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Abstract: In this paper, the generalized extended tanh-function method is used for
constructing the traveling wave solutions of nonlinear evolution equations. We choose
Fisher’s equation, the nonlinear schrédinger equation to illustrate the validity and ad-
vantages of the method. Many new and more general traveling wave solutions are
obtained. Furthermore, this method can also be applied to other nonlinear equations
in physics.
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1 Introduction

It is well known that the nonlinear phenomena is very important in variety of the scien-
tific fields, especially in fluid mechanics, solid state physics, plasma physics, plasma waves,
capillary-gravity waves and chemical physics. Most of these phenomena are described by the
nonlinear partial differential equations. So exact solutions of the nonlinear partial differen-
tial equations play an essential role in the nonlinear science. For this end, various methods,
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such as the inverse scattering method (see [1]), the Hirota’s bilinear technique (see [2]),
and truncated PainlVe expansion (see [3]) have been developed to obtain exact solutions.
The tanh method presented by Malfliet!* 9! is a powerful solution method to get the exact
traveling wave solutions. Later, Fan et al.["8 proposed an extended tanh-function method
and obtained the new traveling wave solutions which cannot be obtained by tanh-function
method. Recently, El-Wakil and Abdou®! modified the extended tanh-function method and
obtained some new exact solutions. In this paper, we extended the modified tanh-function
method to get the new exact traveling wave solutions. For illustration, we apply this method

to Fisher’s equation and the nonlinear Schrodinger equation with general nonlinearity.

2 The Generalized Extend tanh-function Method

In this section, we give a brief description of the generalized extended tanh method. Consider
the following nonlinear partial differential equation (PDE):

F(u, ug, Uy, U, Ugt, Uyy, -+ ) =0, (2.1)
where u = u(t, x) is an unknown function, F' is a polynomial in u = u(¢, ) and its various
partial derivatives, in which the highest order derivatives and nonlinear terms are involved.

We first consider the traveling wave solutions of (2.1)
ult, o) =U(E),  €=Az—Vi),
and reduce (2.1) into the following ordinary differential equation (ODE):
F(U, =\VU', XU, VZU", - AVU", XU", ---) =0, (2.2)

dU
where U’ = a*E The solutions can be expressed as the polynomial form

M
UE) =Sy (©)=>_ aY*, (2.3)
k=0

where the positive integer M can be determined by balancing the highest order derivative
term with the nonlinear terms in (2.2), and Y is the solution of the Riccati equation
Y'=Y?+aY +b, (2.4)
where o and b are constants to be determined. Substituting (2.3) and (2.4) into (2.2) and
equating the coefficients of all powers Y* to zero yield a system of algebraic equations for
V, A ag,a; (i=1,2, ), from which the constants are obtained explicitly.
The Riccati equation (2.4) has general solutions as follows:
(I) If « =0 and b = —1, then
Y = —tanh(—§) or — coth(—¢). (2.5)
This method is the traditional tanh method (see [4-6]).
(IT) If & = 0 and b is an arbitrary constant, then
—V/—=btanh(—v/—b¢) or —+/—bcoth(—v/—bf), b < 0;
1
-
Vbtan(vbe) or  vbeot(VbE), b> 0.

Y =
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This method is the extended tanh-function method (see [7-9]).

(III) If « # 0 and b is an arbitrary constant, we use the transformation Y = Z — 2 and
4b — o?

write B = — then (2.4) becomes the similar form as (II):
dz
— =7>+B. 2.7

Thus the solutions of (2.4) are

2 4b 2 4b
—aitanh(—aif) _2 o
2 2

2
2 4b 2 4b
—%coth(—%f)—%, a? —4b > 0;
1 «o
Y = I — 2 _4b=0: 2.8
-3, o ey
Vab — o V4b — o2 o
> tan( 5 £>—§ or

VA4b — a2 cot (\/4b—a2£) B %’

2_4b<0.
5 5 « <

3 Applications

3.1 Fisher’s Equation

We consider the generalized Fisher’s equation
Up = Uz + u(l —u?), (3.1)
and look for the traveling wave solution
u(t, ) =U(€), &= ANz —Vi).
Then (3.1) is transformed into the following ODE:
dU d2U

AV — = A2 —_U3=0. .2
Vv & ez +U-U"=0 (3.2)
Substituting (2.3) and (2.4) into (3.2), we can get
AV (Y2 +aV + b)ﬁ + A (Y2 +aY + b)2d2—s
“ ay “ av?
+(2Y+a)(Y2+aY+b)% +85—-5%=0. (3.3)

To determine the parameter M we usually balance the linear terms of highest order in the
resulting equation (3.3) with the nonlinear terms of highest order. Thus we get

M—-2+4+4=3M= M =1.
Write
U(§) = 5(Y(§)) = ao + a1 Y (§). (3.4)
Substituting (3.4) into (3.3), we have the algebraic equation with respect to V', A, ag, a1, as
follows:

MWar (Y2 +aV +b) + X2a;(2Y + ) (Y? +aY +b) + (ap + a1Y) — (ap + a1Y)® = 0. (3.5)
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So we get
(ag — ag + a1bV A + bar?a;) + Y(a; — 3a(2)a1 + a1 Vad2bA%a; + o \%ay)
+Y?%(=3agat + a VA + 3aX?ay) + Y3 (—a3 + 2)\%a;) = 0.
Equating each coefficient of this polynomial to zero, we obtain the following system of the
algebraic equations with respect to V', A, ag, a1, a, b:
YO qp— ag + a1bV A + bar?a; = 0;
Y1 a; —3ada; +2bM\2%a; + a?N%a; = 0;
Y?2: —3apa? + a1V + 3ar2a; = 0;
Y3: —a3 +2\%a; = 0.
(I) If @ = 0 and b = —1, with the aid of Mathematica, we get the solutions of (3.6):

(3.6)

1
V=0, ap=0, a=%41, A=+—;
0 1 \/§

3 1 1 1
V=t aqy=+=, a=4+-, A=+—1
V2 T T TP 22

with
sgn(ag) - sgn(ay) - sgn(A) - sgn(V) = 1.
So, according to (2.5), we get the solutions of (3.1) as follows (see [10]):
uly = U = V) = S(Y(€) = ap + a1 Y (€)

1 1
+ tanh < + —ac) or = coth ( + —x);
V2 V2
(M 3

1 1 1
Us 190 = iiiitanh[iﬁ(w_(iﬁ)t)} or

i%i%coth{i 2—\1@@— (i%)t)]

sgn(ag) - sgn(ay) - sgn(A) - sgn(V) = 1.

with

(IT) If @« = 0 and b is an arbitrary constant, then the method is the modified extended
tanh-function method. With the aid of Mathematica, we get the solutions of (3.6):

1

V =0, b:—ﬁ, ap =0, a1 = £V2)\,

V*j:i bffi fil = +/2)\
- \/i’ - 8)\2’ apg = 25 ay = )

with
sgn(ap) - sgn(ay) - sgn(A) - sgn(V) = 1.
Obviously, when b < 0, according to (2.5), we get the solutions of (3.1) as follows:
uf™, = ag + a Y (A\(x — Vt))

=+ tanh ( - sgn()\)io:> or

\V)

=+ coth ( —sgn(A)—=zx

it = 1y ) oy, [Ny VB,

3—4
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sgn sgn V3
% + g 2(/\) coth [— i\;g) (x + 7375)};
ugpﬁ = — % + sgnZ()\) tanh {—;g\nfé/\) (x F ?tﬂ or
_ % n Sg112(>\) coth [_ sir\l%\) (x - ?tﬂ

(ITT) (i) When o? — 4b = 0, a # 0, with the aid of Mathematica, we obtain the solutions
of (3.6) as follows:

1 V2 1 1
Vzé(a:t 216+0[2)7 GOZ:E?, alzi(_Gva0+aa0)7 )\:_1787
« 1 1
V=— =0 =F——, A= —;
67 ao , a1 9\/§a 187
. +216a2? — 23328a\® o +v1 — 324)2
- 2 ’ 0 — \/g )
o — @ao(13 — 108X — 5184)\% 4 244944)\3)
L 432 ’
27(16aA? 2003 — a3\3 3\ 2 232
V:77( 6aA® 4+ T2 a’ A’ + 36a )7 ao:j:7\/+3047 1+ 180 £0,
2(1418)) V6
" ao(—12V —4da + 360X —1944a22 — 902 \2 —11664a)? + 48603 1% — 583203 \*)
1= .
216+ a2

According to (2.8), we obtain the solutions of (3.1):

() +v2  —6Vag+ aag ( 18 a) v 1 5
— —_ — = — + 216 N
e 72 eVt 2/ 6@ +o%);
G 1 ( 18 O&).
u o =+——( - - =);
e\ T
@) +v1 — 324)2 —aq a
Up_g = NG + i 3
A {x — 5(—a+216a\ - 23328aA3)t]
i 2 4 3a2\? ay cay
ORI _ -—
oot V6 A[x e (16002 + 72003 — a3\ + 3603\1) t} 2
2(1+ 18))

(i) When o? — 4b # 0 and « # 0, with the aid of Mathematica, we get the solutions as
follows:

+1 902\
V =-3aA, ap=0, ap = :i:\/i)\, a=——, b= ; 3.7a
0 ' V=AZ—9)\3 2 (3.72)
al 2ap —2 4+ a?)\?
V= =+— = — b= ——; .7b
07 Qo \/57 ai Ol ) 4)\2 ) (3 7 )
- § 6)\0,0

1% (—9a\ — 18a\? + V32 4 33022 + 3240273 + 324a2)%), a;

8 TV 13a)
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_EVVZH VoA 190X 6+ V2 4 6Vak + 30°) 510

a0 372 ’ 1222
Obviously, from (3.7a) we have

1
A< =5 a® —4b=a?(1—18)\) > 0.

So, according to (2.8), we have the exact traveling wave solutions of (3.1) as follows:

2= V2 - (% )

“3\ o S (0 v ) o

iﬁk{—%(i\/ﬁ)

1
From (3.7b) we have a? — 4b = 2 > 0. The traveling wave solutions of (3.1) are
—6 + 3a?)\?
Veaz 2 a2 —
=+ o \/0‘ 372 {tanh[la:)\\/oz2 —6+3a2)\2}} or
5-6 — 5 IV
2V2a 2 3X2
—6 + 3a?\?
oz el a2 — Al
oA \/a 32 1 —6 + 302\
!
V2
From (3.7c) we have o? — 4b = %

So, if 6 — V2 — 6Va) > 0, then we get the solutions of (3.1) as follows:
B VVZH6Val+ 9a2)\2 n V2AWTV2 + 6Val + 9a2)\2

e
710 3v/2 V + 3a
7 _ 7 _ _
. { a? —4b tanh [\/a 4bA(x tV)} B g} or
2 2
n VVZ+6Val+ 9a2)\? n V2M/V2 + 6V al + 9a2\2
3v2 V + 3aA
7 _ 7 _ _
. { a? —4b coth {\/a 4bA(x tV)} B g}
2 2 2

with

V= g(i\/?)Z +33a2A2 4 324023 + 32402\ — 9aX — 18ar?);

if 6 — V2 — 6Va\ < 0, then the traveling wave solutions of (3.1) are
NN VVZ +6Val + 9a2)\2 n V2MW/ V2 + 6V al + 9a2)?
He 3v?2 V + 3a)
' { Vib — a?
2
n VVZ +6Val + 9a2)\2 n V20 V2 4+ 6Vl + 9a2)2
3v/2 V +3a)

tanh

[m;\(x—ﬂ/)] B g} or
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[ o [ 0] )

with the same velocity as above.

3.2 The Nonlinear Schrodinger Equation

We consider the nonlinear Schrodinger equation

iy = Vgp + mu + [u*"|u — euyy = 0, neZt, (3.8)
where u(t, ) is a complex function, and m, € € R are constants. We assume that
u(t, z) = U(t, x)e! =) (3.9)

where U (¢, x) is a real function, 1 and v are constants to be determined. Substituting (3.9)
into (3.8), removing the common factor el(hz+vt) and separating the real and imaginary
parts, we have the following PDEs of U (¢, x):

2u+ ev)U, — (1 — ep)Up = 0,
(3.10)
Upe + €Upy + (v — p2 + m — evp)U + U2 = 0.
(I) When n = 1, we look for the traveling wave solutions
Ult, 2) = B(t.a) = B(E), €= (1—eu)r + @+ et
Then (3.10) becomes
(1—ep)(1+ep+ ) Dee + (v — > +m — evp)  + &3 = 0. (3.11)
M
Substituting ®(¢) = S(Y(£)) = . arY* into (3.11), according to (2.3)-(2.4), we get
k=0

L, 2S(Y)
dy?2
+(w—p+m—ep)S(Y)+S3(Y)=0.

Balancing the linear term of the highest order with the nonlinear term yields M = 1.

+(2Y + o) (Y +aY+b)M

L—ep)(14+eu+ ) |[(Y24+aY +0
dy

Therefore, we get @(£) = ag + a1Y. Substituting it into the above equation, we get the
system of algebraic equations with respect to ag, a1, i, v, «, b:
YO: (m—p?+v—euv)ag+ad +ba(l —ep)(1 + ep + 2v)a; = 0;
Y1 2b(1—ep) (1+ e+ €2v) ar + 3ada
+a2a1(1 —eu)(1+eu+ €2v) + (m — p? + v — euv)ay = 0; (3.12)
Y2 : 3ol — ep) (1 + ep + €2v) a1 + 3aga? = 0;
Y3: 21 —ep) (14 ep+ €*v) ag +af = 0.
(i) When a = 0 and b = —1, with the aid of Mathematica, we get the solutions of (3.12):

\/5\/1 — me? 1 1\/ 8 —4m
= 0, — —_—, e 4 2,,2 .
ao ay = =% ESETr o’ 261/:|: 5 v+ e‘ve + Ty

So, by the traditional tanh method, we can get the traveling wave solutions of (3.8):

i 2v1 — me? 1 1 -4
u94 :{ + @tanhKl + v T 26\/4V—|—521/2 + u>x+ (1/ y

V—1 + 22 2 —1+ 2¢2
1 1 8—4
S _ 4m i[(—ﬂ/:l:\/41/+€21/2—|—7n2).73+1/t}
+4/4v + €22 + 7)4 }e 2 2 —1 42 or
—1 4 2¢2

{iﬁm

vV—=1+ 262

1 1 8—4
COth[(l + 5621/ T 26\/4V + €202 + Tg;)x + (V —ev
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[( — 1eui 1\/4y+e2u2 + M)x—i—ut]
i\/4y+€21/2+8—4m>t”el 2 2 —1 + 2¢2 .
—1+2€2
(ii) When o = 0 and b is an arbitrary constant, we can obtain the solutions of (3.12):
0 i\/i\/—l—kmez —ev V/8b + 4m + (4 + 8be2)v + (€2 + 2bet) 12
ap=0, a =t——m—x——, = — :
’ ' Vitwe T2 2v/1+ 2b€2
1
According to (2.6), if —— < b <0, we can get the traveling wave solutions of (3.8):
€
i —2bv—1 2 — 8b+4 4 + 8be? 2 + 2bet )2
W, e VIRV mE (| (2 VO A (T by (A,
V1 + 2be? 2 2v/1 + 2be?
N (1 N v n €1/8b + 4m + (4 + 8be2)v + (€2 + 2bet) 12 )x} }ei(uw-wt) or
2 2V/1 + 2be?
L vV —=2bv/—1 4 me? Coth{\/_—b[(—a/ L V/8b +4dm + (4 + 8be2)v + (2 + 2be4)y2>t
V1 + 2be? 2 2v/1 + 2be?
N (1 N v n €/8b + 4m + (4 + 8be2)v + (€2 + 2be) 12 )x} }ei(/w—&-vt).
2 2v1 + 2be?
If b = 0, then the solutions of (3.8) are
L0 +v/2v—1 + me?
5-8 =

T . .
{(:I:\/Zlm +4dv+ V2 +v—ev)t+ (1 + §€2V +evdm+4v + 621/2)17} el(pz+vt)
If b > 0, then the traveling wave solutions of (3.8) are

, — 2 b4 11 Rbe2 T 1 9bed) 2
(i) —immtanh{\ﬂ;[((l—e)yi\/g +4m + (4 + 8be2)v + (€2 + 2bet)v )t

Uy 1y =
i V1 + 2be? V1 + 2be?
2
N (1 N % n €1/8b + 4m + (;l +18j62)1/2+ (2 + 2be4)u2)x} }ei(uw-wt) or
V €
+v2bv—1 2 8b+4 4 + 8be? 2+ 2bet )2
V2 +me coth{\fb[((l—e)ui\/ Fdm + (44 80Py + (2 + 2bel)y )t
V14 2be? V1 + 2be?
N (1 n €\/8b+ 4m + (4 + 8be2)v + (€2 + 2bet) 12 N 6271/) }} (ua-tot)
2v/1 + 2be? 2 )*1° '

(iii) When a # 0 and o? — 4b = 0, the solutions of (3.12) are

/2 2.2 2 1
v—al+mate 1:ﬂ Mzi(—ey—I—\/4m+4u—|—62y2—|—12a(2)—Gaaoal).

=+
Qg \/i ) a o )
According to (2.8), we get the traveling wave solutions of (3.8):
iid —a? + ma?é?
8 - [

2

o

’ 1 1
t(v—ev+Vim + 4w + €1?) + x(l + 5621/ — 56\/47’71 +4v + e2y2)
If a # 0 and a? — 4b # 0, then we obtain two sets of solutions of (3.12) as follows:

(1)

ei(;m:+t/t) )

n o2 — ma2e? 2a9
= s a = —,
V=2 — 4be? + a2e2 ! «

1
w =5 ( —ev =+ \/4m +4v + €22 + 1242 — 4aagar — 4ba%);

ao
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2 1
a0 £0, ay =2 b= —(-2m+a?),
o 4

1
u:§(—euzlz\/4m+4u+621/2+2ma%).

2
Obviously, in (1) we have a? —4b > = > 0. So the traveling wave solutions of (3.8) are
€2

2 _ 2.2 2 _ 2 _
i) j:\/ « maoce { « 4btanh{ « 4b
«

5-8 7 —2 — 4be? + a2¢2 2

2 + 4be? — 2¢2

+(1+162Vi16\/(042_4b)( v? +2)? —|—8(m—|—1/)) }}ei(px-wt) or

. (:t\/(a2—4b)(6y2+2)2+8(m+1/) +1/—el/>t

2 2 2 4 4be? — a2e?

a? —ma?e? vV —4b + o2 a? —4b
+ { ” coth {7

—2 — 4be? + a2e2

(a? — 4b)(ev? +2)2 4+ 8(m + v)
(i\/ 2 + 4be? — a2e? +V_€V)t

1
1+ v+ =
+( +26V 2¢ 2 + 4be? — a2¢2

In (2), we have a? — 4b = 2m. So, if m > 0, we can get the solutions of (3.8)

v—4 2 ) 2 2
ul) bto tanh{ bto [(V—GV:&:\/4m—|—41/—|—62y2+8ma0)t
o

Ug_12 = 2 a2

1 \/(a2_4b)( V2 4 )2+8(m+y))x} }ei(uﬂm‘/).

1 1 8ma? )
+ (1 + §€2V + 26\/4m +4v + €22 + 7m2ao)x] }e‘(“H”t) or
a

v —4b 2 v —4b 2 2
ta tanh{ to [(Vel/:t\/4m+4y+621/2+8mao)t
o

2 a2

1 1 8ma? .
+ (1 + 5621/ + 26\/4771 4+ 4v + €2v2 + mgo):c] }el(”””t).
o
If m < 0, according to (2.8), the traveling wave solutions of (3.8) are

3 7 _
o) —Htanh{%ﬂ) [(V —ev+ \/4m+41/—|— 22 + Smao)t
o

Ui3Z16 =

1 1 8 .
+ (14 =+ =e\/dm + 4 + 202 + 7ma0 x| bellwatvt) )
2 2 a2

2 _ 4 2 _ 4
utanh{u [(1/ e+ \/4m—|—4y+ 202 4 8mao)t
« 2 o?
1 1 8ma? .
+ (1 + v+ e\/4m +4v + €202 + 7ma0)x} }e‘(‘“””t),
2 2 a2

1
(IT) When n > 1, if we proceed as presented above, we find M = —. This means that the
n
tanh method is not appropriate for any positive integer n > 2. In order to use the method,

we make the following transformation as that in [10]:
Ult,z) = &(t,x)v, nezt.
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Then (3.10) is changed into
Cu+ev)Py — (1 —eu)d, =0,
1 1
00,0+ (= 1) 02 +e[(- 1) 28, + 00, (3.13)
n n
+n(v—p?2+m—evp)® +ndt =0.
Assume that the traveling wave solutions of (3.13) have the form
d(t,z) = (§), E=1—ep)z+ (2u+ev)t. (3.14)

Substituting (3.14) into (3.13), we get
1
(1= ep)(1+ epu+ €20) e + (H ~1) (1= ) (1 + e+ €)@
+n(v—p?+m—ep)d+ndt =0. (3.15)
According to (2.3), we assume that
M
() = S(V(9) = D>_arY",
k=0

Substituting (2.4) into (3.15), we can get

d2s ds
2 2 2 2
(1—ew)(1+eu+ev)S|(Y*+aY +b) e +@2Y +a)(Y +ozY+b)dy]
1 _ 2,)(v? 2( 452
+ (n 1) X (1—en)(1+ep+ev) (Y= +aY +b) (dY)
+n(v—p? +m—evp)S +nSt = 0. (3.16)

ds 2
Balancing the term (1 —eu)(1+eu+ €2v) (Y2 +aY +b)? (d—Y) with S4 yields M = 1. This
gives the solution in the form
?(&) = S(Y(£)) = ao + a1Y (§). (3.17)
Substituting (3.17) into (3.16), we can get the system of the algebraic equation with respect
to ag, a1, v,
1

Aar(ap + a1 Y)(2Y +a)(Y2 +aY +b) + (ﬁ - 1)Aa§(y2 FaYy +b)?

+nB(ag + a1Y) + n(ag + a1 Y)* =0,
with

A=(1—ep)1 4 en+ ), B=v—u*+m—evp.

Equating each coefficient of this polynomial in Y to zero, we obtain the following system of
the algebraic equations:

1
Y?: Bnag + nag + Abaaga; + AbQ(f - 1)a% =0;
n
. 1
Y!: Bnay + 2Abaga; + Aa’aga; + 4nada; + Abaa? + 2Ab<f — 1)0@% =0;
n
1

n —

1
Y?: 3Aaapa; + 2Aba? + 2Ab( 1>a% + Aa?a? + A(ﬁ — 1) a?a? + 6na3a? = 0;(3.18)

1
Y3 :24apa1 + 3Aaa? + QA(* - 1)0161% + dnapai = 0;
n

1
Y*:2A4a2 +A<E - 1>a% +nai = 0.

(i) When o = 0 and b = —1, there are no non-trivial solutions of (3.18).



70 COMM. MATH. RES. VOL. 30

(ii) When o = 0 and b is an arbitrary constant. If b = 0, with the aid of Mathematica,
we get the solutions of (3.18)

1 = 2 2 1
ag = 0, a1=:|:\/ n —+ me —&—mne7 u:§<—euj: 4m+4y+62y2>_
n
So, the traveling wave solutions of (3.8) are
(ii) ¥\/(m€2 - 1)(” + 1) i(px+ut)

Upy = T T e
n [(u —ev+Vidm +4v + 621/2>t + (1 + §e2eu T 56\/4771 +4v + ezuz)x}
If b # 0, then there are no non-trivial solutions of (3.18).
(iii) When « # 0, with the help of Mathematica, there are no non-trivial solutions of
(3.18).

4 Conclusion

In this paper, we have applied the generalized tanh method to construct a series of traveling
wave solutions for some special types of equations: Fisher’s equation and the nonlinear
Schrédinger equation. These traveling wave solutions are expressed in terms of hyperbolic
tangent (cotangent), trigonometric and rational functions depending on different parameters.
The performance of the generalized tanh method is direct, concise and effective. This method
will be used in further works to establish more and new solutions of many other nonlinear
evolution equations.
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