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Abstract. Here considered is the problem of transient electromagnetic scattering
from overfilled cavities embedded in an impedance ground plane. An artificial
boundary condition is introduced on a semicircle enclosing the cavity that couples
the fields from the infinite exterior domain to those fields inside. A Green’s function
solution is obtained for the exterior domain, while the interior problem is solved
using finite element method. Well-posedness of the associated variational formula-
tion is achieved and convergence and stability of the numerical scheme confirmed.
Numerical experiments show the accuracy and robustness of the method.
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1 Introduction

The phenomenon of electromagnetic scattering by cavity-backed apertures has been
an area of intense research in recent years. There is a wealth of results reported in
both the engineering literature (see, for example, [1-4]) and mathematical journals
(see [5-8] and the references therein). It is a common simplifying assumption that
the cavity opening coincides with the aperture on a perfect electric conducting (PEC)
ground plane. For over-filled cavities we further mention the works [9-13]. We note
that most of the published work deals with either cavities with PEC ground planes
or time-harmonic problems. The only mathematical treatment of transient problem
with overfilled cavities appears to be reported in [9]. We are not aware of any work in
that framework, transient and overfilled, under the more prevalent impedance bound-
ary condition (IBC). The aim of this paper is to fill this gap by extending the results
of [9] for PEC boundary conditions to IBC. Specifically we develop a hybrid integral
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equation/finite element method that is mathematically wellposed and numerically
robust. This model is clearly more applicable physically, yet mathematically more
challenging. Specifically, the usual separation of variables approach associated with
PEC boundary conditions, or Dirchlet and Newmann boundary conditions, are no
longer valid. Our key approach is the development of Green’s functions that serve
as solutions for the infinite exterior domain. We also, for the first time, numerically
implement the method under mixed boundary conditions.

The paper is organized as follows. In Section 2, we establish the mathematical
formulation of the problem. Section 3 focuses on the exterior problem where Green’s
function is derived and boundary operator analyzed. Variational formulation is de-
veloped and proved wellposed in Section 4. The paper is concluded in Section 5 with
results from some of our numerical experiments.

2 Mathematical formulation

Let QO C R? be the cross-section of a z-invariant cavity in the infinite ground plane,
such that its fillings, with material of relative permittivity e, > 1, protrude above
the ground plane. We denote S as the cavity wall and I' the cavity aperture so that
0Q) = SUT. The infinite ground plane excluding the cavity opening is denoted as
Text and the infinite homogenous, isotropic region above the cavity as & = R% \ Q.
Furthermore, let Br be a semicircle of radius R, centered at the origin and surrounded
by free space, large enough to completely enclose the overfilled portion of the cavity.
We denote the region bounded by Br and the cavity wall S as (g, so that (g consists
of the cavity itself and the homogeneous part between Bg and I'. Let /g be the homo-
geneous region outside of Q; thatis, Ug = {(r,0) : r > R, 0 < 6 < 7}. Refer to
Fig. 1 for the complete problem geometry.

H

B, H* E'
(€0, 110) u
b0

Figure 1: Problem Geometry-TM polarization depicted.

Giving the incident fields (E', H') impinging on the overfilled cavity, we wish to
determine the resulting scattered fields (E°, H®). Due to the uniformity in the z-axis,
the fields can be decomposed into two fundamental polarizations: transverse mag-
netic (TM) and transverse electric (TE). Here, for demonstration, we analyze the TM
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case. Thus assuming
E=(0,0,E;), H=(H,H,0),

we have, following [9], the following boundary value problem:

0°E; .
—AE; + Srw =0, in QUU x (0,00),
oE, 1 0E;
ST *;W/ on SUText % (0,00), (2.1)
Ez|t:0:Eol % =E;p, in QUU,
ot |,_o ’

where ¢, = ¢/¢ is the relative electric permittivity, Eg and E; are the given initial con-
ditions and # = /i, /¢, is the normalized intrinsic impedance of the infinite ground
plane.

We assume non-dispersive material in the cavity, or that the permittivity is not
a function of frequency, but could vary with respect to position. Hence, we assume
that the impedance is constant in the time domain. Based on this assumption we can
approximate impedance boundary conditions on the surface in the time domain using
a first-order absorbing boundary condition, [7].

The homogeneous region U above the protruding cavity is assumed to be air and
hence its permittivity is e, = 1. In/, the total field can be decomposed as E, = E; +E;
where E! is the incident field and E the scattered field.

In what follows, we will discretize (2.1), obtain an integral representation of the
solution, derive the Green’s function for the half-plane, analyze the properties of the
Steklov-Poincare operator and recast the boundary value problem in order to solve it
through a variational method.

As in [9], we discretize the TM equations in time by using the Newmark time-
marching scheme, an implicit time-stepping method that offers the advantage of sta-
bility. The Newmark method is a two-step finite difference method in which there is a
prediction of the answer followed by a correction of the predicted value. It is defined
by the following: Let N be a positive integer, T be the time interval, At = T/N be
the temporal step size and f,.1 = (n + 1)At forn = 0,1,2,--- ,N — 1. Denote the
following as approximations at t = t,.1:

ou ’u
+1 n+1 sn41
u'mt =, VRIS ETY i L
These approximations are related by
n+l _ . n 87 <At)2 sn+1 _ ] _
u" =" + Atu —l——z [2Bi" T + (1 —2B)ii"], 0<n<N-1,
1" = i 4 At [yt (1 )i, 0<sn<N-1

where v and B are parameters to be determined to guarantee stability of the time-
marching scheme [9].
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For simplicity, we denote u' as the incident field EZ, u the total field E, and u* the
scattered field E:. The semidiscrete problem is to find w1 n=0,1,---,N, such that:

Prediction
At)?
" = " 4 AR+ %(1 —2B)ii", (2.2a)
" = 4 AE(1 — )il (2.2b)
Solution
— Ayt + “2€run+1 — lngrﬁ”Jrl, in Qg,
n+1
a1l — _Eau , on S, (2.3)
on '
Uttt = gysmtl g intl on Bg,
Correction
it — “2(un+l _ ﬁn—&-l), (2.4a)
un+1 — ﬁn+1 + At'yiin+1, (2-4b)

where a2 = 1/(At)?pB.
As seen in (2.3), the impedance boundary condition (IBC) on I'eyt and S from (2.1)
then becomes:
u?l+1 _ E aun+l

= (2.5)

Utilizing the correction factor described above for ii" 1 and 11"+, we express the IBC
in (2.5) for the total field as:

1 aun+1

At’yazu”H + . = n+l

= Atya?ii Tt

Therefore, the scattered field u*"*! satisfies the following exterior problem:

_Aus,n-i-l + “2us,n+l — “2ﬁs,n+1’ in uR,
us" YR, 0) = g(R,0), on B,
1 aus,n—H . (2-6)
At,)/lxzus,n-l-l + 177 = At,yaZﬁS,i’H-l _ ‘S,i’l-i-l, on Fext/
u on
where
def  n+1 _ i+

and the radiation condition

lim /7

<8usa'”+1 n lus,nﬂ) —0.
r c
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3 Exterior problem

In this section we develop Green’s function solution for the exterior problem. We also
derive and analyze a boundary operator that will be used to bridge the exterior and
interior domains.

3.1 Integral representation of solution

For simplicity, we suppress the n + 1 superscript from (2.6). We seek the solution for
the nonhomogeneous modified Helmholtz equation:

—Au(r) 4+ a*u(r) = f(r), (3.1)

where r denotes position and f(r) = a?i*"*1(r), subject to nonhomogeneous bound-

ary conditions of the form:

ou(rs)

Au(rs) + B 3

= h(rs),

where 7 is on the surface and 7 is the outward unit normal, A and B are constants
defined as A = Atya® and B = 17/p and h(rs) = Atya?as" 1 — s+l
The associated Green’s function satisfies (where ' denotes source location):

—AG(r|Y) + a®G(r|Y') = 6(r — 1), in U,

/
AG(r)) + Bacg/‘r ) _y, on {y = 0}.

(3.2)

We note that the Green’s function for an impedance plane has been well studied by
several authors such as [14-16] and more recently [17], which significantly extends the
work of [14].

Denoting

R=1/(x =22+ (y ~yP? and R =,/(x'—x)?+(y +y?,

it can be shown the Green'’s function is

1 1 o 2B [ e VEREWRY)
Glrlt') = 5—Ko(aR) — 5 -Ko(aR") - E/,w (A_Bm)d iz (3.3)

We observe that if the surface were a PEC, then B = 0, causing the third term in (3.3)
to vanish. This is consistent with an assumed Dirichlet boundary condition on the
surface. Furthermore, we note that the first two terms in (3.3) correspond to the “clas-
sical” wave behavior, whereas the third term incorporates the surface wave behavior
expected of an impedance-type surface.
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Using residue theory and observing an outgoing progressive surface wave, we can
rewrite the third term in (3.3) as

—i[— éi/ﬂszcos (\x—x’| (é)z—zxz)}

UG b
! 5
& ayy [V )2 &2 Ged
e /700 Ki (/0 22 + 2) et
Thus we arrive at the Green’s function for our problem to be:
A
no 1 1 o A e WY 0 (AN
G(rlt') —EKO(“R) - EKO(“R )—1{— Em cos <|x—x\ <§) —u )]
VB
' ¢
& (U I )24 2 et
+oe /m Kl(a (¥ —x) +§) T de. (3.4)

Using a generalized Green’s function method and applying Green’s second iden-
tity then yields:

// F(r)G(re dS+/ (r[¢)Vu(r) — u(r)VG(rlr)) -ndl,  (35)

where C = I'ext + Br 4 I'w is the contour enclosing the surface, /g as shown in Fig. 2.
We note that at I's,, the radiation condition will cause the corresponding contour in-
tegral to vanish. Therefore, we need only analyze the boundary integral expression
[(G(r|t)Vu(r) — u(r)VG(r|t')) - ndl along I'exs and Bg. Adding and subtracting the
term BVu(r)VG(r|t') / A in the boundary integral expression in (3.5) on I'ext gives

/ / B ’ B ,
/Fext [G(r‘r )Vulr) —u(r)VG(r|r') + 2 Vu(r) VG(r|r') — 2 Vu(r) VG(rlr )} -ndl

= )i % [((AG(r|t') + BVG(r|t))Vu(r) — (Au(r) + BVu(r)) VG(r|r')] - ndl

% [(0)Vu(r) = (h(r)) VG(r|t')] - nde

— [ X h)[VC(rI)] - nde.
rext

Ur

‘.J \\\n ..\-
l—('xt ' p | I‘['_\:I

N,
-

Figure 2: Exterior domain.
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As a result, (3.5) reduces to:

// f(r)G(rlt dS+/ (r|t)Vu(r) — u(r)VG(r|t)) - ndl

~ 5 [ ) [VG(rIe)] - mat

and hence

:/URf(r/)G(r‘r/)dS/_i_/R (G("‘r/)ag:;) —u(r) aGg;’/ﬂ))pw/

- / aG ‘r )]dﬁ’ (3.6)

3.2 Steklov-Poincaré operator analysis

Armed with the Green’s function, we now aim to develop a boundary operator that
serves to bridge the analytic solution of the exterior domain with the numerical so-
lution of the interior domain and prove the resulting variational problem wellposed.
From Eq. (3.5), we shift r onto the artificial boundary By to obtain

Newton potential

// F(X)G(r)dS' — A/ IG(rlr) 5

oL du(e) _ u(ﬂﬂ )do're By (37)

anr ony

Single-layer potential ~ Double-layer potential

Taking a normal derivative d/9n of (3.7) along By yields the hypersingular boundary
integral equation

Normal Derivative of Newton potential

;agnr - an // f)G(rir)as’ A/ )dx/)

IG(r|r) du(r) 9 aG( !r) /
+ BR( anr Bnr/ u(r)anr Bnr/ )d@re BR' (38)

Adjoint Double-layer potential =~ Hypersingular operator
We define our boundary operator, known as the Steklov-Poincare operator
Tr : HZ(BR) — H™ (BR)

to be
T = S‘l(%I—I-D) = <%I+A)S‘1<%I+D> +H,



710 R. S. Callihan and A. W. Wood / Adv. Appl. Math. Mech., 4 (2012), pp. 703-718

where
(Sg)(r) = /B G(r|r ) (r')de, S:H 1(Bg) — H2(Bg),
D)) = [, ue) 0 D HE (Br) — HA(By),
(a9)(r) = [ gy, A HH(Br) = HH(B),
i 0 9G(r|r') 1 _1
(Hu)(r) = —/BRu<r)§ e, H:H(Br) — H }(Byg).

We need the following lemma for the wellposedness proof in the next section. Similar
theorems and their proofs can be found in [18] and [19].

Lemma 3.1. The Steklov-Poincare operator, Tr is bounded, its principal part T p, satisfies
the coercivity condition

2
for some C > 0, such that the difference Tr — Tg p is a compact operator from H'/2(Bg) —
H_l/Z(BR).

Proof. The boundedness of the operator, 7, is well established, (see, for exam-
ple, [18] and [19]). We define the principal part of Tz to be 7g p, which corresponds
to the Laplacian portion of the operator. That is, instead of (3.1), we would be solving
—Au(r) = 0 and investigating the corresponding mapping properties of Trp : u —
du/on on the semicircle Br. By standard continuous extension results this can be ex-
tended to the whole disk, denoted Bpisk. Assuming u a radiating solution outside a
disk Bpsk of radius R, we obtain

u(r,0) = Zanr_”ei”e, r>R and 0<60<2m.

Thus
- ind
u aBD]SK = Zbi’lem 7
—o0
where b,, = a,R™". Let
u
Trp:u— —
’ on

be such that
TR,pl/l = — ;o Ebneme.

It then follows that

— Tr puiids > C||lu 2 )
/ s T = ”H%(aBmSK)
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Standard extension argument then gives

— Tg puiids > C ||ul? .
/BBR rpuids 2 Cllull s o,

It follows that Tz — Tr p is a compact operator from H'/?(Bg) — H~'/2(Bg). O

Employing the field continuity conditions across the artificial boundary, Bg, we
recast the boundary value problem (2.6) in terms of Tx:

—Autl o p2e 1 = 42¢ gt in Qg,
Atyau" 1 4 1L 1 —un+1 = Atya?a" Tt — gl on S
o on ’ ’ (3.9)
aun+1 n+1 aui ~s,n+1 i
% Tru =9 (Yri ) — Tr(u'), on Bg,
where 3G (et
1 G(r|r
Y dS/ — h(r dx’.
wf0) = [ / FEIG S — 5 [ ()=

In what follows we solve (3.9) via a variational formulation and establish its well-
posedness.

4 Interior problem

The aim of this section is to derive a variational formulation for our problem and prove
its wellposedness. In a separate subsection we will provide the background and state
the convergence and stability results reported in [9] that continue to hold true for the
current framework with impedance boundary conditions.

4.1 Variational formulation

Instead of enforcing the boundary conditions on the test function space V as in [9], we
choose to define the subspace V simply as H!(Qg). The variational problem for (3.9)
is then find u € V such that

brpm(u,v) = F(v), VYoeV. 4.1)

Multiplying (3.9) by a test function v € V yields

— Auz?dxdy-l—ocz/ g,uddxdy = ocz/ e, i1odxdy, (4.2a)
Qg QR Qr
Atrya? / wode + 1 / O 540 = Atya? / iodl — / iode, (4.2b)
S
ou _ ou'
odl — | Truodt = adl — / ¥ 1°0dl — / Te(u)ode.  (4.20)
B or B B or B



712 R.S. Callihan and A. W. Wood / Adv. Appl. Math. Mech., 4 (2012), pp. 703-718

Green’s identity

ou
Vu - Vodxdy = ——0dl — Auddxdy,
o u - Vodxdy - 5,7 o uddxdy

then simplifies (4.2a) to

Vu - Vodxdy —

o 5, Bn Y ode + / —wl€ /QR e,uddxdy = a® /OR g, fiodxdy.

Now substituting the known values from (4.2b) and (4.2c) and letting

ou'

- ﬂ%ui/
or lr=R

] =

we obtain for (4.2a):

Vu - Vaodvdy - | / Truodl + / Jode — [ ¥asode
Br Br Br

—l—EAt'yocZ/ﬁz?dE— E/fmdé— EAt’yaz/uﬁdﬁ}
i S nJs 7 S

+a2/ e,uddxdy = ocz/ g,i1odxdy.
QR QR

Qr

Define the sesquilinear term
bra(u,v) :/ Vu~Vz7dxdy—/ Truvdl + EAt'yocz/uﬁd€+1x2/ euddxdy  (4.3)
Qg Br Ui S Qg
and the conjugate linear functional term
F(o) = / Jodl — / ¥ risodl + E Aty / aode— 1 / iodl + o / e aodxdy.  (44)
BR BR 17 S 17 S QR
Following [19], we rewrite brp(u, v) = bran (4, v) + braa(u, v), where
bran(u,v) = / (Vu - Vo +uv)dxdy — / Tr puvdl,
Qg Br
brave(u,v) = (—1)/ utdxdy —/ (Tr — Tr,p)uodl + EAt'yocZ/ uodl + ocZ/ erutdxdy.
O Bg n S o
The problem then becomes finding u € V such that
brmi(u,v) +brme(u,0) = F(v), VoeV. (4.5)

The motivation for splitting up the sesquilinear term bry(u,v) (to include splitting
up the Steklov-Poincare operator, 7r) is that the entire term itself is not strictly coer-
cive, but a portion of it (i.e., by (u,v)) can be shown to be. We will also show that
bTMz(u, v) isa compact operator.

We are now ready to prove our main theorem.
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Theorem 4.1. The variational problem (4.1) has a unique solution u € V and there exists a
constant C > 0, such that

lell < ClIl' |+ @] + Nlall + ]l + llea] ]

Proof. Using trace theory, for constants Dy, D> > 0, we have

b (u, u) :/

Qg

(Vi Vit + ut)dxdy — / Tr puade
Br
2 2
> uln g + D1l
> (|l () + D2 401 g

>(1+ Da) [l (ay) -
Also, for constants D3, D4 > 0, we have
‘bTMl(u,v)‘ :‘ /Q (Vu Vo + uﬁ)dxdy — /B ﬂq,puﬁdé‘
R R

§‘ / (Vu -V + uﬁ)dxdy‘ + ‘ / ﬂq,puﬁdé‘

Qg Br
§/ V- Vﬁ\dxdy—l—/ \ut|dxdy + ‘/ ﬂz,puﬁdﬁ‘

Qx Qx Br
< [IVull 2 [[Vol[ 2 + llull 2 [0l 2 + Ds ([l gpraggyy 101 2 gsy

< H”HHI(QR) HUHHI(QR) + Dy H”HHI(QR) HUHHI(QR)
=(1+ Da) [[ull g oy 101 11 -

Thus, the Lax-Milgram Lemma applies and there exists a bijective bounded linear
operator By : V — V with bounded inverse such that

bTMl(u,v) = (Blu,v), Vo e V.

Similarly, to analyze brpp (1, v), we further split up the individual terms and show that
each is a compact operator. We introduce the bounded linear operator B, : V. — V:

braa(1,2) = (Bait, ) =(=1) 0,2} = (T = Tip),0) + (4 8t7a ) (1,0)
+ 0c2<eru,v>Lz(QR), Yo e V.

The portion of the operator representing (u,v);2(q,) is compact, based on the fact

that the injection of H'(Qg) into L2(Qg) is compact. It was established earlier in
Theorem 3.1 that Tg — Tgp is a compact operator. Finally, as in [20], we define the
space L? (Qg) with inner product

<u,v>L3r(QR) = (e;u,v), Yu,ve LEV(QR).
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Then the norm on L2 (Qg) is equivalent to the standard L?(Qg) norm. This establishes
that the term ocz(syu, ) 12(Qg) is compact. Therefore, we can deduce that the operator
By, a linear combination of compact operators, is compact. It can also be shown that
F(v) as defined in (4.4), is bounded:

‘F(v)( < [Cullu'll + Co ||| + Cs ]| + Ca [lE]| + Cs [lesa]| ] [10]],

which implies ‘
IEN < CLll Il 1l + Nl + Nl + [leril]

for some C. By Riesz Representation Theorem, there exists a unique w € V such that
F(v) = (w,v). We now recast (4.5) to be finding u € V such that

Biu + Bou = (By + Bo)u = w.
Since B; has a bounded inverse and B, is compact, Fredholm Alternative holds and

uniqueness implies existence.
To prove uniqueness, bry(u, u) = 0 implies

brm(u,u) = / Vu - Vidxdy — / Truadl + EAt'yocz / uidl + ocZ/ g;uiidxdy =0
Or Br Ul 5 O
= / |Vul? + a2e,|u*dxdy — / Truudl + EAt"ytxz/ lul2dt =0, (4.6a)
Qg B Ui S
/ Truiidl = / |Vul? + a®e,|ul*dxdy + EAt"yuc2 / |u|?de. (4.6b)
Br Or Ul S

Assuming R(e;) > 0 and J(er) < 0 and on the surface S, ¢ = 1 and () = 0, we
have

%( ) TRuadz) <0, (4.7)

hence u = 0. Finally, the Fredholm Alternative also implies the boundedness of the
inverse of (By 4 By) : there exist constants D5, C > 0, such that

lull <Ds |[F|l < Ds [C([|u'|| + & + ]| + [|]) + lert] )]
=C(llw'll + @[l + [lal] + [J]| + [lera]l ).

The proof is completed. O

4.2 Numerical analysis

Error and stability results of [9] hold for this problem and proofs are similar. Here we
state the results and the necessary definitions for completeness.

Let 7, = {K} be the partition of Qg where each K € 7, represents a triangle. These
finite elements form an exact partition of Qg; that is, Qr = U Kker, K. For an arbitrary
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triangle K, we denote hx = diam(K) = max{||x —y|| |x,y € K}, the mesh size h =
maXkeq, hk, and sk the diameter of the largest circle inscribed in K. Following [21], we
have the finite-dimensional subspace V}, of the test space V:

Vi = {oy € H'(QR) : vy|x € PL,K € 5, },

where {¢]}’(x)}]li 1 is a linear nodal basis of V},. Each v}, € V}, is expressed as

N
oy = Zvjﬁb]h(x)
j=1
We note that Vj, is closed in V and V}, — V as h — 0. The fully discrete problem is
then finding uj € Vi, n =1,2,---, N, such that
bTM(uZ/ Z)h) = P”(vh), VUh S Vh, (48)

where bty (u)), v,) and F*(vy,) are defined as in (4.3) and (4.4), respectively. We have
the following convergence result:

Theorem 4.2. Let u" € V and uj; € V), be the solutions to (4.1) and (4.8), respectively, for
F" € V'. Given € > 0, there exists an hg = ho(€) such that for all 0 < h < hy, then

[ =ty 2 () = € 1™ —ully - (4.9)
Furthermore, given € > 0, there exists an hy = hy(€) such that for all 0 < h < hy,
" =y < Ce llF" 2 (4.10)
for some positive constant C independent of h. It follows that

" = | 22) < CE NF" 12000 - (4.11)

Following a very similar procedure as in [9] we have the following stability result:

Theorem 4.3. The Newmark scheme for the TM variational problem (4.1) is unconditionally
stable for arbitrary 6t > 0 satisfying

1
> —.
Zﬁ_’y>2

5 Numerical implementation

We consider an over-filled cavity of Im deep by 0.5m wide as shown in Fig. 3. We use
an incident Gaussian pulse with 6t = 0.0625, €, = 2, jp = 1 and Newmark parameters
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Figure 3: Overfilled deep cavity.
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Figure 4: Electric field depiction.

v = 0.95 and B = 0.5256 for stability. We ran three separate cases: 1.) PEC plane and
PEC cavity walls; 2.) PEC plane and IBC cavity walls; 3.) IBC plane and IBC cavity
walls. We present here an observation point inside the cavity, Fig. 4.

We observe that the scattered fields become more attenuated as the boundary con-
ditions for the plane and cavity walls approach an IBC surface. The observations are
truncated at 50 LM for scaling but the simulations exhibit the same stability beyond
this point. We also observe that as 7 — 0 the fields manifest the characteristics of a
PEC surface, as seen in the more oscillatory behavior of the IBC plane and IBC cavity
walls condition.
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