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Abstract: We present a numerical study of the long time behavior of approxima-
tion solution to the Extended Fisher—-Kolmogorov equation with periodic boundary
conditions. The unique solvability of numerical solution is shown. It is proved that
there exists a global attractor of the discrete dynamical system. Furthermore, we
obtain the long-time stability and convergence of the difference scheme and the up-
per semicontinuity d(Ap,-,.A) — 0. Our results show that the difference scheme can
effectively simulate the infinite dimensional dynamical systems.
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1 Introduction

The Extended Fisher-Kolmogorov (EFK) equation is given by
ou 0t 0%u

3
= > .
. t+..ﬁ 1 5+ (u” —u) =0, xref2, t>0 (1.1)
with the boundary condition
u(0,t) = u(x + L, t), x€R, t>0 (1.2)

and the initial condition
u(z,0) = uo(z), x € 12, (1.3)
where > 0,0 < L < 400 and 2 = (0, L) is a bounded domain in R with boundary 942,
and ug is a given L-periodic function.
When 8 = 0 in (1.1), the standard Fisher-Kolmogorov equation was obtained (see [1-
2]). Adding a stabilizing fourth order derivative term to the standard Fisher-Kolmogorov
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equation, the equation (1.1) is proposed and called as Extended Fisher-Kolmogorov equation
(see [3-6)).

The equation (1.1) occurs in a variety of applications such as pattern formation in bi-
stable systems, propagation of domain walls in liquid crystals, travelling waves in reaction
diffusion systems and mezoscopic model of a phase transition in a binary system near the
Lipschitz point (see [4, 7-9]). In particular, in the phase transitions near critical points
(Lipschitz points), the higher order gradient terms in the free energy functional can no
longer be neglected and the fourth order derivative becomes important.

There have been a number of papers in the literature dealing with equations similar to the
equation (1.1) (see [10-13]). In recent years, attention has been focused on the connection
between finite-dimensional dynamical system theory and the long-time behavior of solutions
of a priori infinite-dimensional dynamical systems described by partial differential equations.
In particular, the techniques have been developed to establish this connection in a rigorous
and quantitative way by showing how the dimension of the global attractor may be estimated
for some dissipative partial differential equations (see [14-17]). The long-time behavior of
the solutions to (1.1) is studied theoretically in [18].

For the long-time computation of partial differential equations, the error estimate are
important in both space and time directions. Simo and Armerol'?! pointed out that the
first order scheme with long time stability and convergence is more effective than the sec-
ond order scheme. Recently, some useful results about equivalence of equi-attraction and
continuous convergence of attractors in different spaces have been given in [20]. To compute
a trajectory numerically, long-time computation generally suffers from error accumulation
at the unavoidable exponential rates. A numerical trajectory eventually leaves the exact
trajectory and no longer shows any information about the original trajectory. On the other
hand, for dissipative system such as the EFK equation, if the discretization schemes are
appropriately selected, the numerical trajectory is expected to approach a discrete attractor
and it eventually enters and stays in a small neighborhood of the attractor.

For this reason, we consider the error estimates for a global attractor. Existence of
attractors for the dissipative systems is proved. The remainder of this paper is organized as
follows. In Section 2, we describe a new finite difference scheme for the EFK equation and
prove that the difference scheme is uniquely solvable. In Section 3, we derive the priori error
estimates for numerical solution to obtain the existence of a global attractor. In Section 4,
we discuss the long time stability and convergence of the difference scheme and the upper
semicontinuity d(Ay, -, A) — 0.

2 Finite Difference Scheme and Unique Solvability of
Difference Approximation

Let h = L/J be the uniform step size in the spatial direction for a positive integer J. Let T
denote the uniform step size in the temporal direction. Denote V;* = V (z;,t,,) for ¢, = nr,
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n=20,1,--- and
R}, ={Vi=(Vi)o<ics: Vi€ Rand Viy; =V;, 0<i < J}

We define the difference operator for a function V; € Rger, respectively, as
Vier — Vi _ Vi—Vi_ _
VZVZ' = %7 VhVi = Tlv ApV; = VZ(Vh Vz‘)a A%,Vi = Ah(AhVi)-
Furthermore, we define operator 9,V"™ as
ynrtl _yn
atv;n — 3 3 X
T
We now introduce the discrete L2-inner product and the associated norm by
J 1
VoW =S ViWih, V. WeRL,,  [Vlh=(V.V)},
i=1
The discrete H*-seminorm | - |, H¥norm | - ||xn and L®-norm | - ||oo,n are defined,
respectively, as
k bl
View = IVE VIn,  [IVIen = <lz; IIVZZV||2> v IV llen = max [Vil.
Let £, = {ih;0 < i < J}. It is convenient to let L2, ({2;) and prr(Qh) (k > 1) denote the

normed vector spaces, respectively, as

Ry - lInd, {Rpers Il - N}
Thanks to the periodicity of the discrete function V € H ¥ (£2;), we have

per
View =19V In = 195V, VI, 0<i<k.

Throughout this paper, we denote ¢; > 0 as a generic constant independent of step sizes
h. To obtain some important results, we introduce the following lemmas.

Lemma 2.121  For V,W € R/, there holds

per’

(V, =V (VW) = (VIV, VW), = (=Y (VL V), W),

Lemma 2.22U  For Ve H (£,), we have

per
k _k
IV VI < KV VI VIS 21)
and
s
: 1-—2 n h "
9V oo KllVI T (1951 + ) (2

for 0 < k < n, where K1 and Ky are constants independent of h and the discrete function
V.

21]

Lemma 2.3! For a function V € H},.(§2,), the following inequality holds:

allVIE < VI,
According to Lemma 2.3 and (2.1), we have a lemma as follows.

Lemma 2.4  For a function V € H}, .(2,), we have
Ck|v|i—1,h < |V|%,h7 2<k<4
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Lemma 2.5 For s € R, there hold

1 3
534 —c5 < (85 —5)s < 554 + cs, cs >0, (2.3)
3 r 9
532 —c < (5 —5) < 532 + cs, cg > 0. (2.4)

We propose a new difference scheme for the solution of the problem (1.1)—(1.3) as follows:
QU + BAIUM — AL UM - (UMY Ut =0, 0<i<J n>0, (2.5)
ur=up,, 0<i<J, n>0, (2.6)

U = uo(ih), i=0,1,---,J. (2.7)
Below, we prove the solvability of the discrete system (2.5)—(2.7).

Theorem 2.1  The difference scheme (2.5)—(2.7) is uniquely solvable.

Proof.  For ¢ € H;er(.(zh), we define a discrete function ¢ as follows:

= AU ,
% +ABAZ D — MApp; + A2 — ;) =0, 0<i<J, n>0, (2.8)
where 0 < A < 1. It defines a mapping ¢ = Tx(¢) of H},.({2) into itself. Obviously, the

mapping Tx(¢) is continuous for any ¢ € H},.(£2,). Since a difference solution is a fixed
point of 77, it only needs to prove the existence of the fixed point of T7, i.e., it is sufficient to
prove the uniform boundedness for the mapping T with respect to the parameter 0 < A <1
by the Leray-Schauder fixed point theorem. Taking an inner product of (2.8) with ¢ and
using Lemma 2.1, we obtain

lollz — U™ 2

2T

By (2.3) and (2.9), we get

+ ABlol5 5, + Mol + A(¢* — ¢, 0)n <0, n > 0. (2.9)

loll; < IU"1I5 + 2¢sL,  n>0.
This means that [|¢||? is uniformly bounded with respect to the parameter 0 < A < 1. Thus
the solution of the difference scheme (2.5) with boundary conditions (2.6) exists.
Let U™ and V™*! be the solutions of the discrete system (2.5)-(2.6) with initial con-
ditions U° and V9, respectively. Then ¢"t! = U"*! — "+l gatisfies that

Qe + BARE = Apel T+ {07 - UPH = (V) -V =0, (210)

P =el s, 0<i<J n>0, (2.11)
=0-V) 0<i<lJ (2.12)
Computing the inner product of (2.10) with e+, and using Lemma 2.1, we obtain
n+11(2 _ n||2 .
H€ ”Fé HS ”h + (((Un+1)3 o Un+1) o ((Vn+1)3 _ Vn+1)7€n+1)h < 0. (213)
T
It follows from (2.4), (2.13) and the mean value theorem that
n 1 n— 2cgnT
le™||? < m”g 2 <... < eT-%e6r 1912, n=0,1,2,--- (2.14)

(2.14) determines Ui"Jrl uniquely. This completes the proof.
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3 Global Attractor of Discrete Dynamical System

In this section, we consider the existence of a global attractor for the semigroup {(Sh.+)" }n>0
associated with the discrete system (2.5)—(2.7). Then the semigroup {(Sh )" }n>0 acting on
H)o (), (Sh)" : Hpop (21) = H).,.(£2,) for every n > 0 is defined by

U™ = (Sp.)"U".

To obtain the existence of a global attractor, we introduce the following lemmas.

Lemma 3.1  Suppose that ug is smooth enough. Then the solution of the difference
scheme (2.5), (2.6) and (2.7) is estimated as follows:
2C5L
a )
. 2C5L
where a = 2(fey + ¢1 - ¢2). Furthermore, there exists a constant pg > 4/ 5 such that the
ball

U™ [17, < (e™ 7)™ |U°]I7 +

n:071727"'7

By ={U € L2,,.(2,): |Ulln < po}

per

2

is a bounded absorbing set in L.,

(2,) under the semigroup {(Sh,)" }n>0-
Proof. Taking an inner product of (2.5) with U™, we have
[T IR — 11U 113
2T
An application of Lemma 2.3, Lemma 2.4 and (2.3) yields
[ iR = 11

BT+ U+ (O - UL U, <0,

27 + (Ber-ez + ) [UMTl; < oL, (3.1)
Let o = 2(Be; - c2 + ¢1). Then, it follows from (3.1) that
2c5 LT ar 2¢5L
n+1)2 o ny2 SLT < (o T\ 012 5 >
013 < 0+ 25T g e o+ 228z

This completes the proof.

Lemma 3.2  Suppose that ug is smooth enough. Then the solution of the difference
scheme (2.5), (2.6) and (2.7) is estimated as follows:
1, 4 K
|Un|§,h < 072(6 1+77)n‘U0|§,h+a7 ’I’L:O,l,2,"' 3
where

1
v =Besca +2c3, K= BP%(P(Q) +1)%

[k
Furthermore, there exists a constant p1 > po + | — such that the ball
c27

B{L = {U € H[}er(Qh); ”U”l,h < Pl}

is a bounded absorbing set in H,.,(2,) under the semigroup {(Sh,+)" }n>o0-
Proof.  Taking an inner product of (2.5) with A2U"*!, by Lemma 2.1, we have
U3, — U 0
2T

+BUTHE, + UTHE , + (U1 = UL ARU™), < 0. (3.2)
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Using Young’s inequality, we obtain

|Un+1|§,h — |Un|%,h n+12 n+1)2 1 n+143 n+1)2 B n+1)2
= BT 4 U € O = U 4 U
It follows from Lemmas 2.4 and 3.1 that
U3, — U, (8 12 L oo 9 12
o =+ (50304 + CS) U5, < ﬁpo(Po +1)%, n = 0. (3.3)
1
Let v = Begea + 2¢3, K = Bpg(pg +1)2. Thus, (3.3) yields
1 KT _ T K
|U”+1|g,h < 1+’y’r|Un|§’h+ 7 < - < (e 1lwr)n+1|UO|§’h+;, n > 0. (34)
Hence, we obtain from Lemma 2.4 that
1 yr
U™ R < 7T Bt o n=0,1,2,0

This completes the proof.
According to the Lemma 3.1, Lemma 3.2 and (2.2), we have

Theorem 3.1  Assume that ug is sufficiently regular. Let U™ be the solution of the dif-
ference scheme (2.5)—(2.7). Then, there exists a positive constant C independent of h and
of T such that

U lsop <C, n>0.

Obviously, the family of operators {(Sh.-)" }n>0 satisfy the semigroup properties
(Shr)™(Sh)" = (Sh)™™, ¥V m,n>0, (Sp.)° =1.
By the above estimates, there exists a bounded set B} which is absorbing in H;er(ﬁh) under
{(Sh.7)}n>0. Using Theorem 1.1 in [22], we obtain the following theorem.

Theorem 3.2  Suppose that the conditions of Lemma 3.2 are satisfied. Then the discrete
dynamical system associated with the finite difference scheme (2.5)—(2.7) possesses a global
attractor Ay, in H),,.(12,), and

Ah,‘r = ﬂ U (Sh,‘r)mB{L'

n>0m>n

4 Long Time Convergence and Stability

Define the net function u* = u(z;,t"). Let E' = u — U and f(u) = u — u3.
To prove long-time convergence, we make discussions for different cases.
(i) f is a smooth function satisfying
f(s)<0, seR. (4.1)

Then, we can obtain Proposition 4.1 as follows.

Proposition 4.1  Suppose that f is a smooth function satisfying (4.1) and the solution
u(z,t) of (1.1)~(1.3) is sufficiently regular. Then, the solution of the difference scheme
(2.5), (2.6) and (2.7) converges to the solution of the problem (1.1)~(1.3) in the discrete
L2.,.(2,)-norm and the rate of convergence is O(T + h?).
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Proof. Making use of Taylor’s expansion, we find

Opu? + BAZuMT — Al = flul ) + R 0<i<J n>0, (4.2)
= Uy g, 0<i<J, n>0, (4.3)
ud = u(ih,0), 0<i<J, (4.4)

where RI"™! is the truncation errors of the difference scheme (4.2). It can be easily obtained
that
max |RIM < M(r + h?), n >0, (4.5)
1<i<J
and the constant M is independent of 7 and h.

Subtracting (4.2) from (2.5), we find
QE; + BATE! T — AETT = [f(up ™) = fUPTH + R, 0<i<J 020, (4.6)
E=E} ;, 0<i<J, n>0, (4.7)
E? =0, 0<i<J. (4.8)

Taking in (4.6) the inner product with E"*! and using Lemma 2.1, we obtain
[E" IR — 1115
2T

S(F™h) = FUMY), E" + [(RY, By (4.9)

An application of the mean value theorem and (4.1) yield
||En+1H%L - HETLH% n+12 n+1|2 < n n+1 < n n+1
+BIE"T o HIETT L, S N(RYEMT)p] < IR0 - [[E™ |-
Using Young’s inequality, Lemmas 2.3 and 2.4, we obtain

En+1 2 E" 2 1
H ”h ” ”h + (50162+01)”En+1”% § 1

+ BB+ B,

IR |7 + (Berea + ex) [ B

27 (Beiea + 1)
Then, we get
E"3 < |E) + s—— S |R™3. 4.10
1B < VIR + ey e o VT (4.10)
Combining (4.5), (4.8) and (4.10), we find
|u™ = U™, <O(T+h?), n=0,1,2,---, (4.11)

which completes the proof of Proposition 4.1.
(ii) f is a smooth function satisfying
f(s)>0, seR (4.12)
In the following Proposition 4.2, our argument is based on some hypothesis as follows.

First, we consider the corresponding stationary problem

—Apu = f(u), x €N, t>0, (4.13)
u(z,t) = u(z + L, 1), xe 2, t>0. (4.14)
For any positive function w € C(§2), we consider the eigenvalue problem with weight
—App = pwe in £,
o(x,t) = p(x + L, 1), xe N, t>0.
Let pq]w] denote its smallest eigenvalue. Recall that p[w] can be characterized as
uw] = inf ﬂ > 0.

peH},, (W, Q)n
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We assume that (4.13)-(4.14) has a classical solution u, which is linearized stable in the

sense that, for some real number 9,

_ <d< L

pa[f"(w)] —

Note that 1 [f (u)] is well defined because of (4.12). We also assume that H}.,.(£2) is such

that (1.1)-(1.3) has a global classical solution u and u(t) — w in L2,,.(2) as t = co. Our

results depend on upper bounds By and By for the || - ||oo,n of uw and the || - ||2,5 of ug
lu(s)loon < B1, t2>0, [uoll2,n < Ba.

In order to show the convergence of the finite difference approximate solutions, the

following lemma is needed.

Lemma 4.1  Suppose that f is a smooth function satisfying (4.12) and the solution u(x,t)
of (1.1)~(1.3) is sufficiently regular. For each B1,Bs >0 and 0 < § < 1, assume that
(1) w is a solution of (4.13)-(4.14) with
1

—— < 4.15
) (419)
(2) uo € H},,.(£2) is such that u(t) — w in L2, .(£2) as t — oo;
(3) ug and the corresponding solution u of (1.1)—(1.3) satisfy the bounds
lu(-,t)lloon < B1, t20, luoll2,n < Ba. (4.16)
Then, there is a number §1 such that
—— <0 < 1, n>N>0, NecZ? (4.17)
pi1[wy']

where

1
o = [ fleur-a-gude,  i=o1
0
We are now ready for the proof of Proposition 4.2.

Proposition 4.2  Let N € Z*. Under the assumptions of Lemma 4.2, for T sufficiently
small, the solution of the difference scheme (2.5), (2.6) and (2.7) converges to the solution
of the problem (1.1)~(1.3) in the discrete LZ,.(£2,)-norm and the rate of convergence is
O(r + h?).

Proof.  An application of the mean value theorem and Theorem 3.3, (4.9) yields

En+1 2 _ E" 2 3 1
” ”};T ” ”h § (302 + §>”En+1”i + §||Rn+1||i (4.18)
Let £ = 6C2% + 3. Then (4.5), (4.8) and (4.18) yield
1, snr
EM? < B2 TR < .- < =(et55F)M2L(r + h?)2. 419
1B < T IB" 4 BRSSO 4 R (419)
For 0 < n < N, it follows from (4.19) that
|E™||, = O( + h?). (4.20)

We now turn to the long-time estimate. Using (4.9) and Lemma 4.2, we obtain
LB = IR
2T

+ BB, < (R B,
IR IE  n> N (@21)
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Using Young’s inequality, from Lemmas 2.3 and 2.4 we obtain

1B+ ~ 1B NP S _p
4 Bacal MR < R+ Saca MR, 0> .

It implies that

T

En+12< En2 Rn+12<"'
1B < B + g R <
T n+1
<IEW+ e S IR n> N (4.22)
m=1
Combining (4.8) and (4.22), we find
n+1
2 < T R™2 =0(r+ k%)%, n>N. 4.23
e P DI LU L (1.23)

Thus from (4.23), we get
|u™ — U™ = O(T + h?), n > N.
Combining (4.20) and (4.23), we find
|[u™ — U™, = O(T + h?), n=12---.
This completes the proof.

Theorem 4.1 Under the conditions of the Proposition 4.1 or Proposition 4.2, the solution
of the difference scheme (2.5), (2.6) and (2.7) converges to the solution of the problem (1.1)—
(1.3) in the discrete L2.,.(2,)-norm and the rate of convergence is O(T + h?).

Below, we can similarly prove stability of the difference solution.

Theorem 4.2  Under the conditions of the Theorem 4.1, the solution of the problem (2.5),
(2.6) and (2.7) is long-time stable for initial data in the discrete L2,,.(§2,)-norm.

per

Now, we discuss the upper semiconsciousness of approximate attractor Ay, ..

Theorem 4.3  Suppose that the following conditions are satisfied:

(1) {Hyp}o<n<n, s a family of closed subspaces of a Banach space H, satisfying that

U H, is dense in H;

0<n<mno

(2) {S,(t) : Hy = Hy}>0 are linear semi-group of operator, A, C H, and A C H are
the global attractors of Sy(t) and S(t), respectively;

(3) For every compact interval I C (0,400),

6y(I) = sup supdist(S,(t)uo, S(t)ug) — 0 as n — 0.
uo€H, tel
Then A, converges to A in the sense of semi-distance:
dist(A,, A) = 0 asn— 0,

where

dist(A,, A) = sup inf |ju—v|g.
ueA, vEA

Let H = H}.,(2), H, = H},,.(£2,). Obviously, H},,({2,) is dense in H = H},,(£2), and

per per

the operator {(Sh,7)"}n>0 : Hper(2n) = H},,.(£2,) is continuous. By Theorems 3.2, 4.1 and

per

4.3, we have
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Theorem 4.4  Suppose that the conditions of Theorem 4.1 are satisfied. Then we have

dist(Ap -, A) — 0, as T — 0, h — 0.
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