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Eigenvalues of Fourth-order Singular
Sturm-Liouville Boundary Value Problems*

Lina Zhou'', Weihua Jiang? and Qiaoluan Li!

Abstract In this paper, by using Krasnoselskii’s fixed-point theorem, some
sufficient conditions of existence of positive solutions for the following fourth-
order nonlinear Sturm-Liouville eigenvalue problem:

") (1) + Af () = 0,1 € (0, 1),
u(0) = u(1) =0,

au’ (0) — Blim,_,o+ p(t)u" (t) = 0,

yu" (1) + 6 lim,_,,— p(t)u’”(t) = 0,

are established, where o, 3,7v,6 > 0, and By + a7y + ad > 0. The function p
may be singular at ¢t = 0 or 1, and f satisfies Carathéodory condition.

Keywords Sturm-Liouville problems, Eigenvalue, Krasnoselskii’s fixed-point
theorem.
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1. Introduction

In this paper, we will study the existence of positive solutions for the following
fourth-order nonlinear Sturm-Liouville eigenvalue problem:

s (P (£) + Af(tu) =0, e (0,1),
u(0) = u(1) =0,

au’ (0) — Blimy_,o+ p(t)u (t) = 0,

(1) + 8 limy ;- p(t)u (t) =0,

where A > 0 is a parameter, «, 3,7,6 > 0 are some constants satisfying Sy + ay +

ad >0, p e C(0,1),(0,+00)) satisfying fol p‘éi) < +oo, and f:[0,1] x RT — R*

satisfies Carathéodory condition. From the above conditions, the function p may
be singular at t =0 or 1.
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Sturm-Liouville boundary problems have been widely investigated in various
fields, such as mathematics, physics and meteorology. In recent decades, a vast
amount of research was done on the existence of positive solutions of Sturm-Liouville
boundary value problems. Within this development, they paid attention to the
theory of eigenvalues and eigenfunctions of Sturm-Liouville problems [2-18]. In
particular, many authors were interested in the nonlinear singular Sturm-Liouville
problems [10-16]. In [10], Yao et al. proved that the BVP (1.1) has one or two
positive solutions for some A under the assumptions fo = foo = 0 or fy = foo = 0.
In [13], by a new comparison theorem, Zhang et al. proved that the BVP(1.1) has
at least a positive solution for large enough A under the assumptions:

(1) p e C1((0,1),(0,+00)) and fo 2y < +oo;
(2) f(t,u) € C((0,1) x (0,400), [0, +00)) is decreasing inu;
(3) For any u >0, f(t,u) #0and 0 < fo p(s)f (s, us(1l — s))ds < 400;
(4) For any u € [0 +00), Er-sl-loo pf(t, pu) = +oo uniformly on t € (0,1).
In this paper, we c0n81der the existence of positive solutions of the BVP(1.1),
under the following conditions:
(Hh) p € C1((0,1),(0,+00)) and [ 45 < +oo ;
(Hs) f:1]0,1] x RT — RT satisfies Carathéodory condition, that is f(-,u) is mea-
surable for each fixed u € RT, and f(t,-) is continuous for a.e. t € [0,1] ;
(H3) for any r > 0, there exists h,.(t) € L*[0,1], such that f(t,u) < h.(t), a.e.
t € [0, 1], where u € [0,7], and 0 < fol k(s)p(s)h,(s) < +o0.

By Krasnoselskii’s fixed-point theorem, two main results are obtained under

(Hy) — (Hs).

2. Preliminaries

In this section, we present some necessary definitions, theorems and lemmas.

Definition 2.1. A function u is called a solution of the BVP(1.1) if u € C3([0, 1],
[0, +00)) satisfies p(t)u(t) € C1([0,1],[0,4+00)) and the BVP(1.1). Also, u is called
a positive solution if u(t) > 0 for ¢ € [0,1] and w is a solution of the BVP (1.1). For
some A, if the BVP (1.1) has a positive solution u, then X is called an eigenvalue
and u is called a corresponding eigenfunction of the BVP (1.1).

Theorem 2.1. ([1],[19]) Let X be a real normal linear space, and let P C X be a
cone in X. Assume Qq, Qs are relatively open subsets of X with 0 € Q1 C O C o,
and let T : Qo — P be a completely continuous operator such that, either

(1) |Tul|<r,ued; || Tul|>re,ue€ 00y or

(2) |Tul|>ri,ued; ||Tul|<re,ue€ 0.

Then T has a fived point in P()(Q \ Q).

In this paper, we always make the following assumption:
(Hy) p e C((0,1), (0, +00)) and [, -4 < oo .

p(s)
Now we denote by H(t, s) and G(t, s), respectively, the Green’s functions for the
following boundary value problems:

—u"=0,0<t<1,
u(0) =u(l) =0,
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and
—(p®)u'(¥))) =0,0<t <1,

au(0) ~ 8 lim, p(t) (1) = 0,
~yu(1l) + 5t1_i>r{17 p(t)u'(t) = 0.

It is well known that H(t,s) and G(t, s) can be written as
1-1),0<s<t<1
H(t,s) = ( )0ssstsl,
¢(1 t<s<

and

G(t,s)

_ 1 J(B+aB(0,s)(0+vB(t 1)), 0<s<t<l1,
~p | (B+aB(0,1)(0+vB(s, 1)), 0<t<s<l,

where B(t,s) = [ %, p=ad+ayB(0,1) + By > 0 (see [13]).
We also have the conclusion 3] that u(t) is a solution of the BVP(1.1) if and only
if it is a solution of the integral equation u(t) = fol H(t,¢) fol G(&,s)p(s)f(s,u(s))dsdE.
It is easy to verify the following properties of H(t, s) and G(t,s) .
Lemma 2.1. (Remark 2.1, [13])
(i) For any t,s € [0,1],
s(1=s8)t(1—t) < H(t,s) <t(l1—1t) (or s(1—2s)).
(ii) For anyt,s € [0,1],

wk(t)k(s) < G(t,s) < ; ( ; )

where k(t) = (8 + aB(0,t))(0 + yB(t, 1)), w = (5+QB(071)§’(5+73(071)).

3. Main results

In this section, we will prove the existence of positive solutions for the BVP(1.1) by
using the Krasnoselskii’s fixed-point theorem.

Let the Banach space X = (0, 1] be equipped with the norm | u ||:= rn[ax] |
tefo,1

u(t) |, and P be a cone of X defined by P = {u(t) € X : u(t) > t(1—1¢) || w ||}
To obtain our results in this paper, We need the following lemma.

Lemma 3.1. Assume that (Hy) — (H3) hold, and define the operator Ty : P — X
by

1 1
O = [ HO) [ Gl 9p(s) (s, uo)dsde.
0 0
Then Ty : P — P is completely continuous.

Proof. First, we prove that T : P — P. From lemma 2.1, for u(t) € P, we have

(Tyu)(t) = A / H(t,€) / G(&, 5)p(s) (s, uls))dsde
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> (1 - £)A / £1-¢) / G, 5)p(s) f (5. u(s) )dsde

>t(l—1t) /Ht&/G&, ) f(s,u(s))dsdé
= (Thu)(')t(1 —t).

By the arbitrariness of ¢, we can obtain (Thu)(t) > t(1—¢) | Thu ||, i.e. Th(P) C P.

According to the Lebesgue Dominated Convergence Theorem, we have Ty, : P —
P is continuous.

Next, we show that T’ is uniformly bounded.

Let Q = {u(t) € P:|| u|<r} and fol k(s)p(s)hy(s)ds = M,. For any u(t) € Q,
by (Hs), we have

1 1
(Tau)(t) = A / H(t,€) / G(&, 9)p(s) (s, uls))dsde

' —_ ' @ S s)as
< A/O 1 g)dg/o ; p(s)hr(s)d
M,

4p
Hence T is uniformly bounded.

Finally, we will show that T} is equicontinuous.

Since H(t, s) is continuous in [0, 1] x [0, 1], it is uniformly continuous. Thus, for
any € > 0, there exists 6 > 0, such that for any fixed s € [0, 1], when | t; — ¢ |< J,
we have | H(t1,s) — H(t2,s) [< xpre

For all u(t) € Q, t1,ty € [0,1], | t1 — t2 |< J, we obtain

1 1
| (Taw)(ta) — (Tyu)(t2) | < A / | H(t1,€) — H(t2,) | / G(&, 9)p(s) (s, uls))dsde

1
sA/ | H(t1,€) — Hta, € |d5/kz (5)ds
S)\M/ H(t1,6) — H(t2,€) | d§
o
P )\MT
= E.

This implies that T} is equicontinuous.

By the Arzela-Ascoli theorem, T : P — P is completely continuous. O
For the convenience, we introduce the following notations:
S, u
liminf  inf 1) = fo,
u—s0F s€[0,1\Ey U
S, U
limsup sup (5,v) = fY,
u—0t s€[0,1\E, U
S, U
liminf inf f(s,w) = foo,

u—+00 s€[0,1]\ Eq u -
where Ey C [0,1] and m(Ey) = 0.
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Theorem 3.1. Assume that (Hy) — (Hs) hold, fo > 0, and suppose that there exist
Ry >0 and hg, (1), such that

! ) k(s)p(s)hr, (s)ds
wfo/o E1-¢) d{/ s(1—s)ds > R ,
where hg, (t) is defined by (Hsz). Then for each A satisfying
. 4 <A< 40k ,
wfo [y €(1 = OR(E)dE [y k(s)p(s)s(1 — s)ds Jo k(s)p(s)hr, (s)ds

the BVP(1.1) has at least one positive solution.

Proof. Let Q; ={u(t) € P:| u||< R1}. Then for any u(t) € 994, by Lemma 2.1
and (Hj), we have

(Tyu)(t) = A / H(t,€) / G(&, 5)p(s) (s, uls))dsde

<)\/§ dg/ $)hg, (s)ds

S IR k th d
= [ Eepe (o)
Thus, || Thu |[< Ry =| u ||, if A < Wm-
On the other hand, if A > 4 there exists 73 > 0

wfo [y EA=EK(E)dE [y k(s)p(s)s(1—s)ds’
small enough, such that fo —n; > 0 and

4

A> .
w(fO - 771) fo 5(1 dg fo (1 - S)d

From the definition of fj, there exists r; > 0 such that M > fo—m for0<u<
ri1. Let Qo = {u(t) € P:| u ||< Rz}, where Ry < min{Ry,r1}. For any u € 9,
we obtain that

1 1
(Tu)(t) = A / H(1,¢) / GI(&, 8)p(s) (s, u(s))dsde

Zw)\t(l—t)/o 1 -9 dg/ k(s)p(s)(fo —m)u(s)ds

> Ao - mi -0 [ €09 ds/ (L) ] ds
1

> A= m)t1 =) [ €= Ok(ede / s(L—s)ds || u .

Hence

| (5) [2 A /5 d&/ K(s)p(s)s(1 — s)ds) || u | -
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From the definition of norm, we have || Thu ||= m[aa)i] | (Thu)(t) |>] (Thu)(3) |.
telo,
Hence
—m)

I T2 A2 [y epierie [ Kolpts)stt — s

Then, for each
4
> T
wfo fy £(1 - &)d¢ fo s)s(1 — s)ds’
| T |2 w = Ra.
In summary, for each A with
4 4pR
- <A< —3 P )

who Jy €1 = R(E)E [y k(s)p(s)s(1 — s)ds Jo k(s)p(s)hr, (s)ds
Ty has a fixed point in P((Q2\ Q1), i.e. the BVP(1.1) has a positive solution u(t)
such that R; <] u ||< Ra. O

Theorem 3.2. Assume that (Hy) — (H3) hold, f© >0, fo >0, and suppose that
there exist 0 < 01 < 05 < 1 such that

fol k(s)p(s)ds
puob(61,02) f5, K()p(s)ds [y €1 — E)R(E)d
where 6(01,02) = . r<nti£119 {t(1 —t)}. Then for each X\ satisfying

foo > f°

4 4p
1 7 AL
3(01, 02)wfoo fo E(1 = E)R(E)dE [, k(s)p(s)ds fO Jo k(s)p(s)ds

the BVP(1.1) has at least one positive solution.

4p :
Proof. If A\ < TR there exists 172 > 0 small enough, such that A\ <

4p s 0 : f(s.u)
o) L EG)p)ds By the definition of f”, there exists R3 > 0 such that —= <

fO+m for 0 < u < R3. Let Q3 = {u(t) € P:|| u||< R3}. For any u € 9Q3, we
have

1 1
(Tu)(t) = A / H(1,¢) / GI(&, 5)p(s) (s, u(s))dsde

I /\

/51— df/ B($)p(s) (/° + 15)u(s)ds

| /\

(f0+n3)/0 k(s)p(s)ds || u | -

= i ___4p
Thus, || Thu ||<|| v ||= Rs, if A < IO
. 4 .
On the other hand, if A > 50102 0T T EA—ORE)E f:f YRR there exists
73 > 0 small enough, such that fo, — 73 > 0 and

4
3(01,02)0(foo — 113) fyy E(1 = OK(E)dE [, k(s)p(s)ds

A>
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By the definition of f.,, there exists r3 > 0 such that f(ST“) > foo — 3 for u > 3.
From the definition of P, we have u(t) > §(61,62) || w ||, for any u(t) € P,
t € [01,0]. Let Q4 = {u(t) € P:f| u [|[< Ry}, where Ry = max{Rs + 1, 5595 }-
For any u € 0€)4 , we have

1 1
(Tau)(t) = A / H(1,€) / G(&, 5)p(s) f (s, u(s))dsde

1 92
>\ / Hte) [ GE, s)p(s) (s, u(s))ds

02

> W1~ t) / €1~ REE | K (s)( e — ms)uls)ds

02

> WA (foo — a)t(1 — t / 1~ OREE | K(5)3(01,02) | w]

02
> WA(fao — 13)t(L — 1)5(61,05) / £(1 - k(E)de / $)ds [ u | .

Hence,

02
@) > A=) e gueyde [ koerds [ ull

From the definition of norm, we have || Thu ||= m[(z)ui] | (Thu)(t) |=] (Thu)(3) |.
t

Thus 7
_ 02
Iy 2 2= =) et yuerie [ hotords ul

So we have that || Tawu ||[>|| w ||= R4, if A >

3(01.02)w foc f§ €(1— 5 R(E)E [§2 k(s)p(s)ds
From Theorem 2.1, for each ) satisfying

4 4p
1 BT IITRWRYR
8(01,02)wfse [y £(1— d{f s)ds R )ds
Ty has a fixed point in P((Q4\ Q3), i.e. the BVP(1.1) has a positive solution u(t)
such that Rs <|| u ||< Ry. O

4. Examples

To illustrate the usefulness of the results, we give some examples in this section.

Example 4.1. Let p(z) =1, and

cos?u+t,te[0,1]andt e R\ Q,
fltu) = (0,1 \
0, te0,1] and t € Q.

For given u € R*, we have f(t,u) < 1+t Let E = {t:t € [0,1] andt € Q}.

Then we have m(E) = 0. Clearly, (Hy) — (H3) are satisfied, and fy = +00. From
4(By+aytad) Ry

Theorem 3.1, for each 0 < X\ < 86426y + Gad+lay’ the BVP(1.1) has at least a

positive solution for R; enough large.
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Example 4.2. Let p(z) =1, and

F(t) = et +vt—2,tef0,1]andt € R\ Q,
o, te0,1] and t € Q.
Let E={t:te€0,1] and t € @}. Then we have m(E) = 0. Clearly, (H1) — (Hs3)
are satisfied, f® = 1, and f,, = +o0o. From Theorem 3.2, for each 0 < \ <

%7 the BVP(1.1) has at least a positive solution.
Bo+EL 4oy ad
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