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Abstract

A filled function is proposed by R.Ge!? for finding a global minimizer of a function of
several continuous variables. In [4], an approach for finding a global integer minimizer of
nonlinear function using the above filled function is given. Meanwhile a major obstacle is
met: if p > 0 is small, and ||z;— %1 || is large, where z; - an integer point, %1 - a current
local integer minimizer, then the value of the filled function almost equals zero. Thus it
is difficult to recognize the size of the value of the filled function and can not to find the
global integer minimizer of nonlinear function. In this paper, two new filled functions are
proposed for finding global integer minimizer of nonlinear function, the new filled function
improves some properties of the filled function proposed by R. Ge [2].

Some numerical results are given, which indicate the new filled function (4.1) to find
global integer minimizer of nonlinear function is efficient.

Key words: Local integer minimizer, Global integer minimizer, Filled function.

1. Introduction

It is well known, the problem for linear integer programming is an NP hard problem [3].
Certainly, nonlinear integer programming is more difficult than linear integer programming.
There is no any algorithm for finding global minimizer of integer programming with quadratic
constraints and linear objective function [1]. Therefore, generally assume that the domain of
function is bounded when nonlinear integer programming is concerned. Even for this case, there
also is lack of the algorithms to solve it.

In [4], we proposed an approach for finding global minimum of nonlinear integer program-
ming (P) using the filled function method [2].

p .

(P) Juin f(zr)

where X C R"-a bounded box, X -an integer point set in X, R7- all integer points in R"™.
Redefined function f(zy),

_ [ flzn), zre Xy,
e ={ 15 e

Thus problem (P) is equivalent to the following problem (P);

() min flar) (L1)
The filled function is as follows
o1
.1 lzr— 2, |
p(wfaxIarap): r-f-f(l-l) eXp(_ p )’ wIEXI’ (12)
+o0 zr € RP\ X7
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w1 %1
Where r + f(x;) > 0,p > 0,z; is a discrete local minimizer of (P);. We say that an integer

w1 x1 +1
point z; is a (strictly) discrete local minimizer of f(z), if f(z;) < (<)f(z; £e;),i=1,---,n.
Here e; = (0,--+,0,1,0,---,0).

Wl
In fact, the filled function p(zr,z;,r, p) of (1.1) is
1
L1 1 Mz ||2)

p(l’[,x],r,p) = r—}-f(x[) eXp( p
0 rr € R\ Xy

w1 € X1, (1.3)

But from the view point of computition, it is unnecessary to search in R} \ X, thus we use
(1.2) as the filled function.

For the filled function (1.2), in theory, we prove that if we suitably choose r, p > 0, then by
1 1 w1
the procedure of finding local minimum of (1.2) we can find a point %I satisfying f(:%l) < fzp),
* 2
thus by using Z; as an initial point, we can find another discrete local minimizer z, of (1.1)
2 1 2
satisfying f(;:[) < f(;:I). Using ;rl, we can construct a new filled function (1.2) p(xl,;:l,r, p)-
Repeating the above procedure, finally we can find the global minimizer z} of (1.1).
When we test this approach on some functions, one major disadvantage appears: If p > 0
w1
_ ller—=|?
)

w1
is small, and [|z;— = || is large, then the value of exp ( almost equals zero, thus it

%1 2
is difficult to recognize the size of exp ( — @), and hence the discrete local minimum of
w1
p(mI)be; P)
In order to overcome it, we will propose the following filled function with one parameter:

p(@,2%,p) = f(z*) = f(z) — pllo — 2*||? (1.4)

2. Some Definitions and an Algorithm of Finding the Local Discrete
Minimum

Definition 2.1. For any xr € R}, the neighbour of xy is defined by N(z1) = {zr,xr £ e;,i =
1,---,n}, where e; denotes the unit vector whose i-th component equals 1, and other components
equal 0.
Definition 2.2. It is said that the integer point 2 € R} is a (strictly) discrete local minimizer
of f(zr), if f(27) < (<)f(zr) for all zr € N(a}).
Definition 2.3. It is said that the integer point 29 € RY is a (strictly) discrete global minimizer
of f(zr), if f(2%) < (<)f(xr) for all zr € RY.

Obviously, a discrete global minimum of f(z;) must also be a discrete local minimum of
f(zr).

Similarly, a discrete local maximum and discrete global maximum of f(z;) can be defined.

Let D = {e;,—e;,i=1,---,n}.
Definition 2.4. It is said that dy € D is a descent direction of f(z;) at % € R}, if f(2%+dp) <
7).

A discrete local minimum of (P); can be found by the following algorithm.
Algorithm 2.1.

Step 1. Select any initial point 29 € X; C RY.

Step 2. If 29 is a discrete local minimizer of (P)r, then stop. Otherwise, a descent direction
do of f(zr) at 29 can be found.

Step 3. Let 29 := 29 + dp, go to step 2.
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3. Some Properties of Filled Function (1.4) and the Algorithm for
Finding Discrete Global Minimum

wl
Assume that z; is a discrete local minimizer of f(zr). Consider the following filled function
that is based on (1.4):

%1 %1
p(gyl’;i’j’p) = f(x[)_f(wl)_PHwI_ Ty ||27p>07 T EXI: (31)
+OO, Iy ¢ X].
x 1 %1
Theorem 3.1. If p > 0 and z; is a discrete local minimizer of (P);, then z; is a discrete
strictly local mazimizer of p(xr, :I“I, p)-

1
. * . . . . .
Proof. Since z; is a discrete local minimizer of (P);, we have

o1 o1
f(z;) < f(z; +d), forall deD. (3.2)
Thus
#1 %1 x1 %1 Pl w1 9
pxp,zr,p) = flzr) = fx;) —pllzy -2, || =0
o1 o1 o1 1 33)
> f(l”ll) - f(ffl +d) — pl| z; +d— z; || (3.

1 x1 %1
Theorem 3.2. If p > 0, 77,77 € R?:fl(ﬂf%l) > f(z1) 2 f(zp), llei— o || > llzp— ;|| > 0,

%1 w1 * 1 %
then p(z3, 71, p) < p(zp,1,p) <0 =p(T[, 771, p).
Proof. From the conditions of the theorem, we have

1 %1 %1
f(xI)_f(m%) —pHZ’%— Ty ||2 :p(m%l,wI,p) 1
< flwr) ~ fleg) - p||a:}1— 7y Ik (3.4)
=p(e}, 7p,0) <O=p(T,,71,p)-

«1 w1 w1
Theorem 3.3. If o},a% € R}, f(a}) > f(23) > f(3)), la3— &1 | > lwl— &1 | > 0, then when

fap) = f(a7)

1
23—z, |2 - ||z} 7, |2

p> >0, it holds

x 1 oyt x1 %1
p(ai, x;, p) < p(z}, 2, p) < 0=p(x;,T),p). (3.5)

l w1 w1 w1
Proof. Obviously, p(x}, 7, p) < 0,and [l23— &, [P~ ||z} — 2, |2 > 1, f(z}) > f(a}) > f(&)).
fap)—f(=3)

P p
2% -, l1?=lle;—= /[

1 i
Therefore, we only need discuss that if p > , then p(z%, ;rl, p) < p(zt, ;317 p) <

0. Because
P ) B € B (65 B NV (CAE (11} 56
e SR % S E R (R o A
thus we obtain
£ = £ = pllai= 1P = p(atr.0)

< f(E1) = S} = plleh— iy P (37)
= p(x}ailap) <0 :P(élailap)-
Theorem 3.4. If p > 0 satisfies the condition of Theorem 3.3, and x} ;é:*i“}, Ty, f{%;e R}, f(z}) >
f(:yf“;), then we can define dy € D, such that ||z} + do— i‘j | > ||lzt— :95; ||, and it holds either

F(at +do) < f(Ep) (3.8)
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or
Pyt x1 %1 %1
p(at +do, 1, p) < p(zy, 21, p) < p(T, 71, p) = 0. (3.9)
Lol sl N ) Wl A 1 Ll
Proof. ¥rom z; #xp,xp, %€ RY, f(zy) > f(x;), and 0 = || &) — @, || < [|z;— 2 ||, by
Theorem 3.2, we have
L xl Wl 41
p(mlvmlap) < p(mlaxlap) =0. (310)
11, *1j0 14 *1i 17 *1j0 ;
Furthermore, let |z;°— z; | = max lz'— x; | > 0. If 27°— x; > 0, then let d’ = 1.
Sisn
Y . )
If 2770 — CU[0< 0, then let &) = —1, and dj = 0 for other i # jo. Thus dy € D, and

|2t +do— 2, || > |Jzh— 5‘:; ||. For this dy, there are two cases:
(1) @+ do) < G,
(2) fla} +do) > f(&p)- 1
If case (1) holds, then the theorem is true. If case (2) holds, due to f(z} + do) > f(z)),
flah) > f(;:;), and ||z} + do— :U*} || > [|zt— ;7; I, by Theorem 3.2 and 3.3 that we have

x1 %1
p(m}_‘_dO:x[’p) <p(m}7m17p) (311)

Thus the theorem is true.
Remark. This theorem indicates either dy is a descent direction of f(zr) at z}, or dp is a

w1 1
descent direction of p(zr,z;, p) at x}, when f(z}) > f(z,).
Theorem 3.5. If p > 0 satisfies the condition of Theorem 3.3, then for the discrete local

%0 Pyt %0 1
minimizer x; of p(xr, Ty, p), it holds either f(x;) < f(x;) or there exists dy € D such that
«0 Wl
f(@r +do) < f(zp). o
* 1

Proof. 1If it is not true, then there exists a discrete local minimizer Z; of p(zy,z;,p) such

that
%0 1 %0 *

F@ED) > FEn), FE +d) > f(E) (3.12)

1 1 1«0
Furthermore, x ; is a strictly discrete local maximizer of p(zy, z 1, P), thus x 17%;. By The-

%0 1 %0 1
orem 3.4, there exists do € D such that || %, +do— 2, | > || Z; — 2, ||, and it holds either

%0 x1
f(@; +do) < f(z) (3.13)
or
%0 w1 x0 1
p(fI +d07m17p) < p(f17mlap) (314)

0 1
it contradicts with the condition that T; is a discrete local minimizer of p(zs, 7, p) and (3.12).

Thus the theorem is true. o o
Remark. This theorem indicates either = jor x 1 +dp can be used as an initial point for finding

2 2 1
another discrete local minimizer ;71 of f(xr), which satisfies f(;:[) < f(;:I).
Now, we have to point out two problems:
1. From the condition of theorem 3.3, if p > f — f, where f > max f(z;),f < min f(zp),
= zr€Xr =  zreXs

*1 *1
then for any z},27 € R?, ||22— 7, || > ||a}— 7/ ||, it always holds
w1 x1
p(e1, %1, p) < p(a], Ty, p)- (3.15)
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Because if p > f — f, then p > f — f > fff})ff(ﬁ)*l , then f(z;) — f(23) — pl|lz3— =,
) . \{z%—IIHZ—Hz}—fIHZ )

P =pat, 7 p) < f(@) = flag) = plla= T, P = p(2}, 7, p), i spite of f(z}), f(27) > f(T))

or f(z}), f(z%) < f(z;). It is a disadvantage.
In order to overcome this disadvantage, we propose a strategy: If we have found a discrete
1

1 * 1 #1
local minimizer T; of f(zr), then let f(zr) := min(f(xr), f(Z;)), and p(z1,T;,p) = f(T;)
1 1 1

—min(f(m;),f(%,)) = pller— %I ||>. For this filled function p(m;,%,,p), the condition p >
[(zp)—f(27)
L L

2% =%, 11> =lle; =7,

is unnecessary for theorem 3.3.

ol 0
2. During the procedure for minimizing p(z,z;, p), we only need find a point z; such that
<0 w1 <0 ol _
flxy) < f(xp) or f(z; +do) < f(x), dy € D. It is equivalent to (P)g,:

<0

min rr, Ty,
P pzr,z; P)*

st. fler) < f(z)), xr € R}

The corresponding exact penalty function is

min p(er,y, p) + plmax(0, £ (1) — 1)
P = f(#y) — min(f(57), f(z1)) — pller— &7 |

+ (max(0, f(a) = 1)
= p(mfﬂi.lvpa ,U')-

%1
4. Some Properties of p(z,z,, p, 1)

Now we prove

%1 1 . w1 %1 %1
P,z p,p) = f(xy) —min(f (), f(@n)) = pller— ¢, ||* + pmax(0, f(z1) — f(27)))* (4.1)
Xl
also is a filled function, where z; is a discrete local minimizer of f(xy).

Theorem 4.1. If0 < pu < ﬁ,%; is a discrete local minimizer of f(x), then :E; is a strictly
discrete local mazximizer ofp(a:[,gs},p, u), where L is Lipschitzian.
Proof. Obviously, p(;:;;:},p,u) =0, and for all d € D, f(;:}) < f(;:} +d). So
iy -+, pop) = F(i) —min(f (), Sy ) = pll &+ |
+ nlmax(0, Gy +4) - F(Er))F° 12
= —plldlliltlu(f(mz +d) = f(z))* < —plldl]> + pL?||d||?
<0 =p(xrrs,p,p).

1 1 1
Theorem 4.2. If p,p > 0,4 < 45, |laf— 2, || > [la3— 2, || > 0, f(«}) > f(a}) > f(x;), then

Proof. Obviously,
Wl w1 w1 Wl
plar, @, p,p) = pat, epp,p) = —plllei— o |* = lof— 2 |*) (4.3)

*

+u((F@h) = FE))? = (Fd) — F(E)?) <.



74 W.W. TIAN AND L.S. ZHANG

Furthermore,
ol il ) il ol
p(ag, 2z, p,0) = flxg) - mln(f(wlz),f(ﬂf?)) = plla— 2, |
+ulf @) = £ (4.4
<(=p+ qu)lllﬂf%— y|?
<0 =p(r,zp,p,p).
Therefore, theorem is true.
ol ol il
Theorem 4.3. If 0 < i < gl b= &, | > llo3— &1 || > 0, f(z}) > f(23) > f(&), then

1 1 1 1
p(x}ai’[:pau) < p(w%a;}[:ﬂ:ﬂ) <0 :p(i’la;"[:pau)a where M Z| f('rf) |7 for all Tr € XI-
Proof. Obviously,
Pyt %1
p(a:},a:,,p,,u) —p(a:%,:v,,p,,u)

= —pllley= iy | = 123 &1 1) + w((F(a}) - FED)? = () - £ED)?)
— (||£U}— ;.j ”2 _ ||£U%— :2’; ||2)(_ p+u(f(ml) = f(21)? = (f(z7) — f(2))) ) (4.5)

%1 %1
;= 1P = [leF— 2, []?

%1 %1
< (lep= 2z 1P = lle= 2 [7)(=p + 8pM?
<0,
x 1 x1
when 0 < o < gz, where M >| f(zg) |, for all z; € X7 and ||zj— =, [|* — |27 — =, [|* > 1.
Furthermore,
¥l fl wl
p(m%,ml,l),ﬂ) <0=p(@;,z5p,p) =0. (4.6)

Therefore, theorem is true.
1
Theorem 4.4. If i > 0 satisfies the conditions of the above theorems, and z} ;éi“l,f(a:}) >
w1 wl Wl
f(z;), then we can define dy € D, such that ||z} + do— x; || > ||z3— z; ||, and either

F(@h+do) < f(5p). (4.7)

w1 w1 «1 41
or p(l’} +d0:$[,P,N) <p($}7xlap7,u) <p(551:351;P;,U) =0.
Proof. Similarly to the one to Theorem 3.4.
Theorem 4.5. If u > 0 satisfies the condition of theorem 4.4, then the discrete local minimizer
«0 il
z; of p(zk,x;, p,p) holds either
40 il
flxr) < fzy) (4.8)
%0 x1
or there ezists do € D, such that f(x; +do) < f(T]).
Proof. Similarly to the one to Theorem 3.5.
*0 *0
Theorem 4.6. If z; is a global minimizer of f(xy), then for all x; #x,,
*0 *0 p
p(xlamlapau)<0:p(xlamlap7u)7 0<:u’<ﬁ' (49)
where L is Lipschitzian.

*0 *0
Proof. Since z; is a global minimizer of f(x), then for all zy, f(z;) < f(zy). Thus
«0 «0 ) «0 «0 «0
panenp ) = fer) —min(f (), f(z1)) = pller— 1> + p(max(0, f(zr) — f(z))?
< (=p+ pL?)||lzr— 2y | < 0.
(4.10)
1 2 ol 42

Theorem 4.7. If0 < p < f5, p> hi = max f(xp)—f(z;) >0, x;,x; are the minimizers
1@)>f(E))

<0 Xl #0 41
of f(zy), x is a local discrete minimizer of p(xy,x;, p, 1), then p(x;,z;, p, ) < 0.
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o1 ol «0
Proof. By theorem 4.1, a:I is a strictly local discrete maximizer of p(xy,x;, p,u). If z; is a

Xl
local discrete minimizer of p(xy, a:I, Py Ib), SO T ;#£X,,
%0 w1 %0 w1
(i) f(zp) < flzp), lzp —zr ? > 1,
#0 41 Xl 40 R . .
p(xp, @, p,p) = f(xp) — flog) —pllzy — a2 || < hf —p <O, (4.11)
«0 Wl
(i) f(zp) > f(z)),

%0 %1 %0 %1 5 %0 w1 5 9 0 w1 9
p@p,zr,pp) = —pllzp —zp 7+ p(f(z) — f(2)” < (=p+pl)|[z; —z | <0. (4.12)
Furthermore, we have the following theorem.
w1 w1 Xl «2 w1 2
Theorem 4.8. If f(z}) < f(z[), 2} #x;, p > hi = max _ f(z;) — f(x[) > 0, zp,x; are
F@)>1 ()

Xl
local discrete minimizers of f(xy), then p(z},z;, p,p) <O.

1 2
Proof. From f(z}) < f(x;), p> ht, then there exists another minimizer z; of f(z1), by T}
2 1 1
as an initial point, f(z;) < f(2;), and ||z}— ;71 I > 1, thus
W1

w1
p(a},zp, p, o) —f(l“z) f(wz)—pllw}— zp |I?

< f(iy) - () —p (4.13)
< hf—p<0.
w1 x1 w1 w1
Theorem 4.9. If f(z3) > f(&,), f(z}) < fG)llzb— &, | > |22~ &, | > 0, hf =

2 2
max _ f(x;) — f(z;), T;,%; are local discrete minimizers of f(z1),p > h?, then

f(xp)>f(x;)
w1 w1 «1 41
p(mlaxlvpnu’) < p(xlaxlap /'L) <0= (mlaxlapau)' (414)

Proof. Because

P2 E o) = ) —min(f(E)), £(23) — plled— &y |1
sl
+ p(max(0, @) = f@E)? (4.15)
= —plla3— &, |2 + u(f(@3) — £
w1 x 1 %1 %1
Pl p ) = f(@r) —win(f (@), fe]) = plle}— 7 |
+ p(max(0, f(z}) - f(s*ml))? (4.16)
= f(z;) - f(a}) = pllat—z, |
Then by the condition of theorem, we have

%1 9 %1
p(xlaxbp /'L) _p(mlaxlapnu’)

* Pyt %1
= 1) F(a}) - pllek— 1 + pllsi— &1 IP = n(a3) = 1(E)) (4.17)
< f(xl) flxr)—p
<hi—-p<O.
x2 %2 w1
where z; is another local minimizer of f(zy), by z} as an initial point, f(z;) < f(z;). thus
x 1 x1 1 1
p(x})mhp: ,LL) < p(m%,mbl),ﬂ) <0= p(xbmhp;p‘)' (418)

Remark.

Xl
1. From theorem 4.8, we know that if z; is not a discrete global minimizer of f(x), then

1 1 1
there exists z}, f(z}) < f(z;), and starting 7, to minimize p(zs,Z;, p, 1), it is possible to find

ol W11 L1
a point x}, such that p(z}, z;, p, u) <0 = p(z;,z;, p,p), and f(z}) < f(z;).



76 W.W. TIAN AND L.S. ZHANG

2. From theorem 4.9, we know that if 5&; is not a discrete global minimizer of f(z), and
there exist a},23 5, f(z3) > f(i,), f(zh) < (), lleb— ;| > o= #; ||, then when
p > hi, and starting :*E; to minimize p(m[,:ﬁ,p, i), it is possible to find a point z} such that
P, 1, o) < (a3, 31, p1) < 0 = play, &p,p, 1), and f(a}) < f(E).

3. If we do not concern the theorem 4.7 - theorem 4.9, then from theorem 4.1 - theorem 4.6,
we can take p = 1. Thus the filled function p(zy, Ir, p, ) can be p(xr, Ir, i) = f(;rl) —min(f(;:l

), f(@n)) = ller— 21 |2 + p(max(0, f(z1) — f(21)))*.
5. Algorithm

Step 0. Choose p, p > 0, initial point %, ug € (0,1),mg := 0, positive integer number M
(estimated number of the local minimizers of f(z)).

1 1
Step 1. mi)l} flzr) = f(:f‘l), constructing the filled function p(x1,1§1,p,u).
rr€Xr

(1) If mog < M, mg := mg + 1, then go to step 2;
(2) If mp = M, then goto step 5.

1
Step 2. Choose some z} £7;

w1 %1
Step 3. If f(z}) > f(z;), then determine a search direction dy # 0, minimize p(zy,;, p, ),

goto step 4.
1 1
Step 4. 1. If during minimizing p(xj,grl,p,u), we find a point z} 76591, such that f(z}) <
Wl
f(z;), then let 29 := F}, goto step 1;

1
2. If during minimizing p(zy,z;,p, 1), the boundary of X is attained, then restart, and
goto step 3;
x1 «1 1

3. If during minimizing p(zy, ;, p, 1), we find a minimizer z,;#x,,
1 £l x1
(i) If f(z;) < f(z;), then let 29 :=Z,, goto step 1;
x1 %1
(ii) If f(z;) > f(=z), it implies that p > 0 too large, then let p := pou, goto step 3.

f1
Step 5. End. z;, f(z;) respectively are the global point and the global value of f(xy).

6. Numerical Results

We tested the algorithm on the following problems.
Problem 1. Rosenbrock function:
min  f(zr) = (23 — 21)* + 2(z17 — 1)?,
st. 0<uzir, zor <10,
Z11, %27 — integer points.

Problem 205,

min  f(zr) = [1+ (21 + 22 + 1)2(19 — 142 + 327 — 1425 + 62172 + 373)]
% [30 + (271 — 372)%(18 — 321 + 1222 + 48wy — 363122 + 2723)]
st. @1y, Tar = 0.001i,i = —2000, —1999, . .., 1999, 2000.
Z11, %27 — integer points.
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Problem 30,
_ 33.7539 n 1.4430 n 1.3885

T1r Tar r3r
s.t. xir + xor +x37 =24
1 S T1r S 16
1 S Tar S 20
1 S 31 S 28
zir,% = 1,2,3 — integer points.

min  f(z1)

The penalty function is p(z;) =| 15 + xoy + x3; — 24 |, the penalty parameter i = 35.
Problem 40!,

min  f(xr) = —w3; — T4y — T51

s.t.  20x1r 4+ 30xor + x31 + 2247 + 2257 < 180
30x1r + 20225 + 2w31 + Tar + 2257 < 150
—605[71] +£E3] S 0
—T75x2r + 47 <0
OSZ‘Z'[S]., i:1,2
0< i1 <75, 1=3,4,5
zir,t =1,2,3,4,5 — integer points.

The penalty function is p(zr) = max{0,20x11 + 30z2r + 35 + 2245 + 2257 — 180, 30z17 +
20xar + 3x3r + xar + 2x51 — 150, —60x1 1 + 237, —T5T21 + T41}, the penalty parameter g = 225.
Problem 50!,

min  f(x1) = T11T21237 + T ITAIT5T + T2 TaTT6T + T61T7ITRT + T2 T51T7]

s.t. 2xir + 2x41 + 8xgr > 12,
1127 + Taar + 13zer > 41,
6225 + 9x45x67 + OT7r > 60,
3xo5 + dx5r + Txgr > 42,
6xo7x7r + 9237 + ST51 > 53,
dxsrrrr + w51 > 13,
2¢11 +4xor + Txar + 3251 + 71 < 69,
9z 7287 + 6x31T31 + 4T31T7, < 4T,
12251 + 8zarxsr + 2x35761 < 73,
931 + 451 + 2x6r + 9287 < 31,
0<xz;r <7, 1=1,3,4,6,8,
0<uxz;;r <15, 1=2,5,7,
xir,t = 1,2,...,8 — integer points.

The penalty function
p(zr) = max(0, —2x1; — 2x4; — 8xgy + 12, —11z1; — Txyr — 13365 + 41,
—6xar — 9zasx6r — 57 + 60, =222 — S5 — T8y + 42,
—6x2727r — 931 — S5 + 53, —dx3rwrr — 57 + 13,
2x11 + 4war + Txar + 3xsr + ;71 — 69,971 12087 + 6231751 + dW37T77 — 47,
12@or + 8warxsr + 2x3rwer — 73, 231 + 4xsr + 261 + x87 — 31),
the penalty parameter i = 6500.

Problem 6. o
min f(zy) = Z(m?, —4.927)
i=1
st. =<y <5, i=1,2,...,10
z;ir,t = 1,2,...,10 — integer points.
Problem 7161,

min  f(zy) = o1, + 25 + 16[z1172r + (4 + 227)?]
st. —10<2;; <10, ¢ =1,2
zir,% = 1,2 — integer points.
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Problem 871, 1
. _ _ L1212
min f(21) = (G537 = 7arzar
s.t. 12< ;7 <60, i=1,2,3,4

xz;ir,t = 1,2,3,4 — integer points.

The computational results are shown in Table. The meanings of the symbols used in Table

are as follows:

No: the order of the problems;

20: the initial point;

z*: the global minimizer;

f(z*): the global minimum function value;
p, : parameters;

Nf: the number of function evaluations;

Np: the number of filled function evaluations;
NL: the number of finding local minima.

Table
No z° x” f(z™) p I3 Nf Np | NL
1 (10, 10)™ 1,nT 0 1] 107" | 38 28 2
2 (=2,-2)T (0, -1.0)T 3.0 - - 6502 | 0 0
3 a,1,1)7 (16,4, 4)T 2.817494 | - - 85 0 0
4 (0,0,0,0,0)” (1,1,24,52,0)7 -76 110710 ] 402 | 264 | 1
5 |(3,3,0,0,3,3,0,007 | (5,4,1,1,6,3,2,0)T 110 111071° | 168 70 1
6 (0,0,...,0)T a,1,...,1)7 -39 - - 202 0 0
7 0,0)T 2,-3)7 17 - - 18 0 0
8 (21,27, 48,49)T (13,30, 51,53)7 23x107" [ 1] 107 124 | 1667 | 7
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