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Abstract: The purpose of this article is to introduce a class of total quasi-¢-
asymptotically nonexpansive nonself mappings. Strong convergence theorems for
common fixed points of a countable family of total quasi-¢-asymptotically nonexpan-
sive mappings are established in the framework of Banach spaces based on modified
Halpern and Mann-type iteration algorithm. The main results presented in this arti-
cle extend and improve the corresponding results of many authors.
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1 Introduction and Preliminaries

Throughout this article we assume that E is a real Banach space with norm || - ||, E* is the
dual space of E, ( -, - ) is the duality pairing between E and E*, C' is a nonempty closed
convex subset of E, N and R denote the set of natural numbers and the set of nonnegative
real numbers, respectively. The mapping J : E — 2E" defined by
J(@) ={f" € E*: (x, f*) = ||=[* |f*|| = llz|l, z € E}

is called the normalized duality mapping. Let T : C' — C be a nonlinear mapping, and
F(T) denotes the set of fixed points of mapping 7.

A subset C of F is said to be retract if there exists a continuous mapping P : E — C
such that Pz = z for all z € C. Every closed convex subset of a uniformly convex Banach
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space is a retraction. A mapping P : E — E is said to be a retraction if P? = P. Note that
if a mapping P is a retraction, then Pz = z for all z € R(P), the range of P. A mapping
P : F — C is said to be a nonexpansive retraction, if it is nonexpansive and it is a retraction
from F to C.

In this paper, we assume that E is a smooth, strictly convex and reflexive Banach space
and C is a nonempty closed convex subset of £. We use ¢ : E x E — R7T to denote the
Lyapunov function, which is defined by

oz, y) = l|l=l* = 2(z, Jy) +lyl*>,  z,y € E.
It is obvious that
Nzl = llylD? < oz, ) < (=l +lyl)? =y € E, (L.1)

and

¢z, TNy + (1= N)Jz2)) < Ag(, y) + (1 = N)o(z, 2),

oz, y) = od(z, 2) + oz, y) + 2(x — z, Jz — Jy), z,y,z € E. (1.2)
Following Alber!Y), the generalized projection IIcx : E — C' is defined by

IIcx = arg inf ¢(y, x), r e k.
yeC

Lemma 1.1 Let E be a smooth, strictly convex, and reflexive Banach space, and C be
a nonempty closed convex subset of E. Then the following conclusions hold:
(i) oz, Hoy) + ¢(Hcy, y) < ¢(x, y) for all z € C, y € E;
(ii)) Ifx € E and z € C, then z = Ilcx if and only if (z —y, Jx —Jz) > 0 for ally € C;
(iii) For any z,y € E, ¢(x, y) =0 if and only if z = y.

Lemma 1.22]  Let E be a uniformly convex and smooth Banach space, and {z,} and
{yn} be two sequences of E. If ¢(xy, yn) — 0 and either {x,} or {yn} is bounded, then
|zn — ynll — 0.

Recently, many researchers have focused on studying the convergence of iterative scheme
for quasi-¢-asymptotically nonexspansive mappings and total quasi-¢-asymptotically nonexs-
pansive mappings. Related works can be found in [3-10]. The quasi-¢-nonexspansive, quasi-
¢-asymptotically nonexspansive and total quasi-¢-asymptotically nonexspansive mappings
are defined as:

Definition 1.1 A mapping T : C — C is said to be quasi-p-nonexpansive, if F(T) # (
and ¢(u, Tx) < ¢(u,x) holds for all x € C, u € F(T).

A mapping T : C — C is said to be quasi-¢-asymptotically nonexpansive, if F(T) # 0,
and there exists a sequence {kn} C [1,+00] with k, — 1 as n — oo such that ¢(p, T"x) <

knd(p, x) holds for all x € C, p € F(T) and all n € N.
A mapping T : C — C is said to be total quasi-p-asymptotically nonexpansive, if F(T') #
(0, and there exist sequences {un}, {Vn} with pn,vn — 0 as n — 0o and a strictly increasing
continuous function ¢ : RT — R with (0) = 0 such that
o(p, T"x) < (p, ) + pnP(S(p, 7)) + vy
holds for all x € C, p € F(T) and all n € N.
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Recently, the strong and weak convergence of nonself mappings has been considered
extensively by several authors in the setting of Hilbert or Banach spaces (see, for example,
[2, 11-17]). Especially, Chang et al.®! studied the convergence theorems for a countable
family of quasi-¢-asymptotically nonexpansive nonself mappings in the framework of Banach
spaces based on modified Halpern and Mann-type iteration algorithm. Now we recall the
following nonself mappings.

Definition 1.2 Let P: E — C be the nonexpansive retraction.

A mapping T : C — E is said to be quasi-p-nonexpansive nonself mapping, if F(T) # 0
and ¢(u, T(PT)"~tx) < ¢(u, x) holds for all z € C, u € F(T) and all n € N.

A mapping T : C — FE is said to be quasi-p-asymptotically nonexpansive nonself mapping,
if F(T) # 0, and there exists a sequence {k,} C [1,+0o0] with k, — 1 as n — oo such that
¢(u, T(PT)"1x) < kpd(u, x) holds for all x € C, w € F(T) and all n € N.

A mapping T : C — E is said to be total quasi-¢-asymptotically nonexpansive nonself
mapping, if F(T) # 0, and there exist sequences {jin}, {vn} with iy, v, — 0 as n — oo and
a strictly increasing continuous function v : RT — RT with ¢(0) = 0 such that

¢(u, T(PT)" ') < ¢(u, &) + pnt(9(u, x)) + v
holds for all x € C, u € F(T) and all n € N.

Lemma 1.3  Let E be a real uniformly smooth, strictly convex and reflexive Banach space,
and C be a nonempty closed convex subset of E. Let T : C — FE be a total quasi-¢-
asymptotically nonexpansive nonself mapping with respect to P defined by Definition 1.2.
If vy = 0, then the fized point set F(T) is a closed and convex set of C.

Proof.  Let u,, be any sequence in F(T) such that u, — u. Now we prove that u € F(T).
In fact, since T': C — FE is a total quasi-¢-asymptotically nonexpansive nonself mapping,

we have
S, Tu) = Tim P{uty. Tu) < Tim [9(u, w) + prd(0(ury. ) + 1] = 0.
By Lemma 1.1(iii), we have u = Tu.

We now prove that F(T) is convex. Let uj,us € F(T) and u = tuy + (1 — t)us, where
t € (0,1). By the definition of T, we have

¢(ur, T(PT)" u) < @(ur, u) + pnth(d(u, w) + vn
and
d(ug, T(PT)" ') < ¢(uz, u) + pinth(d(ug, w)) + vy.
In view of (1.2), we obtain
o(ur, T(PT)" ) = ¢p(u1, u) + ¢(u, T(PT)" " *u) + 2(us — u, Ju — JT(PT)" tu),
d(uz, T(PT)" " u) = ¢p(ua, u) + ¢(u, T(PT)" " ‘u) + 2(uy — u, Ju — JT(PT)" 'u).

So we have
o(u, T(PT)" ) < 2{u — u1, Ju — JT(PT)" " ‘u) + pntb(d(ur, u)) + v,
o(u, T(PT)" 'u) < 2(u — ug, Ju— JT(PT)" 'u) + ppo(d(uz, ) + vy
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Multiply both sides of the above two inequalities by ¢ and 1 — ¢, respectively, and yield that
¢(u, T(PT)" " ) < pn[tp(d(ur, w)) + (1 = )9 ((uz, w))] + v
It follows that
lim ¢(u, T(PT)" 'u) = 0.

n— oo
In light of (1.1), we arrive at
lim |T(PT)" " ul = |lul| and  lim [J(T(PT)" )l = ||Jul.
Since E* is reflexive, without loss of generality, we assume that J(T(PT)" tu) — e* € E*.

In view of the reflexivity of E, we have JE = E*. So there exists an element e € E such
that Je = e*. Tt follows that

¢(u, T(PT)"'u) = [[ull® = 2(u, J(T(PT)" " u)) + | T(PT)" ul?
— Jlul® = 2(u, JT(PTY™ " w) + | J(T(PT)" )2
Taking hnrr_l> io%f on the both sides of the equality above, we obtain that
0> [ful® - 2{u, ") + [le*[|?

= [lull® = 2(u, Je) + || Je||?

= [lull® = 2(u, Je) + |le||?

= o(u, e).
This implies that u = e, that is, Ju = e*. So J(T(PT)"'u) — Ju € E*. By Kadec-Klee
property of E*, from

i [|[J(T(PT)" )| = [T,

we obtain that
lim |[J(T(PT)" " u) — Jul| = 0.

Since J~! : E* — E is demicontinuous, we see that T(PT)"~'u — u. By virtue of Kadec-
Klee property of E, from

lim || 7(PT)" " ul| = ful,

n—oo

we see that
T(PT)" 'u —u as n— ooc.

Hence
T(PT)"w —u as n — oo,

ie.,
TP[T(PT)" 'u] - u as n— oo.

In view of the closedness of T', we can obtain that T'Pu = u. Since u € C, Pu = u, it shows
that Tw = w. This proves that F(T) is convex. The conclusion of Lemma 1.3 is proved.

Definition 1.3 A countable family of nonself mappings {T;} : C — E is said to be

uniformly total quasi-¢-asymptotically nonexpansive nonself mapping if

N F@) #0,
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there exist sequences {un}, {Vn} with pn,vn — 0 as n — oo and a strictly increasing
continuous function ¢ : RT — R with 1(0) = 0 such that

o (u, T‘(PT‘)"_lx) < (u, @) + path(P(u, @) + vn
holds for all x € C, u € ﬂ F(T;) and alln € N.
A nonself mapping T C’ — F is said to be uniformly L-Lipschitz continuous if there

exists a constant L > 0 such that
|T(PT)" 'z — T(PT)" 'yl < L|jz -y
holds for all x,y € C, n € N.

Next, we prove the strong convergence theorems for common fixed points of a countable
family of total quasi-¢-asymptotically nonexpansive mappings in the framework of Banach
spaces based on modified Halpern and Mann-type iteration algorithm. The results improve

and extend the corresponding results of many others.

2 Main Results

Theorem 2.1  Let E be a a real uniformly convex and uniformly smooth Banach space,
and C be a nonempty closed convex subset of E. Let T; : C — E, i € N be a family of
uniformly total quasi-p-asymptotically nonexpansive nonself mappings defined by Definition

1.3. Suppose that T; is uniformly L;-Lipschitz and
= N F(T3) #0
i=1
Suppose that there exists an M* > 0 such that ¥(n,) < M*n,. Let a,, be a sequence in
[0,1], and B, be a sequence in (0,1) satisfying the following conditions:
lim a, =0, 0< hmlnf Br, < limsup 8, < 1.

n—0oo n—00

Let z,, be a sequence generated by
x1 € E, chosen arbitrarily, Ch, = C,

ln,i = Bndrn + (1 - ,Bn)Jn(PTi)n71$n, i >1,

Yn,i = J_l[anjxl + (1 - an)ln,tL 1 2 ]-7 (21)
Chy1 = {Z eCy: bgll) ¢(Za yn,i) < anqﬁ(z,xl) + (1 - O‘n)ﬁb(zvxn) + £N}7
Tny1 = lco, 71 Con>1,

where

&n =M™ sup @(p, Ty) + Vy.
peEF(T)

If vy =0 and F(T) is bounded in C, then the iterative sequence {x,} converges strongly to
HF(T)IEl in C.

Proof. (I) We prove that F'(T') and C,, (n € N) are all closed and convex subsets in C.
It follows from Lemma 1.3 that for each i, F'(T;) is a closed and convex subset of C. So
F(T) is closed and convex in C. By the assumption we know that C; = C is closed and
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convex. We suppose that C,, is closed and convex for some n > 2. By the definition of ¢,
we have

C’ﬂ+1 = {Z € Cﬂ : Sglf ¢(2;yn,z) S an¢(2,x1) + (]- - an)¢(27xn) + gn}
Dl{z € C : (b(zu yn,z) S Oén¢(Z,.’L'1) + (1 - an)(b(zaxn) + gn} ﬂcn

= N{z€C:2an(z,Jx1) +2(1 — ap)(z, Jxpn) — 2(2, Jyni) < ||z |?

i>1
YN Cy.

+(1- O‘H)HmnHQ — Y.l
This shows that C,, 1 is closed and convex.
(IT) We prove that F(T) C C, for all n € N.
In fact, F(T) C Cy = C. Suppose that F(T) C C,, n > 2. Let
way = J N (Bpdxy + (1= Bn)JT;(PT;)" 'ay,).
It follows from (1.2) that for any w € F(T) C C,,, we have
d(uy Yni) = d(u, T HanJz + (1 — o) Jwn i)
< and(u, 21) + (1 — an)@(u, wn,i)

and
¢(u, wni) = d(u, I~ (BpJwn + (1= Bu) JT(PT;)" )
< Bud(u, x) + (1 = Bo)d(u, T;(PT)" 'ay,)
< Bnd(u, ) + (1= Bn)[d(u, n) + pnth(d(u, Tn)) + va]
< O, mn) + (1= Bn) (ua M7 G(u, T0) + vn).
Therefore,
sup Oy Yni) < and(u, 1) + (1 = an)[o(u, zn) + (1 = Bn) (pa M"G(u, Tn) + vn)]
< an@(u, 1) + (1 = an)[@(u, zn) + pnM* sup ¢(p, xn) + vy
pEF(T)
= and(u, 71) + (1 — an)P(u, zn) + &n,
where
§n =M™ sup G(p,zn) + vy
peF(T)
This shows that
u € Cpyi.
So
F(T) C Cpt1.

(III) We prove that {z,} is a Cauchy sequence in C.
Since x,, = I, x1, from Lemma 1.1(ii) we have
(xn —y, Jo1 — Jzpn) >0, y € Cy.
Again, since F(T) C C,, n > 1, we have
(X —u, Jr1 — Jpn) >0, ue F(T).



NO. 1 WANG X. R. et al. STRONG CONVERGENCE FOR NONEXPANSIVE MAPPINGS 37

It follows from Lemma 1.1(i) that for each u € F(T), n > 1,
Qb(xﬂv .7;1) = ¢(ch$1, 371) < ¢(u7 .%'1) - d)(uv mn) < ¢(u’ 56'1).
Therefore, {¢(zy, 1)} is bounded. By virtue of (1.1), x,, is also bounded. Since
a1 L1 S Cn+1 C Cn,
we have ¢(z,, 1) < ¢(xn41, 21). This implies that {¢(x,, z1)} is nondecreasing. Hence,

Tn = 1llc,x1, Tnt1 = g

lim ¢(zy,, x1) exists. By the construction of C,,, for any positive integer m > n, we have
A O C Cp and @ = e, a1 € Cy.
This shows that

(T, Tn) = P(Tm, e, x1) < Q(Tm, 1) — G(Tn, 1) — 0, m,n — oo.
It follows from Lemma 1.2 that

nﬂlrilrgoo [#m — an = 0.

Hence x,, is a Cauchy sequence in C. Since C'is complete, there is p* € C such that x,, — p*.
By the assumption, we have that

lim &, = lim [MnM* sup ¢(p7 -Tn) + Vn] =0. (2'2)
n—oo n—oo pGF(T)

(IV) Now we prove that p* € F(T).
Since Tp41 € Cre1 and «,, — 0, it follows from (2.1) and (2.2) that

sSup ¢($n+17 yn,i) < an(b(anrh 331) + (1 - an)¢<xn+17 xn) +&, — 0, n — o0.
i>1
Since x,, — p*, by Lemma 1.2, for each ¢ > 1 we have
lim y,, =p*. (2.3)
n—oo

Since x, is bounded, and {T;}$2; are total quasi-¢-asymptotically nonexpansive nonself
mappings with sequences i, vy, p € F(T), we have
¢(p, Ti(PT)" '2) < 6(p, @) + pnth((p, 7)) + vn < 6(p, 2) + 1 M $(p, ) + .
This implies that {T;(PT;)" 'z, } is uniformly bounded. For each i > 1, we have
lwnill = 171 (Budan + (1 = Ba) JT:(PT;)" ™ zn) |

< Ballzall + (1 = Ba) |IT(PT:)" |

< max{ |z, |T:(PT)" ).
This implies that {wy, ;}, t > 0 is also uniformly bounded. Since «;,, — 0, from (2.1) we have
i ([ Tyn,i = Jwnil| = lm o |[Joy = Jwnl| =0, i > 1. (2.4)
Since E is uniformly smooth and J~! is uniformly continuous on each bounded subset of
E*, it follows from (2.3) and (2.4) that
lim w,; =p", 1> 1.
Since x,, — p* and J is uniforrrlrﬁ;/C continuous on each bounded subset of F, we have that
Jx, — Jp*, and for each i > 1,
0= lim s — Jp|

= nlinéo |BnJxyn + (1 — Bp)JT;(PT)" Yo, — Jp*||

n— oo

= lim (1 — B,)||JT;(PT)" *a,, — Jp*|.

n— oo
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By the condition
0 < liminf 8, < limsup g, < 1,
n—oo

n—oo
we have
Tim ([T (PT)" e — T = 0.
Since J is uniformly continuous, this shows that
lim Ti(PTZ-)”_lxn =p*.
By the assumptions that T; : ¢ > qjgo closed and uniformly L;-Lipschitz, we have
IT:(PTi) 20 — Ti(PT)" 'y

< TGP xn — Tiy(PT)" wpta || + | Ti(PT3) " Tns1 — o | + |01 — 24|
+ |n — Ti(PT)™ |
< (Li + Dl|znsr — 2l + 1 T:(PT) " g1 — Toga || + (|20 — Ti(PTi)n_lxn”‘ (2.5)

By
lim T;(PT)" ‘'z, =p*, i>1, Ty —p*

n—oo

and (2.5), we have
Jim |[T3(PT3)" 2y — T;(PT;)" 'z, =0 and Jim Ty(PT;)"xn = p*.
So we get
lim T,P(T,(PT;)" 'z,) = p*.
By virtue of the continuity of T; P, we have T; Pp* = p*. Since p* € C and Pp* = p*, we get
T;p* = p*. By the arbitrariness of ¢ > 1, we have p* € F(T).
(V) Finally, we prove that x,, — p* = Ilp)®;.
Let w = Hp(ryr1. Since w € F(T) C Cp, and x,, = Ilg, 71, we get
O(xn,x1) < d(w, x1), n>1.
This implies that
o(p*, x1) = nl;ngo O (xn, 1) < d(w, x1). (2.6)
By the definition of IIp(pyz; and from (2.6) we have p* = w. Therefore,
Ty, — p* = Hpr)T1.
This completes the proof of Theorem 2.1.

References

[1] Alber Y I. Metric and Generalized Projection Operators in Banach Spaces: Properties and
applications. in: Kartosator A G. Theory and Applications of Nonlinear Operators of Accretive
and Monotone Type. New York: Marcel Dekker, 1996: 15-50.

[2] Kamimura S, Takahashi W. Strong convergence of a proximal-type algorithm in a Banach
space. SIAM J. Optim., 2002, 13: 938-945.

[3] Chang S S, Chan C K, Joseph Lee H W. Modified block iterative algorithm for quasi-¢-
asymptotically nonexpansive mappings and equilibrium problem in Banach spaces. Appl. Math.
Comput., 2011, 217: 7520-7530.



NO.

1 WANG X. R. et al. STRONG CONVERGENCE FOR NONEXPANSIVE MAPPINGS 39

[4]

[5]

Qin X L, Cho S Y, Kang S M. On hybrid projection methods for asymptotically quasi-¢-
nonexpansive mappings. Appl. Math. Comput., 2010, 215(11): 3874-3883.

Saewan S, Kumam P. Modified hybrid block iterative algorithm for convex feasibility prob-
lems and generalized equilibrium problems for uniformly quasi-¢-asymptotically nonexpansive
mappings. Abstr. Appl. Anal., 2010: Article ID 357120, 22pp.

Qin X L, Huang S C, Wang T Z. On the convergence of hybrid projection algorithms for
asymptotically quasi-¢-nonexpansive mappings. Comput. Math. Appl., 2011, 61(4): 851-859.
Chang S S, Joseph Lee H W, Chan C K, Yang L. Approximation theorems for total quasi-
¢-asymptotically nonexpansive mappings with applications. Appl. Math. Comput., 2011, 218:
2921-2931.

Chang S S, Joseph Lee H W, Chan C K, Zhang W B. A modified Halpearn type iterative
algorithm for total quasi-¢-asymptotically nonexpansive mappings with applications. Appl.
Math. Comput., 2012, 218(11): 6489-6497.

Wang X R, Chang S S, Wang L, Tang Y K, Xu Y G. Strong convergence theorems for nonlinear
operator equations with total quasi-¢-asymptotically nonexpansive mappings and applications.
Fized Point Theory Appl., 2012, doi:10.1186/1687-1812-2012-34.

Zuo P, Chang S S, Liu M. On a hybrid algorithm for a family of total quasi-¢-asymptotically
nonexpansive mappings in Banach spaces. Fized Point Theory Appl., 2012, doi:10.1186/1687-
1812-2012-70.

Wang L. Strong and weak convergence theorems for common fixed points of nonself asymp-
totically nonexpansive mappings. J. Math. Anal. Appl., 2006, 323(1): 550-557.

Wang L. Explicit iteration method for common fixed points of a finite family of nonself asymp-
totically nonexpansive mappings. Comput. Math. Appl., 2007, 53(7): 1012-1019.

Yildirim I, Ozdemir M. A new iterative process for common fixed points of finite families of
non-self-asymptotically non-expansive mappings. Nonlinear Anal., 2009, 71: 991-999.

Hao Y, Cho S Y, Qin X. Some weak convergence theorems for a family of asymptotically
nonexpansive nonself mappings. Fized Point Theory Appl., 2010, Article ID 218573, 11pp.
Qin X L, Cho S Y, Wang T Z, Kang S M. Convergence of an implicit iterative process for
asymptotically pseudocontractive nonself mappings. Nonlinear Anal., 2011, doi:10.1016/j.na.
2011.04.031.

Guo W P, Guo W. Weak convergence theorems for asymptotically nonexpansive nonself-
mappings. Appl. Math. Lett., 2011, 24: 2181-2185.

Kiziltunc H, Temir S. Convergence theorems by a new iteration process for a finite family of
nonself asymptotically nonexpansive mappings with errors in Banach spaces. Comput. Math.
Appl., 2011, 61(9): 2480-2489.



