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1 Introduction

1.1 Overview

This paper is oriented around the initial-boundary value problem:





pt−(pq)x=pxx, x∈(0,1), t>0,

qt−(pγ+εq2)x=εqxx, x∈(0,1), t>0,

(p,q)(x,0)=(p0,q0)(x), x∈(0,1),

p|x=0,1=α(t), q|x=0,1=β(t), t>0, when ε>0,

p|x=0,1=α(t), t>0, when ε=0,

(1.1)

where γ > 1 and ε are constant parameters, and p0(x), q0(x), α(t), and β(t) are
given functions. Assuming appropriate conditions for p0(x), q0(x), α(t) and β(t), we
establish global stability of strong solutions to (1.1). Moreover, when α(t)=β(t)≡0,
we show that solutions to (1.1) with ε>0 converge to that with ε=0, as ε→0, in
certain topology.

1.2 Background

The system of balance laws in problem (1.1) is derived from the following chemotaxis
model of Keller-Segel type with logarithmic sensitivity:

{
ut=Duxx−χ(u(lnc)x)x,
ct=εcxx−µψ(u)c−σc,

(1.2)

when ψ(u)=uγ. Here, the unknown functions u(x,t) and c(x,t) denote, respectively,
density of cellular population and concentration of chemical signal at position x at
time t. The parameters: D> 0 stands for diffusion coefficient of cellular density,
χ 6= 0 coefficient of chemotactic sensitivity, ε≥ 0 diffusion coefficient of chemical
signal, µψ(u) 6=0 density-dependent production/degradation rate of chemical signal,
ψ(u)> 0 given function of cellular density, and σ> 0 denotes natural degradation
rate of chemical signal. The sign of χ dictates whether the chemotaxis is attractive
(χ>0) or repulsive (χ<0), and |χ| measures the strength of chemotactic response.
Moreover, the logarithmic sensitivity entails that the chemotactic response of cellular
population to chemical signal follows Weber-Fechner’s law (c.f. [1, 2, 4, 14]), which
appeared in one of the original Keller-Segel models of chemotaxis (c.f. [15]).

Derivation of the system of balance laws in (1.1) from (1.2) can be realized by
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first performing the following change of variables and rescaling:

p=u, q=[ln(eσtc)]x=
cx
c
,

t→ |χµ|
D

t, x→
√

|χµ|
D

x, q→−sign(χ)

√
|χ|
|µ| q,

after which (1.2) becomes




pt−(pq)x=pxx,

qt−
(
sign(χµ)ψ(p)− ε

χ
q2
)
x
=
ε

D
qxx.

(1.3)

Then, taking χ=−1, D=1 and µ<0 in (1.3), one obtains

{
pt−(pq)x=pxx,

qt−(ψ(p)+εq2)x=εqxx.
(1.4)

Note that the case of χ< 0 and µ< 0 corresponds biologically to the chemotactic
process in which the chemotaxis is repulsive and the chemical signal is being pro-
duced. Moreover, since the specific values of χ< 0 and D> 0 do not affect the
qualitative behavior of the solution, our choice of the parameter values is to simplify
the presentation.

1.3 Literature review

In an effort of studying the chemotactic movement of organisms, such as myxobacte-
ria, that deposit little- or non-diffusive chemical signals modifying succeed passages
in local environment, Othmer-Stevens [29] and Levine-Sleeman [16] proposed the
model: {

ut=Duxx−χ(u(lnc)x)x,
ct=−µuc−σc, (1.5)

which corresponds to (1.2) when ε=0 and ψ(u)=u. Among the first generation of
analytical studies of (1.5), we refer the reader to [5–7,18–20,37] for results concerning
global well-posedness and large-time behavior of large-data solutions in one space
dimension, and to [13, 21, 22] for nonlinear stability of one-dimensional traveling
wave solutions.

Recently, the appended version of (1.5) (by adding diffusion to the second equa-
tion): {

ut=Duxx−χ(u(lnc)x)x,
ct=εcxx−µuc−σc,

(1.6)
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has been investigated in a series of works [8,19,23,24,28,30,33,36], where in addition
to global well-posedness, large-time behavior of large-data solutions and nonlinear
stability of traveling waves in one space dimension, the vanishing diffusivity limit
(as ε→0) and boundary layer formation associated with one-dimensional solutions
are studied. There are also similar results in multi-dimensional spaces, and we refer
the reader to [9, 10, 31, 32, 35] for details.

More recently, the authors of [38] studied another version of (1.2):

{
ut=Duxx−χ(u(lnc)x)x,
ct=εcxx−µuγc−σc,

(1.7)

where γ>1 is a constant. Applying the same transformation and scaling as above
to (1.7), one obtains the system of balance laws in (1.1). In [38], it is shown that
the Cauchy problem of the transformed model possesses global (in time) large-data
solutions with γ-dependent regularity, and the chemically diffusive (ε>0) and non-
diffusive (ε=0) solutions are consistent in the limiting process as ε→0.

One of the major contributions of the results reported for the 1D models (1.5),
(1.6) and (1.7) is the global stability of constant equilibrium solutions subject to
various initial and/or boundary conditions. The proofs are constructed by utilizing
Lp-based energy methods. One of the key ingredients consists in the implementation
of entropy-entropy fluxes associated with the models, which is inspired by analytical
techniques in hyperbolic conservation/balance laws.

It is also worth mentioning that very recently the following model:

{
ut=uxx−χ(u(lnc)x)x,
ct=εcxx−ucm, m≥0,

(1.8)

which is one of the original models proposed by Keller and Segel [15], is studied in [3].
Indeed, (1.6) is a special case of (1.8) when m=1. By considering the model (1.8)
on the half line, [0,∞), and imposing zero-flux and Dirichlet boundary conditions
at the left end-point for u and w, respectively, and zero boundary condition at the
far field, the authors studied the existence and stability of spike-layer solutions to
the model. To the authors’ knowledge, this is the first rigorous mathematical study
dealing with the long-time asymptotic behavior of solutions to the model (1.8) when
m 6=1.

1.4 Motivation and goal

In this paper, we continue the analytical study of (1.7) by considering the model
on a finite interval and studying the initial-boundary value problem (1.1) for the
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transformed model. A search in the database shows that such a problem has not been
investigated in the literature. In real world, physical/biological processes always
occur in bounded regions with constraints from boundaries, where initial-boundary
value problems appear. Solutions to initial-boundary value problems usually exhibit
different behaviors and much richer phenomena comparing with the Cauchy problem.

Our first work targets the long-time dynamics of large-data solutions to (1.1)
when α(t) and β(t) are non-trivial functions. One of the motivations of our study
comes from the observation that boundary conditions oftentimes vary in time in
many in vivo environments such as tumor angiogenesis (c.f. [30]). Since model (1.7)
is deeply connected with (1.5) and (1.6) which have found applications in modeling
tumor angiogenesis (see e.g., [17]), the problem considered in this paper becomes
biologically relevant. Moreover, note that under dynamic boundary conditions, the
initial-boundary value problem (1.1) can be reformulated as





p̃t−(p̃q̃)x= p̃xx+F1,

q̃t−(ψ(p̃)+εq̃2)x=εq̃xx+F2,

(p̃,q̃)(x,0)=(p0−α(0),q0−β(0))(x),
p̃|x=0,1=0, q̃|x=0,1=0,

(1.9)

where p̃=p−α(t), q̃=q−β(t), and the feedback controls are given by F1=α(t)q̃x+
β(t)p̃x−α′(t) and F2=2εβ(t)q̃x+(ψ(p̃+α(t))−ψ(p̃))x−β ′(t). Hence, the perturbed
problem (1.9) can be viewed as a control problem of (1.1) subject to zero Dirichlet
boundary conditions with control actions F1 and F2. As a typical question in
control problem, one would ask: For what kind of feedback controls F1 and F2

does the closed-loop system (1.9) stabilize, i.e., its solution (p̃,q̃) tends to zero in an
appropriate topology, as t→∞? We aim to give a definite answer to such a question
in this paper.

The second goal of this paper is to investigate the zero chemical diffusivity limit
of solutions to (1.1) when p and q satisfy the homogeneous Dirichlet boundary
conditions. In all of the previous studies concerning initial-boundary value problems
for model (1.6), it has been shown that if p is supplemented with Dirichlet (including
time-dependent) boundary conditions, then the transformed variable q= cx

c
develops

boundary layers at endpoints of the spatial interval as ε→0, see [8, 9, 19, 30]. The
inconsistency between chemically diffusive and non-diffusive solutions is caused by
the mismatch of boundary conditions for the models with ε>0 and ε=0, respectively.
Naturally, one would expect that the singular phenomenon also occurs to solutions
to (1.1), no matter what condition α(t) is prescribed with. Indeed, by adopting the
energy method in this paper and the idea of effective viscous flux in [30], one can
show that as long as the boundary datum of p is not identical to zero, boundary
layers develop at endpoints of the spatial interval. On the other hand, however, we
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discovered that this is not the case when p=0 at x=0 and x=1. Roughly speaking,
since (pγ)x=γp

γ−1px, the zero boundary condition for p generates the same boundary
condition for (pγ)x when γ>1. Hence, qt=0 at the endpoints when ε=0. This is a
strong indication, based on previous studies in [19,36], that the chemically diffusive
solutions converge to the non-diffusive one as ε→0. Such a phenomenon is new in
this specific research area, and we give it a rigorous demonstration in this paper.

1.5 Statement of results

Now we state the main results of this paper. The first two theorems demonstrate
that large-data solutions to (1.1) stabilize as t→∞. The first theorem is concerned
with the case when ε>0.

Theorem 1.1. Consider the initial-boundary value problem (1.1) when ε>0. Sup-

pose that the initial data satisfy p0>0, (p0,q0)∈H1((0,1)) and are compatible with

the boundary conditions. Assume that

• there exist constants α,α,β, such that 0<α≤α(t)≤α and |β(t)|≤β, for all

t≥0,

• (α′(t),β ′(t))∈L1(0,∞)∩L2(0,∞).

Then for any fixed ε>0 and γ>1 there exists a unique global-in-time strong solution

(p,q), such that (p−α(t),q−β(t))∈L∞(0,∞;H1(0,1))∩L2(0,∞;H2(0,1)) and

lim
t→∞

(‖p(·,t)−α(t)‖2H1+‖q(·,t)−β(t)‖2H1)=0.

When ε=0, we have the following:

Theorem 1.2. Consider the initial-boundary value problem (1.1) when ε=0. Sup-

pose that the initial data satisfy p0>0, (p0,q0)∈H1((0,1)) and are compatible with the

boundary conditions. Assume that there exist constants α,α, such that 0<α≤α(t)≤α
for all t≥0, and α′(t)∈L1(0,∞)∩L2(0,∞). Then for any fixed γ≥2 there exists a

unique global-in-time strong solution (p,q), such that (p−α(t))∈L∞(0,∞;H1(0,1))∩
L2(0,∞;H2(0,1)), (q−q̄)∈L∞(0,∞;H1(0,1))∩L2(0,∞;H1(0,1)) and

lim
t→∞

(‖p(·,t)−α(t)‖2H1+‖q(·,t)−q̄‖2H1)=0,

where q̄ denotes the spatial average of q0.

We have several remarks regarding Theorem 1.1 and Theorem 1.2.



Z. F. Feng, J. Xu, L. Xue and K. Zhao / Ann. Appl. Math., 37 (2021), pp. 61-110 67

Remark 1.1. The results recorded in Theorem 1.1 and Theorem 1.2 are the first
ones regarding the transformed model in (1.1) on a bound domain with time-
dependent boundary conditions. One of the crucial assumptions in current work
is that p(0,t) = p(1,t) and q(0,t) = q(1,t). From the physical point of view, it is
more desirable to study the case when the unknown functions are subject to un-
matched boundary values, i.e., p(0,t) = α0(t), p(1,t) = α1(t), q(0,t) = β0(t), and
q(1,t) = β1(t), where α0(t) 6= α1(t) and β0(t) 6= β1(t). In this case, the underlying
arguments will be significantly different, and more involved than those presented
in this paper. The major obstruction lies in the fact that the original functions
need to be perturbed around linear functions with respect to the spatial variable,
i.e., α0(t)+(α1(t)−α0(t))x for p(x,t) and β0(t)+(β1(t)−β0(t))x for q(x,t), in order
to generate zero boundary values of the perturbed functions for subsequent energy
estimates. In particular, the entropy estimate, see Subsection 2.1, must be revised
to a great extent to accommodate the complex situation encountered in this more
“realistic” situation. The detailed analysis is beyond the scope of this paper, and
we leave the investigation in a future work.

Remark 1.2. The assumptions for α(t) and β(t) in Theorem 1.1 and Theorem 1.2
imply that the boundary data converge to constants as time goes to infinity. By
utilizing the energy methods in this paper, we can show that when there are no
variations in the boundary data, i.e., constant Dirichlet boundary conditions, the
perturbations converge exponentially rapidly to zero as time goes to infinity. In this
case, quantities in the energy estimates involving derivatives of the boundary data
vanish, and exponential decay of the perturbations follow from Poincaré’s inequality.
We omit the technical details to simplify the presentation.

Remark 1.3. Another set of boundary conditions that has been frequently stud-
ied for the transformed systems of the chemotaxis models (1.5) and (1.6) is the
Neumann-Dirichlet boundary conditions, i.e., px|x=0,1=0, q|x=0,1=0. In this case,
the spatial integral of p is conserved. By adopting the energy methods in this paper,
one can show that (p,q) converges to (p̄,0), where p̄ denotes the spatial average of
p0, exponentially rapidly as time goes to infinity. One of the key ingredients in the
proof is the fact that for any t>0, there exists x∗t ∈(0,1), such that p(x∗t ,t)= p̄, due
to the conservation of the spatial integral of p. Such a fact enables one to imple-
ment Poincaré’s inequality, leading to the exponential decaying of the perturbations.
Moreover, by utilizing the energy framework in this paper and the idea of [38], we
can show that under the Neumann-Dirichlet boundary conditions, the chemically
diffusive solutions (i.e., ε>0) converge to the non-diffusive one (i.e., ε=0) in certain
topology as ε→0.

The third theorem is concerned with the consistency between the chemically dif-
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fusive and non-diffusive solutions under the homogeneous Dirichlet boundary con-
ditions, which has not been observed in previous studies for related models.

Theorem 1.3. Consider the initial-boundary value problem (1.1) with α(t)=β(t)≡0.
Suppose that the initial data satisfy p0 > 0, (p0,q0) ∈H1((0,1)) and are compati-

ble with the boundary conditions. Then for any fixed γ ≥ 2 and ε≥ 0, there ex-

ists a unique global-in-time strong solution (p,q), such that for any 0< T <∞,

(p,q)∈L∞(0,T ;H1(0,1))∩L2(0,T ;H2(0,1)) when ε> 0, and p∈L∞(0,T ;H1(0,1))∩
L2(0,T ;H2(0,1)) and q∈L∞(0,T ;H1(0,1))∩L2(0,T ;H1(0,1)) when ε=0. Moreover,

let (pε,qε) and (p0,q0) denote, respectively, the solution with ε>0 and ε=0, with the

same initial data. Then for any t>0 it holds that

‖(pε−p0)(t)‖2L2+‖(qε−p0)(t)‖2L2 ≤C(t)ε,

where the constant C(t)>0 is independent of ε and remains finite for any finite t>0.

The rest of the paper is devoted to proof of Theorems 1.1–1.3. We utilize entropy-
and L2-based energy methods. Similar to the proof constructed in [38], the point of
departure is to implement an entropy-entropy flux pair associated with the system
of balance laws in (1.1), which consists of the first order Taylor expansion of a
power function of the unknown function p around its boundary datum α. The
entropy estimate provides a uniform (with respect to t) bound of the L2 norm of the
perturbation around boundary data. However, the first order dissipation associated
with p, generated from the entropy flux, may be degenerate (c.f. (2.14)). This is
caused by the lack of a strictly positive a priori lower bound of p, which can not be
achieved by the entropy estimate. To gain a non-degenerate dissipation mechanism
of p, we then perform a series of nonlinear energy estimates. The detailed estimates
differ case by case, depending on the value of γ. The proof is carefully crafted by
examining some fine properties of power function. On the other hand, because of the
time-dependency of the boundary data, the proof constructed in this paper is more
involved than the one devised in [38] where the equilibrium solution is constant.
We put a considerable amount of effort to make the energy framework developed
in [38] fit into the complex situation encountered in this paper. Due to the structural
difference between the chemically diffusive (ε>0) and non-diffusive (ε=0) problems,
the proof of Theorem 1.1 is different from that of Theorem 1.2. Major difference
consists in the estimation of the first order spatial derivative of the solution. For
Theorem 1.1, the proof takes advantage of the positivity of chemical diffusivity, while
for Theorem 1.2 we extract a non-homogeneous wave type equation for qx, which
serves as the foundation for deriving the desired energy estimates of the solution.
Lastly, Theorem 1.3 is proved by utilizing the energy frameworks developed for
Theorems 1.1–1.2 and exploring the zero boundary condition.
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2 Proof of Theorem 1.1

This section is denoted to the proof of Theorem 1.1. First of all, using stan-
dard arguments (see e.g., [25–27, 34]), one can show that under the assumptions
of Theorem 1.1 there exists a unique local solution to (1.1) with ε> 0, such that
(p,q)∈L∞(0,T ∗;H1(0,1))∩L2(0,T ∗;H2(0,1)) for some T ∗∈(0,∞), and p(x,t)>0 for
any (x,t)∈ (0,1)×(0,T ∗). The technical details are omitted to simplify the presen-
tation. This section is largely devoted to deriving a priori estimates of the local
solution, which not only extend the local solution to a global one, but also play an
important role in investigating the global stability of the solution. The following
technical lemmas are frequently utilized in the subsequent analysis (c.f. [11,12,38]).

Lemma 2.1. Let a≥−1 and λ≥2. Then it holds that

(a+1)λ−1−λa≥ λ

2
a2.

Lemma 2.2. Let a≥−1 and λ≥2. Then it holds that

(a+1)λ−1−λa≥|a|λ.
Lemma 2.3. Let a≥−1 and λ>1. Then it holds that

(a+1)λ≥1+λa.

Lemma 2.4. Let a≥0 and 0<λ≤1. Then it holds that

|aλ−1|≤|a−1|.
Next, we establish the a priori estimates of the local solution utilizing entropy-

and L2-based energy methods.

Notation 2.1. Throughout the rest of the paper, unless otherwise specified, we
use C to denote a positive generic constant which is independent of the unknown
functions and time. The value of the constant may vary line by line according to
the context.

2.1 Entropy estimate

We first derive a uniform estimate based on the entropy-entropy flux pair associated
with the initial-boundary value problem (1.1). For this purpose, let us define for
any non-negative functions f,g∈Lγ ,

E(f,g)=
1

γ−1

∫ 1

0

[f γ−gγ−γgγ−1(f−g)]dx.

Since γ>1, then it follows from Taylor’s theorem that E(f,g)≥0.
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Lemma 2.5. Under the assumptions of Theorem 1.1, there exists a constant C>0
which is independent of t and ε, such that

E(p,α)+‖(q−β)(t)‖2L2+γ

∫ t

0

∥∥p γ−2
2 px(τ)

∥∥2

L2dτ+ε

∫ t

0

‖qx(τ)‖2L2dτ≤C. (2.1)

Proof. We divide the proof into three steps.

Step 1. By a direct calculation, we can show that

[pγ−αγ−γαγ−1(p−α)]t=γ(pγ−1−αγ−1)pt−γαγ−2(p−α)α′(t). (2.2)

For the first term on the right-hand side of (2.2), using the first equation in (1.1)
and noting that α is independent of x, we can show that

γ(pγ−1−αγ−1)pt

=γ(pγ−1−αγ−1)[pxx+(pq)x]

=γ[(pγ−1−αγ−1)(pq+px)]x−γ(γ−1)pγ−1pxq−γ(γ−1)pγ−2(px)
2. (2.3)

Substituting (2.3) into (2.2), we deduce that

[pγ−αγ−γαγ−1(p−α)]t
=γ[(pγ−1−αγ−1)(pq+px)]x−γ(γ−1)pγ−1pxq

−γ(γ−1)pγ−2(px)
2−γαγ−2(p−α)α′(t). (2.4)

Dividing (2.4) by γ−1, then integrating the result with respect to x from 0 to 1 and
using the boundary condition for p, we deduce

d

dt
E(p,α)+γ

∫ 1

0

pγ−2(px)
2dx

=−γ
∫ 1

0

pγ−1pxqdx−
γαγ−2

γ−1

∫ 1

0

(p−α)α′(t)dx. (2.5)

On the other hand, we derive from the second equation of (1.1) that

(q−β)t−(pγ)x=ε(q−β)xx+2ε(q−β)(q−β)x+2εβ(q−β)x−β ′(t). (2.6)

Taking L2 inner product of (2.6) with q−β and using the boundary conditions yield

1

2

d

dt
‖q−β‖2L2+ε‖(q−β)x‖2L2

=

∫ 1

0

(q−β)(pγ)xdx−
∫ 1

0

(q−β)β ′(t)dx

=

∫ 1

0

q(pγ)xdx−
∫ 1

0

(q−β)β ′(t)dx

=γ

∫ 1

0

pγ−1pxqdx−
∫ 1

0

(q−β)β ′(t)dx. (2.7)
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Adding (2.7) to (2.5), we obtain

d

dt

(
E(p,α)+

1

2
‖q−β‖2L2

)
+γ

∫ 1

0

pγ−2(px)
2dx+ε‖(q−β)x‖2L2

=− γ

γ−1

∫ 1

0

αγ−2(p−α)α′(t)dx−
∫ 1

0

(q−β)β ′(t)dx. (2.8)

Step 2. In this step, we derive a bound for the L1 norm of p in terms of E(p,α). The
idea is to make use of the convexity of the entropy expansion, E(p,α), and compare
it with a linear function of p. For this purpose, we set

Fα(p)=
1

γ−1
[pγ−αγ−γαγ−1(p−α)]+

(
αγ−1+

γ−1

γ

) 1
γ−1 −p.

By direct calculations, we can show that

Fα(0)=α
γ+

(
αγ−1+

γ−1

γ

) 1
γ−1

>0,

F ′

α

((
αγ−1+

γ−1

γ

) 1
γ−1

)
=0,

F ′′

α(p)=γp
γ−2>0,

for p>0, α>0. Moreover, since

pγ−αγ−γαγ−1(p−α)≥0

for any p>0, α>0, we have

Fα

((
αγ−1+

γ−1

γ

) 1
γ−1

)
≥0.

These imply that Fα(p)≥0 for any p>0,α>0. Hence, it holds that

0<p≤ 1

γ−1
[pγ−αγ−γαγ−1(p−α)]+

(
αγ−1+

γ−1

γ

) 1
γ−1

,

and therefore,

0<

∫ 1

0

p(x,t)dx≤E(p,α)+
(
αγ−1+

γ−1

γ

) 1
γ−1

. (2.9)



72 Z. F. Feng, J. Xu, L. Xue and K. Zhao / Ann. Appl. Math., 37 (2021), pp. 61-110

Step 3. Utilizing (2.9), we derive from (2.7) that

d

dt

(
E(p,α)+

1

2
‖q−β‖2L2

)
+γ

∫ 1

0

pγ−2(px)
2dx+ε‖(q−β)x‖2L2

=− γ

γ−1

∫ 1

0

αγ−2(p−α)α′(t)dx−
∫ 1

0

(q−β)β ′(t)dx

≤ γ

γ−1
αγ−2|α′(t)|

∫ 1

0

|p−α|dx+|β ′(t)|
∫ 1

0

|q−β|dx

≤ γ

γ−1
αγ−2|α′(t)|E(p,α)+ γ

γ−1
αγ−2|α′(t)|

(
αγ−1+

γ−1

γ

) 1
γ−1

+
γ

γ−1
αγ−1|α′(t)|+ |β ′(t)|

2
+
|β ′(t)|

2
‖q−β‖2L2. (2.10)

Using the assumptions in Theorem 1.1 and applying Grönwall’s inequality to (2.10),
we have

E(p,α)+
1

2
‖q−β‖2L2

≤exp

{∫ t

0

( γ

γ−1
αγ−2|α′(τ)|+|β ′(τ)|

)
dτ

}

×
[∫ t

0

( γ

γ−1
αγ−2|α′(τ)|

(
αγ−1+

γ−1

γ

) 1
γ−1

+
γ

γ−1
αγ−1|α′(τ)|+ |β ′(τ)|

2

)
dτ

+E(p0,α0)+
1

2
‖q0−β0‖2L2

]

≤C, ∀t>0, ∀ε>0. (2.11)

Substituting (2.11) into (2.10), then integrating the result with respect to t, we have

γ

∫ t

0

∫ 1

0

pγ−2(px)
2dxdτ+ε

∫ t

0

‖(q−β)x‖2L2dτ≤C, ∀t>0, ∀ε>0. (2.12)

Combining (2.11) and (2.12) completes the proof of Lemma 2.5.

Next, we derive the key estimate in this paper.

2.2 L2 estimate

Letting p̃=p−α, q̃=q−β, the IBVP (1.1) is reformulated as




p̃t−(p̃q̃)x−αq̃x−βp̃x= p̃xx−α′(t), x∈(0,1), t>0,

q̃t−(p̃+α)γx=εq̃xx+2εq̃q̃x+2εβq̃x−β ′(t), x∈(0,1), t>0,

(p̃,q̃)(x,0)=(p0−α(0),q0−β(0))(x), x∈(0,1),

p̃|x=0,1=0, q̃|x=0,1=0, t>0.

(2.13)
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In terms of the perturbed functions, (2.1) is rewritten as

Ẽ(p̃,α)+
1

2
‖q̃‖2L2+γ

∫ t

0

∫ 1

0

(p̃+α)γ−2(p̃x)
2dxdτ+ε

∫ t

0

‖q̃x‖2L2dτ≤C, (2.14)

where

Ẽ(p̃,α)=E(p̃+α,α)=
1

γ−1

∫ 1

0

[(p̃+α)γ−αγ−γαγ−1p̃]dx. (2.15)

Note that when γ≥2, letting a= p̃

α
in Lemma 2.1, we obtain

(p̃+α)γ−αγ−γαγ−1p̃≥ γ

2
αγ−2p̃2≥ γ

2
αγ−2p̃2, (2.16)

which implies

Ẽ(p̃,α)≥ γ

2(γ−1)
αγ−2‖p̃‖2L2. (2.17)

Moreover, letting a= p̃

α
in Lemma 2.2, one has

Ẽ(p̃,α)≥ 1

γ−1

∫ 1

0

|p̃|γdx= 1

γ−1
‖p̃‖γLγ . (2.18)

In light of (2.14), (2.17) and (2.18), we see that

‖p̃(t)‖γLγ ≤(γ−1)C, ‖p̃(t)‖2L2 ≤
2(γ−1)C

γαγ−2
, γ≥2. (2.19)

The estimates in (2.19) are frequently utilized in the subsequent proof. Note that
the first L2

tL
2
x estimate in (2.1) may be degenerate since we do not have a strictly

positive lower bound of p. Next, we derive a non-degenerate estimate of ‖p̃‖L2
tL

2
x
.

Lemma 2.6. Under the conditions of Theorem 1.1 for any γ>1, ε>0, and t>0,
there exists a positive constant C, which is independent of t and ε such that





∫ t

0

(
‖p̃p̃x(τ)‖2L2+‖p̃x(τ)‖2L2

)
dτ≤C, γ∈(1,4],

∫ t

0

(∫ 1

0

|p̃|γ−1(p̃x)
2dx+‖p̃x(τ)‖2L2

)
dτ≤C, γ>4.

(2.20)

We divide the proof of Lemma 2.6 into four sub-cases, namely, 1<γ<2, 2≤γ≤3,
3<γ≤4, and γ>4, since the technical details differ case by case.



74 Z. F. Feng, J. Xu, L. Xue and K. Zhao / Ann. Appl. Math., 37 (2021), pp. 61-110

2.2.1 Proof of Lemma 2.6 when 1<γ<2

Step 1. Multiplying the first equation of (2.13) by (p̃+α)γ−αγ and the second
equation by αq̃, after integrating by parts, we obtain

d

dt

( 1

γ+1

∫ 1

0

Ê(p̃,α)dx+
α

2
‖q̃‖2L2

)
+γ

∫ 1

0

(p̃+α)γ−1(p̃x)
2dx+εα‖q̃x‖2L2

=−γ
∫ 1

0

(p̃+α)γ−1p̃q̃p̃xdx−γαγ−1α′(t)

∫ 1

0

p̃dx−αβ ′(t)

∫ 1

0

q̃dx+
α′(t)

2
‖q̃‖2L2 , (2.21)

where

Ê(p̃,α)=(p̃+α)γ+1−αγ+1−(γ+1)αγp̃.

Since 1<γ<2, by choosing a= p̃

α
in Lemma 2.1, we can show that

Ê(p̃,α)≥ γ+1

2
αγ−1|p̃|2, (2.22)

which implies
1

γ+1

∫ 1

0

Ê(p̃,α)dx≥ αγ−1

2
‖p̃‖2L2 ≥

αγ−1

2
‖p̃‖2L2. (2.23)

Step 2. Multiplying the first equation of (2.13) by −γ

2
αγ−2p̃2, then integrating by

parts, we can show that

d

dt

(
−γ

6
αγ−2

∫ 1

0

p̃3dx
)
−γαγ−2

∫ 1

0

p̃(p̃x)
2dx

=γαγ−2

∫ 1

0

p̃2q̃p̃xdx+γα
γ−1

∫ 1

0

p̃q̃p̃xdx

+
γ

2
αγ−2α′(t)

∫ 1

0

p̃2dx−γ(γ−2)

6
αγ−3α′(t)

∫ 1

0

p̃3dx. (2.24)

Multiplying the first equation of (2.13) by γ

3
αγ−3p̃3, then integrating by parts, we

can show that

d

dt

( γ
12
αγ−3

∫ 1

0

p̃4dx
)
+γαγ−3

∫ 1

0

(p̃p̃x)
2dx

=−γαγ−3

∫ 1

0

p̃3q̃p̃xdx−γαγ−2

∫ 1

0

p̃2q̃p̃xdx

−γ

3
αγ−3α′(t)

∫ 1

0

p̃3dx+
γ(γ−3)

12
αγ−4α′(t)

∫ 1

0

p̃4dx. (2.25)
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Combining (4.2), (2.24) and (2.25), we have

d

dt
G(t)+H(t)=K(t), (2.26)

where

G(t)=
1

γ+1

∫ 1

0

Ê(p̃,α)dx+
α

2
‖q̃‖2L2−

γ

6
αγ−2

∫ 1

0

p̃3dx+
γ

12
αγ−3

∫ 1

0

p̃4dx,

H(t)=γ

∫ 1

0

(p̃+α)γ−1(p̃x)
2dx+εα‖q̃x‖2L2−γαγ−2

∫ 1

0

p̃(p̃x)
2dx+γαγ−3

∫ 1

0

(p̃p̃x)
2dx,

K(t)=−γ
∫ 1

0

[(p̃+α)γ−1−αγ−1]p̃q̃p̃xdx−γαγ−3

∫ 1

0

p̃3q̃p̃xdx−γαγ−1α′(t)

∫ 1

0

p̃dx

−αβ ′(t)

∫ 1

0

q̃dx+
α′(t)

2
‖q̃‖2L2+

γ

2
αγ−2α′(t)

∫ 1

0

p̃2dx−γ2

6
αγ−3α′(t)

∫ 1

0

p̃3dx

+
γ(γ−3)

12
αγ−4α′(t)

∫ 1

0

p̃4dx.

Step 3. We have the following observations regarding G(t), H(t) and K(t). First,
by virtue of (2.23), we can show that

G(t)≥α
γ−1

2

∫ 1

0

p̃2dx−γ

6
αγ−2

∫ 1

0

p̃3dx+
γ

12
αγ−3

∫ 1

0

p̃4dx+
α

2
‖q̃‖2L2

=
(3−γ)

6
αγ−1‖p̃‖2L2+

γ

24
αγ−3‖2αp̃−p̃2‖2L2+

γ

24
αγ−3‖p̃‖4L4+

α

2
‖q̃‖2L2. (2.27)

For H(t), by a direct calculation, we can show that

H(t)=γ

∫ 1

0

[(p̃+α)γ−1−αγ−1](p̃x)
2dx+

γ

2
αγ−1‖p̃x‖2L2+

γ

2
αγ−3‖αp̃x−p̃p̃x‖2L2

+
γ

2
αγ−3‖p̃p̃x‖2L2+εα‖q̃x‖2L2. (2.28)

Using Lemma 2.4 and the Cauchy-Schwarz inequality, we can show that

(p̃+α)γ−1−αγ−1≥−αγ−2|p̃|≥−αγ−3(p̃)2−1

4
αγ−1. (2.29)

Using (2.29), we update (2.28) as

H(t)≥ γ

4
αγ−1‖p̃x‖2L2+

γ

2
αγ−3‖αp̃x−p̃p̃x‖2L2−γ

2
αγ−3‖p̃p̃x‖2L2+εα‖q̃x‖2L2 . (2.30)
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Since 0<α≤α≤α, using the Cauchy-Schwarz inequality, we can show that

K(t)≤−γ
∫ 1

0

[(p̃+α)γ−1−αγ−1]p̃q̃p̃xdx−γαγ−3

∫ 1

0

p̃3q̃p̃xdx

+
γ

2
αγ−1|α′(t)|(‖p̃‖2L2+1)+

α

2
|β ′(t)|(‖q̃‖2L2+1)+

|α′(t)|
2

‖q̃‖2L2

+
γ

2
αγ−2|α′(t)|‖p̃‖2L2+

γ2

12
αγ−3|α′(t)|(‖p̃‖4L4+‖p̃‖2L2)

+
γ(3−γ)

12
αγ−4|α′(t)|‖p̃‖4L4. (2.31)

In view of (2.27), we see that there exists a generic constant C>0, such that

K(t)≤−γ
∫ 1

0

[(p̃+α)γ−1−αγ−1]p̃q̃p̃xdx−γαγ−3

∫ 1

0

p̃3q̃p̃xdx

+C(|α′(t)|+|β ′(t)|)G(t)+C(|α′(t)|+|β ′(t)|). (2.32)

Step 4. We note that the third term on the right-hand side of (2.30) is non-positive.
To compensate such a term, we add (2.25) to (2.26) to get

d

dt
X(t)+Y (t)

≤−γ
∫ 1

0

[(p̃+α)γ−1−αγ−1]p̃q̃p̃xdx−2γαγ−3

∫ 1

0

p̃3q̃p̃xdx

−γαγ−2

∫ 1

0

p̃2q̃p̃xdx+C(|α′(t)|+|β ′(t)|)X(t)+C(|α′(t)|+|β ′(t)|), (2.33)

where we used (2.32) and arguments similar to those in (2.31), and

X(t)=G(t)+
γ

12
αγ−3

∫ 1

0

p̃4dx,

Y (t)=H(t)+γαγ−3‖p̃p̃x‖2L2 .

According to (2.30), we have

Y (t)≥ γ

4
αγ−1‖p̃x‖2L2+

γ

2
αγ−3‖αp̃x−p̃p̃x‖2L2+

γ

2
αγ−3‖p̃p̃x‖2L2+εα‖q̃x‖2L2 . (2.34)

For the first term on the right-hand side of (2.33), due to Lemma 2.4, it holds that

|(p̃+α)γ−1−αγ−1|≤αγ−2|p̃|, (2.35)



Z. F. Feng, J. Xu, L. Xue and K. Zhao / Ann. Appl. Math., 37 (2021), pp. 61-110 77

by using which we update (2.33) as

d

dt
X(t)+Y (t)≤2γαγ−2

∫ 1

0

|p̃|2|q̃||p̃x|dx
︸ ︷︷ ︸

≡J1

+2γαγ−3

∫ 1

0

|p̃|3|q||p̃x|dx
︸ ︷︷ ︸

≡J2

+C(|α′(t)|+|β ′(t)|)X(t)+C(|α′(t)|+|β ′(t)|). (2.36)

For the first two terms on the right-hand side of (2.36), by using the same method [38,
Lemma 5.1], we can show that

J1≤C‖p̃‖2L2

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

)
+
γ

16
αγ−1‖p̃x‖2L2+

γ

8
αγ−3‖p̃p̃x‖2L2 , (2.37)

and

J2≤C‖p̃‖4L4

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

)
+
γ

16
αγ−1‖p̃x‖2L2+

γ

8
αγ−3‖p̃p̃x‖2L2 . (2.38)

Using (2.38) and (2.37), we update (2.36) as

d

dt
X(t)+

1

2
Y (t)≤C

(
|α′(t)|+|β ′(t)|++C

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

)
X(t)

+C(|α′(t)|+|β ′(t)|). (2.39)

Applying Grönwall’s inequality to (2.39) and using (2.12) and the assumptions in
Theorem 1.1, we can show that

X(t)+

∫ t

0

Y (τ)dτ≤C.

According to (2.27), the definition of X(t), and (2.34), we conclude that

‖p̃‖2L2+‖p̃‖4L4+‖q̃‖2L2+

∫ t

0

(‖p̃x‖2L2+‖p̃p̃x‖2L2+ε‖q̃x‖2L2)dτ≤C.

This completes the proof of Lemma 2.6 when 1<γ<2. �

2.2.2 Proof of Lemma 2.6 when 2≤γ≤3

Step 1. Using (2.14), (2.15), and the assumptions for α, we update (2.10) as

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2

)
+γ

∫ 1

0

[(p̃+α)γ−2−αγ−2](p̃x)
2dx+γαγ−2‖p̃x‖2L2+ε‖q̃x‖2L2

≤C(|α′(t)|+|β ′(t)|). (2.40)
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Since 2≤γ≤3, choosing a=(p̃+α)/α in Lemma 2.3 and using Young’s inequality,
we deduce that

|(p̃+α)γ−2−αγ−2|≤αγ−3|p̃|≤ αγ−4p̃2

2
+
αγ−2

2
,

which implies

(p̃+α)γ−2−αγ−2≥−α
γ−4p̃2

2
−αγ−2

2
≥−α

γ−4p̃2

2
−αγ−2

2
, (2.41)

where the lower bound of α is used. Using (2.41), we update (2.40) as

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2

)
+
γ

2
αγ−2‖p̃x‖2L2−γ

2
αγ−4‖p̃p̃x‖2L2+ε‖q̃x‖2L2

≤C(|α′(t)|+|β ′(t)|). (2.42)

Step 2. To control the term −γ

2
αγ−4

∫ 1

0
(p̃p̃x)

2dx on the left-hand side of (2.42), we
multiply the first equation of (2.13) by 4p̃3, then integrate by parts to derive

d

dt
‖p̃‖4L4+12‖p̃p̃x‖2L2=−12

∫ 1

0

p̃2p̃x(p̃+α)q̃dx−4α′(t)

∫ 1

0

p̃3dx. (2.43)

For the first term on the right-hand side of (2.43), we use Hölder’s inequality to
derive

∣∣∣−12

∫ 1

0

p̃2p̃x(p̃+α)q̃dx
∣∣∣

≤12
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2
(∫ 1

0

(p̃+α)4−γp̃4q̃2dx
) 1

2

=12
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2
(∫ 1

0

(p̃3+αp̃2)4−γ|p̃|2γ−4q̃2dx
) 1

2

≤12
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃3+αp̃2‖

4−γ

2
L∞ ‖p̃‖γ−2

L∞ ‖q̃‖L2

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2
(
‖p̃3‖

4−γ

2
L∞ +‖p̃2‖

4−γ

2
L∞

)
‖p̃‖γ−2

L∞ , (2.44)

where we applied the uniform estimate of ‖q̃‖L2 recorded in (2.14). For the first L∞

estimate on the right-hand side of (2.44), since p̃|x=0=0, using Hölder’s inequality,
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we deduce

|p̃3(x,t)|=
∣∣∣∣3
∫ x

0

p̃2p̃xdx

∣∣∣∣≤3

∫ 1

0

|p̃|2|p̃x|dx

≤3
(∫ 1

0

|p̃|γdx
) 1

2
(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 1
2

≤C
(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 1
2
,

where we applied (2.19) when deriving the last inequality. Hence, we have

‖p̃3‖
4−γ

2
L∞ ≤C

(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 4−γ

4
. (2.45)

Moreover, since p̃|x=0=0, we can show that

p̃2(x,t)=2

∫ x

0

p̃p̃xdx≤2‖p̃‖L2‖p̃x‖L2 ≤C‖p̃x‖L2 ,

where we used (2.19) for the estimate of ‖p̃‖L2. Hence, it holds that

‖p̃‖L∞ ≤C‖p̃x‖
1
2

L2 . (2.46)

Using (2.45) and (2.46), we update (2.44) as

∣∣∣−12

∫ 1

0

p̃2p̃x(p̃+α)q̃dx
∣∣∣

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2
[(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 4−γ

4

+‖p̃x‖
4−γ

2

L2

]
‖p̃x‖

γ−2
2

L2 . (2.47)

When 2≤γ≤3, applying Young’s inequality, we can show that

[(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 4−γ

4

+‖p̃x‖
4−γ

2

L2

]
‖p̃x‖

γ−2
2

L2

=
(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 4−γ

4 ‖p̃x‖
γ−2
2

L2 +‖p̃x‖L2





=
(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 1
2
+‖p̃x‖L2, when γ=2,

≤
(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 1
2
+2‖p̃x‖L2 , when γ∈(2,3],
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by using which we update (2.47) as

∣∣∣−12

∫ 1

0

p̃2p̃x(p̃+α)q̃dx
∣∣∣

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2
[(∫ 1

0

|p̃|4−γ(p̃x)
2dx

) 1
2
+2‖p̃x‖L2

]
. (2.48)

Using Young’s inequality and noticing that γ∈ [2,3], we can show that

|p̃|4−γ

{
= p̃2, when γ=2,

≤ p̃2+1, when γ∈(2,3].

Hence, we update (2.48) as

∣∣∣−12

∫ 1

0

p̃2p̃x(p̃+α)q̃dx
∣∣∣

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2

(‖p̃p̃x‖L2+3‖p̃x‖L2)

≤‖p̃p̃x‖2L2+C

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃x‖L2 . (2.49)

Substituting (2.48) into (2.43), we obtain

d

dt
‖p̃‖4L4+11‖p̃p̃x‖2L2

≤C
∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃x‖L2

+4|α′(t)|
∫ 1

0

|p̃|3dx. (2.50)

Next, we make a coupling of (2.42) and (2.50) to gain a non-degenerate dissipation
mechanism associated with p̃x.

Step 3. Let M1 =
γαγ−4

11
. Multiplying (2.50) by M1, then taking the sum of the

result with (2.42), we obtain

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2+M1‖p̃‖4L4

)
+
γ

2
αγ−2‖p̃x‖2L2+

γ

2
αγ−4‖p̃p̃x‖2L2+ε‖q̃x‖2L2

≤C(|α′(t)|+|β ′(t)|)+C
∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃x‖L2

+C|α′(t)|
∫ 1

0

|p̃|3dx. (2.51)
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Using Young’s inequality, we estimate the last two terms on the right-hand side of
(2.51) as

• C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃x‖L2 ≤C

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

)
+
γ

4
αγ−2‖p̃x‖2L2 ,

• C|α′(t)|
∫ 1

0

|p̃|3dx≤C|α′(t)|(‖p̃‖4L4+‖p̃‖2L2)≤C|α′(t)|‖p̃‖4L4+C|α′(t)|,

where we applied (2.19) for the uniform estimate of ‖p̃‖L2 . Then we update (2.51)
as

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2+M1‖p̃‖4L4

)
+
γ

4
αγ−2‖p̃x‖2L2+

γ

2
αγ−4‖p̃p̃x‖2L2+ε‖q̃x‖2L2

≤C|α′(t)|‖p̃‖4L4+C(|α′(t)|+|β ′(t)|)+C
∫ 1

0

(p̃+α)γ−2(p̃x)
2dx. (2.52)

Applying Grönwall’s inequality and using the assumptions in Theorems 1.1 and
(2.14), we can show that

Ẽ(p̃,α)+
1

2
‖q̃‖2L2+M1‖p̃‖4L4≤C. (2.53)

Applying the uniform estimate of ‖p̃‖L4 obtained above to (2.52), then integrating
the result with respect to t, we finally reach the desired estimate (2.20). This
competes the proof of Lemma 2.6 when 2≤γ≤3. �

2.2.3 Proof of Lemma 2.6 when 3<γ≤4

Step 1. Since 3<γ≤4, by choosing a= p̃

α
in Lemma 2.3, we have

(p̃+α)γ−2≥αγ−2+(γ−2)αγ−3p̃. (2.54)

Note that in this case we still have (2.40), i.e.,

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2

)
+γ

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+ε‖q̃x‖2L2

≤C(|α′(t)|+|β ′(t)|). (2.55)

Inserting (2.54) into (2.55), we obtain

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2

)
+γαγ−2‖p̃x‖2L2+γ(γ−2)αγ−3

∫ 1

0

p̃(p̃x)
2dx+ε‖q̃x‖2L2

≤C(|α′(t)|+|β ′(t)|). (2.56)
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Note that since 0<α≤α≤α and 3<γ≤4, then

γαγ−2‖p̃x‖2L2+γ(γ−2)αγ−3

∫ 1

0

p̃(p̃x)
2dx

≥γαγ−2‖p̃x‖2L2−
γ

2
αγ−2‖p̃x‖2L2−

γ

2
(γ−2)2αγ−4‖p̃p̃x‖2L2

≥γ
2
αγ−2‖p̃x‖2L2−γ

2
(γ−2)2max{1,αγ−4}‖p̃p̃x‖2L2 . (2.57)

Using (2.57), we update (2.56) as

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2

)
+
γ

2
αγ−2‖p̃x‖2L2−ρ1

2
‖p̃p̃x‖2L2+ε‖q̃x‖2L2

≤C(|α′(t)|+|β ′(t)|), (2.58)

where ρ1=γ(γ−2)2max{1,αγ−4}. Next, we derive a similar estimate as (2.50).

Step 2. Similar to (2.43), we can show that

d

dt
‖p̃‖4L4+12‖p̃p̃x‖2L2 =−12

∫ 1

0

p̃2p̃x(p̃+α)q̃dx−4α′(t)

∫ 1

0

p̃3dx

≤12
(∫ 1

0

(p̃+p̄)γ−2(p̃x)
2
) 1

2
(∫ 1

0

(p̃+α)4−γ p̃4q̃2dx
) 1

2
+4|α′(t)|(‖p̃‖4L4+1)

=12
(∫ 1

0

(p̃+α)γ−2(p̃x)
2
) 1

2
(∫ 1

0

(p̃5+αp̃4)4−γ |p̃|4γ−12q̃2dx
) 1

2
+C|α′(t)|

≤12
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2∥∥p̃5+αp̃4

∥∥ 4−γ

2

L∞
‖p̃‖2γ−6

L∞ ‖q̃‖L2+C|α′(t)|

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2∥∥p̃5+αp̃4

∥∥ 4−γ

2

L∞
‖p̃x‖γ−3

L2 +C|α′(t)|, (2.59)

where we used (2.53) for the estimates of ‖q̃‖L2 and ‖p̃‖L4, and (2.46). For the L∞

norm of p̃5+αp̃4 on the right-hand side of (2.59), we observe that

∣∣p̃5(x,t)+αp̃4(x,t)
∣∣

=
∣∣∣5
∫ x

0

p̃4p̃xdx+4α

∫ x

0

p̃3p̃xdx
∣∣∣

≤5

∫ x

0

|p̃|3(p̃+α)|p̃x|dx+α
∫ x

0

|p̃|3|p̃x|dx

≤5
(∫ 1

0

p̃6(p̃+α)dx
) 1

2
(∫ 1

0

(p̃+α)(p̃x)
2dx

) 1
2
+α

∫ 1

0

|p̃|3|p̃x|dx, (2.60)
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which implies

∥∥p̃5+αp̃4
∥∥
L∞

≤5‖p̃5+αp̃4‖
1
2
L∞‖p̃‖L2

(∫ 1

0

(p̃+α)(p̃x)
2dx

) 1
2
+α

∫ 1

0

|p̃|3|p̃x|dx

≤1

2
‖p̃5+αp̃4‖L∞+C

∫ 1

0

(p̃+α)(p̃x)
2dx+α

∫ 1

0

|p̃|3|p̃x|dx, (2.61)

where we used (2.19) for the estimate of ‖p̃‖L2 . For the last term on the right-hand
side of (2.61), by using (2.46), we can show that

α

∫ 1

0

|p̃|3|p̃x|dx≤α‖p̃‖2L∞‖p̃p̃x‖L2≤C
(
‖p̃x‖2L2+‖p̃p̃x‖2L2

)
. (2.62)

Substituting (2.62) into (2.61), we have

∥∥p̃5+αp̃4
∥∥
L∞

≤C
∫ 1

0

(p̃+α)(p̃x)
2dx+C

(
‖p̃x‖2L2+‖p̃p̃x‖2L2

)
. (2.63)

Substituting (2.63) into (2.59), we obtain

d

dt
‖p̃‖4L4+12‖p̃p̃x‖2L2

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2

×
(∫ 1

0

(p̃+α)(p̃x)
2dx+‖p̃x‖2L2+‖p̃p̃x‖2L2

) 4−γ

2 ‖p̃x‖γ−3
L2 +C|α′(t)|. (2.64)

Using Young’s inequality, we can show that

(∫ 1

0

(p̃+α)(p̃x)
2dx+‖p̃x‖2L2+‖p̃p̃x‖2L2

) 4−γ

2 ‖p̃x‖γ−3
L2

≤
(∫ 1

0

(p̃+α)(p̃x)
2dx

) 4−γ

2 ‖p̃x‖γ−3
L2 +‖p̃x‖L2+‖p̃p̃x‖4−γ

L2 ‖p̃x‖γ−3
L2

≤
(∫ 1

0

(p̃+α)(p̃x)
2dx

) 1
2
+‖p̃x‖L2+‖p̃p̃x‖L2. (2.65)

Using (2.65), we update (2.64) as

d

dt
‖p̃‖4L4+12‖p̃p̃x‖2L2

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2
[(∫ 1

0

(p̃+α)(p̃x)
2dx

) 1
2
+‖p̃x‖L2+‖p̃p̃x‖L2

]

+C|α′(t)|. (2.66)
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Noting that

(∫ 1

0

(p̃+α)(p̃x)
2dx

) 1
2 ≤

(
‖p̃p̃x‖2L2+(α+1)‖p̃x‖2L2

) 1
2

≤‖p̃p̃x‖L2+
√
α+1‖p̃x‖L2,

we update (2.66) as

d

dt
‖p̃‖4L4+12‖p̃p̃x‖2L2

≤C
(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2 (‖p̃p̃x‖L2+‖p̃x‖L2

)
+C|α′(t)|

≤‖p̃p̃x‖L2+C

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃x‖L2

+C|α′(t)|, (2.67)

which yields

d

dt
‖p̃‖4L4+11‖p̃p̃x‖2L2

≤C
∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃x‖L2+C|α′(t)|. (2.68)

Step 3. Let M2=
ρ1
11
. Multiplying (2.68) by M2, then adding the result to (2.58),

we obtain

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2+M2‖p̃‖4L4

)
+
γ

2
αγ−2‖p̃x‖2L2+

ρ1
2
‖p̃p̃x‖2L2+ε‖q̃x‖2L2

≤C
∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C

(∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

) 1
2‖p̃x‖L2+C(|α′(t)|+|β ′(t)|)

≤γ
4
αγ−2‖p̃x‖2L2+C

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C(|α′(t)|+|β ′(t)|), (2.69)

which implies

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2+M2‖p̃‖4L4

)
+
γ

4
αγ−2‖p̃x‖2L2+

ρ1
2
‖p̃p̃x‖2L2+ε‖q̃x‖2L2

≤C
∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C(|α′(t)|+|β ′(t)|). (2.70)

Integrating (2.70) from 0 to t, using (2.14) and the assumptions in Theorem 1.1, we
obtain (2.20). This competes the proof of Lemma 2.6 when 3<γ≤4. �
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2.2.4 Proof of Lemma 2.6 when γ>4

Step 1. In this case, (2.56) is still valid. Since γ>4, using Young’s inequality, we
have

γαγ−2‖p̃x‖2L2+γ(γ−2)αγ−3

∫ 1

0

p̃(p̃x)
2dx

≥γαγ−2‖p̃x‖2L2−γ(γ−2)αγ−3

∫ 1

0

|p̃x|
2γ−4
γ−1 |p̃x|

2
γ−1 |p̃|dx

≥γαγ−2‖p̃x‖2L2−γ

2
αγ−2‖p̃x‖2L2−2γ−2γ(γ−2)2γ−3

(γ−1)γ−1
α−1

∫ 1

0

|p̃|γ−1|p̃x|2dx

≥γ
2
αγ−2‖p̃x‖2L2−

ρ2
2

∫ 1

0

|p̃|γ−1|p̃x|2dx,

where

ρ2=
2γ−1γ(γ−2)2γ−3

(γ−1)γ−1
α−1.

Similar to (2.58), we have

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2

)
+
γ

2
αγ−2‖p̃x‖2L2−ρ2

2

∫ 1

0

|p̃|γ−1|p̃x|2dx+ε‖q̃x‖2L2

≤C(|α′(t)|+|β ′(t)|). (2.71)

Step 2. Multiplying the first equation of (2.13) by (γ+1)|p̃|γ−1p̃, then integrating
by parts with respect to x over (0,1), we obtain

d

dt

(∫ 1

0

|p̃|γ+1dx
)
+γ(γ+1)

∫ 1

0

|p̃|γ−1(p̃x)
2dx

=−γ(γ+1)

∫ 1

0

(p̃+α)q̃|p̃|γ−1p̃xdx−(γ+1)α′(t)

∫ 1

0

|p̃|γ−1p̃dx. (2.72)

Since γ>4 and p̃+α>0, we estimate the first term on the right-hand side of (2.72)
as

∣∣∣
∫ 1

0

(p̃+α)q̃|p̃|γ−1p̃xdx
∣∣∣

≤
(∫ 1

0

(p̃+α)2|p̃x|2dx
) 1

2‖q̃‖L2‖p̃‖γ−1
L∞

=
(∫ 1

0

(p̃+α)2|p̃x|
4

γ−2 |p̃x|
2γ−8
γ−2 dx

) 1
2‖q̃‖L2‖p̃‖γ−1

L∞

≤C
(∫ 1

0

(p̃+α)γ−2|p̃x|2dx
) 1

γ−2‖p̃‖γ−1
L∞ ‖p̃x‖

γ−4
γ−2

L2 , (2.73)
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where we used the uniform estimate of ‖q̃‖L2 in (2.14). For the term involving the
L∞ norm of p̃ on the right-hand side of (2.73), we note that

|p̃(x,t)|γ−1=

∫ x

0

(
(p̃2)

γ−1
2

)
x
dx=(γ−1)

∫ x

0

|p̃|γ−3p̃p̃xdx

≤(γ−1)

∫ 1

0

|p̃| γ2 |p̃| γ2−2|p̃x|dx

≤(γ−1)
(∫ 1

0

|p̃|γdx
) 1

2
(∫ 1

0

|p̃|γ−4|p̃x|2dx
) 1

2

≤C
(∫ 1

0

|p̃|γ−4|p̃x|2dx
) 1

2
,

where we used (2.19). This implies

‖p̃‖γ−1
L∞ ≤C

(∫ 1

0

|p̃|γ−4|p̃x|2dx
) 1

2

. (2.74)

Substituting (2.74) into (2.73), we have

∣∣∣
∫ 1

0

(p̃+α)q̃|p̃|γ−1p̃xdx
∣∣∣

≤C
(∫ 1

0

(p̃+α)γ−2|p̃x|2dx
) 1

γ−2
(∫ 1

0

|p̃|γ−4|p̃x|2dx
) 1

2‖p̃x‖
γ−4
γ−2

L2

≤C
(∫ 1

0

(p̃+α)γ−2|p̃x|2dx
) 1

γ−2
(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

) 1
2‖p̃x‖

γ−4
γ−2

L2

≤C
∫ 1

0

(p̃+α)γ−2|p̃x|2dx+δ
(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

) γ−2
2γ−6 ‖p̃x‖

γ−4
γ−3

L2 , (2.75)

where δ > 0 is a constant to be determined, and we used the inequality: |p̃|γ−4≤
|p̃|γ−1+1 due to γ>4, and Young’s inequality. For the second term on the right-hand
side of (2.72), using (2.19), we can show that

∣∣∣(γ+1)α′(t)

∫ 1

0

|p̃|γ−1p̃dx
∣∣∣≤(γ+1)‖p̃‖γLγ |α′(t)|≤C|α′(t)|. (2.76)

Substituting (2.75) and (2.76) into (2.72), we obtain

d

dt

(∫ 1

0

|p̃|γ+1dx
)
+γ(γ+1)

∫ 1

0

|p̃|γ−1(p̃x)
2dx

≤C
∫ 1

0

(p̃+α)γ−2|p̃x|2dx+δ
(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

) γ−2
2γ−6 ‖p̃x‖

γ−4
γ−3

L2

+C|α′(t)|. (2.77)
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Using Young’s inequality, we can show that

(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

) γ−2
2γ−6 ‖p̃x‖

γ−4
γ−3

L2

≤ γ−2

2γ−6

(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

)
+
γ−4

2γ−6
‖p̃x‖2L2

≤
∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2.

Hence, we update (2.77) as

d

dt

(∫ 1

0

|p̃|γ+1dx
)
+γ(γ+1)

∫ 1

0

|p̃|γ−1(p̃x)
2dx

≤C
∫ 1

0

(p̃+α)γ−2|p̃x|2dx+δ
(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

)
+C|α′(t)|. (2.78)

Step 3. Multiplying (2.77) byM3=
ρ2

γ(γ+1)
, then adding the result to (2.71), we have

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2+M3

∫ 1

0

|p̃|γ+1dx
)
+
γ

2
αγ−2‖p̃x‖2L2

+
ρ2
2

∫ 1

0

|p̃|γ−1|p̃x|2dx+ε‖q̃x‖2L2

≤C
∫ 1

0

(p̃+α)γ−2|p̃x|2dx+δM3

(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

)

+C(|α′(t)|+|β ′(t)|). (2.79)

Choosing

δ=
1

4M3
min{γαγ−2,ρ2},

we obtain from (2.79) that

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2+M3

∫ 1

0

|p̃|γ+1dx
)
+
γ

4
αγ−2‖p̃x‖2L2

+
ρ2
4

∫ 1

0

|p̃|γ−1|p̃x|2dx+ε‖q̃x‖2L2

≤C
∫ 1

0

(p̃+α)γ−2|p̃x|2dx+C(|α′(t)|+|β ′(t)|). (2.80)

Integrating (2.80) with respect to time, using (2.14) and the assumptions in Theorem
1.1, we obtain (2.20). This competes the proof of Lemma 2.6 when γ>4. �
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2.3 H1 estimate

Now we improve the regularity of the solution.

Lemma 2.7. Under the assumptions in Theorem 1.1, there exists a constant C>0,
which is independent on t, such that

‖p̃x(t)‖2L2+‖q̃x(t)‖2L2+

∫ t

0

(
‖p̃xx(τ)‖2L2+‖q̃xx(τ)‖2L2

)
dτ≤C. (2.81)

Proof. Taking L2 inner products of the first equation of (2.13) with −p̃xx, and the
second with −q̃xx, respectively, then adding the results, we have

1

2

d

dt
(‖p̃x‖2L2+‖q̃x‖2L2)+‖p̃xx‖2L2+ε‖q̃xx‖2L2

=−
∫ 1

0

(q̃p̃x+p̃q̃x+αq̃x+βp̃x)p̃xxdx

︸ ︷︷ ︸
≡R1

+α′(t)

∫ 1

0

p̃xxdx

︸ ︷︷ ︸
≡R2

−2ε

∫ 1

0

q̃q̃xq̃xxdx

︸ ︷︷ ︸
≡R3

−2εβ

∫ 1

0

q̃xq̃xxdx

︸ ︷︷ ︸
≡R4

−γ
∫ 1

0

(p̃+α)γ−1p̃xq̃xxdx

︸ ︷︷ ︸
≡R5

+β ′(t)

∫ 1

0

q̃xxdx

︸ ︷︷ ︸
≡R6

. (2.82)

Using the Cauchy-Schwarz, Sobolev and Poincaré inequalities, we can show that

R1≤
1

4
‖p̃xx‖2L2+4(‖q̃‖2L∞‖p̃x‖2L2+‖p̃‖2L∞‖q̃x‖2L2+α2‖q̃x‖2L2+β2‖p̃x‖2L2)

≤ 1

4
‖p̃xx‖2L2+4‖q̃x‖2L2‖p̃x‖2L2+4α2‖q̃x‖2L2+4β

2‖p̃x‖2L2,

R2≤
1

4
‖p̃xx‖2L2+|α′(t)|2,

R3≤
ε

8
‖q̃xx‖2L2+8ε‖q̃‖2L∞‖q̃x‖2L2≤ ε

8
‖q̃xx‖2L2+8ε‖q̃x‖2L2‖q̃x‖2L2,

R4≤
ε

8
‖q̃xx‖2L2+8εβ

2‖q̃x‖2L2 .

For R5, by the Cauchy-Schwarz inequality, we have

R5≤
ε

8
‖q̃xx‖2L2+

2γ2

ε

∫ 1

0

(p̃+α)2(γ−1)(p̃x)
2dx. (2.83)
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When 1<γ≤4, using Sobolev and Poincaré inequalities, we can show that

∫ 1

0

(p̃+α)2(γ−1)(p̃x)
2dx

≤‖p̃+α‖γL∞

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

≤C
(
‖p̃‖γL∞+αγ

)∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

≤C
(
‖p̃x‖

γ

2

L2‖p̃‖
γ

2

L2+α
γ
)∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

≤C
(
‖p̃x‖

γ

2

L2+1
)∫ 1

0

(p̃+α)γ−2(p̃x)
2dx

≤‖p̃x‖2L2

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx+C

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx,

where we also used (2.19) and Young’s inequality. When γ>4, by using (2.74), we
have

∫ 1

0

(p̃+α)2(γ−1)(p̃x)
2dx

≤‖p̃+α‖2(γ−1)
L∞ ‖p̃x‖2L2

≤C
(∫ 1

0

|p̃|γ−4(p̃x)
2dx+α2(γ−1)

)
‖p̃x‖2L2

≤C
(∫ 1

0

p̃γ−1(p̃x)
2dx+‖p̃x‖2L2

)
‖p̃x‖2L2+C‖p̃x‖2L2 ,

where we used similar arguments as in (2.75). For R6, it is straightforward to show
that

R6≤
ε

8
‖q̃xx‖2L2+

2

ε
|β ′(t)|2. (2.84)

Substituting the estimates of Ri (i=1,··· ,6) into (2.82), we have

1

2

d

dt
(‖p̃x‖2L2+‖q̃x‖2L2)+

1

2
‖p̃xx‖2L2+

ε

2
‖q̃xx‖2L2

≤C
(∫ 1

0
(p̃+α)γ−2(p̃x)

2dx+‖p̃x‖2L2+‖q̃x‖2L2

)(
‖p̃x‖2L2+‖q̃x‖2L2

)

+C
(∫ 1

0
(p̃+α)γ−2(p̃x)

2dx+‖p̃x‖2L2+‖q̃x‖2L2+|α′(t)|2+|β′(t)|2
)
, 1<γ≤4, (2.85)
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and

1

2

d

dt
(‖p̃x‖2L2+‖q̃x‖2L2)+

1

2
‖p̃xx‖2L2+

ε

2
‖q̃xx‖2L2

≤C
(∫ 1

0

p̃γ−1(p̃x)
2dx+‖p̃x‖2L2+‖q̃x‖2L2

)(
‖p̃x‖2L2+‖q̃x‖2L2

)

+C
(
‖p̃x‖2L2+‖q̃x‖2L2+|α′(t)|2+|β ′(t)|2

)
, γ>4. (2.86)

Applying Grönwall’s inequality to (2.85) and (2.86), and using the assumptions in
Theorem 1.1 and estimates established in Subsections 2.1 and 2.2, we see that the
estimate (2.81) holds. This completes the proof of Lemma 2.7.

Now we show the asymptotic stability of the solution to complete the proof of
Theorem 1.1.

2.4 Global stabilization

In what follows, we prove that ‖(p̃,q̃)(t)‖2
L2∈W 1,1(0,∞), which implies ‖(p̃,q̃)(t)‖2

L2→
0 as t→∞. First, from (2.14) and (2.20), we see that

‖p̃x(t)‖2L2+‖q̃x(t)‖2L2 ∈L1(0,∞).

Then it follows from Poincaré inequality that

‖p̃(t)‖2H1+‖q̃(t)‖2H1 ∈L1(0,∞). (2.87)

Next, testing the two equations in (2.13) by p̃ and q̃, respectively, we have

d

dt
(‖p̃‖2L2+‖q̃‖2L2)

=−2‖p̃x‖2L2−2ε‖q̃x‖2L2−2

∫ 1

0

p̃q̃p̃xdx−2α′(t)

∫ 1

0

p̃dx

+2α

∫ 1

0

q̃xp̃dx+2γ

∫ 1

0

(p̃+α)γ−1p̃xq̃dx−2β ′(t)

∫ 1

0

q̃dx, (2.88)

from which we deduce that
∣∣∣∣
d

dt
(‖p̃‖2L2+‖q̃‖2L2)

∣∣∣∣
≤2‖p̃x‖2L2+2ε‖q̃x‖2L2+‖p̃‖L∞(‖q̃‖2L2+‖p̃x‖2L2)+|α′(t)|2+‖p̃‖2L2

+α(‖q̃x‖2L2+‖p̃‖2L2)+γ‖p̃+α‖γ−1
L∞ (‖p̃x‖2L2+‖q̃‖2L2)

+|β ′(t)|2+‖q̃‖2L2 . (2.89)
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Using previous energy estimates and Sobolev and Poincaré inequalities, we update
(2.89) as

∣∣∣∣
d

dt
(‖p̃‖2L2+‖q̃‖2L2)

∣∣∣∣≤C(‖p̃x‖
2
L2+‖q̃x‖2L2+|α′(t)|2+|β ′(t)|2). (2.90)

Integrating (2.90) in time and using (2.87) and the assumptions in Theorem 1.1, we
obtain

d

dt
(‖p̃(t)‖2L2+‖q̃(t)‖2L2)∈L1(0,∞). (2.91)

Combining (2.87) and (2.91), we obtain ‖(p̃,q̃)(t)‖2
L2 ∈W 1,1(0,∞), which implies

‖(p̃,q̃)(t)‖2L2 → 0 as t→∞. Decay of the first order spatial derivatives of the per-
turbation can be proved in a similar fashion. We omit the details for brevity. This
completes the proof of Theorem 1.1. �

3 Proof of Theorem 1.2

In this section, we study the global dynamics of large-data solutions to the chemically
non-diffusive problem. Letting p̃=p−α, q̃=q−q̄, where q̄ denotes the spatial average
of q0, then we have a new initial-boundary value problem for (p̃,q̃):





p̃t−(p̃q̃)x−αq̃x−q̄p̃x= p̃xx−α′(t),

q̃t−[(p̃+α)γ]x=0,

(p̃,q̃)(x,0)=(p0−α(0),q0−q̄)(x),
p̃|x=0,1=0.

(3.1)

Note that under the boundary conditions, it holds that

d

dt

∫ 1

0

q̃(x,t)dx=0,

which implies
∫ 1

0

q̃(x,t)dx=

∫ 1

0

q̃(x,0)dx=

∫ 1

0

q0(x)dx−
∫ 1

0

q̄dx=0.

Hence, q̃ satisfies Poincaré inequality.
To prove Theorem 1.2, we first recall that the energy estimates in Lemma 2.5

and Lemma 2.6 are independent of ε. Moreover, it can be readily checked that the
arguments in Subsections 2.1–2.2 are valid (indeed simpler) if β(t) is a constant.
Hence, by replacing β(t) by the constant q̄ and repeating the arguments in those
two sections, one can establish the following lemma.
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Lemma 3.1. Under the conditions of Theorem 1.2, for any γ ≥ 2 and t > 0, the

solution to (3.1) satisfies the following energy estimates:

‖p̃(t)‖2L2+‖q̃(t)‖2L2+

∫ t

0

‖p̃x(τ)‖2L2dτ≤C,




∫ t

0

‖p̃p̃x(τ)‖2L2dτ≤C, when γ∈ [2,4],

∫ t

0

∫ 1

0

|p̃|γ−1(p̃x)
2dxdτ≤C, when γ>4,

where C is a positive constant which is independent of t.

The rest of this section is largely devoted to the H1-estimate of (p̃,q̃). Note
that when deriving the H1-estimate in Subsection 2.3, we used the Cauchy-Schwarz
inequality by taking advantage of the positivity of ε, see (2.83) and (2.84). Appar-
ently, such an approach does not work when ε=0. Hence, we need to develop a
different method to deal with such a degeneracy. The major result of this section is
recorded in the following lemma.

Lemma 3.2. Under the conditions of Theorem 1.2, for any fixed γ≥2 and t>0, it
holds that

‖p̃x(t)‖2L2+‖q̃x(t)‖2L2+

∫ t

0

(
‖p̃xx(τ)‖2L2+‖q̃x(τ)‖2L2

)
dτ≤C, (3.2)

where C is a positive constant which is independent of t.

To overcome the technical barrier brought about by the lack of chemical diffusion,
we take ∂x to the second equation of (3.1), multiply the first equation by γαγ−1,
then take difference of the resulting equations to get

q̃xt=γα
γ−1[p̃t−(p̃q̃)x−αq̃x−q̄p̃x+α′(t)]

+γ(γ−1)(p̃+α)γ−2(p̃x)
2+γ[(p̃+α)γ−1−αγ−1]p̃xx. (3.3)

Multiplying (3.3) by q̃x and integrating by parts, we can show that

1

2

d

dt
‖q̃x‖2L2+γαγ‖q̃x‖2L2

=γαγ−1 d

dt

∫ 1

0

p̃q̃xdx−γαγ−1

∫ 1

0

p̃q̃xtdx−γαγ−1

∫ 1

0

q̄p̃xq̃xdx+γα
γ−1α′(t)

∫ 1

0

q̃xdx

−γαγ−1

∫ 1

0

(p̃q̃)xq̃xdx+γ(γ−1)

∫ 1

0

(p̃+α)γ−2(p̃x)
2q̃xdx

+γ

∫ 1

0

[(p̃+α)γ−1−αγ−1]p̃xxq̃xdx
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=
d

dt

(
γαγ−1

∫ 1

0

p̃q̃xdx
)
−γ(γ−1)αγ−2α′(t)

∫ 1

0

p̃q̃xdx+

6∑

k=1

Jk. (3.4)

Next, we carry out energy estimates for J1–J6. The proof is divided into three
subsections for the cases: 2≤γ<3, 3≤γ≤4, and γ>4.

3.1 Estimates of Jk when 2≤γ<3

Step 1. Note that when 2≤γ<3, it holds that

(p̃+α)γ−1≤2γ−2(|p̃|γ−1+αγ−1).

Again, when 2≤γ<3, by Young’s inequality, we have |p̃|γ−1≤|p̃|2+1. Then it holds
that

(p̃+α)γ−1≤2γ−2(|p̃|2+1+αγ−1). (3.5)

Using (3.5), integration by parts, and the assumptions for α, we estimate J1 as

|J1|=γαγ−1
∣∣
∫ 1

0

p̃q̃xtdx
∣∣=γαγ−1

∣∣
∫ 1

0

p̃xq̃tdx
∣∣

=γ2αγ−1|
∫

I

(p̃+α)γ−1(p̃x)
2dx|≤C

(
‖p̃p̃x‖2L2+‖p̃x‖2L2

)
, (3.6)

where we also used the second equation of (3.1). For J2, using the Cauchy-Schwarz
inequality, we can show that

|J2|≤γαγ−1|q̄|‖p̃x‖L2‖q̃x‖L2≤δ‖q̃x‖2L2+C(δ)‖p̃x‖2L2, (3.7)

where δ>0 is a constant to be determined later. Similarly, it holds that

|J3|≤γαγ−1|α′(t)|‖q̃x‖L1≤C
(
|α′(t)|+|α′(t)|‖q̃x‖2L2

)
. (3.8)

Using the Sobolev inequalities: ‖p̃‖L∞ ≤‖p̃x‖L2 (due to zero boundary condition)
and ‖q̃‖L∞≤‖q̃x‖L2 (due to mean-free condition), and Lemma 3.1, we can show that

|J4|≤γᾱγ−1
(
‖p̃x‖L2‖q̃‖L∞+‖p̃‖L∞‖q̃x‖L2

)
‖q̃x‖L2

≤δ‖q̃x‖2L2+C(δ)‖p̃x‖2L2‖q̃x‖2L2 . (3.9)
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Since 2≤γ<3, it holds that (p̃+α)γ−2≤|p̃|γ−2+αγ−2. Then we estimate J5 as

|J5|=γ(γ−1)
∣∣
∫ 1

0

(p̃+α)γ−2(p̃x)
2q̃xdx

∣∣

≤C
(∫ 1

0

|p̃|γ−2(p̃x)
2|q̃x|dx+

∫ 1

0

(p̃x)
2|q̃x|dx

)

≤C
(∫ 1

0

|p̃|2(γ−2)(p̃x)
2dx

) 1
2‖p̃x‖L∞‖q̃x‖L2+C‖p̃x‖L∞‖p̃x‖L2‖q̃x‖L2 . (3.10)

Since 2≤γ<3, then 0≤2(γ−2)<2. It follows from Young’s inequality that

|p̃|2(γ−2)≤|p̃|2+1. (3.11)

Since p̃|x=0,1=0, then using Poincaré’s inequality, we can show that

‖p̃x‖2L2=

∫ 1

0

p̃xp̃xdx=−
∫ 1

0

p̃p̃xxdx≤‖p̃‖L2‖p̃xx‖L2 ≤C‖p̃x‖L2‖p̃xx‖L2,

which implies

‖p̃x‖L2 ≤‖p̃xx‖L2. (3.12)

For ‖p̃x‖L∞ , using Gagliardo-Nirenberg inequality and (3.12), we have

‖p̃x‖L∞ ≤C
(
‖p̃x‖

1
2

L2‖p̃xx‖
1
2

L2+‖p̃x‖L2

)
≤C‖p̃x‖

1
2

L2‖p̃xx‖
1
2

L2. (3.13)

Using (3.11) and (3.13), we update (3.14) as

|J5|≤C
(
‖p̃p̃x‖2L2+‖p̃x‖2L2

) 1
2‖p̃x‖

1
2

L2‖p̃xx‖
1
2

L2‖q̃x‖L2

≤δ‖p̃xx‖2L2+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2

) 2
3‖p̃x‖

2
3

L2‖q̃x‖
4
3

L2

≤δ‖p̃xx‖2L2+C(δ)
[(
‖p̃p̃x‖2L2+‖p̃x‖2L2

)
‖q̃x‖2L2+‖p̃x‖2L2

]
. (3.14)

Note that by Taylor’s theorem, (p̃+α)γ−1−αγ−1=(γ−1)wγ−2p̃, where w is between
p̃+α and α. Since p̃+α≥0 and α>0, we must have 0≤w≤|p̃|+α. Moreover, since
2≤γ<3, it holds that wγ−2≤(|p̃|+α)γ−2. Hence, we have

∣∣(p̃+α)γ−1−αγ−1
∣∣≤(γ−1)(|p̃|+α)γ−2|p̃|≤(γ−1)

(
|p̃|γ−2+αγ−2

)
|p̃|. (3.15)
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Using (3.15), we can estimate J6 as

|J6|=γ
∫ 1

0

∣∣(p̃+α)γ−1−αγ−1
∣∣|p̃xx||q̃x|dx

≤γ(γ−1)

∫ 1

0

(
|p̃|γ−2+αγ−2

)
|p̃||p̃xx||q̃x|dx

≤γ(γ−1)‖p̃‖γ−1
L∞ ‖p̃xx‖L2‖q̃x‖L2+γ(γ−1)αγ−2‖p̃‖L∞‖p̃xx‖L2‖q̃x‖L2

≤C
(
‖p̃x‖

γ−1
2

L2 +‖p̃x‖
1
2

L2

)
‖p̃xx‖L2‖q̃x‖L2, (3.16)

where we used the interpolation inequality:

‖p̃‖L∞ ≤
√
2‖p̃‖

1
2

L2‖p̃x‖
1
2

L2

and Lemma 3.1. Using Young’s inequality, we can show that

C
(
‖p̃x‖

γ−1
2

L2 +‖p̃x‖
1
2

L2

)
‖p̃xx‖L2‖q̃x‖L2

≤δ‖p̃xx‖2L2+C(δ)
(
‖p̃x‖γ−1

L2 ‖q̃x‖2L2+‖p̃x‖L2‖q̃x‖2L2

)
,

where the two terms on the right-hand side can be estimated as

C(δ)‖p̃x‖γ−1
L2 ‖q̃x‖2L2 ≤

(
C(δ)‖p̃x‖2L2+δ

)
‖q̃x‖2L2 ,

‖p̃x‖L2‖q̃x‖2L2≤C(δ)‖p̃x‖2L2‖q̃x‖2L2+δ‖q̃x‖2L2 .

Hence, we update (3.16) as

|J6|≤δ‖p̃xx‖2L2+2δ‖qx‖2L2+C(δ)‖p̃x‖2L2‖q̃x‖2L2. (3.17)

Substituting the estimates (3.6)-(3.9), (3.14) and (3.17) into (3.4), we have

d

dt

(1
2
‖q̃x‖2L2−γαγ−1

∫ 1

0

p̃q̃xdx
)
+γαγ‖q̃x‖2L2

≤−γ(γ−1)αγ−2α′(t)

∫ 1

0

p̃q̃xdx+2δ‖p̃xx‖2L2+4δ‖q̃x‖2L2

+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)
‖q̃x‖2L2

+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)
. (3.18)

Using Lemma 3.1, we estimate the first term on the right-hand side of (3.18) as

∣∣−γ(γ−1)αγ−2α′(t)

∫ 1

0

p̃q̃xdx
∣∣

≤γ(γ−1)αγ−2|α′(t)|
(
‖p̃‖2L2+‖q̃x‖2L2

)

≤C|α′(t)|
(
1+‖q̃x‖2L2

)
.
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So we update (3.18) as

d

dt

(1
2
‖q̃x‖2L2−γαγ−1

∫ 1

0

p̃q̃xdx
)
+γαγ‖q̃x‖2L2

≤2δ‖p̃xx‖2L2+4δ‖q̃x‖2L2+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)
‖q̃x‖2L2

+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)
, (3.19)

where we used the lower bound of α. Next, we turn to the estimate of p̃x.

Step 2. Taking L2 inner product of the first equation of (3.1) with −p̃xx, we can
show that

1

2

d

dt
‖p̃x‖2L2+‖p̃xx‖2L2

=−
∫ 1

0

(p̃q̃)xp̃xxdx−α
∫ 1

0

q̃xp̃xxdx−q̄
∫ 1

0

p̃xp̃xxdx+α
′(t)

∫ 1

0

p̃xxdx

≤1

2
‖p̃xx‖2L2+2

(
‖p̃xq̃+p̃q̃x‖2L2+α2‖q̃x‖2L2+q̄2‖p̃x‖2L2+|α′(t)|2

)

≤1

2
‖p̃xx‖2L2+2α2‖q̃x‖2L2+C

(
‖p̃x‖2L2‖q̃x‖2L2+‖p̃x‖2L2+|α′(t)|2

)
, (3.20)

where we used similar arguments as those in deriving (3.9). After rearranging terms,
we have

1

2

d

dt
‖p̃x‖2L2+

1

2
‖p̃xx‖2L2≤2α2‖q̃x‖2L2+C

(
‖p̃x‖2L2‖q̃x‖2L2+‖p̃x‖2L2+|α′(t)|2

)
, (3.21)

Let Θ1≡ 3α2

γαγ . Taking the sum of (3.21) and (3.19)×Θ1, we obtain

d

dt

(1
2
‖p̃x‖2L2+

Θ1

2
‖q̃x‖2L2−Θ1γα

γ−1

∫ 1

0

p̃q̃xdx
)
+
1

2
‖p̃xx‖2L2+α2‖q̃x‖2L2

≤2Θ1δ‖p̃xx‖2L2+4Θ1δ‖q̃x‖2L2+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)
‖q̃x‖2L2

+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|+|α′(t)|2

)
. (3.22)

Choosing δ=min{(8Θ1)
−1, α2(8Θ1)

−1}, we update (3.23) as

d

dt

(1
2
‖p̃x‖2L2+

Θ1

2
‖q̃x‖2L2−Θ1γα

γ−1

∫ 1

0

p̃q̃xdx
)
+
1

4
‖p̃xx‖2L2+

α2

2
‖q̃x‖2L2

≤C
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)
‖q̃x‖2L2

+C
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|+|α′(t)|2

)
. (3.23)
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Note that the quantity inside the temporal derivative in (3.23) may not be positive.
In order to apply Grönwall’s inequality, we make coupling of (3.23) with the entropy
estimate (2.8).

Step 3. First, we observe that the quantity inside the temporal derivative in (3.23)
satisfies

Θ1

2
‖q̃x‖2L2−Θ1γα

γ−1

∫ 1

0

p̃q̃xdx≥
Θ1

4
‖q̃x‖2L2−Θ1γ

2α2(γ−1)‖p̃‖2L2 . (3.24)

Next, we recall the entropy estimate (2.8) which, for (3.1), reads

d

dt

(
Ẽ(p̃,α)+

1

2
‖q̃‖2L2

)
+γ

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx=−γαγ−2α′(t)

∫ 1

0

p̃dx, (3.25)

where Ẽ(p̃,α) is defined in (2.15). Note that according to (2.17), it holds that

Ẽ(p̃,α)≥ γ

2(γ−1)
αγ−2‖p̃‖2L2. (3.26)

Let Θ2≡ 4(γ−1)Θ1α
2(γ−1)

αγ−2 . Multiplying (3.25) by Θ2, then adding the result to (3.23),
we obtain

d

dt
G1(t)+H1(t)

≤C(‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|)‖q̃x‖2L2

+C
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|+|α′(t)|2

)
−Θ2γα

γ−2α′(t)

∫ 1

0

p̃dx, (3.27)

where

G1(t)=
1

2
‖p̃x‖2L2+

Θ1

2
‖q̃x‖2L2−Θ1γα

γ−1

∫ 1

0

p̃q̃xdx+Θ2Ẽ(p̃,α)+
Θ2

2
‖q̃‖2L2,

H1(t)=
1

4
‖p̃xx‖2L2+

α2

2
‖q̃x‖2L2+Θ2γ

∫ 1

0

(p̃+α)γ−2(p̃x)
2dx.

Note that according to (3.24), (3.26) and the definition of Θ2, it holds that

G1(t)≥
1

2
‖p̃x‖2L2+

Θ1

4
‖q̃x‖2L2+Θ1γ

2α2(γ−1)‖p̃‖2L2+
Θ2

2
‖q̃‖2L2. (3.28)

Hence, we update (3.27) as

d

dt
G1(t)+H1(t)≤C(‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|)G1(t)

+C
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|+|α′(t)|2

)
, (3.29)
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where we applied the Cauchy-Schwarz and Poincaré’s inequalities to the last term
on the right-hand side. Applying Grönwall’s inequality to (3.29) and using Lemma
3.1 and the assumptions for α, we can show that

G1(t)+

∫ t

0

H1(τ)dτ≤C, (3.30)

where the constant C > 0 is independent of t. By (3.28) and definition of H1(t),
(3.30) yields (3.2). This completes the proof of Lemma 3.2 when 2≤γ<3. �

3.2 Estimates of Jk when 3≤γ≤4

Step 1. Similar to (3.6), we can show that

|J1|=γ2αγ−1
∣∣∣
∫ 1

0

(p̃+α)γ−1(p̃x)
2dx

∣∣∣

≤γ2αγ−12γ−2
∣∣∣
∫ 1

0

(
|p̃|γ−1+αγ−1

)
(p̃x)

2dx
∣∣∣

≤C
(
‖p̃‖γ−1

L∞ +1
)
‖p̃x‖2L2 . (3.31)

For the L∞ norm on the right-hand side of (3.31), using p̃|x=0=0, we can show that

|p̃|(γ−1)(x,t)=(p̃2)
γ−1
2 (x,t)=

∫ x

0

[
(p̃2)

γ−1
2

]
y
dy

=(γ−1)

∫ x

0

|p̃|γ−3p̃p̃ydy

≤(γ−1)
(∫ 1

0

|p̃|2(γ−3)(p̃x)
2dx

) 1
2‖p̃‖L2

≤C
(∫ 1

0

|p̃|2(γ−3)(p̃x)
2dx

) 1
2

, (3.32)

where we used Lemma 3.1 when deriving the last inequality. Since x ∈ (0,1) is
arbitrary, the estimate (3.32) implies

‖p̃(·,t)‖γ−1
L∞ ≤C

(∫ 1

0

|p̃|2(γ−3)(p̃x)
2dx

) 1
2
. (3.33)

Note that since 3≤γ≤4, it follows from Young’s inequality that

|p̃|2(γ−3)≤|p̃|2+1, (3.34)
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by which we update (3.33) as

‖p̃(·,t)‖γ−1
L∞ ≤C

(
‖p̃p̃x‖2L2+‖p̃x‖2L2

) 1
2 . (3.35)

Using (3.35) and the Cauchy-Schwarz inequality, we update (3.31) as

|J1|≤C
(
‖p̃p̃x‖2L2+‖p̃x‖2L2

)
‖p̃x‖2L2+C‖p̃x‖2L2 . (3.36)

The estimates of J2, J3 and J4 are identical to (3.7), (3.8) and (3.9), respectively.
Next, we re-estimate J5 and J6.

Step 2. For J5, since 3≤γ≤4, the function zγ−2 is convex on [0,∞). This implies

(p̃+α)γ−2≤2γ−3(|p̃|γ−2+αγ−2).

Then we can show that

|J5|=γ(γ−1)
∣∣∣
∫ 1

0

(p̃+α)γ−2(p̃x)
2q̃xdx

∣∣∣

≤C
(∫ 1

0

|p̃|γ−2(p̃x)
2|q̃x|dx+

∫ 1

0

(p̃x)
2|q̃x|dx

)
. (3.37)

For the first term on the right-hand side of (3.37), using (3.34), we can show that

C

∫ 1

0

|p̃|γ−2(p̃x)
2|q̃x|dx

≤C‖p̃‖L∞‖p̃x‖L∞

∫ 1

0

|p̃|γ−3|p̃x||q̃x|dx

≤C‖p̃‖L∞‖p̃x‖L∞

(∫ 1

0

|p̃|2(γ−3)|p̃x|2dx
) 1

2‖q̃x‖L2

≤C‖p̃‖L∞‖p̃x‖L∞

(
‖p̃p̃x‖2L2+‖p̃x‖2L2

) 1
2‖q̃x‖L2 . (3.38)

Since p̃|x=0=0, we have

‖p̃‖L∞ ≤
√
2‖p̃‖

1
2

L2‖p̃x‖
1
2

L2,

which together with Lemma 3.1 and the estimate (3.13), implies

‖p̃‖L∞‖p̃x‖L∞ ≤C‖p̃x‖L2‖p̃xx‖
1
2

L2.
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Then we update (3.38) as

C

∫ 1

0

|p̃|γ−2(p̃x)
2|q̃x|dx

≤C‖p̃x‖L2‖p̃xx‖
1
2

L2

(
‖p̃p̃x‖2L2+‖p̃x‖2L2

) 1
2‖q̃x‖L2

≤δ
2
‖p̃xx‖2L2+C(δ)‖p̃x‖

4
3

L2

(
‖p̃p̃x‖2L2+‖p̃x‖2L2

) 2
3‖q̃x‖

4
3

L2

≤δ
2
‖p̃xx‖2L2+C(δ)

(
‖p̃p̃x‖2L2+‖p̃x‖2L2+‖p̃x‖2L2‖q̃x‖2L2

)
, (3.39)

where we used Young’s inequality. For the second term on the right-hand side of
(3.37), we can show that

C

∫ 1

0

(p̃x)
2|q̃x|dx≤C‖p̃x‖L∞‖p̃x‖L2‖q̃x‖L2

≤C‖p̃x‖
3
2

L2‖p̃xx‖
1
2

L2‖q̃x‖L2

≤δ
2
‖p̃xx‖2L2+C(δ)‖p̃x‖2L2‖q̃x‖

4
3

L2

≤δ
2
‖p̃xx‖2L2+C(δ)

(
‖p̃x‖2L2+‖p̃x‖2L2‖q̃x‖2L2

)
. (3.40)

Using (3.39) and (3.40), we update (3.37) as

|J5|≤δ‖p̃xx‖2L2+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+‖p̃x‖2L2‖q̃x‖2L2

)
. (3.41)

For J6, similar to (3.16), we can show that

|J6|≤γ(γ−1)‖p̃‖γ−1
L∞ ‖p̃xx‖L2‖q̃x‖L2+γ(γ−1)αγ−2‖p̃‖L∞‖p̃xx‖L2‖q̃x‖L2 . (3.42)

For the first term on the right-hand side of (3.42), using (3.35), we can show that

γ(γ−1)‖p̃‖γ−1
L∞ ‖p̃xx‖L2‖q̃x‖L2

≤C
(
‖p̃p̃x‖2L2+‖p̃x‖2L2

) 1
2‖p̃xx‖L2‖q̃x‖L2

≤δ
2
‖p̃xx‖2L2+C(δ)

(
‖p̃p̃x‖2L2+‖p̃x‖2L2

)
‖q̃x‖2L2 . (3.43)

For the second term on the right-hand side of (3.42), we can show that

γ(γ−1)αγ−2‖p̃‖L∞‖p̃xx‖L2‖q̃x‖L2

≤C‖p̃x‖L2‖p̃xx‖L2‖q̃x‖L2

≤δ
2
‖p̃xx‖2L2+C(δ)‖p̃x‖2L2‖q̃x‖2L2. (3.44)
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Using (3.43) and (3.44), we update (3.42) as

|J6|≤δ‖p̃xx‖2L2+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2

)
‖q̃x‖2L2. (3.45)

Using the estimates for Jk, we can get an inequality that is similar to (3.19):

d

dt

(1
2
‖q̃x‖2L2−γαγ−1

∫ 1

0

p̃q̃xdx
)
+γαγ‖q̃x‖2L2

≤2δ‖p̃xx‖2L2+2δ‖q̃x‖2L2+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)(
‖q̃x‖2L2+‖p̃x‖2L2

)

+C(δ)
(
‖p̃p̃x‖2L2+‖p̃x‖2L2+|α′(t)|

)
. (3.46)

By repeating the arguments in Step 2 and Step 3 in Subsection 3.1, we can establish
(3.2). This completes the proof of Lemma 3.2 when 3≤γ≤4. �

3.3 Estimates of Jk when γ>4

Similar to Subsection 3.2, we only need to estimate J1, J5 and J6. For J1, it follows
from (3.31) that

|J1|≤C
(∫ 1

0

|p̃|γ−1(p̃x)
2dx+‖p̃x‖2L2

)
. (3.47)

Note that the right-hand side of (3.47) is uniformly integrable with respect to time,
thanks to Lemma 3.1. For J5, recalling (3.37), we have

|J5|≤C
(∫ 1

0

|p̃|γ−2(p̃x)
2|q̃x|dx+

∫ 1

0

(p̃x)
2|q̃x|dx

)

≤C
(∫ 1

0

|p̃|γ−1(p̃x)
2|q̃x|dx+

∫ 1

0

(p̃x)
2|q̃x|dx

)
, (3.48)

where we used Young’s inequality: |p̃|γ−2 ≤ |p̃|γ−1+1. For the first term on the
right-hand side of (3.48), we can show that

C

∫ 1

0

|p̃|γ−1(p̃x)
2|q̃x|dx≤C‖p̃x‖L∞

(∫ 1

0

|p̃|2(γ−1)(p̃x)
2dx

) 1
2‖q̃x‖L2

≤C‖p̃x‖L∞‖p̃‖
γ−1
2

L∞

(∫ 1

0

|p̃|γ−1(p̃x)
2dx

) 1
2‖q̃x‖L2 . (3.49)

Recalling (2.74), we have

‖p̃‖γ−1
L∞ ≤C

(∫ 1

0

|p̃|γ−4|p̃x|2dx
) 1

2 ≤C
(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

) 1
2
, (3.50)
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where we used Young’s inequality due to γ>4. Using (3.50), we update (3.49) as

C

∫ 1

0

|p̃|γ−1(p̃x)
2|q̃x|dx

≤C‖p̃x‖
1
2

L2‖p̃xx‖
1
2

L2

(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

) 1
4
(∫ 1

0

|p̃|γ−1(p̃x)
2dx

) 1
2‖q̃x‖L2

≤δ
2
‖p̃xx‖2L2+C(δ)‖p̃x‖

2
3

L2

(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

) 1
3
(∫ 1

0

|p̃|γ−1(p̃x)
2dx

) 2
3‖q̃x‖

4
3

L2

≤δ
2
‖p̃xx‖2L2+C(δ)

(
‖p̃x‖2L2+‖q̃x‖2L2

)(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

)
, (3.51)

where we used Young’s inequality at various places. The estimate of the second
term on the right-hand side of (3.48) is identical to (3.40). Hence, we obtain

|J5|≤δ‖p̃xx‖2L2+C(δ)
(
‖p̃x‖2L2+‖q̃x‖2L2

)(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

)

+C(δ)‖p̃x‖2L2. (3.52)

Lastly, similar to (3.42)–(3.44), using (3.50), we can show that

|J6|≤δ‖p̃xx‖2L2+
(∫ 1

0

|p̃|γ−1|p̃x|2dx+‖p̃x‖2L2

)
‖q̃x‖2L2.

Following the arguments in Subsection 3.1 and using Lemma 3.1, we can establish
(3.2). This completes the proof of Lemma 3.2 when γ>4. �

Lemma 3.1 and Lemma 3.2 provide the desired energy estimates for the solution
to (3.1), as stated in Theorem 1.2. Long-time behavior of the solution can be
established via the same method in Subsection 2.4 for the diffusive problem. We
omit the technical details to simplify the presentation. This completes the proof of
Theorem 1.2. �

4 Proof of Theorem 1.3

In this section, we give a sketched proof of Theorem 1.3. Recall the IBVP:





pt−(pq)x=pxx, x∈(0,1), t>0,

qt−(pγ+εq2)x=εqxx, x∈(0,1), t>0,

(p,q)(x,0)=(p0,q0)(x), x∈(0,1),

p|x=0,1=0, q|x=0,1=0, t>0, when ε>0,

p|x=0,1=0, t>0, when ε=0.

(4.1)
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4.1 Energy estimates

Step 1. For any ε≥0, testing the first equation of (4.1) with γ

γ−1
pγ−1 and the second

equation with q, and adding the results, we can show that

d

dt

( 1

γ−1

∫ 1

0

pγdx+
1

2
‖q‖2L2

)
+γ

∫ 1

0

pγ−2(px)
2dx+ε‖qx‖2L2 =0,

which implies

∫ 1

0

pγdx+‖q‖2L2+

∫ t

0

(∫ 1

0

pγ−2(px)
2dx+ε‖qx‖2L2

)
dτ≤C, (4.2)

where C is independent on t and ε. Multiplying the first equation of (4.1) by p, in-
tegrating by parts, and applying interpolation and the Cauchy-Schwarz inequalities,
we can show that

1

2

d

dt
‖p‖2L2+‖px‖2L2 =−

∫ 1

0

pqpxdx

≤1

4
‖px‖2L2+‖p‖2L∞‖q‖2L2

≤1

4
‖px‖2L2+2‖p‖L2‖px‖L2‖q‖2L2

≤1

2
‖px‖2L2+4‖p‖2L2‖q‖4L2,

which, together with (4.2), implies

d

dt
‖p‖2L2+‖px‖2L2 ≤C‖p‖2L2 . (4.3)

Applying Grönwall’s inequality to (4.3), we infer that

‖p(t)‖2L2+

∫ t

0

‖px(τ)‖2L2dτ≤C(t), (4.4)

where C(t) is increasing with respect to t, but is independent of ε. Moreover, using
similar arguments in previous sections, we can show that





∫ t

0

‖ppx‖2L2dτ≤C(t), when 2≤γ≤4,

∫ t

0

∫ 1

0

pγ−1(px)
2dxdτ ≤C(t), when γ>4,

(4.5)
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where the constant C(t) is increasing with respect to t, but is independent of ε.

Step 2. Note that since γ≥2 and p|x=0,1=0, then it holds that (pγ)x|x=0,1=0. Also
note that when ε>0, since q|x=0,1=0, it holds that qt|x=0,1=0. Hence, the second
equation of (4.1) implies qxx|x=0,1=0. For any ε≥ 0, taking L2 inner product of
the first equation of (4.1) with −pxx, differentiating the second one with respect to
x, then taking L2 inner product of the resulting equation with qx, and using the
boundary conditions, we can show that

1

2

d

dt

(
‖px‖2L2+‖qx‖2L2

)
+‖pxx‖2L2+ε‖qxx‖L2

=−
∫ 1

0

(pxq+pqx)pxxdx

︸ ︷︷ ︸
≡I1

−2ε

∫ 1

0

qqxqxxdx

︸ ︷︷ ︸
≡I2

+γ(γ−1)

∫ 1

0

pγ−2(px)
2qxdx

︸ ︷︷ ︸
≡I3

+γ

∫ 1

0

pγ−1pxxqxdx

︸ ︷︷ ︸
≡I4

, (4.6)

where integration by parts is applied to obtain I2 when ε>0. Using interpolation,
Sobolev, and Young inequalities and (4.2), we can show that

|I1|≤
(
‖px‖L∞‖q‖L2+‖p‖L∞‖qx‖L2

)
‖pxx‖L2

≤C‖px‖
1
2

L2‖pxx‖
3
2

L2+C‖px‖L2‖qx‖L2‖pxx‖L2

≤1

6
‖pxx‖2L2+C

(
‖px‖2L2+‖px‖2L2‖qx‖2L2

)
, (4.7)

and

|I2|≤
ε

2
‖qxx‖2L2+2ε‖q‖2L2‖qx‖2L2 ≤ ε

2
‖qxx‖2L2+Cε‖qx‖2L2. (4.8)

Step 3. When 2≤γ≤3, since p2(γ−2)≤p2+1, we can show that

|I3|≤γ(γ−1)
(∫ 1

0

p2(γ−2)(px)
2dx

) 1
2‖px‖L∞‖qx‖L2

≤C
(
‖ppx‖2L2+‖px‖2L2

) 1
2‖px‖

1
2

L2‖pxx‖
1
2

L2‖qx‖L2

≤1

6
‖pxx‖2L2+C

[(
‖ppx‖2L2+‖px‖2L2

)
‖qx‖2L2+‖px‖2L2

]
, (4.9)
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and by (4.4), we have

|I4|≤γ‖p‖γ−1
L∞ ‖pxx‖L2‖qx‖L2

≤C‖p‖
γ−1
2

L2 ‖px‖
γ−1
2

L2 ‖pxx‖L2‖qx‖L2

≤C(t)‖px‖
γ−1
2 ‖pxx‖L2‖qx‖L2

≤1

6
‖pxx‖2L2+C(t)‖px‖γ−1

L2 ‖qx‖2L2

≤1

6
‖pxx‖2L2+C(t)

(
‖px‖2L2+1

)
‖qx‖2L2 . (4.10)

Substituting (4.7)-(4.10) into (4.6), we can show that

d

dt

(
‖px‖2L2+‖qx‖2L2

)
+‖pxx‖2L2+ε‖qxx‖L2

≤C(t)
(
‖ppx‖2L2+‖px‖2L2+1

)(
‖px‖2L2+‖qx‖2L2

)
+Cε‖qx‖2L2 . (4.11)

Applying Grönwall’s inequality to (4.11) and using (4.2), (4.4) and (4.5), we can
show that

‖px‖2L2+‖qx‖2L2+

∫ t

0

(
‖pxx‖2L2+ε‖qxx‖L2

)
dτ≤C(t), (4.12)

where the constant C(t) is independent of ε.

Step 4. When 3<γ≤4, we can show that

|I3|≤C‖p‖L∞‖px‖L∞

∫ 1

0

pγ−3|px||qx|dx

≤C‖p‖
1
2

L2‖px‖L2‖pxx‖
1
2

L2

(∫ 1

0

p2(γ−3)(px)
2dx

) 1
2‖qx‖L2

≤C(t)‖px‖L2‖pxx‖
1
2

L2

(
‖ppx‖2L2+‖px‖2L2

) 1
2‖qx‖L2

≤1

6
‖pxx‖2L2+C(t)‖px‖

4
3

L2

(
‖ppx‖2L2+‖px‖2L2

) 2
3‖qx‖

4
3

L2

≤1

6
‖pxx‖2L2+C(t)

(
‖ppx‖2L2+‖px‖2L2

)
‖qx‖2L2+C(t)‖px‖4L2, (4.13)

and by (3.35), we have

|I4|≤C‖p‖γ−1
L∞ ‖pxx‖L2‖qx‖L2

≤C(t)
(
‖ppx‖2L2+‖px‖2L2

) 1
2‖pxx‖L2‖qx‖L2

≤1

6
‖pxx‖2L2+C(t)

(
‖ppx‖2L2+‖px‖2L2

)
‖qx‖2L2. (4.14)
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Substituting (4.7), (4.8), (4.13) and (4.14) into (4.6), we get (4.11), and then (4.12).

Step 5. When γ>4, using Young’s inequality, we can show that

|I3|≤γ(γ−1)

∫ 1

0

p
γ

2 p
γ

2
−2(px)

2|qx|dx

≤γ(γ−1)
(∫ 1

0

pγ−4(px)
2dx

) 1
2‖p‖

γ

2
L∞‖px‖L∞‖qx‖L2

≤C
(∫ 1

0

pγ−1(px)
2dx+‖px‖2L2

) 1
2‖p‖

γ

2
L∞‖px‖L∞‖qx‖L2 . (4.15)

Since p≥0 and p|x=0=0, we can show that

pγ=γ

∫ x

0

pγ−1pydy≤γ
(∫ 1

0

pγ−1(px)
2dx

) 1
2
(∫ 1

0

pγ−1dx
) 1

2

≤γ
(∫ 1

0

pγ−1(px)
2dx

) 1
2
(∫ 1

0

pγdx
) γ−1

2γ ≤C
(∫ 1

0

pγ−1(px)
2dx

) 1
2
,

where we used (4.2). This implies

‖p‖
γ

2
L∞≤C

(∫ 1

0

pγ−1(px)
2dx

) 1
4
.

Substituting the above estimate into (4.15) and invoking interpolation inequality,
we deduce

|I3|≤C
(∫ 1

0

pγ−1(px)
2dx+‖px‖2L2

) 3
4‖px‖

1
2

L2‖pxx‖
1
2

L2‖qx‖L2

≤1

6
‖pxx‖2L2+C

(∫ 1

0

pγ−1(px)
2dx+‖px‖2L2

)
‖px‖

2
3

L2‖qx‖
4
3

L2

≤1

6
‖pxx‖2L2+C

(∫ 1

0

pγ−1(px)
2dx+‖px‖2L2

)(
‖px‖2L2+‖qx‖2L2

)
. (4.16)

Lastly, using (3.50), we can show that

|I4|≤‖p‖γ−1
L∞ ‖pxx‖L2‖qx‖L2

≤C
(∫ 1

0

pγ−1(px)
2dx+‖px‖2L2

) 1
2‖pxx‖L2‖qx‖L2

≤1

6
‖pxx‖2L2+C

(∫ 1

0

pγ−1(px)
2dx+‖px‖2L2

)
‖qx‖2L2. (4.17)
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Substituting (4.7), (4.8), (4.16) and (4.17) into (4.6), we get

d

dt

(
‖px‖2L2+‖qx‖2L2

)
+‖pxx‖2L2+ε‖qxx‖L2

≤C
(∫ 1

0

pγ−1(px)
2dx+‖px‖2L2+1

)(
‖px‖2L2+‖qx‖2L2

)
+Cε‖qx‖2L2 .

Applying Grönwall’s inequality and invoking (4.2), (4.4) and (4.5), we arrive at
(4.12).

It should be stressed that for all γ ≥ 2, the constants in the energy estimates
(4.2), (4.4), (4.5) and (4.12) are independent of ε and remain finite for any finite
time. Therefore, the energy estimates stated in Theorem 1.3 are established.

4.2 Diffusion limit

Let (pε,qε) and (p0,q0) denote, respectively, the solution to (4.1) when ε>0 and ε=0,
with the same initial data, and let (P,Q)=(pε−p0,qε−q0). Then (P,Q) satisfies





Pt−(p0Q)x−(Pqε)x=Pxx, x∈(0,1), t>0,

Qt−
[
(pε)γ−(p0)γ

]
x
=εqεxx+2εqεqεx, x∈(0,1), t>0,

(P,Q)(x,0)=(0,0), x∈(0,1),

P |x=0,1=0, t>0.

Using the energy estimates established in Subsection 4.1, we can show that

‖P (t)‖2L2+‖Q(t)‖2L2≤C(t)ε, (4.18)

where C(t)> 0 is independent of ε and remains finite for any finite time. The
argument leading to (4.18) is in the same spirit of [38], and we omit the details to
simplify the presentation. This completes the proof of Theorem 1.3. �
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