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Abstract. For conformal Hardy-Littlewood-Sobolev(HLS) inequalities [22] and re-
versed conformal HLS inequalities [8] on 5", a new proof is given for the attainability
of their sharp constants. Classical methods used in [22] and [8] depends on rearrange-
ment inequalities. Here, we use the subcritical approach to construct the extremal
sequence and circumvent the blow-up phenomenon by renormalization method. The
merit of the method is that it does not rely on rearrangement inequalities.
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1 Introduction

The conformal Hardy-Littlewood-Sobolev(HLS) inequality on R" is

X 2n
/n /n WdXdy S N”I‘X |f”paHg||pa’ 0 < e < nl pD( - (11)

n-a n+a’

where
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is the best constant. Lieb [22] proved that the extremal functions of (1.1) are radial sym-
metric by rearrangement inequalities, and obtained the sharp constant by the conformal
symmetries of (1.1). Different discussions can be found in [3,23]. Recently, the classifica-
tion of the solutions for the Euler-Lagrange equation of (1.1) was given in [4] and [21] by
the method of moving planes and the method of moving spheres, respectively.
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For « > n, Dou and Zhu [8] (also see [2,24]) established a class of reversed conformal
HLS inequalities

fo o Lty > Rl 12

where N, o = N, is the best constant. Employing the rearrangement inequalities and the
method of moving spheres, they obtained the sharp constant and classified the solutions
of the corresponding Euler-Lagrange equation.

As stated above, it can be found that rearrangement inequalities, the method of mov-
ing planes and the method of moving spheres are basic and important tools for studying
the HLS inequalities. More applications of these techniques can be found in the study
of HLS type inequalities and reversed HLS type inequalities on the upper half space
(see [6,9,18,25] and the references therein).

Heisenberg group is one of the simplest noncommutative geometries and is the model
space of CR manifolds. It is natural that we want to generalize these traditional methods
on Heisenberg group. But, because of the non-commutativity, rearrangement inequal-
ities, the method of moving planes and the method of moving spheres don’t work ef-
ficiently on Heisenberg group. In this paper, we will try a class of rearrangement free
method and give a new proof for the existence of the extremal functions of (1.1) and (1.2).
Recently, we successfully generalize the method to study the reversed HLS inequalities
on the Heisenberg group (see [15]).

From [22] and [8], we know that the extremal functions of (1.1) and (1.2) have the
form

e (n+a)/2

felo) = ergel) =<

where c1, c and € are constants, xg is some point in R”. Note that f. and g. will blow
up as € — 0T, and vanish as € — +oo. The phenomenon makes it difficult to study
the extremal problems. To overcome the difficulty, we often renormalize the extremal
sequence. For example, Lieb [22] renormalized the extremal sequence {fj(x)} so that it
satisfies f;(x) > B > 01if |x| = 1. The technique can also be found in [8].

Recently, Dou, Guo and Zhu [6] adopted a subcritical approach to study sharp HLS
type inequalities on the upper half space. By Young inequality, they first established two
classes of HLS type inequalities with subcritical power on a ball. Then, using the confor-
mal transformation between ball and upper half space and the method of moving planes,
they proved that the extremal functions of HLS type inequalities with subcritical power
are constant functions. Passing to the limit from subcritical power to critical power, they
obtained two classes of sharp HLS type inequalities on the upper half space.

In their approach, we note three advantages. First, extremal functions of HLS type in-
equalities with subcritical power satisfy the corresponding Euler-Lagrange equation, by
which we can study the regularity of theses functions. Second, as power approach to criti-
cal, the corresponding extremal functions form a extremal sequence to the extremal prob-
lem of HLS type inequalities with critical power. Third, since these extremal functions of
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HLS type inequalities with subcritical power are constant functions, we can choose every
extremal function to be f = 1 and avoid efficiently the blow-up phenomenon.

Since the method of moving planes and the method of moving spheres don’t work
efficiently on the Heisenberg group, it is not easy to prove the extremal functions of HLS
inequalities with subcritical power on the CR sphere to be constant function. So, we will
combine the subcritical approach and renormalization method and give a new proof of
the existence of the extremal functions of (1.1) and (1.2). Moreover, our method doesn’t
depend on rearrangement inequalities, the method of moving planes and the method of
moving spheres, and can circumvent the blow-up phenomenon.

By stereographic projection S : x € R” — ¢ € §"\ & defined by

2x/ . 1—|x]?
f =12 ntl =
or j ,2,---,n, C 1T =P

joo— ="
=TT Rp

with & = (0, - - - ,0, —1) being the south pole, (1.1) is equivalent to the HLS inequality on
S" stated as, for 0 < « < nand any f, g € LP«(S"),

L L F@le = nl*"g(ndzdn| < Nuallflle s I8l sy (13)

and (1.2) is equivalent to the reversed HLS inequality on S" stated as, for « > n and any
nonnegative function f,g € LP«(S"),

L, L @& = nl*"gtn)dedn > Nyall £l 5o Iglhoe s 14

where d¢ and drn denote the surface measure of S”.
When 0 < a < n, we introduce conventionally the following duality form of HLS
inequality

1/Pu

</S |fo|q“di§>l/% < C(n,a) (/S IfIP“ch) , VfeLk(s, (1.5)

where
Lf@) = [ 1E—nl*"f(n)d,

2n
n—o

|& — 1| is the chord distance on " and g, =
the corresponding extremal problem as

Nio :=sup{ || Taflpu(sry = | fllLr(sry = 1}

B [ Lo f Nl Lo () . (Q
_SuP{HfHLpa(S") : f S LP (S )\{0}} (16)

Then, by our method, we can prove the attainability of N, 4.

is the conjugate number of p,. Define
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Theorem 1.1. For o € (0,n), sharp constant N, , is attained.

Since g, < 0 when & > n, we think that the bilinear form (1.4) is easier to study
than its duality form. As convention, the extremal problem of reversed HLS inequality is
defined as

N minf{ [ [ LEED dedy 120, 920, 1fllinion = Isllonisn =1}
—in Jsi Jon F(E)IE — yl*"g(n)dcdy
||fHLPa(S")HgHLW(S”)

f>0,¢>0, f,g € LP<(S")\ {0}}. (1.7)

Then, we can prove the attainability of N, 4.
Theorem 1.2. For « > n, sharp constant N, is attained.

Since p, € (0,1) and nonlinear terms with negative power appears in the Euler-
Lagrange equations of (1.7) (see Section 3), the variational problem (1.7) is analytically
different from the case « € (0, ). Moreover, we need not only a upper bound to control
the blow up of the sequence, but also a lower bound to avoid the blow up of terms with
negative power. So, different techniques are needed for the extremal problem (1.7). More
details can be seen in Section 3.

The paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1.
In Section 3, we consider the case « > 1 and prove Theorem 1.2.

2 CaseofO0<a<mn

2.1 Subcritical HLS inequalities

Let p € (pa, min{2,2}).

Proposition 2.1. There exists positive constant Ny s, such that for any f € LP(S"), it holds
1/p

(/S ]Iaf‘%d(:>1/qa < Nyap <[S !f]%ig) ) 2.1)

where Nyp is sharp and can be attained by some positive function f, € LP(S") satisfying
| fpllLr(sny = 1. Moreover, f, satisfies the following Euler-Lagrange equation

I3 -1 a—n =
Niapfp () :/Sn &= nl* " (Lufp) ™~ () (22)
and f, € C7(S") with
o, f0<a<l,
T = % if w=1,
1, ifa>1
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Proof. By Young’s inequality, we know that there exists some positive constant C such
that

[ Taf 1o sy < Cllfllr sy

holds for any f € LP(S"). Through a similar argument as Proposition 2.3 of [27], we
prove that I, : LP(S") — Li«(S") is compact. Combining the theory of reflexive space, we
get the existence of nonnegative extremal function f, of (2.1). So, f, satisfies (2.2) and f,
is positive.

It is routine that f, € L*(S") and I,f, € L®(S") are got by iteration (details can be
found in [7,11,13]).

If « > 1, we find that

d a—n qu—1 / a—n—1 :
—|F— a < _ — .
L szl —nrtar |y <€ [ g =gl =120 nt,
converges uniformly for § € S". So,
. of! d - .
Nz'a'paLgi B /Sn aiéﬂg — 1| (L fp)™ Y(p)dy,
3fy 1 0f
P (g —1)(FP ) ZL,
agi (q )( 14 ) agl

with % +% = 1. Namely, f, € C'(S8") fora > 1.
If « € (0,1), we can prove f € C*(S") by a similar argument of Lemma 4.3 of [13]. In
fact, for any ¢y, ¢> € S"” and denoting

g(@) = NI, 71 (@),

we have

3(61) — 8(62)| <C [ [1& =1 = |2 — g1~y

181 —n*" = G2 —y|*"

dn
/52—'7|>2|Cl—52

C/ _ja—n _ _plen|g
|G2—n|<2|¢1—Ea| ‘Cl ]7| ‘62 }7| 1
=1+ 1I. (2.3)

If |G — 1| > 2|1 — &2, then

&=l > (G2 -] — & - &l > Le—

16— y*™ = &2 — "] < Clez — 1o - &l
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So,
1<Clg — & |62 — """ dy < Clg1 — & (2.4)
|&2—1]>2|81 -2
On the other hand,
II <C & —n|* "dn+C Cr—n|*d
|&1—1]<3]¢1—&2| | ! ;7’ 1 [G2—17|<2|81—E2] ‘ ;7| 1
<C|&1 — G2|". (2.5)

Combining (2.3), (2.4) and (2.5), we have g € C*(S") and then f € C*(S").
If « =1, then

8(¢1) — 8(G2)]
< [ Je—nlfle =g =g -t
+ [ e =l =1z =it fle — ey
<ot [ |l =t — lea =ty + f = &alt [ 1 — ity
<Clér - &7,
namely, ¢ € C1/2(S"). So, f € C1/2(S"). O

dy

2.2 Maximizing sequence

In this subsection, we will prove that sequence {f,} is a maximizing sequence of (1.6) as
P Pa-
Lemma 2.1. Ny, p — Nyqasp — py.

Proof. Take f, € LP(S") be the maximizer given by Proposition 2.1. Namely, f, satisfies

Niap = | lafpllwsy  with || fpllpgny = 1.

Let f

o 4

Ir [ ol pesn)
and then

. 11

Npa,p :pr”LW||Io¢prLﬂw(S") < |8 ”HloéprLﬂw(S")
<|S"|7 P Nya — Nua as p— po-.

So,

limsup Nya,p < Nipa- (2.6)

p—=pd
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Take smooth function sequence { fy} C LP*(S") being a maximizing sequence of Ny, ,.
Namely,

Moo i Hafillsn
o fellon

For any p > p,, let fi = i Hf and then

(| L fill o 5)

Nouwp > L fill e (sny = (2.7)
wap 2 ol | fiell Lo (sm)
We firstly send p to p; in (2.7) and get
I «(Gn
hmmfNMp > 7H wfillzs ")
ppi | fill e sm)
Then let k — +oc0 and deduce that
lim 1nf Nia,p 2 Npa- (2.8)
p—pid
Combining (2.6) and (2.8), we complete the proof. O

Lemma 2.2. Function sequence {f,} given by Proposition 2.1 is a maximizing sequence of Ny, ,
namely,

N tim Mol 00
ppi I fpllimsn)
Proof. By the definition of N, 4,
I w (Gn I w (Qn
Now > [ L fp |l L (s B l aprlm (57)
I fpll Lo (sm) 51| 7e 7
Letting p — p; and using Lemma 2.1, we get (2.9). O

Remark 2.1. By Lemma 2.1 and Lemma 2.2, we have

].Im n (Qn) — 1
Jlim. [ fpll pa ()

2.3 Proof of Theorem 1.1

Proof. In the following, we will construct a maximizer for the extremal problem (1.6)
from the maximizing sequence {f,}. Since the rotational invariance of (2.1) and (2.2), we
assume without loss of generality that

fp(M) =maxf,(¢) with 9N =(0,---,0,1)

gesn
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being the north pole.

Case 1: For some subsequence p; — p;f, fp,(9M) is uniformly bounded. Then, by Proposi-
tion 2.1, we know that sequences { fy, } and {I.(f;) } are uniformly bounded and equicon-
tinuous on S". So, by Arzela-Ascoli theorem, there exists a subsequence of {fy,} (still
denoted by { f,, }) and some nonnegative function f € C(S") such that

fp]. — f  uniformly on S",
Lx(fpj) — Iof uniformly on S".

Then,
fP(6)dg = lim | f(5)dg =1

Sn Pi—P« JS
and by (2.2) and Lemma 2.1,

NESPNE) = [ 18— nl ) )y
So, f (&) satisfies
Ni = [y an, [ fe@de =1,
namely, f is a maximizer.
Case 2: f,(M) — +o0asp — pi. Letu, = fﬁ_l and v, = I, f,. Then, u, and v, satisfy
/S e =1, lim [ ofdt = Nf, (2.10)
and by (2.2),
Nzwup )= [ e =nlrop G,
&)= [ e =l ul o),

where % + % = 1. Applying stereographic projection and dilations on R", we get from
(2.11) that

(2.11)

( n+uo

o (20 )T () on(Say)m
NH,UC,P W MP(S(/\X)) = /n T ha dy,
I =l o1
n—a 2A # -1 .
2 S _ (W) up(S(Ay))? P
I A

Take A = )\p satisfying
(245) "2, (5(0)) = 1
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and denote ,
24, \
Uy(x) = (mw> up(S(Apx)),

V,(x) = (M) 70, (S().

Then, U,(x) < U,(0) = 1 and Uy, V, satisfy the following renormalized equations

NEpUp(x) = [ Jx =y Ve )y,

Rn
n—u«

22 7% (qa—1)
_ _ L |a—n |4
W = [, = ()

Next, we will prove that sequences {Uj, V, } satisfy some compactness property. Then, a
maximizer can be got through limitation.
For any x € R",

1 (2.13)
Uy~ (y)dy.

(n—a)(qa—q)
2

_ 2A 4
Vp(x):/mn |y|a n<1+|)\p(;_y)|z> UZ (x—y)dy
(n—a)(qa—q)
— 2/\;7 2 -1
= o upy  (x—y)d
7 (=) p oy
(n—a)(qa—q)
2A 2 -1
+/ a—n ( P ) Uq x —1y)d
P VR A
=V, (x) + V) (x), (2.14)
where
(n—a)(qa—q)
2A 2
Vl :/ a—n r q —y)dy,
f= [ v (e g~ (x - y)dy
(n—a)(qa—q)
2A 2
V2 :/ a—n( p uq 1 —1)d
P = f T TR =P p (x—y)dy
Asp — pf,

21 ; !
V;(x) S/y>2 y|*" <<1+ Mp(xp_y”z) Mp(x_y)> dy

< (ot w) (f (cermegp) she )

91
q
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1
SUTE)
ly|>2

— |5 1128 F < |87 1]

and
Vp) < [ iy = (82
ly|<2

So, {V,(x)} are uniformly bounded. If & > 1, noting that

9 e 2/\17 55 (qa—1) -1
‘/”axix—yl <1+|7tpy|2> Up (y)dy’

21 55 (9e—9)
< o g la—n—1 p q-1
= /]R"(n @)l =yl (1 ¥ Mpy!2> Uy )iy,

converges uniformly on R” by a similar argument as (2.14), we know that

oV —y; 21 T @)
e [ () u e eas)
R

ox; o =y AT+ Ay P2

aV, n

’ap;fx)\ < |8" 11271 F 4 |52, (2.15b)
i

So,as p — p;f, {Vy(x)} are equicontinuous if & > 1.
For any given constant Ry > 0 and any x,y € B(0,Ry), as p — p;, we have

V(%) = Vp(y)]

2) 24 0a—g)
_ a4 Sla—n a—n p q—1
—\/ﬂ(!x y— 2| 2] )<1+|Ap(y+z)|2> ul (y+z)dz‘

< T I e a—n
g i

= Hx—y—z[”"”—\z[“’ﬂdz—i—/
2[x—yl|<lz |z|<2|x—yl

=+ 1L (2.16)

|lx —y —z[*7" = |z|* "] dz

If |z| > 2|x —y|, then
[lx —y —z|*7" = |2]* 7" < Clz|* " Hx —y].
So, I < C|x —y|*if 0 < « < 1. On the other hand, if |z| < 2|x — y|, then

I1<2 |z|*7"dz < C|x — y|*.
|z|<3|x—y]
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By now, we deduce that {V,(x)} are also equicontinuous on B(0,Rg) as p — p, and
O<a<l.
If « = 1, as the case 0 < a < 1, we can prove that for any x, x +y,x —y € Bg,(0),

[Vp(x +y) + Vp(x —y) =2V, (x)] < Clyl.

Namely, V,(x) € Aq(Bg,(0)), where Aq(Bg,(0)) is the space of Lipschitz continuous
functions introduced in Chapter V, Section 4 of [26]. By the classical theory about Lips-
chitz continuous functions in [26], we know that V,(x) € C7(Bg,(0)) for any T € (0,1).
So, {V,(x)} are also equicontinuous on B(0, Rg) as p — p;” and a = 1.

By Arzela-Ascoli theorem, we know that there exists a subsequence of {V,(x)} (still
denoted as {V,(x)}) and V(x) € C(R") such that, as p — p,,

Vp(x) = V(x) uniformly on B(0, Ro). (2.17)

Similarly, we can prove that there exists a subsequence of {U,(x)} (still denoted by
{U,(x)}) and U(x) € C(R") such that

Uy(x) = U(x) uniformly on B(0,Ry). (2.18)
If it holds that
lim (2A,)°7 (=7 =1, (2.19)
PP

whose proof is postponed to the end for readability, then as p — p;,

27 R
<p> uj  (y) — U™ '(y) uniformlyon B(0,R)

1+|)‘py‘2
and
27 24 (a—9)
1= —F U (y)d
fo () Py)y
27 55 (9a—q)
>/ <p> U (y)d %/ U ()dy. (2.20)
i<k \1+ [Apy[? (v)dy lyl<R )y
So,

/ Ui (y)dy < 1.

Moreover, take the limit in (2.13) as p — p; and obtain

V) =[xyl U )dy = L(US)(x) i RY

e 2.21)

Nl (x) :/ |x — y|* VR (y)dy in R",
Rn
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which imply by (2.20) and g, > p, that

N U T (y)dy)
h (f]R Uq.—1) Pudx)l/q“

(o T (U1 (y)dy) ™
(f]R” qzx_l padx)l/pa

< Nn,lx.

Namely, U%~!(x) satisfies

1/%
N = (/ L (U1 ) (y)dy> , UUDpPagy = 1.
H{ﬂ

R?

Then, using stereographic projection, we construct a maximizer f(¢) on " as

n+a

fO) = (14 Gna)” 2 URTHSTHE))-
Now, we give the proof of (2.19). In fact, noting that

0< (zAp)%(qwq) <1,

we need only to prove
lim inf(2A,) 200 =1,
p—d
If )
liminf(2A, )2 a0 =,
p—pi

then there exists a subsequence of {A,} (still denoted as {A,}) such that
lim (21,) 7 =7 = 0.
p=pa

So

27 () .
<1+|Apy|2> U (y) =0 uniformly on B(0,R),
P

and for any x € R",

21,

17 (9a—0) -1
) o=

V(x) = lim x—y|* "
() = tim [ eyl (

By (2.13) and (2.22), we get U(0) = 0, which is contradict to U(0) = 1. Therefore,

lim 1nf(2/\ )2 @) > 0,
p—pa

189

(2.22)
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If
liminf(2A,) 7 @1 = c € (0,1),

Pm_>a

then there exists a subsequence of {A,} (still denoted as {A,}) such that

lim (2A,)"2 (=1 =,

pm‘)uf

27 R
<p> U (y) = cU™ '(y) uniformlyon B(0,R).

1+ [Apy[?
It deduces that
27 55 (9a—q)
1 :/ ") Ul (y)d
2\ 2 (9e—9)
>/ (p> ul d—>c/ U (y)dy,
yl<r \1+ [Apy|? )y lyl<R W)y

which implies
c/ Ui (y)dy < 1.

Then, take the limitation on (2.13) as p — p, and get

V) =c [ v -y )y = et ),

(2.23)
NEU) = [ 5=yl Ve )y,

Combining the facts p, < g, and 0 < ¢ < 1, we have

_ 1/qa
Nnuc = (flR” u% ! % (y)dy) ’
’ ( f]R Eluc_l Padx)l/q”‘

_ /G
(f]Rn (U1 q“(y)dl/)l !
(o e U Dreds) 7

1
<cm Nn,uu

which is a contradiction. So,

liminf(27,, )2 00 = q,
p—pi

Thus, we complete the proof. O
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3 Caseofa >n
3.1 Subcritical HLS inequalities
Letp € (0, pa)-

Lemma 3.1. There exists some positive constant C = C(n, «, p) such that

L, L F@1g = nl*gtn)dedn = Cllfllusn s (61

holds for any nonnegative f, g € LP(S").

Proof. 1t is easy to prove that (3.1) holds for any nonnegative f,g € L¥(S") N LP«(S") by
(1.4) and Holder inequality. Then we can complete the proof by a density argument. [

Define the extremal problem of (3.1) as

Nmp_mf/”yE@f@lﬁw:fzagzaHmmwfﬂgmmwzl}

{fsn fsn NG —nl*"g()ddn
Hf”LP s") HgHLP sm)

:f20,8>0, f,geL/(S)\ {0}}. (32)

Obviously, we know that anlx,p > C > 0by (3.1). Moreover, along the idea of Lemma 3.2
of [5] and Proposition 2.5 of [6], we can prove the attainability of Nn,a,p.

Proposition 3.1. There exist a pair of nonnegative functions f,g € L'(S") such that

[ f ey = l18llLrsmy =1,
Nowy = [ [ F@IE—n"g(n)dedn.

Then, they satisfy the following Euler-Lagrange equations

Ny P18 = [ 16— nl"~"glp)d,

Nn,vc,pgp_l( ) S”|§ 77|a nf( )

(3.3)

Moreover, f,g € C1(S") and there exists some positive constant C = C(n,a, p) such that

1
0<E<f,g<C<—|—oo,
Hf“Cl(S")/ HfHCl(S”) <C.
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Proof. Without loss of generality, as in the Proposition 2.5 of [6], we can choose a nonneg-
ative minimizing sequence {f;, g ]J;Oi’ C LP(S") x LP(S") such that

I fillregmy = IgjllLpeey =1, j=1,2,--+,

'~ n n )i - g, d d

szlmjgkﬂ@w n|*"g;(n)dcdy
Jreo HfjHLP(S”)Hg]'HLV(S”)

So sequences { f]-p ;;"i’ and { gf ;:i’ are bounded in LP+/P(S"). By the theory of reflexive
space, we know that there exist two subsequences of { f].p } and { gf} (still denoted by
{ f]-p } and { gf}) and two nonnegative functions f¥,g” € LP+/P(S") such that

fJ"" — fP and gf — g weakly in LF*/P(S"),
Since 1 € LP+/(P«=P)(S™"), then

Aﬁ@é@ﬂ% Aﬁ%%éﬂ%aﬂ%+m (3.4)

Moreover, if we can prove that

L L f@le=nig(ndeay <timin [ [ f@)le =g ndedn,  65)

J—+oo

then we can prove the attainability of Ny, .
To prove (3.5), we need the claim

I fillrsn <€ N fill gy < C  uniformly. (3.6)

For readability, assume firstly that the claim holds and relegate the proof to the end.
By (3.6), we have up to a subsequence that

fj” — fP and gf — ¢P weaklyin L7(S"), (3.7a)
and
‘éﬁ£2C>QLL§%2C>O (3.7b)
via an interpolation inequality. So,
[fllogy <C and gl < C.

As in Lemma 3.2 of [5], we have that, as j — +o0,

16—l g (n)g! P () — Lig(§) (3.8)
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uniformly for all { € S§". Then, for any € > 0, there exists some N > 0 such that for any
j >N,

‘ . & —nl* "8 (n)g" " (n)dy — ag(é)( <e
and
g1 (mg' " (n) ()
F@)f'™ s P(e)fL 8l
/”f &)f / G dndg — / fi @) f () o |€_17|n_ad;7d§
<e [ Fl@FP@)E < ce. 69)

On the other hand, noting f'~7(&) € L (1=P)(8") and

/Sn & —nl*"g(pdy < C | g(n)dy < C,

we have by the weak convergence that, as j — +oo,

/nfjp@)fl_p(@) o @f(,jﬁwdﬂdé' - /5 [ f(©Ie =" "g(ndnde. (310)

Combining (3.9) and (3.10), it holds that

- SO @ g e o F(@)s)
lim /n /n ’é’ ;ﬂn a dﬂdé’_ /n - Wdﬁdé (3.11)

j—rtoo

Then, for any € > 0, there exists some N; > 0 such that for any j > Nj,

f(©)g(n) e
oot

OO g )
<L nl””‘ e

£i(©)s;(n) F@R0n) |\
<O g yprmtnde) ([, [ g =yreanae)

Because of the arbitrariness of €, we obtain (3.5) and then prove that the function pair
(f,g) € LY(S") x L'(S") is a minimizer.
Now, we give the proof of the claim (3.6). From

1 fill ey = gjllre(em =1,

we get

/n L, Fi(@)1E = nl*"g;(n)dddy = €1 >0
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by (1.4) and
I fillrsy < Co gjllLrsry < Co,
by Holder’s inequality. Then, by the definition of N, 4, we have
1 fillr sy = €5 >0, [Igjllr(sm = C5 >0,
L L 5@le =g ndzay < cs.

It follows, via the reversed Holder’s inequality, that
||Iaf]'HU/(S,1) <Cs <oo and HlangLp’(sn) < Cs < oo,

where % + % = 1. Then, by a similar argument as the proof of Lemma 3.2 of [5], we have
(3.6).
By renormalization, we assume that the minimizer f, g € L'(S") satisfy

HfHLP(S") = Hgllm(sn) =1.

Then, f, g satisfy the Euler-Lagrange equations (3.3).

Since f,g € L1(S") and 0 < p < p, < 1, it is easy to prove from (3.3) that f > C4 > 0
and g > Cs > 0. Then, by (3.3), we have f < C; and g < C;. Moreover, sinceax > n > 1,
we have f,g € C!(S") and

[ fllcrsmy lIgllcrgny < Cs < +oo.

Thus, we complete the proof. O

3.2 Minimizer of critical HLS inequalities, namely Theorem 1.2

As Lemma 2.1 and Lemma 2.2, we have

Lemma 3.2. Nyop — Ny as p — p, and the corresponding minimizer pairs {fp, gy} €
CY(S") x C(S") satisfying
1 follersny = lgpllrsny =1

form a minimizing sequence for sharp constant Ny, ., namely,

— lim Jon fsnfp(gﬂ‘f—W‘“_”gp(ﬂ)dé‘dﬂ'

N, . =
R | foll Lo sy 18 | L (s

Proof. Since the proof is similar to Lemma 2.1 and Lemma 2.2, then we omit the details
for conciseness. O
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Proof of Theorem 1.2. As in Lemma 3.2, we take the minimizer {f,, g,} € C'(5") x C'(5")
as a minimizing sequence for N;,,. Then, {f}, g} satisfy (3.3). By the rotational invari-
ance, we assume without loss the generality that

fp(m) = maxfp({,‘).

Fesn

Case 1: For some subsequence p; — p,, max{maxzes fp,, maxzes: gy;} is uniformly
bounded. Then, sequences {f,} and {g),} are uniformly bounded and equicontinuous
on 5". Moreover, by (3.3), there exists some positive constant C independent of p; such
that f,;, gy, > C > 0. So, by Arzela-Ascoli theorem, there exist two subsequences of {f. }
and {gy, } (still denoted by {f,, } and {g), }) and two nonnegative functions f,¢ € C'(S")
such that

fr;— f and gp, — ¢ uniformlyon S".

Then,
o« — 1 P] —
[ g @de = tim [ f(@)az =1,
i3 — 1 Pj —
J 8" @z = tim [ ghi(@)az =1,

and by (3.3) and Lemma 3.2, as j — +o©

Ruaf? @) = [ 12 =g tman,
Nuag? 1(6) = [ 16— nl* ™" fOp)an,

namely, {f, g} are minimizers.

Case 2: For any subsequence p; — p,, fp;(M) — +00 or maxges: g, — +o0. Without
loss of generality, we assume f, (91) — +oo.

Case 2a: o
lim su M = 4o00.
jotoo MNAXzest Zp;

Then, there exists a subsequence of {p;} (still denoted by {p;}) such that

(M
fp].(‘ﬁ) — 400 and L — +o0
maxgesn gp;

o Pl Pt , . sati
Letu; = f,/ andv; =g) . Then, u;and v; satisfy

/Sn WldE = /5 oldE =1 (3.12)



196 S.Zhang and Y. Han / Anal. Theory Appl., 38 (2022), pp. 178-203

and by (3.3),
N a—n, 4i—1
Ny (8) = [ 12 =n1~"o] ™" (),

~ N (3.13)
Nova 0 (&) = [ &= y*"ul ™" ()dn,
Sn

where p% + qu = 1. Applying stereographic projection and dilations on R", we get from
(3.13) that

n+a

2

v;(S(Ay))i~

2
~ 2 2 1+ Ay[?
Ninap, () 1(S(Ax)) = Asc [, ( +1Ay]

dy
14 |Ax|? x —y|ne ’
Ax| ( 2 )|; yl 1 (3.14)
- 22) SO
- 2 > o THIAyP? uj(S(Ay
Ni,ap; (1 T ’/\XP) vi(S(Ax)) = A /n PSS dy.
Take A = A; satisfying
- /(q;=2)
202N (8 (0)) = 1
and denote
e 24\ 7
(x) = AT w2 , .
Uj(x) = A <1+ |ij|2> uj(8(Ajx)), 615
e (24 \ 7 '
(x) = A (2T . ,
Ve =A T (5 hn) s
Then, Uj, V; satisfy the following renormalized equations
e (Z)T(M) v )y
e R T+ (A2 : (3.16)
. o 2 7% (qa—4q;) 51 .
N, p; Vi(x) = /n |[x =yl (M}W‘J u; (v)dy,
U](x) Z UJ(O) =1and
: > ‘?‘/(‘7]'_2) (n—a)/2 .: - mingesn Yj 17
Vi(x) = A] 2 {:2}51;}0] 1;(S(0)) -t (3.17)

uniformly for any x as j — +-co.

Claim: There exist C;, C; > 0 such that, for any x, when j — oo

0 < Ci(1+4[x"") < Uj(x) < C(1+ |x|*™") uniformly. (3.18)
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Once the claim holds,
Niuap, Vi(0 won 2 NI g
nap; Vi )-/]R” vl <1+!/\]]/!2> i (y)dy
<c [yl lylytay <c,

which is contradict to (3.17). So, Case 2a does not appear.
Now, we give the proof of the claim (3.18). Noting that

. - 2 2 (90—4)) =1
Nivap; _/w vl (MW> Vi (y)dy
<C <+

uniformly as j — oo, we obtain from (3.17) that as j — o0 and |x| > 1,

2 5% (92—14;) gi-1
/,z <1+ |/\].y|z> Vil (y)dy

n—uo

2 T(%'_qj) p
< Cl———
—/|y|<1 (1 T \w) y

n—«

o 2 555 (qa—1) qu—l i
- \y\>1’y| <1+I?\jylz> P Wy

<C < 40

and

oyl 2 NEE

c 2 7% (ga—1j) 51
< (A ] [ .

< [+ (re) Y
<C <+

uniformly. Then, by dominated convergence theorem,

u.: 54 (qu—qj) ‘_
fim 0 _ 1 /]R <2> v v <c

|x|—+o0 ’x‘zx—n Nn,zx,p]- 1+ ‘/\JWZ

On the other hand, if we can prove

| R |
/n <1+|)\y|2> Vil (y)dy = c1>0 as j— oo,
]

197

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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then we have the claim (3.18). By contradiction, we assume that (3.23) does not hold.
Then, there exists a subsequence of {V;} (still denoted as {V;}) such that

) 2t @) .
/]R” <1+’/\}/|2) Vi (y)dy =0 as j— +oo. (3.24)
]

For any x € B(0,Rg), where Ry is given arbitrarily, and taking R >> R large enough,

B 2 5% (qa—q;) g1
/Rn x —y[*" <> Vit (y)dy

<lU:
S TP

Nn,zx,p]-

1 2 %(%*ﬂj) _q
< R+R “*”/ S v d
N (R+Ro yI<R <1+ij\2> P

na,p;

RO a—n B 2 %(%*%’) q‘*l
1+ — e —— v d
" |y|>R( " R) v <1+|?»jy|2> Pw y>

(R + RO)“*YZ / 2 %(%*%) gi-1 RO .
<~7 - '] Ro |
T Nuap sk \TH AP Vit (y)dy + (1+ R)

Then, for any € > 0, we firstly take R large enough and then let j large enough such that
1 S U](X) S 1+€/

which imply that U;(x) — 1, x € B(0, Ro) uniformly as j — co. Then, for [x| > 2 and by
(3.16), we have

VxS e 2 24 (9a—4j) T
j(x) = ]./ygl x =y <l+|)\]y|2> i (y)dy

1 |x| x—n < 2 >"2“(%qj) -
> 1x] 2 S

>Clx|*™", (3.25)

N”JX/P

where, in the last inequality, we have used facts: as j — oo,

2 24 (qa—4j)
Uj(y) -1 and <1+M]y|2) — 1 uniformly on B(0,1).
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Then, by (3.25) and letting p; close to p,, we take R >> 2 and obtain

5 - 2 7 (qa—4q;) STy
Ni,ap; —/n |yl <1+ij‘2> Vi (y)dy

2 %(%_%‘) gi—1
<R&™ - v d
- /y<R <1 + |)‘jy|2> i Wy

[yl clyl e ay
ly|>R

o 2 ) qi—1 (a—n)gi+n
=K /y<R(1+|Ajy|2> V" (y)dy + CRUEMa,

Taking firstly R large enoug and then letting j — +oo0, we have Nn,,x,pj — 0, which is
contradict to Ny,,a,pj — Ny So, (3.23) holds.

Case 2b:
(M
lim sup fui ()

— =0.
j—>+00 maX§eSn gP]

Then, there exists a subsequence of {p;} (still denoted as {p;}) such that

QU
fr;(OM) — +oo  and L —0,
maxzesn §p;

which implies that maxgesn gp;, — +oco. Similar to Case 2a, we can prove that Case 2b
does not appear.

Case 2c:
(N
lim sup fn ()

Il € (0, +00).
j++oo MAXgesn &p;

Then, there exists a subsequence of {p;} (still denoted as {p;}) such that

fpj(m)
fp].(‘ﬁ) — 400, maxgp]. — +0c0 and m — (o € (0, +OO)

As Case 2a, we introduce function pairs {Uj, V;} defined as (3.15) and then they satisfy
(3.16), Uj(x) > U;(0) = 1 and

_ mingcgn U;
Vi(x) > A?/(q’ 2p(n-a)/2 minov; = gest

min S co 7 e (0,+00) (3.26)

uniformly for any x as j — +00. So, {V;(x)} have uniformly lower bound C > 0.
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Repeating the proof of (3.18), there exist two positive constant C; and C; such that, as
j - oo,

0<Ci(1+|x]*)
0<Ci(1+|x|*)

(x) < Co(1+ |x|*™™), (3.27a)

Uj(x) <
Vi(x) < Co(1+ |x[*"), (3.27b)

<
<

uniformly for any x.
For any given constant Ry > 0 and any x € B(0,Ry), as j — +oo, we have by (3.27b)
that

B an 2 %(%_qj) gi—1 p
Nn,oc,p]vuj(x)_/]Rn |y‘ <1+’/\]<x_y)‘2) V] (X—y) Yy

< / a-np '3 () CI g
v|<2Ro v 1 y

+ / |y|“7n2%(%*q])cﬁf_l |x — y|(a7n)(q]71)dy
ly[>2Ro

_n( |y\ (@=mg=1)
<C(2Rp)*+C = dy <C, 3.28
<CERof+C [ () y < (329)

namely, U;(x) is uniformly bounded on B(0, Ro). Similarly, V;(x) is also uniformly bounded
on B(0, Ry).
By a similar computation of (3.28) and noting &« > n > 1, we have that, as j — +oo,

o 2 7 Q)
Jolemr o (rige) v

Sc(zRO)ﬂcfl +C(2RO)((X*11)QJ'*1+YI < C

uniformly for any x € B(0,Ro). Since the arbitrariness of Ro, we know that U;(x) €
C!(R") and || Ul c1(B(0,r,)) is uniformly bounded. Similarly, we can prove that V;(x) €
CH(IR") and ||V}l c1(p(o,r,)) i uniformly bounded.

By Arzela-Ascoli theorem, there exist two subsequences of {U;} and {V;} (still de-
noted as {U;} and {V;}) and two functions U, V € C!(R") with lower bound C > 0 such
that

U —U and V;— V uniformlyon B(0,Ro). (3.29)
Combining the arbitrariness of Ry, we can prove that U(x) and V(x) satisfy
Noal(x) = [ v =yl vty in R,

(3.30)
Ny V(x) :/ ]x—y\“’”uq“’l(y)dy in R".
Rn
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Since

and

uniformly on any compact domain, then it holds by (3.27a) that

&

g | 0 2 7 (9a—4j) J
Ui*dx = li u. —_— > 1.
R e Jre ) (1 + !/\ij2> te

Similarly, it also holds by (3.27b) that

ing | 4 2 155 (9a—4)) ;
Viedx = i V. —_— > 1.
fovrie=im [ Vi@ () e
Let
F(x) = Uq“_l(x) and G(x) = Vq“_l(x).
Then
FPedx > 1, GPrdx > 1,
]RI’I IRVI
and F, G satisfy

Ny, o FPe=1(x) :/ lx —y|* "G(y)dy in R",

n

NuaGP1(x) = [ Jx =y "F(y)dy in R".
RW
Combining 2 > p,, it holds that

Ny = /n /nF(x)]x—y\"‘_”G(y)dxdy and ||| (re) = [|Gl|Lre(rry = 1.
Applying stereographic projection, we can construct a pair of minimizer {f(¢),g(&)} on
5" as

n+a

f(@) = (1+8u1)" 2 F(STHE)),
(&) = (1+&m1)” 7 G(STHE))-

Thus, we complete the proof. O
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