“N‘PN%U )dt,vN)—(/kT &(“N‘PN%U Ydt,vN)N |,
we have
. 1 1 (k)-‘rl)T a ) N
| X5on) 1€ B+ ([ 1l gk~ Pcu) P d? o |
T kDT (5.22)
<D|on i +207(D);/k (I E(U* ui) 117+l —(u — Py_gu?) ||P)dt

Finally we estimate | X¥(vy) | and | X¥(vn) |. We rewrite | XF(vy) | and | XE(vy) | as

X{(on) = X (o) + X (on) + X3 (on) + Xy (on), 1=4,5,

where
k 1 k _ 1 ko sk
X4,1(UN) §BN(€ vaN) X4,2(UN) = _§BN(6N7U'N JUN),
§3(on) = %BN(UN €N UN), falon) = —1((U7\}k)2 — In(uy")?, %J—N),
51 (on) = =5 BN(EN pres EN pres ON), - XE5(un) = —%BN(efchr,}reaU?vkpﬁaUN)
X5 (on) = % By (uf e on),  XE (on) = —Z((U?\}Hl) — In(uy*h)? ,ag—;v)-

By Lemma 4.1 and Lemma 4.3, we see that

N +1 4
[ Xhaon) | < S ek I3l o i< Dl ow [F 4+ Coa (DN o I
. 1 .
| Xfa(on) | < % len vl uy® il vy 1< Dl v [} + Cs2(D) [l e |,
| X£son) | < % | [1ll en lInlvn 1< D v [§ +Cs3(D)]l en |17,
| Xfalon) | < % I () = In(ui™)? Il o s
< N - D((**)? = Wy)?) + @) = In(@**)?) ||) | vx
< Doy B +CsaD)(| (I - In)((w*)? = (ug®)?) |2
+ | (@HF)? = In(uok)? |1?)

9 3 1
where Cg’l(D) = 501 (D),ng = Cg’g(D) = ZC4(D),C&4(D) = ECl(D) ThUS,

| X§(vn) [S 4D [ oy [} +2C52(D) || eX || +Cs1(D)N? || ek |I*
+ Cs (D)1 (I = In) ((w*)? = (ui®)?) |17 + 11 (@ F)? = I (u**)? |]?).

Similarly, we have that

(5.23)

4
| Xk D| vy [+ Cs 1 (D)N?]| el L I,

Jwn) | < Nore
| XE,(on) | < 2DJ oy [} + Cso(D)|| ebt |I” + Cso(D)|| ehtl, — ekt |2,
| Xks(on) | < 2D |un 3 +Csa(D) || ek 12 +Cs (D) || ekfl, — ekt 1,
| Xk, (on) | < D Jon 3 +Csa(D)(| (I — In)((u)? = (wi)?) |I?
+ | (W) = In(urk)? |?),
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and thus

| X5 (ow) | 6D | un [f +2Cs2(D) || en™ |I* +2C5.2(D) || entyre — ey II°

N,pre

<
+ Csa (DN || enfy |I* +Csa(D)(| (I = In)((u**)” = (uy™)?) [P (5:24)
+ |l @nE)? = Iy (whF)? 7).

Step III. So far, we have estimated the right-hand side of (5.6). It remains to estimate the

’ 4
terms || ef\;rplre — ekt ”?\r and N?|| eﬁ”vf;re || in (5.24). We now estimate the first term. Using

the notations in the previous paragraphs and (5.12), We rewrite (5.5) as

1
(e%+1}re - 6§V+1 UN)N + §MTA(6§V+1}7‘€ - e?\;rl UN) = _T(Eéc)UN)N

: A (5.25)
—7BY(vy) + BE(vy) + 7XE (vy) — TXE () + §TG(U*’k+1,U*’k,’UN).

Hereafter let D; be some undetermined positive constants. We have from (5.1) and Lemma 4.5
that

1 1 o o o
571 Gt on) | < ST utt T u i ut T -t oy |
3 . (k+1)7 au ) N
< o oo S () I i) o I
kr (k+1)7 ou*
< Dallow Iy +CaD2)7 [ | G de.
kT
Clearly,
(kD)7 5 (k41)7
T T
LB o =31 Gt ens |s5 [ gl dt oy Iy
kT kT
\/37_ (k+1)7
<[ g (f I ) I+ 12 e o
\/_ : T (k+17- ) N (k+1)7 ) N
<ot g =N dt>2+< 1 || %) o Il
kT (k+1)7 kT )
<D o IR +6Ci D27 [ (g = Ix D) P + 11 5 [Py
kT

1
Set D =Dy = % in (5.19), (5.20), (5.23) and (5.24) and Dy = 1 in above estimations. Then

by taking vy = eﬁ”vg,,e — ekt in (5.25), we find that

k k k
leNpre =N N < 4Cs2(DO)T(ll e I + 1| erlyre I1P)

N,pre N — N,pre 5.26
b 20y (DTN e 1+ | k1t + B, (5:26)
where
RN = 20 > (Ca(Dy) ™ = uy™ P +Csa(Dr)(ll (1= In) (™) = (ui™)?) |2
m=k,k+1
(k+1)7 8U
+ | (wem)2 - IN<u*7m>2 12)) + 27%(Ca (D) at (t) |2 dt
(k+1)7 5 k(kJrl)‘r )
+ 601@2)% | = I f) IP de + / 190 any).
k+1

Step IV. Now, we estimate the terms involving e For this purpose, we take vy =

N,pre*
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ek + ekl in (5.3), and get

N,pre
1
k ; k : k
| exoe I3 — Il el I3 50T | en + ekt 1= T((f* el + eNte)
k k
- (f*, eN + el pre)) +7X5(ef + eN—i,_;re) —7(Ef v, ek + €N+,;re) (5.27)

k e ok t(ek 4 ek
— ,u,TA( 2,N> €N + 6N+1}re) + 27')(4{c (€];V + eN—i:;re) + QTBQ (eI;V + eNfI}re)‘

Let D3 > 0 be another undetermined constante. By the same procedure as that used to obtain
(5.16) and (5.18), we obtain

) u*,k+1 _ u*,k Gu*’k
T (Efnoon) | < 7([ Y]l + ] 5 D el
(k07 9 2 2 d*u* 2
< 2D37 N |7 +C2(D3)/ (I 57 (w*(@) —up) [ +77 || —— [I)dt.
o at at
Similarly,
1
ut | AES yyon) | <0 gar | w R | on
(k+1)7 au
< Dstloy|? +303(D3)72/ | 5 ——(t) |? dt.

kT

By putting D = D3 = L (5.20), (5.21), (5.23), (5.24) and in above estimations and taking

32
on = ek + el in (5.27), we sce that
| ekl 13< (3 +4Cs2(Ds)7) || e |17 +2Cs.0(Ds)TN? || ek ||t +REN, (5.28)
where
R = CoDa)r(| f£ = Inf* 2 + | £ = Proof* |12) + 2Ca(Dy)7 || urk — uy ||2)
+2%mmmm>mmmW—mme+m*W In(ueh)? |2)
(k+1)7 9 (k+1)7
+aC([ g —ur) Pk [ g = Pyo) [P
k1) 9 , kT , (k+1)r o2ur
+ oD [ g =) P caon [ S
(k+1)T ou*
+ 303(D3)7'2/ (t) ﬁ dt.
kT at
Moreover

N2kt I < 3(3 4 4Csa(Dy)7)2N? | ek, ||t
+ 1202,(D3)r>N° || ek [I® +3N2(RN ).

Step V. Now we substitute (5.26),(5.28),(5.29) into (5.24), and then obtain that

(5.29)

5
S XF(n) | < 21D oy |2 +20s2(D) || e |17 +My || e |1
A 3
+ MoN? || ek |4 +Mar>N® || e [I° +R{N,

where

My = A4Cs5(D) +32Cs 2(D)Cs2(D1)7 + 3205 5(D)Cs 2(D1)Cr 2 (D3) 7,
M, = (Cs1(D)+16Cs,2(D)Cs,2(D1) 81(D1) J(1+3(3 +4C52(Ds3)7)?)
+ 1608’2( )08 2(D1) 8,1(D3)

Ms; = 12C%,(D3)(Cs1(D) + ,2(D) 1 (D1)7),
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(k+1)7 2

(3) 3 2 (07 u* 2
R = elow [ g i em) [ 1
(k+1 62 * k+1)T au
+C4(D) / | S B dt+Cy(D) / 1 gy
kT kT
(k+1 82 2 *,m (12
vo) [T pasoun) Y ey
kr m=k,k+1
+Co(D) Y (= Infm P+ ™ = Pyoaf™ %)

m=k,k+1

+0s,a(D) (|| (I = In)((w*F)? = (ui")?) I + || (u**)? = In (u*5)? |1?)
1 (k+1)T 9
+- {407(D)/k Il 57 (@ (8) = Py—qu*() |” dt

T

(k+1)7
HUOD) +aD) [ gt )~ uk ) P dt}+2082< R

kT ’
+8CB72(D)CB72(D1)TRI(62’3V + 3(08,1 (D) + 408,2(D)CB,1 (Dl)T)N2 (RIE:?V)Q

By taking vy = ek + ek+1 and putting D = ﬁ, we obtain from (5.7) that
N 84

1
—(leR™ I = ek I17) + 4u | e +en™ I} (5.30)

< 204(D) || eif |17 +My || €k > +MaN? || ek [|* +Msr>NO || ek [|® +R ).
1
Let 2C4 (D)1 < 3 and

n
q(") =27 Z R,(f?v
k=0

Using Lemma 4.1 and summing (5.30) for all 0 < k <n — 1, we obtain that

1 n—1
lem 1P +5ur Y e + et F< g™
k=0

+27 > {(2Cu(D) + M) || ¥ ||> +MuN” || ¥ ||* +Msr®NO || e* |}

If 7 = O(N—*) with A > 0, then there exists a positive constant L; > 0 such that 7 < Ly N~
Let Co = 2(2C4(D) + My) + 2M5 + 2M3L;. Then

E(e") < +COTZ + N2E2(ek)) + NO=2 B4 (eX)).

Let C* be a positive constant 1ndependent of 7 and N. We know from Lemma 4.8 that if
g™ exp{CyT} < C*N~2, then E(ek;) < ¢™M) exp{CyT} valids for all nT < T.

In order to get the rate of convergence, we need only to estimate ¢(™). For instance, we use
Lemma 4.6 and Lemma 4.7 to find that

AN

— (2) \2 ou* o%u* 4 4
SE? < {0 % W + 1 i Iomagon)r

k=0

+

u —4m
(I u* ||L2(0THm (y ot ||%2(0,T;Hm(A)))N ! }
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We can estimate the other terms in R,(fj)v similarly and so
¢ ™M < MF(r* + N2 4 P5N2 4 o N274) o > 1

where M} > 0 depends only on p and the norms of f,u*,up in the spaces mentioned above.
Therefor,if
N*(r* + N2 + ©°N? + 7N?~4™) < M3, (5.31)

M3 being a positive constant independent of 7 and N, then g™ exp{CoT} < C*N72. A
sufficiet conditon for (5.31) is that

T=0(N"?), A= g, m > 1.

Finally the above arguments together with the triangle inequality complete the proof.
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