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Abstract. A novel, highly efficient and accurate adaptive higher-order finite ele-
ment method (hp-FEM) is used to simulate a multi-frequency resistivity logging-
while-drilling (LWD) tool response in a borehole environment. Presented in this
study are the vector expression of Maxwell’s equations, three kinds of boundary
conditions, stability weak formulation of Maxwell’s equations, and automatic hp-
adaptivity strategy. The new hp-FEM can select optimal refinement and calculation
strategies based on the practical formation model and error estimation. Numeri-
cal experiments show that the new hp-FEM has an exponential convergence rate in
terms of relative error in a user-prescribed quantity of interest against the degrees
of freedom, which provides more accurate results than those obtained using the
adaptive h-FEM. The numerical results illustrate the high efficiency and accuracy
of the method at a given LWD tool structure and parameters in different physical
models, which further confirm the accuracy of the results using the Hermes library
(http://hpfem.org/hermes) with a multi-frequency resistivity LWD tool response
in a borehole environment.

AMS subject classifications: 35Q61, 35Q86, 74S05
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1 Introduction

Resistivity logging-while-drilling (LWD) is an electrical logging tool that plays an im-

∗Corresponding author.
URL: http://cii.cup.edu.cn/Showteacher.aspx?id=liudejun
Email: mazhonghua1983@yahoo.com.cn (Z. H. Ma), liudj01@yahoo.com.cn (D. J. Liu), toobage@163.com
(H. Li), shengxingao@163.com (X. S. Gao)

http://www.global-sci.org/aamm 439 c⃝2012 Global Science Press



440 Z. H. Ma, D. J. Liu, H. Li and X. S. Gao / Adv. Appl. Math. Mech., 4 (2012), pp. 439-453

portant role in oil exploration [1, 2]. At present, resistivity LWD has become a key
technology in data collection in real-time well fields, interpretation and field decision-
making, and guiding geology-oriented drilling [3–7]. With the extensive application
of resistivity LWD, analog simulation to resistivity LWD instrument response has be-
come a hotspot in current research, in which one of the major works is to calculate
electric potential and electric field strength in different physical models. It conducts
the work via the theory of a self-adaptive higher-order finite element method (hp-
FEM), establishment of mathematical and physical models, and research on logging
response using a self-adaptive hp-FEM [8–10], around the core of multi-frequency re-
sistivity LWD, in the light of difficult problems in conventional resistivity logging and
thin layer logging.

Based on Maxwell’s equations, the current paper derives the normalized time-
harmonic Maxwell’s equations through the rectangular coordinate system, presents
three kinds of boundary conditions used in model and stability variation equation
of Maxwell’s equations, and discusses the high accuracy and efficiency of the self-
adaptive hp algorithm. In addition, the optimal hp refinement strategy of elements
and implementation of the new hp-FEM are discussed, and two structural parame-
ters used by the numerical model for numerical simulations are presented using the
structure of the classical single-emission and double-receiving logging instrument. In
the single-layer formation model, the relationship between electric field resistivity and
signal amplitude is calculated by matching the results well with the actual situation
of works, which indicates feasibility of the proposed algorithm and numerical model
structure in calculating resistivity LWD response under different frequencies. In the
multi-layer formation model, the effects of different frequencies on the real part, imag-
inary part, amplitude, phase angle, first difference value of amplitude, wall rock, and
wall rock thin layer are analyzed. The resistivity LWD response curves under different
frequencies are also provided.

The electric field distribution in resistivity LWD under different frequencies is sim-
ulated and analyzed using the hp-FEM library Hermes. The corresponding relation-
ships between the complex media of formation and formation electric field distribu-
tion are reflected by establishing a theoretical model, which is highly significant to
obtain the instrument response simulation curve, guiding design of a highly accurate
resistivity LWD instrument, and logging data processing and interpretation.

2 Model

The 2D cross-section diagram of the resistivity LWD instrument in a borehole envi-
ronment is shown in Fig. 1. The model is composed of a resistivity logging instru-
ment, non-vacuum borehole, and five layers in the formation material with varying
resistivities. The resistivity logging tool is used as the classical single-emission and
double-receiving structure. The main parameters are as follows:

• Length of transmitting coil (0.1m);
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Figure 1: Geometry of the LWD problem. The model consists of one transmitter, two receiver coils, a
conductive borehole, and five layers in the formation material with varying resistivities.

• Location of the first receiver coil above the transmitting coil (1.5m);

• Location of the second receiver coil above the transmitting coil (1.75m);

• Load current amplitude of the field source (0.3A);

• Borehole radius (0.1m);

• Borehole electrical conductivity (0.001S/m);

• Formation thicknesses from bottom to top (3, 0.5, 2, 1.5 and 1m, respectively);

• Electrical conductivities of formation from bottom to top (1, 0.2, 1, 10 and 1S/m, respec-
tively).

2.1 Underlying PDE system

Maxwell’s equations can be classified as either transverse electric (TE) or transverse
magnetic (TM) models. Solving the problem in electric field is actually solving the
problem of the Maxwell’s equations under given boundary conditions.

The mathematical model of electromagnetic field is mainly composed of four laws.
For practical purposes, these integral Maxwell’s equations are transformed into par-
tial differential equations using the Gauss’s and Stokes’s theorems. Based on these
theorems, the following Maxwell’s equations in differential forms are derived:

∇× H = J +
∂D
∂t

, (2.1a)

∇× E = −∂B
∂t

, (2.1b)

∇ · D = ρ, (2.1c)
∇ · B = 0, (2.1d)
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where E is the electric field strength, D is the electric flux density, H is the magnetic
field strength, B is the magnetic flux density, J is the current density, and ρ is the
electric charge density. All material parameters are determined through the following
constitutive relationships:

D = εE, (2.2a)
B = µH, (2.2b)
J = γE + Ja, (2.2c)

where the constitutive parameters electric permittivity ε, magnetic permittivity µ, elec-
tric conductivity γ are the physical properties of materials in the electromagnetic field
and Ja is the applied current density. After the constitutive relationships among field
quantities are determined, the Maxwell’s equations are transformed into fixed solu-
tion forms. Electromagnetic properties depend on the position in the domain and
can be discontinuous at the interfaces between different media. Therefore, the single
hyperbolic equation for electric field is

∇× (µ−1∇× E) + γ
∂E
∂t

+ ε
∂2E
∂t2 = −∂Ja

∂t
. (2.3)

All quantities from Eq. (2.1a) to Eq. (2.1d) are often time-harmonic with the same an-
gular frequency ω

E(x, t) = Re(E(x)eiωt), (2.4)

Eq. (2.4) can be used to eliminate all time derivatives. This can be formally done by
substituting

∂E
∂t

= iωE,
∂2E
∂t2 = −ω2E,

and using µ = µ0µr, ε = ε0εr into Eq. (2.3). Finally, we obtain the normalized
Maxwell’s equation

∇× (µ−1
r ∇× E)−

(
k2εr − iγk

√
µ0

ε0

)
E = −iωJa, (2.5)

where E = E(x, t) is the form of complex vector-valued phasor of the time-harmonic
electric field strength and k = ω/c is the wave number.

2.2 Boundary conditions

Fig. 1 shows that the physical model used in the present study is a vertical well model.
The transmitting coil is modeled with an impressed surface current prescribed on the
coil boundary. The component Jimp

s of the surface current is usually not zero in the
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electromagnetic field analysis. The infinite domain could be reduced to a computa-
tional rectangular domain because of an exponential decay of the solution [11]. The
tangential component of the electric field could be set to zero using the perfect con-
ductor boundary condition

E · t = 0, (2.6)

where t is the tangential vector.
The vector-valued surface current Jimp

s loaded by the transmitting coil can be sim-
plified to JS and established through the Neumann boundary condition

n × (µ−1
r ∇× E) = iωJs. (2.7)

The boundary on the left edge is the zero Neumann boundary condition

n × (µ−1
r ∇× E) = 0. (2.8)

2.3 Weak formulation of the time-harmonic Maxwell’s equation

The weak formulation of Maxwell’s equation in Eq. (2.5) is now stated for finite ele-
ment approximation. Multiplying Eq. (2.5) by a smooth complex vector-valued test
function F and integrating over the domain Ω gives∫

Ω
µ−1

r (∇× E) · (∇× F̄)dx −
∫

Ω

(
k2εr − iγk

√
µ0

ε0

)
E · F̄dx

=− iω
∫

Γ
Js · F̄dS for all F ∈ Q, (2.9)

where
Q = {E ∈ H(curl, Ω) : E · t = 0 on ∂Ω},

and F̄ is the complex-conjugate to F.

3 Automatic hp-adaptivity strategy using Hermes

The major difference between adaptivity in standard low-order FEM (h-FEM) and
adaptivity in hp-FEM is the large number of element refinement options in the latter
case. In standard h-adaptivity, elements can only be subdivided in space. Automatic
hp-adaptivity in hp-FEM is very different from that in h-FEM. In hp-adaptivity, the
polynomial degree of elements can be increased without spatial subdivision, or it can
be split into four or two sub-elements and distribute the polynomial degree on the
sub-elements through many different ways [8, 12, 15].

Hermes is a free and open-source C++ library that implements adaptive hp-FEM
and hp-DG solvers for partial differential equations (PDE) and multiphysics PDE sys-
tems. Fig. 2 illustrates several possible refinement candidates for a fourth-order ele-
ment in Hermes.
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Figure 2: Possible refinement candidates for a fourth-order element in Hermes.

3.1 Adaptivity hp-FEM algorithm in Hermes

With an error estimate of the form

εh,p ≈ Ere f − Eh,p, (3.1)

the outline of our hp-adaptivity algorithm is as follows:

Step 1 To assume an initial coarse mesh τh,p consisting of quadratic elements. The maximum
allowable range of error in the solution process is TOL > 0 for the H(curl) norm of the
approximate error function, and the maximum degree of freedoms for hp-adaptivity step is
DDOF.

Step 2 To select a coarse mesh as a refinement object and calculate the approximate solution of
electric field Eh,p ∈ Qh,p on τh,p.

Step 3 To calculate the reference solution Ere f ∈ Qre f , where Qre f is obtained by dividing all
elements and increasing the polynomial degrees by one.

Step 4 To construct the approximate error function, calculate its ∥ · ∥A norm ERRi on every
element Ki (i = 1, 2, · · · , n) in the mesh. To calculate the global error,

ERR2 =
n

∑
i=1

(ERRi)
2.

Step 5 If ERR ≤ TOL, stop computation and proceed to postprocessing. Otherwise, sort all
elements into a list of L by the descending order of ERRi.

Step 6 If the number of degree of freedoms increased at this step is D ≤ DDOF (to prevent data
overflow for excessive calculation amount), we take the next element K to form the list L,
and then perform hp-refinement of K.

Step 7 To adjust polynomial degrees on unconstrained edges using the minimum rule.

Step 8 To continue with Step 2.

Hermes supports eight different modes of automatic adaptivity-P ISO, P ANISO,
H ISO, H ANISO, HP ISO, HP ANISO P, HP ANISO H, HP ANISO. The simplest
mode is isotropic refinements h-isotropic (H ISO) with just one refinement option. The
most general mode is hp-anisotropic (HP ANISO) with around 100 refinement candi-
dates for each element. The selection of the hp-refinement mode is where the user can
use his a-priori knowledge of the problem to make the computation faster. Among
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all considered refinements of K, the algorithm select the one which yields the smallest
projection error.

Note that this approach to automatic adaptivity is PDE-independent and works
very well for multiphysics PDE systems [14].

4 Numerical simulation

Based on the weak formulation in Eq. (2.9), the problem is considered with a single
material on the formation. The geometry, sources, receivers, and materials used in the
present study are illustrated in Fig. 3 through a Cartesian coordinate. A transmitting
coil is located at the middle of the formation. When the loaded surface current is not
zero, the problem is reduced to an electric field model characterized by an electric field
strength E. The solution decays exponentially with the distance from the source [11,
13]. Therefore, the infinite domain can be truncated to the computational rectangular
domain shown in Fig. 3; the computational domain of the logging model is set in an
8m × 6m rectangular domain. In the model, the length of the transmitting coil is
0.1m, the loaded current amplitude of field source is 1.0A, εr = 10, µr = 1, current
transmitter frequency is 100KHz, and electrical conductivity of the formation part is
10S/m.

In Fig. 4, the left and right images are the electric field distribution of the transmit-
ting coil and the final hp mesh, respectively. In the mesh images, the different colors
represent the different polynomial degrees of elements.

In Fig. 5, the left image is the real part of the electric field on behalf of the secondary
radiation resulting from the reflection from the well, and the right image is the solution

Figure 3: Model consisting of one transmitter, two receiver coils, a conductive borehole, and one layer in
the formation material.
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(a) (b)
Figure 4: Electric field distribution (a) and the final hp mesh (b). Zooms on the transmitting coil.

(a) (b)
Figure 5: Radiation from the transmitting coil: zooming on the real (a) and imaginary (b) parts of the
solution.

corresponding to the direct radiation from the source.
Fig. 6 shows the relationship between the amplitude of electric field measured in

the first receiver coil and its located formation resistivity under different transmission
frequencies. Fig. 6 indicates that at the same frequency, the signal strength of the elec-
tric field measured in the receiver coil gradually increases with increasing formation
resistivity. At the same formation, the signal strength of electric field measured in the
receiver coil gradually decreases with increasing emission frequency, which is consis-
tent with the actual condition of instruments.

Fig. 7 shows the convergence curves of the two kinds of self-adaptive algorithm.
The current paper uses the two-mesh iteration method to solve problems. The poly-
nomial degree of the initial mesh for hp-FEM is quadratic, whereas that for h-FEM is
linear. The error accuracies of the two curves in the degrees of freedom of 300 are both
84.3565%, which indicates that using coarse mesh and mapping mesh will result in a
relatively large initial error in error estimate, and then hp curve will reach the spec-
ified accuracy in an exponential convergence rate. Based on the features of the self-
adaptive algorithm, mesh refinement around the transmitting coil can propagate in
all directions. The mesh dramatically increases around the transmitting coil at < 1.0%
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Figure 6: Relationship between formation resistivity and amplitude of the electric field under different
transmission frequencies.

Figure 7: Convergence history.

relative error. Fig. 7 shows that the hp curve can reach 0.1% solution accuracy using
only fewer degrees of freedom, which appears as an exponential convergence process.
The h curve starts from the same coarse mesh. However, the degrees of freedom’s
drastic growth is 5% accurate, and the final convergence curve is an algebraic conver-
gence process. The calculation model using the self-adaptive hp algorithm described
in Section 3 can result in an exponential convergence rate with a higher accuracy using
only relatively few degrees of freedom. Compared with the h algorithm, hp algorithm
can significantly decrease the calculated strength and save computing time.

4.1 Multilayered model

The 2D cross-section of the resistivity LWD instrument in a borehole environment is
shown in Fig. 1, whose domain, outer boundary conditions, and boundary conditions
of transmitting coil are the same as the model of the single-layer formation described
in Section 4.1. Multi-frequency LWD tool measurements operating at different fre-
quencies in a borehole environment are simulated for the assessment of rock forma-
tion properties. The transmitting coil is located at (0.05, 10) point in the initial state.
When the transmitting coil is not fixed, the coil constantly moves along the borehole,
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Figure 8: Real part and imaginary part curves of the first receiver coil at 1Hz (a), 1KHz (b), and 1MHz (c)
transmitting frequencies.

which is equivalent to the actual process of logging.
Fig. 8 shows the respective electric field curves of the first receiver coil at 1Hz,

1KHz, and 1MHz transmitting frequencies. In the curve with a low frequency of 1Hz,
the real part of the electric field is approximately a straight line, and the change in the
imaginary part of the electric field reflects changes in formation resistivity. In the curve
with 1KHz frequency, the real part of the electric field reflects the formation resistivity
changes to some extent. In addition, the imaginary part of the electric field in this
curve is similar with that in the curve with 1Hz frequency, wherein the only difference
is that its value has an increase of nearly 1,000 times to the right in the direction of
the horizontal coordinate. In the curve with a high frequency of 1MHz, the real part
of the electric field significantly changes, whereas its imaginary part curve weakens.
The changes in the real and imaginary parts of the signals at different frequencies
ultimately reflect the amplitude of the electric field signal and change the features of
the phase angle.

Fig. 9 shows the signal amplitude curves of the first receiver coil in the formation
at different frequencies; the higher the transmitting frequency is, the larger the signal
amplitude. However, the changing trend in the curve of receiving signal does not
change significantly at different frequencies, implying that the variation rule of signal
amplitude has no relationship with frequency.

Fig. 10 shows the signal phase angle curves of the first receiver coil in the formation
at different frequencies. The change of phase angle is greatly affected by the real and
imaginary parts of the electric field. Therefore, the higher the frequency is, the more
apparent the phase angle change will be. This is consistent with the results in Fig. 8.

Comparing the difference value ∆E of the signal amplitudes of the two receiver
coils can show the difference value of the signal amplitudes returned by the current
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Figure 9: Relationship between amplitude and formation depth.

Figure 10: Relationship between phase angle and formation depth.

Figure 11: First difference value of amplitude and formation depth curve.

that has entered into formation after passing through the target formation

∆E = E(y2)− E(y1), (4.1)

where y1 and y2 represent the positions of the two receiver coils, and E(y1) and E(y2)
represent the signal amplitude of the two receiver coils. Fig. 11 illustrates that a dif-
ference value curve of electric field amplitude can clearly distinguish a 0.5m thick
thin-layer formation, showing a high-resolution accuracy. In addition, the higher the
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(a) (b)
Figure 12: Effect of frequency on amplitude and phase angle.

frequency is, the larger the signal difference value of the two receiver coils will be.
The interface of rock formation is more easily distinguished, and the apparent polar-
ization angle at the interface is observed. Fig. 11 fits well with the actual layering of
the model, which proves the accuracy of a self-adaptive hp-FEM solution.

Fig. 12 shows the relationship among electric field amplitude, phase angle, and
frequency when the first receiver coil is located at a depth of 6m. The electric field
amplitude in Fig. 12(a) shows an exponential decay with increasing transmitting fre-
quency, the result of which is consistent with that in Fig. 8. The electric field phase
angle in Fig. 12(b) exhibits a rapid decay with increasing transmitting frequency. The
decay process of phase angle on the right graph is more apparent than that on the left.

After solving the electric field E, the amplitude ratio and phase difference between
the two receiver coils of the instrument can be obtained according to the integral of
the electric field E surrounding the receiver coils V(Ri) =

∮
Ri

E(l)dl

 S =
|V(R2)|
|V(R1)|

,

∆φ = arg V(R1)− arg V(R2).
(4.2)

These two sets of data have corresponding relationships with the formation resistivity
near the instrument; therefore, it is widely used in resistivity logging. Currently, the
formation resistivities detected by most resistivity logging instruments are obtained
based on the conversion of amplitude ratio and phase difference of receiver coils.
Fig. 13 describes the amplitude ratio curves of the receiver coils obtained using the
instrument.

Fig. 14 describes the phase difference curves of the receiver coils obtained using
the instrument.

Electromagnetic waves decay when transmitting information. The lower the for-
mation resistivity is, the faster the decay rate will be. Therefore, the amplitude ratio
between the two receiver coils in the low-resistivity layer is greater than that in the
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Figure 13: Amplitude ratio. Figure 14: Phase difference.

Figure 15: Relative errors, calculated degrees of freedom, and iteration number.

high-resistivity layer. The phase difference value between the two receiver coils is
generally inversely proportional to the resistivity of the formation where the instru-
ment is located. That is, the phase difference of the receiver coil at the high resistivity
layer is small, whereas that at the low resistivity layer is large.

Fig. 15 shows the relative errors, calculated degrees of freedom, and iteration num-
bers at three different transmitting frequencies. As the logging instrument move along
the borehole, the average error of all the calculated points is less than 0.8%, average
degrees of freedom is 2000, and average iteration number is 12. Fig. 7 reveals that the
hp algorithm used in the present study is highly efficient and accurate, making it more
suitable for simulating various types of resistivity logging.

5 Conclusions

The LWD structure and measuring principle of a multi-frequency resistivity logging
instrument are presented in the current study. Analysis simulation on resistivity log-
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ging models at different frequencies using the novel, highly efficient and accurate self-
adaptive hp-FEM library Hermes is also reported.

Compared with the commonly used h algorithm, the algorithm proposed in the
current study can automatically adjust the refinement process according to the actual
formation model, which greatly decreases the amount of calculation, obtains accurate
approximate solutions of electric field faster, and reduces the requirements on system
hardware and memory. The results in Section 4 are highly consistent with those in
the actual model, verifying high accuracy and efficiency of the algorithm. The electric
field distribution in formation is shown, and the physical meanings of the various
logging curves in complex formations are analyzed.

The method proposed in the current paper can be applied to complex calcula-
tion models with any thickness formation and can be easily extended to studies on
inclined-well models and through-casing resistivity logging models. Electrical log-
ging numerical simulation is the basic tool for electrical logging research, instrument
development, and other applications. The existing forward simulation method can
improve the accuracy and efficiency of analysis results, which has important practical
significance and application values in reducing the cycle of development and applica-
tion of resistivity LWD instruments.
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