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Abstract. A partially penalised immersed finite element method for interface problems
with discontinuous coefficients and non-homogeneous jump conditions based on un-
fitted meshes independent of the interface is proposed. The arising systems of linear
equations have symmetric positive definite matrices which allows the use of fast solvers
and existing codes. Optimal error estimates in an energy norm are derived. Numerical
examples demonstrate the efficiency of the method.
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1. Introduction

We consider an immersed interface finite element method to solve the elliptic interface
problem

=V B, y)Vulx,y)=f(x,y), x€Q\T, (1.1
u(x,y)=0, x €N, (1.2)

together with the following non-homogeneous jump conditions across the interface I':

ul=u"—u =w, (1.3)
[ﬁ%]rzﬁ“LVu“L-n—ﬂ_Vu_-n:Q, (1.4
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Figure 1: The geometry of an interface problem.

where u*(x,y) = u(x, )|+ and n is a unit normal to the interface pointing from Q~ to
QF. In Fig. 1 for an illustration, without loss of generality, we assume that  c R? is a
rectangular domain, the interface is a closed and smooth curve separating Q2 into two sub-
domains Q~, QF such that Q~ lies strictly inside 2, and the coefficient (x, y) is a positive
and piecewise constant function — i.e.

ﬁ(x,y)={g:: Eii%ig: and pB*>0.

The homogeneous Dirichlet boundary condition u = 0 is used just for convenience in the
theoretical analysis, since we focus on the interface. Indeed, other boundary conditions
(e.g. non-homogeneous boundary conditions or Neumann boundary conditions) can be
treated using standard finite element techniques. As in the classical level set method, the
interface I' is implicitly defined as the zero level set of a smooth function ¢ (x, y) satisfying

<0, (x,y)eq,

e(x,y){ =0, (x,y)€T,
>0, (x,y)eqa.

The unit normal n to the interface T' pointing from Q~ to Q7 is then n = V¢/||Vp|ly. Itis
notable that the method we propose is not restricted to the level set representation of the
interface, for it also works for a parametric representation of the interface — cf. Section 2.4.

The interface problem (1.1)-(1.4) arises in many important scientific and engineer-
ing applications. For example, in electrostatic field computations this interface problem
involves interface data Q referring to surface charge density [14]. For the computation
of the temperature in composite media with thermal contact resistance effect, the solu-
tion may have jumps across the interface — i.e., w # 0. We are interested in solving
such an interface problem by a finite element (FE) method based on unfitted meshes in-
dependent of the interface. Numerical methods using such meshes have some advan-
tages compared with body fitted meshes, including the attractive ease in handling prob-
lems with moving interfaces. An early numerical method that used an unfitted mesh is
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Peskin’s immersed boundary (IB) method [32], where the interface jump conditions are
treated as singular sources, and since then various methods using unfitted meshes have
been developed — e.g. the immersed interface method [18, 20], the immersed finite
element/volume method [1, 10, 13, 15, 22, 25, 26, 30, 31], the augmented finite differ-
ence/element method [16, 17, 19, 23], the extended finite element method [6], the un-
fitted Nitsche’s finite element method [8, 29, 35, 36], the kernel-free boundary integral
method [37-39], the virtual node method [2,11], the ghost fluid method [27,28], the cou-
pling interface method [4,34], and the matched interface and boundary method [40,41].
Of these methods, the immersed finite element (IFE) methods have attracted considerable
attention since they are relatively simple and convenient in several aspects. First of all, the
degrees of freedom remain the same as that of the traditional FE method for problems with
no interface, whereas the extended or unfitted Nitsche’s FE methods require extra degrees
of freedom on interface elements to capture jumps across the interface. Secondly, the stiff-
ness matrix of an IFE method is computed element-by-element just like in the traditional
FE method; and one only needs to modify the shape function on interface elements, so the
method can be incorporated readily into existing FE software packages. Thirdly, the IFE
method reduces to the traditional FE method when discontinuities and interfaces disap-
pear. Finally, the solution obtained by the IFE method has optimal convergence, as if there
is no interface.

However, most IFE methods are designed for homogeneous jump conditions. For in-
terface problems with both discontinuous coefficients and non-homogeneous jump condi-
tions, Gong et al. [7] developed a source removal technique that essentially moved the
non-homogeneous terms to the right-hand side using the level set function. Subsequently,
a similar technique was proposed in Ref. [5] to solve the interface problem in which the
coefficient was a constant without a jump. He et al. [9] developed an IFE method by enrich-
ing the classical IFE spaces locally on interface elements to capture the non-homogeneous
flux jump condition with w = 0. Using similar ideas, Chang & Kwak [3] proposed an ap-
proach by constructing a bubble function that satisfied the same non-homogeneous jump
conditions as the solution in a certain sense. Hou & Liu [12] proposed a Petrov-Galerkin
finite element method that can also deal with non-homogeneous jump conditions, where
the stiffness matrix is non-symmetric since the solution function is taken from the classical
IFE space while the testing function is from the traditional linear conforming finite element
space. These IFE methods for interface problems with both discontinuous coefficients and
non-homogeneous jump conditions are shown to be effective, but the convergence analysis
is extremely difficult and is still an open question.

Recently, Lin et al. [24] proposed a partially penalised IFE method for elliptic interface
problems with discontinuous coefficients but homogeneous jump conditions. This method
introduces extra terms only at interface edges, to handle discontinuities of functions in
classical IFE spaces. With these modifications, the optimal error estimates in an energy
norm were obtained and the convergence orders in both the H! and L2 norms do not de-
teriorate when the mesh becomes finer, which is sometimes a shortcoming of the classical
IFE methods. Here we develop a partially penalised IFE method for solving the interface
problem (1.1)-(1.4) with both discontinuous coefficients and non-homogeneous jump con-
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Figure 2: An unfitted mesh. Gray: 7% ; Dark green: Z,™; Red: &™.

ditions. The idea to deal with the non-homogeneous jumps across the interface originally
comes from Ref. [7, 23], where a function satisfying the same non-homogeneous jumps
is constructed by using the level set representation of the interface and extensions of the
interface data. The correction function is non-polynomial and defined on the supports of
the basis functions the interface cuts through, so the interface data need to be extended
to the tube of 2h distance of the interface [7]. Moreover, the gradient or Laplacian of the
non-polynomial correction function needs to be computed numerically, which also makes
the method harder to implement. In contrast, the correction function in our method is
piecewise linear and constructed locally on interface elements, and the interface data only
need to be extended to the vertices of the interface elements in the tube of h distance of
the interface. The extension is obtained by using a closest-point projection. We prove the
optimal error estimate in an energy norm, and present numerical examples to show the
performance of the method. To the best of our knowledge, this is the first IFE method that
proves to be convergent optimally in an energy norm for an elliptic interface problem with
both discontinuous coefficients and non-homogeneous jump conditions.

This paper is organized as follows. In Section 2, we review the classical IFE space, con-
struct a correction function ui, and introduce a partially penalised IFE method. Section 3
deals with optimal error estimates in an energy norm. Numerical examples, illustrating
theoretical results, are discussed in Section 4. Our concluding remarks are in Section 5.

2. Finite Element Method

In order to introduce the partially penalised IFE method for the interface problem (1.1)-
(1.4), let us assume that Q is a rectangular domain with a Cartesian mesh — cf. Fig. 2.
Splitting Q into uniform rectangles with the side lengths of Ax and Ay and dividing the
rectangles by parallel diagonals, one obtains a triangulation &, with the mesh size h =
Vv (Ax)2+ (Ay)?. We also assume that h can be chosen such that each triangle has either
at most two common points with T" or one of its edges belongs to I'. Moreover, if there are
exactly two common points, they are located on different closed edges of the triangle.
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Let A, refer to the set of all vertices (x;, y;) € Q of the triangular elements and let
M= MNQ, M= MN0Q, A = MNT.

An element T is called the interface element if I' crosses the interior of T, otherwise it is
refereed to as a non-interface element. The sets of all interface and non-interface elements
are denoted by 7, and Z,"°", respectively. We also consider the set

ﬂ;ld ={Teg™ " : Tc Qft, TnaT € A}’ or an edge of T is a subset of T'},

and for t € ' we define u(t) := lim r—¢ u(7).
TEQ™
Similar to the set of interior open edges &, in ,, let us introduce the set of interface

edges .
&M i={e€ & enT £},

so that &'" = gh\g}l;nt, where &'°" denotes the set of non-interface edges — cf. Fig. 2
showing the sets ™, £ and 9;1‘1.

2.1. Classical IFE space for homogeneous jump conditions

Let us briefly describe the classical IFE space — cf. [22]. For each non-interface element
the functions of IFE are linear, otherwise they are piecewise linear. We consider a typical
interface element AABC of the IFE space shown in Fig. 3. The line segment DE splits T
into two parts Th+ and T,". Let n, and t; be, respectively, the unit normal and the unit

tangential vectors of DE. For this element T, an IFE function has the form

vi(e,y)=a*+b"x+cty, (x,y)eT/,

,Y) = 2.1
i, ¥) {vh‘(x,y)=a‘+b‘x+6‘y, (x,y)eT,, @D

where coefficients a*, b*, c* are specified in order to satisfy the relations

Vh(xa, ¥a) = Vi, vi(xg, yg) =Va, vp(xe,Yc) = Vs, (2.2)
v (xp,¥p) = v, (xp,¥p), Vi (g, Ye) =V, (Xp, ¥E), BTV -np =BTV, -np, (2.3)

and V;, i = 1,2, 3 are the nodal variables. Let us emphasise that functions (2.1), containing
six unknowns, shall satisfy six conditions (2.2)-(2.3). It was shown in Ref. [22] that V;,
i =1,2,3 uniquely determine a piecewise linear function.

Let V'** stand for an IFE space consisting of all functions v, such that

1. For any T € ,"°", the restriction v, on T is a linear function;

2. Forany T € 9;1”“, the restriction v, on T is a piecewise linear function defined by
Egs. (2.1)-(2.3);

For any nodal point (x;, y;) € A4, the function v;, is continuous;

4. For any nodal point (x;,y;) € J%lb , the condition v;,(x;, y;) = 0 holds.

w
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Figure 3: A typical interface element and a neighboring element.

Let VhL be the standard linear conforming finite element space. It is clear that the IFE
space Vhl FE is a modification of the space VhL for discontinuous coefficients 8(x, y). For the
same mesh, these two spaces coincide if f* = 7. It is well known that on the edges &,
IFE functions can be discontinuous. For example, for given vy, (x4, ¥4), vy (x5, ¥5), va(xc, Yc)
and vy,(x¢, ¥¢), the restrictions vi,| aagc and vy, | aac of vi, on the triangles AABC and AACG
are independently determined and the values of v, at the point E may not coincide —
cf. Fig. 3, so that v;,(x, y) can have a discontinuity on AC.

For a function v(x, y), let I}IIF Ey e VhIF E denote the IFE interpolation of v such that
L v(x;,y;) = v(x;,y;) for all nodal points (x;,y;) € A;. The IFE space V/*F has an
optimal approximation property for solutions with homogeneous jump conditions. More
exactly, the following result holds.

Lemma 2.1 (cf. Li etal. [21]). Ifv € H>(QtUQ ™) satisfies the homogeneous jump conditions
[vlr =0and [B(dv/dn)] = 0O, then there is a constant C > 0, independent of h, such that
for all T € Z,™" one has

IFE
Ih

llv— V”LZ(T) < Ch2”V”H2(T+UT*)’

v — I}IIFEV“HI(T) < Chlvllg2(r+ur-y,

where TT=TNQ T and T"=TNQ".

2.2. A correction function for non-homogeneous jumps

Fix a p > 0, and let N(T, p) be the neighbourhood of T,

N(T,p) := {(x,y) eN: dist((x,y), F) < p},

where dist((x, y),T') is the distance from (x,y) to I'. If p is sufficiently smaller than the
curvature of the interface, then for any (x,y) € N(T,p) there is a unique closest-point
projection (X,Y) of (x,y) on I such that

|G, ) — &, V)|, = dist(Cx, ), T).
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It is clear that the information related to the interface I is governed by the level set function
(x) considered in a neighborhood of the interface. Let us now consider the signed distance
function
—dist((x, ¥), F) if (x,y)eQ NnN(T,p),
d(x,y):= 0 if (x,y)er,
dist((x, y), F) if (x,y)eQ*nN(T,p).

If a function u is evaluated on the interface T', its extension u® to a neighborhood N(T', p)
of T is defined by

ué(x,y):=ulX,Y), (x,y)eN(T,p), 2.4)

where (X,Y) is the closest-point projection of (x, y) on the interface I'.
Given interface functions w and Q, let us define the functions u(x, y) and u(x, y) by

x,y) = we) + S d ), ()N p) 25)

u(x,y) :=H(p(x,y))ulx,y), (x,y)€N(T,p),

with the Heaviside function

0 ifs<o,
H(s)_{1 if s > 0.

If T and the interface functions w and Q are sufficiently smooth, then the function # is also
sufficiently smooth and (2.4), (2.5) yield the relations

u|1“ =w,
ou| _ owt| | d(x,y) 8Q°| | Q@ 2d(x,y)| _ Q 2.6
on|. On | Bt on|. B+ on |, B '
Moreover, it is easily seen that the function
u""M(x,y) =ulx,y) —u(x,y), (x,y)€N(T,p), 2.7)
satisfies the homogeneous interface jump conditions — i.e.
Kl hom
[uhom], = 0, [/5 “ ] =o0. (2.8)
on |;

Remark 2.1. The previous considerations deal with the construction of a function U satis-
fying the conditions

i) =wley), BT oi(ny)=Qloy), (oy)eT. 2.9
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This can also be done by setting Qz := Q*NN(T, p) and determining the required function
ueH 2(Qp) from the biharmonic problem

AT (x,y)=0  (x,y)€Q?,

~t
Tl =wioy), BTE(6)=Q (e,

aN:i:
,y)=0, 25 =0 (x,y)ed0*\T. (2.10)
on p
Although for T' € C? the problem (2.10) has a unique solution & € H Z(Qp ), its derivation
meets considerable difficulties and we do not pursue this idea here.

In order to find a correction function which would handle the jumps in non-homogene-
ous interface conditions and be suitable for our numerical method, we use the interpolation
operator I }f — viz. if v is a piecewise continuous function such that v|o+ = v* € C(Q") and

vlg==v~ € C(Q"), then I'v € V! is defined by

Lv(x,y) i=v(x,y), (X, y) € M

Let
QF:: U T.
TE%_[intU%ld
Then
H(Q)Iru—1'FE(H(p)a)  if (x,y) € Qr,
ey o | FORE= PG i e y) <y o1
0 otherwise ,

is the correction function required.

We note that for h < p one has Qp c N(T', p). Moreover, the function ui is piecewise
polynomial with support Q and is completely determined by the values of @ at the vertices
of the triangles in 9;’” and 9,1‘1. It is easily seen that all discontinuities of ui are located
along the interface T'.

Considering another function

u—IFEu = H(p)u— IIFE(H(p)) if (x,y) € Qr,

] (2.12)
0 otherwise ,

u’(x, ) ={

we note that it is non-polynomial and satisfies the interface jump conditions exactly but it
may have a discontinuity on the boundary of Q.

The following lemma describes approximation properties of the correction function u’

h

Lemma 2.2. Assume that the interface T and the interface functions w and Q are such that
the function U satisfying the conditions (2.9), belongs to the space H*(N(T, p)). Then for any
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u € H2(Q"uQ™) satisfying (1.3)-(1.4), there is a constant C > 0, independent of h, such that
for any h < p the inequalities

llu— I Pu—ujll 2@y < Ch* (lullizrva-y + T2 gy) »
1/2
(}:nw—m”u—uﬂ@qﬂ) < Ch (llullzrva + llza,)) (2.13)
TeT,

hold.
Proof If T € 9;;"“ U 9hd, then (2.11)-(2.12) yield

IFE J_ . {FE, ___J J_
u—Ih u—u, =u Ih u—u +u uy

= u—1"Fu— @ —11"*0) + H(y) (@ — I}0)
=u—i—I["E(u—1) + H(p) (T —I-i)
= o PO 4 H(p) (i~ 1), 214

Since h < p, one has T € N(T, p), so that the assumption & € H>(N (T, p)), relations (2.8)
and Lemma 2.1 lead to the estimates

||ufrom —I}IIFEuhomlle(T) < Ch? (”u“HZ(TJruT*) + ||a||H2(T+)) >
[|ufom —I}IIFEuhomHHl(T) < Ch(||u||H2(T+uT—) + ||ﬂ||H2(T+)) ) (2.15)

with T* := T N Q*. The third term in the right hand side of (2.14) can be estimated as
follows:

IH () (T — IF Q) ll 2oy = 1T — IF Tl 2y < N1T—IFl 2y < CR2El| e, (2.16)
and
IH () (T — IFQ) e (rror-y = 1T — L@l rey < T — Ll gy < Chllllgzgry-  (2.17)

For elements T € 7,"°"\7, 4 we have ui =0 —cf. (2.11), hence

||U—I;IIFEU—Ui||L2(T) = ||U—I;]{u||L2(T) = Ch2||u||H2(T),

IFE

lu—LFFu—u)llgry = lu — Lrullinery < Chllullgaen, (2.18)

recalling that I}"* = I!" for non-interface elements. Putting together the relations (2.14)-
(2.18), we obtain inequalities (2.13), completing the proof of the lemma. O

2.3. A partially penalised IFE method

Let e be an edge shared by elements T; and T, and n; be the unit normal to e directed
outside of T;, i = 1,2. The average {Vu} and the jump [u]n; on the edge e are defined
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by

{vup =5 (Vuly, +valr),

[uln, :=u|p,n; +uly,ny = (u|T1 —U|T2)n1-

For any edge e € &,, we fix the unit normal vector and denote it by n,. For e C 9Q, we
define {v} =[v]=vl|r.

The finite element method considered here consists in finding u; = uzom + ui, uzom €
VhI FE such that

ah(uzom,vh) = J fvhdxdy—J Qwds —ah(ui,vh) Vv, € VhIFE, (2.19)
Q r

where a;(-,-) is the bilinear form

ap(w,vy) = Z ZJ BVw-Vv,dxdy
TNQO!

TeT, i=%x

- > | (€8Vwh nDvd + (VY -nLu T = TTwITvaD ) ds,

eeé’é"f,e;ﬂ‘ €
with a penalty parameter 1) > 0.

Remark 2.2. The function u’ satisfies the non-homogeneous interface jump conditions, so
the use of u’ instead of ui looks more attractive. However, the implementation of such a
method is more involved.

2.4. A closest-point projection

One of main difficulties in implementation of the method consists in the determination
of the projections (X*,Y™) of nodal points (x;,y;) € A4, near the interface. For interfaces
given implicitly by a signed distance function d(x,y), one can use the Newton iterative
method to find the root a of the one-dimensional nonlinear equation d(x; + a% l(x,,y)s Vit

ag—f,l(xi,yi)) = 0 and obtain (X*,Y*) = (x;,y;) + aVd(x;, y;).
In the case where the corresponding level set function ¢(x,y) is not a signed distance
function, the projection (X*,Y*) and the signed distance d(x;,y;) can be simultaneously
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derived by the Newton iterative method for the coupled nonlinear equations — cf. Ref. [33]:

29
X*=x;+d(x;, ;) ;?x = =0,
(55) +(58) |y
2¢
Y=y +d(x;, y;) iy > =0,
(55) +(5) |oery
(X", Y*)=0. (2.20)

We note that the system (2.20) consists of three equations with three unknowns X*,Y*,
d(x;,y;). The initial value is chosen according to a method developed in Ref. [20, p. 76].
In our computations, the tolerance of the Newton iterative method was set as 10712, and it
takes only a few iterations to establish the closest-point projection.

For interfaces given by a parametrisation such as

ri={(x(6), y(t)) : x,y € CX(L,R),I CR)},

the closest-point projection can be derived according to Ref. [33], so that our method is
also applicable to problems with parametric representation of the interface.

2.5. Problems with variable coefficients

In this section, we show how to apply the partially penalised IFE method to the problem
B (x,y), (x,y)eq,
xX,y)=
plx.) { Bry). (ry)eq,
0< ﬁmin = ﬂ(x,y) < ﬂmax < oo
with sufficiently smooth coefficients f*(x, y). In order to work in an appropriate IFE space,
the third equation in (2.3) is replaced by the equation
/3_+Vv}f ‘ny, = /3_—Vvh_~nh,
where [S_i are the averages on the curve I'N AABC, i.e.

— 1
t— - *(x,y)ds. (2.21)
h* = TnaaBc] mwcﬁ( y)

We also will use a new correction function ui. In case of variable coefficients, the equation
(2.5) takes form

Q%(x,y)

preaydon), (L) ENTp)

u(x,y) =w(x,y) +

where
B0, y) =B (X, Y),
with the closest-point projection (X,Y) of (x, y).
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3. A Priori Error Estimates
Introducing the space

Hy, :={v € L%(Q) : v|p+ e HX(T*),v| e HY(T),VT € F,, T* =T N OQ*,

and v is continuous on e € &'°"},

we can consider a bilinear form a;,(-, ) as acting on Hy, x H. For every v € Hy, its energy
norm is defined by

1/2

vl = ZZJ BVv-Vvdxdy + Z %[[v]][[v]]ds
TNQi

TET, i=+ ecgimt egT v €

The bilinear form ay(+, -) is coercive on the IFE space Vhl FE with respect to the energy norm
|| - I, as is stated in the following lemma.

Lemma 3.1 (cf. Lin et al. [24]). There exists a constant k > 0, independent of h, such that
for all sufficiently large penalty parameters 1) and for all v, € VhI FE the inequality

an(vp, vp) = K”Vh”;%

holds.
Let us show the consistency of our method.

Lemma 3.2. Ifu € H2(Q" U Q™) is a solution of (1.1)-(1.4) and uy, is a solution of (2.19),
then for any vy, € VhI FE one has

ah(u—uh,vh)=0. (31)

Proof Let T € J,and 2 :=TNQ" or 2 := T NQ . Using integration by parts, for any
vy, € VIFE we obtain

J fvpdxdy =J —V(BVu)vydxdy
2 2

= J pVu-Vvdxdy — (BVuvy) - vds, (3.2)
2 39

where v is the outward unit normal to d 2. Summing up Egs. (3.2) over all subdomains 2,
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we arrive at the representation

vahdxdy

Q

= Z ZJ PVu-Vvdxdy — Z [[/3Vuvh]]-neds—J [BVuv,] - nds
TET;, i== J TNOE ec&yegl'Je r

=> > f BVu-Vyudxdy— ). f (4B Vu} [val+ (v} [BVuI) - n.ds
TeT;, i== J TNOQ! ecsyegl'Je

—J ({BVul [vi] + (v} [BVuI) - nds

T

=, ZJ BVu-Vvdxdy— ) {pvu} [[vh]]-neds+J Qvyds.  (3.3)
TET, i= J TNQ! ecdimegr e .

Note that in the above transformations, we used the relations:

1. [ab] = {a}[b]+ {b} [al;
2. [vpi] =0onT and the jump condition (1.4);
3. [vi]=0onee€ & and [BVu-n J=0one€ &,e ¢T.

Moreover, since u € H2(Q2" U Q7), it implies [u] =0 one € é”,ﬁ”t , e ¢ T and subsequently
S| pvvd nulds= D) %[[u]][[u]]ds —0. (3.4)
eeéa;;”[,egtl" e eeé’,i”t,egil" e

It follows from (3.3), (3.4) that

ap(u,vy) = J fvdxdy —f Qw,ds forall v, e VhIFE.
Q r

Combining it with Eq. (2.19), we obtain
ap(u—up,vy) =0 forall eV/*F
which completes the proof. O
In order to derive error estimates in energy norm, we need a result from Ref. [24].

Lemma 3.3 (cf. Lin et al. [24]). Let Q:'p: = QFNN(T,p). Ifh < p, then for any v €

HB(Q; U Q;) satisfying the conditions [v]p = 0 and [ﬂ%]r = 0, there is a constant C,
independent of T, such that

2
1BV = BFEvDlr e[ ageremy < SR IV ey + AV reiry),

where I}IIFEV is the interpolation of v in VhIFE, ef=enQE TE=TNO% and e is an edge of
the interface element T.
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This lemma allows us to establish the following result.

Corollary 3.1. If the function i of (2.9) belongs to H>(N(T, p)), then for any u € H3(Q* U
Q) satisfying the non-homogeneous interface conditions (1.3)-(1.4), there is a constant C,
independent of T, such that for any h < p the estimate

2
||(/3)V(u _I;IIFEu _ui))|T : ne“LZ(e*Ue*)
2 2 ~112 2 all?
<C (h Ul sonmy 1l o) + Ul regr-y + ||u”H2(T)))’
holds.

Proof According to (2.7), we have u"™(x,y) = u(x, y)—1(x, y) in N(T, p), so that for
an interface element T € 9;1”“ , the relation (2.14) yields

u—I}IlFEu—ui — (uhom_I}IlFEuhom) +H((P)(ﬂ—li]{ﬂ) ) (3.5)

ho

Since u"°™ satisfies the conditions of Lemma 3.3, we have

[(Bw@tom - LFEwm)| 1 -, [y,

< (R2I g ry B
<C (I3l g0 + 1T + Ui py + [T ) G.6)

The second term in the right-hand side of (3.5) can be estimated by using the standard
trace inequality, so that

BV (H@)T—IED) 1 1| ooy = BV @=1ED) 17 1|2

<[ BY @~ 110 Iy -0 [Pay < € (AT~ 1L gy + hlE— IE 2 )

HY(T) H2(T)
<ChlalZ, 7, (3.7)
and the result follows from (3.5)-(3.7). O

Lemma 3.4. Assume that h < p and the function i of (2.9) belongs to the space H*(N (T, p)).
Then

IFE J 2
”(u_Ih u_uh)|T||L2(e)
SCh_lllu—IiIlFEu—uillfz(T) + Ch|u—I}IlFEu—u£|12ql(T) + Ch?’llﬁlllzqz(ﬂ, (3.8)

where T is an interface element and e is an interface edge of T.

Proof. First of all, we write

”(”_I{IFE”_”“THEZ@) = ”(“_I{IFE“_”JNTHEZ@ + ”(”J _“i”T”;(e)' (3.9)
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Evaluating the first term in the right-hand side of (3.9), we note that u —u’ € H(T),
I }IlF Eu € HY(T) and apply the standard trace inequality. The second term can be estimated
by using (2.11) and (2.12) and the standard trace inequality

J__J 2 _ ~ ~ |2
@ —uDlr|[2) = |HOE@ — D[ o < NT =TT,
< Ch7 Y|l —I}4ll?,, + Chlld — I}1]|?
< ch®||a||?

L%(T) HY(T)

H2(T)’

hence inequality (3.8) follows. O
Now we can establish error estimates for the proposed method.

Theorem 3.1. Assume that h < p, the function U of (2.9) belongs to H3(N(T, p)) and the
exact solution u of the interface problem (1.1)-(1.4) belongs to H3(Qtu Q). If uy, is the
approximate solution obtained by the method (2.19), then

llu—uplly < Ch(llullgs@ruam) + 1Tl py)) » (3.10)
with a constant C.

Proof. Since uy, = uh"m + uh, we can write

IFE IFE
llu—uplly < llu—IFEu—u |l + NI Eu— o™, (3.11)
By Lemma 3.2,
ah(IIFEu uﬁ"m vy) = —ah(u—IéFEu—ui,Vh), vy € VhIFE,
so letting vy, = I}fu—u®™ and using Lemma 3.1, one obtains

K”IIFEu uhom”h <a (IIFEu uhom I,IIFEU uhom)

£|ah(u—IIFEu uh,IIFEu uh"m)|

<

f BV (u— IIFEu uh) V(IIFEu uh"m)dxdy
Teﬂhl +JTno

+ J {{fo’V(u IIFEu uh)}} ne[[IIFEu uh"m]]ds
eegmt e¢Fl + JenQi

+ f {{ﬂV(IIFEu uh"m)}} n,[u— IIFEu uh]]ds
eegmt e¢Fl + JenQi

+ f |Iu IIFEu ui]]-ne[[I}IlFEu uh"m]]ds.
eeé’mt e¢Fl + eﬁQl
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Next steps are similar to the proof of Theorem 4.3 in Ref. [24], and the use of Lemma 3.4
leads to the estimate

IFE hom||2 IFE J2 -2 IFE Jj2
I, u—u°™ |l <Clu—1I; u—uthl(Q+UQ_)+Ch lu—1, u_uh||L2(Q+UQ—)

+C Z (h BV u—LFFu—u)}} - ne”iZ(emeﬂ + hzllﬂlIIZ—IZ(N(F,p))) .
eeé”;;"f,e;ﬂ‘

Taking into account Lemma 2.2, Corollary 3.1 and the fact that the number of the interface
elements is O(h™!), we finally obtain

I Pu =™l < Ch(lullis@run-) + [Tllmsur,pn) - (3.12)
The first term in the right-hand of (3.11) can be estimated analogously, so that
llu—1"Fu—wlly, < Ch(llullzz@roa-y + ldllmar.oy) - (3.13)

The inequality (3.10) now follows on putting together estimates (3.11), (3.12) and (3.13).
O

4. Numerical Examples

Let us discuss a few numerical examples to show the efficiency of the method. For sim-
plicity, we only consider the problem (1.1)-(1.4) in the rectangular domain 2 =[—1,1] x
[—1, 1] with known analytic solution u*(x, y), u~(x, y), the coefficients 3 (x, y), B~ (x,y)
and the level set function ¢(x, y). The domain is partitioned into 2N? right triangles with
the mesh size h. The integrals on interface elements are evaluated by splitting these ele-
ments into small triangles and using the three-point Gaussian quadrature. For non-interface
elements, the three-point Gaussian quadrature is used directly. If ¢(x;,y;) is smaller than
machine precision, it is not possible to decide whether a grid point (x;, y;) belongs to Q*. To
avoid the problem, we set ¢ (x;,y;) = O for |p(x;, y;)| < 1073, In all numerical examples,
the penalty parameter 7 is set to 0. In problems with variable coefficients, the averages 8+
defined in (2.21) are computed by the formula

BE ~ B*(xp,yp) + B*(xp, ¥E)
A 2 .
and this approximation does not influence the convergence order. The errors are measured
in the broken H'(Q) norm, L?(2) norm and in L° norm. The last one is calculated as
maximum error at the grid points.

“4.1)

Example 4.1 (cf. Hou & Liu [12]). The coefficients 3*, the level set function ¢ and the
analytic solution u™ of the interface problem are

BT =sin(x+y)+2, B =cos(x+y)+2,
v =x2+y%?—05%—¢,
ut =In(x%2+y?), u =sin(x +y).
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Table 1: Example 4.1. Grid refinement analysis.

N L? error Order  H' error Order L° error  Order
64 1.2815E-03 9.8904E-02 1.3084E-03
128 3.2863E-04 1.96 4.9569E-02 0.99 3.3643E-04 1.95
256 8.2955E-05 1.98 2.4815E-02 0.99 8.5487E-05 1.97
512 2.0798E-05 1.99 1.2418E-02 0.99 2.1318E-05 2.00
1024 5.2188E-06 1.99 6.2112E-03 0.99 5.3312E-06 1.99

0.5
1 -1 y

X
Figure 4: Example 4.1. Left: Approximate solution, N = 64. Right: Error distribution.

Let us start with the case € = 0. The interface is a circle of radius 0.5 with the center (0, 0).
The interface contains grid points, e.g. (0,0.5) and (0.3,0.4). The results are presented
in Table 1. We note that the method has optimal convergence in L2, H! and L° norm.
For N=64, the corresponding approximate solution and the error distribution are shown in
Fig. 4.

Let us now consider the case e = 107!2. The interface is a circle of radius 0.5 + 4/€.
If |o(x;,y;)] < 1073, then we set p(x;,y;) = 0. In this situation, there are grid points
(x;,y;) — e.g. (0,0.5), (0.3,0.4), such that 10712 > |¢(x;,y;)| > 1073, Therefore, the
interface splits certain interface elements in such a way that the ratio between the areas
on two neighbouring regions becomes very large or very small. However, numerical results
are exactly the same as for e =0 — cf. Table 1.

Example 4.2 (cf. Li [19]). The coefficients f* are positive constants, and the level set
function ¢ and the analytic solution u* of the interface problem are

0 =3/ (x = x )%+ (y — yo )2 — (ro + ry sin(wd)),
. r*—=Cylog(ar) _r?
= u=—,
p* B~
where (r, 0) are the polar coordinates of (x, y), Cy = —0.1, (x.,y.) = (0.2/+/20,0.2/+/20),
ro=0.5,r;, =0.2,and w = 5.
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Table 2: Example 4.2. Grid refinement analysis, f* =10, f~=1.

H. Ji, Q. Zhang, Q. Wang and Y. Xie

N L? error Order H'! error Order L°° error Order
64  4.8922E-04 4.9366E-02 6.1616E-03
128 9.4417E-05 2.37 1.8894E-02 1.38 4.8933E-04 3.65
256 2.3007E-05 2.03 8.6065E-03 1.13 2.9316E-04 0.73
512 5.6912E-06 2.01 4.0630E-03 1.08 6.0976E-05 2.26
1024 1.4531E-07 1.96 1.9660E-03 1.04 1.3368E-05 2.18
x107°

Figure 5: Example 4.2. Left:
distribution.

0= L%, =257
—0- 12, s=2.00
-+ K s=1.00

-15 -1 -05
IOgIU(h)

-3 -2.5 -2

Figure 6: Example 4.2. Left: Approximate solution —u;; f* = 1000, f~ =1, N = 128. Right: Linear
regression analysis for three norms in log-log scale.

The interface in this example is more involved. In Table 2 and Figs. 5-7 we report
numerical results for three typical cases — viz. for a moderate jump: " =10, f~ =1 and
for two large jumps: 7 =1000, 3~ =1and ¥ =1, B~ = 1000.

Example 4.3 (cf. Li & Ito [20, Example 3.2, p. 50]). The coefficients 3*, the level set
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p=1 o
0f B"=1000

—0- 12, s=2.01
-+ K s=1.00

y -1 -1 X -3 -0.5

Figure 7. Example 4.2. Left: Approximate solution —u;; f* =1, f~ = 1000, N = 128. Right: Linear
regression analysis for three norms in log-log scale.

Table 3: Example 4.3. Grid refinement analysis.

N L? error Order H' error Order L° error Order
64 1.1078E-03 1.1098E-01 2.4818E-03
128 2.7858E-04 1.99 5.4595E-02 1.02 8.1044E-04 1.61
256 7.0648E-05 197 2.7037E-02 1.01 2.5290E-04 1.68
512 1.7641E-05 2.00 1.3402E-02 1.01 6.4026E-05 1.98
1024 4.4561E-06 1.98 6.6759E-03 1.00 1.6532E-05 1.95

function ¢ and the analytic solution u* of the interface problem are

Bt=10, p =1,
o =x%+(2y)*—0.5%

ut =sin(2x)cos(2y), u” = (2x)*—(2y)>.

The results are presented in Table 3 and Fig. 8.

Example 4.4. The coefficients 3%, the level set function ¢ and the analytic solution u* of
the interface problem are

Br=10, B~ =1,

p= (B(x2 +y?3)— x)2 —x2—y240.02,

+

1
ut = > cos(1—x%—y?), u =sin(2x%+ y?+2).

The interface is heart shaped and the results are presented in Table 4 and Fig. 9.
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Figure 8: Example 4.3. Left: Approximate solution u,; N = 64. Right: error distribution.

Table 4: Example 4.4. Grid refinement analysis.

N L? error Order H' error Order L° error Order
64  4.0089E-04 4.3745E-02 1.1634E-03
128 9.9975E-05 2.00 2.1382E-02 1.03 5.3075E-04 1.13
256 2.5062E-05 1.99 1.0507E-02 1.02 1.3197E-04 2.00
512 6.2350E-06 2.00 5.2154E-03 1.01 3.9363E-05 1.74
1024 1.5190E-06 2.03 2.5970E-03 1.00 1.0011E-05 1.97

y X

Figure 9: Example 4.4. Left: Approximate solution u,; N = 64. Right: Error distribution.

Example 4.5 (cf. Hou & Liu [12]). The coefficients 3*, the level set function ¢ and the
analytic solution u* of the interface problem are
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—0- 12, s=2.00
-+ K s=1.00
-3 -25 -2 -15 -1 -0.5

Figure 10: Example 4.5. Left: Approximate solution u,; N =128. Right: Linear regression analysis for
three norms in log-log scale.

The interface is tangential to the boundary dQ at the (0,—1), and crosses it at the points
(—1,0), (1,0) under non-zero angles. Numerical results presented in Fig. 10 again demon-
strate an optimal convergence of the method.

5. Conclusion

In this paper, we propose a partially penalised IFE method for interface problems with
discontinuous coefficients and non-homogeneous jump conditions. The method is based on
unfitted meshes independent of the interface. The degree of freedom is similar to that of
traditional linear conforming finite element methods. The corresponding systems of linear
equations have symmetric positive definite matrices which make possible the use of fast
solvers. The implementation of the method is simple since slightly modified existing IFE
codes can be used.
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