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Abstract
This paper presents the dual bases for a new family of generalized Ball curves with a
position parameter K, which includes the Bézier curve, generalized Said-Ball curve and
some intermediate curves. Using the dual bases, the relative Marsden identity, conversion
formulas of bases and control points of various curves are obtained.
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1. Introduction

The generalized Ball curve possesses many properties similar to the ones of the Bézier curve
and an advantage that there are some more efficient recursive algorithms for computing the
points on the curve [1~8]. For a given control polygon, the positions of both the generalized
Ball curve and the Bézier curve are different. A new family of generalized Ball curves with a
position parameter K has been presented recently in [9,10], which includes the Bézier curve,
generalized Said-Ball curve and some other intermediate curves. When the position selecting
of a curve is considered as important as the efficiency for evaluating, it is suggested to use the
family of curves.

To converse various bases and various curves interactively, a powerful means is to find the
corresponding dual basis. The dual basis for the generalized Said-Ball basis with its Marsden
identity has been discussed in the papers [11~15]. In this paper, Section 2 gives the definition
of new generalized Ball bases with a position parameter K and presents its dual bases. In
Section 3, the Marsden identity about power basis expanded by new bases is obtained. Section
4 presents conversion formulas of the bases and the control points. In the end two examples of
the proposed algorithm are provided.

2. Dual Basis

We adopt the notation of combination in [11]
a\ ala—-1)---(a—k+1)
k) k!

for real number a and positive integer k& and
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In the paper [9] a new family of generalized Ball basis functions of degree n with a given
integer K (0 < K < m) has been introduced:

m+ K +1
1
<2m+1

)ui(l—u)m+1+K, 0<i<m-K;
a;(u;2m+1,K) = 0<u<1) (1)

)ui(l —u)?mT= o K4+ 1<i<m,

ami1-i(u;2m+ 1, K) = a;(1 —w;2m + 1, K), 0<i<m,
for odd degree n = 2m + 1, and
K+1\
<m+. +Z>u’(1—u)m+1+K, 0<i<m-K-1;
i

a;(u;2m, K) = 0<u<l) (2)

2m\ .
< . )u’(l —u)?™ m - K <i<m,
i

an_i(u;Qm,K) = al(l — U 2m7K)7 0 < i <m— 17
for even degree n = 2m.

The basis functions «;(u; n, K') possess many properties similar to the ones of the Bernstein-
Bézier basis and the generalized Ball basis, such as the nonnegativity, the partition of unity,
and so on. When K = 0, it becomes the generalized Said-Ball basis, and K = m gets the
Bernstein- Bézier basis.

Let {p }7 o be a set of control points in R? or R3. Using bases {a;(u;n, K)}, a family of
curves can be constructed

n
NB(U,TL,K):ZPO(Z(U,TL,K), OS’U,SI,KZO,I,,TI’L (3)
=0

In addition to the Bézier curve and generalized Said-Ball curve, the family of curves (3) includes
some intermediate curves. The integer K can be regarded as a parameter, which determines
the position of a curve. The figure 1 shows a family of curves {NB(u;n, K)}3._, of degree
7, where the Bézier curve with K = 3 is the nearest to the control polygon, the generalized
Said-Ball curve with K = 0 is the farthest from the control polygon, and the other curves with
K = 1,2 are between the Bézier curve and Said-Ball curve.

Definition 1. Suppose that {b;i(u)}7 is a basis of the space P, of polynomials of degree
non-exceeding n, if the linear functionals {\;(f)}1—o satisfy the conditions

Az(b‘]):(slja 7:7.].:0717"'7”7

where §;; is the Kronecker sign, then {\;(f)}?_, are called the dual bases or dual functionals of

{bi(u) }iso-

=
b
e

Figure 1 Bzier curve, Said-Ball curve and intermediate curves of degree 7

The following theorem is about the dual bases of the basis functions {«;(u;n, K)}.
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Theorem 1. The dual bases of the basis functions {a;(u;n, K)} defined by (1) or (2) are

K N —1 2 K - 1

s!

A — ! =0 1=
2m+1\ = (2m+1— 5\ 1
<mi+> Z<mi+—s S)Ef(s)(o)’ m—K+1<i<m.
s=0 -
(4)
N -1 i .
m+‘.K+Z Z m+K+z—s (_1)slf(s)(1) 0<i<m—K:
(K) ! =0 t—s s! ’ ’
T e\ s 2m 1 1
(mz‘+ > Z<mi+—s_8>(‘”syf(s)(1% m—K+1<i<m.
s=0 -
for odd degree n = 2m + 1 and
W\ -1 i .
(m+{(+z> <m+K+z—s>l'f(s)(0) 0<i<m-K—1:
Y (K) t s=0 L S:
A = '
2 -1 D) _ 1
(T-n> Z(m S)—f(s)(O), m—K <i<m.
( i—s )s!
s=0
(5)
mAK+i\ "< m+K+i—s 1 .
< i > Z( i g >(_1)s§f(s)(1), 0<i<m-K-1;
(K s=0
gm)—i: 9 1 5 .
m m—s ]
<l> Z(i_8>(_1)s;f(s)(1), m—-—K<i<m-—1.
s=0 :

for even degree n = 2m respectively.
Proof. Here we only consider the case of odd degree n = 2m + 1, and the proof for n = 2m
is similar. From (1), it is obtained that

0, s<j;
(*)(0;2m + 1,K) = - '
05" (0;2m + 1, K) (—1)sasz<m+f”-’><m“+.K>, j<s<m:
J §—7J
for0<j<m-K, (6)
0, s<y;
ol (0;2m + 1, K) = e 2m+1- j
; <—1>“sz( . )( . ) j<s<m;
J $—J
form-K+1<j<m, (7)
and
o (L2m+1,K) =0  for0<j, s <m. (8)

By the symmetry, we have
{ o) 1 ;(0:2m+ 1, K) = (=1)%a” (1;2m + 1, K) = 0,
als) 1 ;(1:2m+ LK) = (—1)°al (0;2m + 1, K).

First consider 0 < i < m. We divide the values of i, j into following four cases:
(i) ¢ <j. By (6) or (7), Ai(ej) = 0.

for 0 < j,s < m. 9)
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(ii) j <i<m— K. Substituting (6) into the first formula of (4), we get

= (P B (T () )

j s—J
— o (M (e (M)
SR CAr I () Dol i [ (i
S (e I G [ B

(iii) j < m — K < i. Substituting (6) into the second formula of (4), we get

Nlag) = (—1)- <2m+1> m+K+j> <2m+1—s> is<m+1+_K>

[
e () ()
_ 1) <2m+1> (m+K+y>< m+K—1>

t=17
(iv) m — K < j <. Substituting (7) into the second formula of (4), we get

e = 0= () S () e ()

s=j

(i <2mi+ 1) - (m + 5( + j) 2; (z —Z_27_ns_ 2) <2ms+_1j— j)

N —1 . . .
:(—l)i_j<m+%(+l> <m+l.(+3><l—_J—.l>:6ij
L J t=17

For m +1 <i < 2m + 1, in the same way, it holds
Ailaj) = bij-

3. Marsden Identity

Theorem 2. Assume 0 <[ < m. Then there exist identities

m—K . —1 .
! m+i+ K m+i+ K —1
u ; ( . ) ( i1 a;(u;2m + )
m -1
2 1 2 1-1
DY (m-+ ) (m.+ l )ai(u;2m+1,K)
i=m— K41 L L
T it K\ Y mi K — 1
—+ Z ( ’L ) ( ’L >a2m+1i(u;2m+1,K)
=0
m -1
2m + 1 2m+1 -1
+ Z (mz > (m i >a2m+1—i(u;2m+1vK)7 (10)

i=m—K+1
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m—K . -1
) +i+ K —-K -1
et S () (O ot
i=0
m 2m4+1\ N i—1-1
+ Z (—1)’( . ) ( . >a2m+1i(u;2m+1)K)
. l l
i=m—K+1

Proof. Writing u' as the linear combination of a;(u;2m + 1, K)

m m
u' =3 Ciag(u;2m + 1, K) + Y Compr—i@omi-i(u; 2m + 1, K).
i=0 i=0
By the duality, these coefficients should be C; = \;(u'). From the theorem 1,
m+K+i\ '~ (m+K+i—s\1 d°
C; = ———(u!
< i > Z( i—s >s!du3(u)

s=0 u=0

~N —1 .
:<m+K+z> <m+K—;Z_l>, for0<i<m-K,;
i i—

C2m41 P &K 2mt -5\ 1 d
CZ_( i ) Z( i—s >Edu3(u)

s=0

u=0

—1
_ <2m.+1> <2m.+ 11_l>’ form— K +1<i<m;
(3 17—

mA+K+i\ e~ (m+K+i—s\(=1)° d°
Comt1-i = < . > Z( >( ) due (u')

i i—s s!
s=0

u=1

() ()
() )

s=0

:(_1)i<m+f(+i>l<l—m—iK—l>

<m+K+i>_1<m+K+i—

7

l), for0<i<m-—K;
i

Im+1\ L= (2m 41— s (=1)° &
02m+1_i:< 7 ) Z( 1—8 > s! du2(u)

s=0

u=1

om+1\ "' /2m+1—
:<m-+> <m+. l), form—-K+1<i<m.
2 (3

Therefore (10) is obtained.

Let
u2m =l = Z Ciovi(u; 2m +1,K) + Z Comt1—i®me1—i(u;2m + 1, K),
1=0 =0
then

~ mA+K+i\ "~ (m+EK+i—s\1d o .._

Ci — - m-+1—1
< i > Z( i—s )s!dus(u )

s=0 u=0

=0, for 0 <i<m - K;
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~ 2mA1 PG 2m A=\ 1 A
CZ_( i > Z( i—s )s!dus(u )

s=0

u=0
=0, form—-K+1<i<m;
~ m4+K+i\ T~ (m+K+i—s\(=1)° d°
Cm _i = = (n2m+1-1
et < i > Z( i—s ) s! dus(u )
s=0 u=1
, K+i\ "(m-K-I
:(—1)’<m+, +Z> (m ) ), for 0 <i<m — K;
(3 )
~ o 2mA 1T s 2m A L=\ (=D A
02m+1—i—< i > Z( i—s > Sl %(Um )
s=0 u=1
o2m 41\ i—1—
:(_1)Z<’",Jr ) (Z ) l), form— K +1<i<m.
) )

Consequently (11) holds.

4. Basis Transformation

H.Y. WU

In this section we consider mutual transformation between the bases which have the same

degree, 2m + 1, but different position parameters K and H.
Theorem 3. Suppose that integers K, H satisfy 0 < K,H <m and K # H. Let
Aij(u; K) = a(u;2m + 1, K),
By(u; H) = ai(u;2m + 1, H),
be two bases and {B;(u; H)} be represented by the linear combination of {A;(u; K)}:
2m—+1
Bi(u; H) = Z cijAj(u; K).
7=0

i=0,1,--,2m+1

(a) If K < H, then
0, j<torj>H-K+i;

7

. N —1
Cij = . —
’ (—1)”<m+?{“>(H K)(m”{“) L i<j<H-K+i

J—t J
for0<i<m-—H.
0, j<iorj>m-—K;

Cri = o 2 1 —K—. K o —1
Y (—1)H<m.Jr )(m o l><m+. ﬂ) , i<j<m-K;
i Jj—i J

form—-—H+1<i<m-K.

cij = 045 form—-—K+1<i<m, 0<j<2m+1.

Com+1—i,2m+1—5 = Cij fOT‘O SZSTI’L, 0 S] S 2m + 1.
(b) If K > H, then

0, j<iorj>m;

. . . -~ —1
<m+H+z><K—H.—1.+]—z><m+K+J> i<i<m-K
Cij = v J—1 J

H+i —H—i\ /2 AN
<m+. +z><m - H z)(m.—% ) Cm_K+l<j<m:
i j—i J

for0<i<m-K.
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0, j<iorj>m-—H,
cij = H+i —H—i\ [2m+1\ "
g <m+. “)(m. .Z>(m.+> , i<i<m-K;
t J—1 J
form—-—K+1<i<m-—H.
cij = 045 form—-—H+1<i<m, 0<j<2m+1.
Coam+1—i,2m+1—j = Cij for0<i<m, 0<j<2m+1.

Proof. (a) When K < H, we have m — K > m — H. By the definition
2m+1

&Wﬂﬂz&mmﬁz< Z

)ui(l—u)2m+1_i, m—-—K+1<i<m.

Thus form — K +1<i<m,

For0<i<m—H,

H+1\ H
By(u; H) = (m+_ J”)wl—u)m“f+1 <m+_ “) (1 = w) R (1 = ) K
i i
N H-K
H H-K
_ <m+ : +7/> Z (_1),]( . >u1+](1 u)m+K+1
i = j
N H-K+i N -1
H . (H—-K K
:<m+- +z> (_1)]_Z< _ ><m+ +]> A (s K.
i — j—i j
Form—-H+1<i<m-K,

2m+1

u%l—ufm+1i::< >u%1—4nm+K+%1—4ani

7

)
= <2m + 1) m_K_i(_l)j <m - K - Z) w1 — )KL

J
2m + 1\ 'y m—K—i\ (m+K+j\""
_ ( , ) —1y—1< )( _ J) A;(u; K).
i et
For m + 1 <i < 2m + 1, consider the symmetry

J—t J
Ai(u; K) = Aog1—i(1 —u; K)  and  B;(u; H) = Boy1—i(1 — u; H).

This proves (a).
(b) When K > H, we have m — K < m — H. By the definition

—~

2 1\ . )
Bi(u; H) = A;(u; K) = < mi+ )u’(l —u)?t= - H4+1<i<m.

Thus form —H+1<i<m

Cij :6ij.
For0 <i:<m — K, let
m+ H+1\ , gy
B;(u; H) = < Z, >u’(1 —u)™T = N oA (u K),
j=0

then by operating the dual basis A; on both the sides, we obtain
Cij = /\]Bl(u, H)

The index j can be divided into following four cases:

85
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(i) 0<j <i. Since BZ(S)(O;H) =0 for s < ¢, then

o mA K+ P (mA K-\
ii) m+1<j<2m+1. From BY® 1; H) =0 for s < m, it is obvious that
(3
CijZO.

iii) 2 < j <m — K. By simple calculation, one can verify
J

o= (m+f{+i> <m+l_(+j>12j:<m+K+j—s>(_1)s_i<m§£{i+1>

J s=1 j—S
. N —1 7 .
:(_l)i_j<m+H+z> <m+I.(+J> Z<m+l,(+J_s>(—1)j_s<m+H,+l>
i j pot j—s s—i

(1) <m+fl+i> (m+§(+j>1 2]: (—mj—_li— 1> <m—;£{2+ 1>

s=1

(2

;
s’:_si(_l)i_j<m+H+i><m+K+j>_1i:<—m—K—1><m+H+l>
i j =\ s s
R (G N e
) ] J—1
m+H+i\ (m+K+j\"(K-—H+j—i—-1
:<i><j><j—z' )

(iv) m — K 4+ 1< j <m. Similarly, it can be obtained

m4+H+0\ 2m+1\ <~ 2m+1—s m+HA+1
R _1)5—¢
o= ("I CT) 2 ) e (M)

s=1

(mAH+N 2m+1\ " (m—-H i
N i j j—i )
Form-K+1<i<m-H,

H+1\
Bi(u; H) = <m+i +l>u’(1 —u)mTHL

_ (m + : + Z) ’U,Z(]. _ u)m+H+1[u + (1 _ u)]m—H—z
i
m+ H+i\ "2 fm— H -\ (2m+1\
=< . )Z( . )( .>Aj(u;K).
i = j—i J
The proof of (b) is completed.
Let C = (ci;) be the transformation matrix from a basis {A4;(u; K)} to another basis
{Bi(u; H)}, i.e.
Bo(u; H) €00 Co1 S C02mAt Ao(u; K)
R el O I R
Bomya(u; H) C2m+1,0 C2m+1,1 " C2m+41,2m+1 Azmi1(u; K)
A same parametric curve r(u) of degree 2m + 1 can be represented in two bases
2m—+1 2m—+1

r(u) = Z p;Ai(u; K) and r(u) = Z q;Bi(u; H), (17)
i=0 =0
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where {p,} and {q;} are control points corresponding to the bases {4;(u; K)} and the {B;(u; H)}
respectively. Using the matrix notation, one can obtain

Ap(u; K) By(u; K)

r(u)=(py Py - p2m+1) A (U’K) =(q a, - ‘J2m+1) By (u K)
A2m+1(u;K) B2m+1 (U, K)

Coo co1 €0,2m+1 Ao (u; K)

S R TEVY (A B
Com+1,0 Coam+1,1 " C2m+1,2m+1 A2m+1 (U K)

Substituting the c;;’s in Theorem 3 into the above equation, we get the following theorem:
Theorem 4. Suppose that {p;} and {q} are the control points of the same curve r(u) on the
bases {A;(u; K)} and {B;(u; H)} respectively.

(a) If K < H, then

Py = (") 3 (e (C1yims (MK g

=0 ; for 0 <i<m— H.
Pom+1-i = (erf(H)_l 20 (erfH)(_l) (H K)‘I2m+1 53
. (18)
( m—H
p; = (m+lK+i)_1 SEO (m+§1+5)(_1) (H K)qs’
HE)T S e e
{ s=m—H1 form—H+1<i<m—K.
Pom+1-i = (m+f(+i)_1 SEO (erfH)(_l) (H K)‘I2m+1 53
HHE) TS I ) (A ) o
L s=m—H+1
(19)
Di =qi Pomi1 i =omy1 i form—K4+1<i<m.
(b) If K > H, then
po= (") (S (g,
=0 for 0 <i<m—K. (20)
P = (") SZ:O (T (M) dam
pi= (T Z ("I ()4
=0 ; form—-K+1<i<m-—H.
T I oY (o [ PR
) (21)

P =4;, Pom+1-i = Q2m+1—i form—-—H+1<i<m.

The results of Theorem 4 include all transformation formulae of the control points among
the Bézier curve, Said-Ball curve and other intermediate curves.
Example 1. For m = 3, H = m, K = 0,1,2, evaluate the control points {p;} by {q,;}.
(here only the first m control points are listed, and the last m control points can be written in
symmetric form)

1 1
Po=4qy, P1 = 1(—3110 +7q,), Py = 1—0(3qo — 14q, + 21q,),

ps = —(—qo + 7q, — 21q, + 35q3), for K =0.

20(
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1
(@0 — 7q, +21q,), p3 = qs, for K = 1.

1
Po =4y, P = 3(—2110 +7q,), Py = i

1
Do = 4o, p1:6(_‘I0+7Q1)7 D> =45, P3 =(s3, for K =2.

Example 2. Form =3, K =m, H =0,1,2, evaluate the control points {p;} by {q;}-

1 1
Po =dos P1= =340 +4a1), P2 = 57340 +84; +10gy),
1
Ps = 5=(do +4g, +10g;, + 20g3), for H = 0.
1 1
Po =4y, P1 = ?(2‘10 +5q,), py= ﬁ(qo +5q, +15q,), P3 = q3, for H=1.
1
Po =40, D1 :?(‘Io“‘&h)a D> =45, P3 ={(s3, for H =2.
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