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Abstract

This articles first investigates boundary integral operators for the three-dimensional
isotropic linear elasticity of a biphasic model with piecewise constant Lamé coefficients in
the form of a bounded domain of arbitrary shape surrounded by a background material.
In the simple case of a spherical inclusion, the vector spherical harmonics consist of eigen-
functions of the single and double layer boundary operators and we provide their spectra.
Further, in the case of many spherical inclusions with isotropic materials, each with its
own set of Lamé parameters, we propose an integral equation and a subsequent Galerkin
discretization using the vector spherical harmonics and apply the discretization to several
numerical test cases.
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1. Introduction

We consider three-dimensional boundary value or interface problems of the isotropic elas-
ticity equation related to the following operator:

Lu := —div (Que(u) + ATr (e(u)) Id), (1.1)

where the strain tensor reads e(u) = £(Vu+ Vu'). It is obvious to see that the operator L is
self-adjoint on L2(R3)3.

In the definition of the operator (1.1), u, A\ € R, > 0,2u + 3\ > 0 are the so-called
(constant) Lamé parameters. The parameter p denotes the shear modulus which describes the
tendency of the object to deform at a constant volume when being imposed with opposing
forces. The other Lamé parameter A has no physical meanings but is introduced to simplify
the definition of the operator (1.1). Indeed, it is related to the bulk modulus K through the
relation

2
A=K — -
3/%

where the bulk modulus K represents the object’s tendency to deform in all directions when
acted on by opposing force from all directions. We refer to [12] for more detailed descriptions

* Received February 8, 2019 / Revised version received January 19, 2020 / Accepted March 5, 2021 /
Published online December 24, 2021 /
1) Corresponding author



836 B. STAMM AND S.Y. XIANG

of the Lamé parameters. It is sometimes useful to introduce Poisson’s ratio v which is defined
by \

v = CTTESIE (1.2)
and whose admissible range is (—1,1/2). The material is extremely compressible in the limit
v — —1 while extremely incompressible in the other limit v — 1/2 [18].

A model of linear elasticity with appropriate boundary conditions can be approximated by
the classic finite element method, see for example [15,19] just to name a few contributions from
an abundant body of literature, for the general case with non-homogeneous source term. On
the other hand, displacement fields u being homogeneous solutions, i.e., Lu = 0 within a given
domain, can also be represented by isotropic elastic potentials [3,13] and elasticity in piecewise
constant isotropic media can then be treated as integral equations for specified interface condi-
tions. At the origin of the integral formulation lies the definitions of layer potentials and their
corresponding integral operators [3,20] based on the Green’s function [1] in the context of the
isotropic linear elasticity.

In particular, on a unit sphere, one can introduce the vector spherical harmonics forming an
orthonormal basis of [L?(S?)]? and which are eigenfunctions of the corresponding double and
single layer boundary operators based on the Green’s function [1] of isotropic linear elasticity.
The vector spherical harmonics were introduced in [9,10] as an extension of the scalar spherical
harmonics [16,23] to the vectorial case. They were further used in the discretization of different
physical models such as the Navier-Stokes equations [8] or Maxwell’s equations [2,6]. However,
they are not widely used and only sparely reported in literature, in particular in the context
of isotropic elasticity. We demonstrate in this article that the corresponding integral operators
have interesting spectral properties which can be made explicit by employing the vector spherical
harmonics.

Our main motivation for this work is the derivation of an integral equation to model elastic
materials represented by piecewise constant Lamé constants with spherical inclusions following
similar principles that were presented in [4,5,14] in the case of scalar diffusion. The particular
choice of the vector spherical harmonics as basis functions for a Galerkin discretization thereof
leads then to an efficient and stable numerical scheme by exploiting the spectral properties
of the involved integral operators. A similar physical model was introduced in [22] with an
algebraic formula of the approximate solution. However, with the spectral properties of the layer
potentials and integral operators at hand, our approach first introduces an integral formulation
for the exact solution and thus a rigorous mathematical framework. In a second step, we then
propose the Galerkin discretization. The mathematical framework lays out the basis to derive
a rigorous error analysis which we plan in the future.

We summarize the main contributions and organization of this work as follows:

e In Sections 2 and 3, we give an introduction and overview of the layer potentials and
corresponding boundary integral operators of the isotropic linear elasticity operator (1.1)
on an arbitrary bounded domain with Lipschitz boundary which are sparely reported in
the literature.

e Analytical properties of layer potentials and boundary integral operators are presented
and proven in Section 3.4.

e On the unit sphere, we introduce the vector spherical harmonics in Section 4 and prove
spectral properties of the boundary operators and layer potentials of this particular basis.
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e As an application, we consider a piecewise constant elastic model with spherical inclusions
and derive a integral equation in Section 6 that is then discretized by means of the vector
spherical harmonics and tested numerically in Section 7.

2. Preliminaries

Denote S? the unit sphere and B the unit ball in R3. Let throughout this paper Q= C R3
denote a bounded domain with Lipschitz boundary T' = 992~ and outward pointing normal
vector field n : T' — S2. Further, we denote by Q1 the unbounded set R*\Q~.

1. Notations

We will first introduce some standard notions in the context of integral equations which can
be found in standard textbooks (see, e.g., [17,20,21]).

Let © be a domain with Lipschitz boundary, e.g., 2 = Q~ or Q@ = QF (unbounded).
Following the conventions and notation of [20], we define for s € R

Hio(@) = {1 € (Cp(®)" | Y € (@) s xu € HI()}, (2.1)

see Definition 2.6.1 in [20], and note that this consist of a slightly unconventional definition of
HE (), see also Remark 2.6.2. We further define, see Definition 2.6.5 in [20], for s € R

Heonp(92) = | {u € Hi,o(9) | supp(u) € K}, (2.2)
K

where the union is taken over all relatively compact subsets K C €2, and introduce

Vo(Q7) = {veHl(Q—) ’ /v:O}. (2.3)

Next, we denote by H %( I')3 the Sobolev space of order % with the usual Sobolev-Slobodeckij

norm ||)\||2 o =30, ||)\k||2 o for A = (A1, A2, A3) T and with

2 k(@) — (@)
I gy = ey + [ [ P20

1

Moreover, we define H~2 (I')? := (H 2 (F)3> and we equip this Sobolev space with the canonical
dual norm || - ”H—%(r)' We introduce
1
VT Hige(QF)? — H2 () (2.4)

as the continuous, linear and surjective interior and exterior Dirichlet trace operators respec-
tively, see Theorem 2.6.8 [20], and define the jump operator by

[l =7"¢ 7" (2.5)

Further, let v: HL (R3)? — Hz(I')? be given by v = 7~ ¢ = v almost everywhere.
Consider now the stress tensor T associate with L, as is defined by (1.1), reading

T :=2ue(p) + ATre(p)1d, ¢ € HE (QF)3. (2.6)
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For the domains QF, the classical normal derivative operator, satisfying
Tar =77 (Ten), (2.7)

for regular ¢, can be extended to an operator 7, : HL (QF)3 — H—3 ()3, with HL(Q)3 ={u €
HY(Q)? | Lu € L% _(Q)3}, based on Green’s first identity. We then define the corresponding

loc
jump operator by

[Tl =T o —Tae. (2.8)
Further, define 75, : HL(R3)3 — H~2(I')® the global normal derivative operator given by
Tap =To 0 =Ta -
2.2. Fundamental solutions

Consider the matrix-valued fundamental solution G = (G;);; to the linear isotropic elastic-
ity equation such that G;, the i-th column of the matrix G satisfies the following identity:

LGi(z) = 8(z) e, (2.9)

with L defined by (1.1), § being the Dirac distribution at the origin and e; the canonical basis
in R3. The Green’s function G is given by [17,21]:

1 A3p | Atpoaz
C Smplr] \ M +2u Y N2 |x]2 )

where we recall that p, A are the Lamé constants and d;; is the Kronecker symbol.

2.3. Rigid displacement

For a given domain 2 C R3, we consider the following problem: find u € H{ _(2) such that

loc
Lu=0, in H'(Q)? (2.11)

with appropriate boundary conditions. Equation (2.11) holds obviously if e(u) = 0. Indeed, we
call the displacement u € H}_(Q)3 a rigid displacement if e(u) = 0. It is well-known that the
displacement v is a rigid displacement if and only if it has the form u = Az + b where A € R3%3
is a constant skew matrix and b € R® a constant vector (see, e.g., [11,17]).

3. Layer Potentials

In this section, we introduce the layer potentials and associated boundary operators which
only have been sparsely reported in the literature for the operator L. We therefore provide a
complete overview.

3.1. Single layer potentials

Using the fundamental solution (2.10), we can now define the single layer potential S :
1

H=2(T')® — HY(R3nT')? associated to the isotropic elasticity operator L:

(S@)(x) := /FG(x —y) o(y)dy, x € R3nT. (3.1)
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Further, see e.g., [3], such function S¢ defined on R3nI" is continuous across the interface T,
i.e. [S¢] = 0 and a single layer boundary operator V : H-: (I)? — H? (T')? can be defined by
restricting the single layer potential to the boundary I':

(WW%=AQ%wM@@,wER (3.2)

so that vS¢ = V¢. The following result is obvious:
Lemma 3.1. For ¢ € H_%(F)?’ and S¢ defined by (3.1), let L be the isotropic elasticity oper-
ator (1.1) and we have
LS$ =0 in R3nT.
3.2. Double layer potential
We introduce the double layer potential D : Hz (I')> — H'(R3\I')3, by

wazﬁnamuﬂmmw%zeww, (3.3)

where the subscript y means that the normal derivative operator Ty, defined in Section 2.1,
is taken with respect to the y-variable. We define the double layer boundary operator K :
H3(T)® — Hz(T)3 by

mwwzlﬂmwwﬂwm@,xax (3.4)

in the sense of principal value. Further, the adjoint double layer boundary operator K* :
H=2(T')3 — H~2(T')3 is given as

(C0)a) = [ (ToalG) @ =1)ols)dy. weT. (35)
Similar to Lemma 3.1, the following result is obvious:
Lemma 3.2. For o € H2(T')? and Dy defined by (3.3), we have
LDy =0 inR3\T,

where L is the isotropic elasticity operator (1.1).

3.3. Newton potential

Finally, for sake of completeness, we also give the Newton potential associated to the isotrop-
ic elasticity operator (1.1). Define N : HZ,,  (R%)? — HZ2(R%)3 for s € R:

comp

Ny(z)= | Glz—y)(y)dy, = eR’ (3.6)

R3
where G is the Green’s function defined by (2.10). Following the definition for the elasticity
operator L and all ¢ € D'(R?)3, we have

Y =LNy = NLip, in D'(R?)>. (3.7)
Let v* : H 3(1)® — Hgh, (R®?, To* : Hz(I)® — Hg L (R*\I)? be the adjoint of the

trace operator v and the adjoint of the normal derivative operator 7, respectively, defined in
Section 2.1. We then give an equivalent definition of the single and double layer potential:

S=Ny", D=NT.. (3.8)
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3.4. Properties of layer potentials

We are now listing a selection of known results of layer potentials that will be used in the
following. Let us first recall the following theorem given in [3] (see also [21, Section 6.7]):

Theorem 3.1. Let ¢ € H’%(F)3 and the single layer potential S, the adjoint double layer
boundary operator K* be defined by (3.1) and (3.5) respectively. Then the interior and exterior
normal traces of the stress tensor satisfy

To S¢ = %(ZS—F/C*d), T8¢ = —%ng—lC*d), on H’%(F)g. (3.9)

We now show several jump conditions relating to the boundary layer potentials above which
can be found, for example, in [17, Theorem 6.10].

Theorem 3.2. Let Q= € R3 be a bounded Lipschitz domain with boundary T'. Consider the
single and double layer potentials defined by (3.1) and (3.3) respectively. Then it holds
[S¢] =0, [Dy] =-¢, on Hz(T)%,

[TS¢] = ¢, [TDe] =0, on H-=2(I')3 (3.10)

for all p € H-2(T')3, o € Hz ()3,

We now counsider the invertibility of the single layer boundary operator (3.2) (see [17, The-
orem 10.7] or [21, Theorem 6.36].

Lemma 3.3. Let Q- C R? be a bounded domain with Lipschitz boundary T'. If u > 0 and
A > 0, the single layer boundary operator V defined by (3.2) is coercive, i.e.
2 —-1m3
V0.8) s e by > IOy V€ HTHD)
Corollary 3.1 (Invertibility of the single layer boundary operator). Let 2~ C R3 be
a bounded domain with Lipschitz boundary I' and p > 0 and A > 0. Then, the single layer
boundary operator V : H=2(T')® — H=(T')? is invertible.

4. Real Vector Spherical Harmonics

4.1. Surface gradient

In the following, we introduce the real vector spherical harmonics. We begin with some
conventions of the gradient. On a given domain €2, consider a scalar valued function f : Q — R3
and a column-vector valued function F : Q — R?, we define their gradients by

Vi(x) € B, with (Vf), = 2L

_OF,
N &rj '

VF(z) € R*?, with (VF);; (4.1)
Note in particular that V f is a column-vector while VF' are row-wise gradients for each com-
ponent Fj.

Restricting the considerations to the unit ball Q = B and it surface 9Q = S?, we denote by

g .1 0

Vs = 9% +¢Sin0%

(4.2)
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the surface gradient operator and 7, @q@ are radial, polar and azimuthal unit vectors which are
supposed to be row vectors. Let f denote a scalar function and F' a vector-valued function, i.e.
f €R and F € R? and with the convention of the gradient field, the surface gradient (4.2) can
alternatively be written as

Vef =Vf—nn'Vf),

V.F =VF — (VFn)n', (4.3)

where V is the gradient in R?® based on the convention (4.1). It is immediate to verify that

Vef m=0, V,Fn=0.

4.2. Definition of vector spherical harmonics

The construction of the vector spherical harmonics is based on the scalar real spherical
harmonics defined on the unit sphere S? denoted by (Yz,,) y;zg]ge which are normalized such that

<1/Zma }/Z’m’>82 = /2 Yv@mYVZ’m’ = 6[@’5m’m’~
S

The vector spherical harmonics Vi, Wem, Xem @ S — R? of degree £ > 0 and order m, |m| < ¢
are given by
Vem == VSng(H, ¢) - (E + 1)Y2m(9a ¢)727
Wom := VsYen (0, 0) + €Y, (0, §)F, (4.4)
Xom =7 X VYo (0, 0).

The symbol x represents the cross product in R3. We refer to Appendix A for some explicit
expressions of the vector spherical harmonics for the first few degrees. The vector spherical
harmonics satisfy the following orthogonal properties:

Wm ' Wﬁ’m’ = 07 WEm ' X@’m’ = 07 / X@m . W’m’ = Oa
S2 S2? S2

Vem * Verm = 55@’6m’m’(£ + 1)(26 + 1)) Wem - Wer = 5@@’6m’m’€(2£ + 1)7 (45)
S2 S2

X@m . X@’m’ - 6@@’5m’m’€(£ + 1)
S2
The scalar spherical harmonics (and thus the vector spherical harmonics) can be extended to
any sphere I',.(zg) = 0B, (z¢) by translation and scaling. We will introduce the following scaled
scalar product on I',.(zg) given by

1
(U, V)1, (20) = —2/ u(s) - v(s)ds = / u(xg +18") - v(wg + 18’ )ds’. (4.6)
T JT, (20) S2
In practice, the exact value of the scalar product (4.6) cannot be computed explicitly in general.
With a set {s, wt}zﬁl of integration points and weights on the unit sphere, the scalar product

is approximated by the quadrature rule
Tg
(U, V)1, (o)t = Z we u(xg + rst) - v(xg + 78¢). (4.7)
t=1
In the numerical tests below in Section 7, we will use the Lebedev quadrature points [7], which
have the property that scalar spherical harmonics up to a certain degree N, are integrated
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exactly. This relationship is displayed in Table 4.1. It can be noticed that the number of points
increases quadratically with NVg.

Further, the family of vector spherical harmonics gives a complete basis of L?(T',.(z¢))? and
any real function f € L?(T',.(z9))® can be represented as

'S 4

F@) =3 [lemVem (* ;xo) + [w)em W (£ ;xo) o+ [2lem Xom (£ ;xo) (4.8)

=0 m=—4¢

where [v]gm, [W]em, [T]em € R.

Table 4.1: Degree Ny and number of points Ty of Lebedev quadrature rules such that spherical haromon-
ics up to degree Ny are integrated exactly with T, points.

3 5 7 9 11 13 15 17 19 21 23 25 27 29

6 14 26 38 50 74 86 110 146 170 194 230 266 302

31 35 41 47 53 59 65 71 7 83 89 95 101 107
350 434 590 770 974 1202 1454 1730 2030 2354 2702 3074 3470 3890

sSlzlslz

4.3. Properties of the derivatives

We give some derivative properties of the surface gradient (4.3) that shall be useful in the
upcoming analysis. In the following, let v be the a scalar-valued function, F, G be vector-valued
functions and A be a matrix-valued function. We have the following product rule:

Vs(uF) = FVu' + uV,F,

V.FTG) = V.FTG+V.GTF, (4.9)
We also have the property for the cross product:
Vs(F x G) = VoF x G — VG x F. (4.10)
Later proof also requires the triple product
(AxF)'G=AT(FxG)=(GxA)'F. (4.11)

Now let h = h(r) be a scalar function which does not depend on the polar angles and u =
u(0,¢), H = H(0,¢) a scalar and a vector valued function respectively depending only on the
polar angles. Then there holds

V(hu) = hyut + hViu,

4.12
V(hH) = h,HiT + 1hV,H. (4.12)

For the scalar function h = h(r), denote by h,., h,, the first and second derivative. Then we

have

2
Aiv(Vige) = ~(0+ 1) (b + “220) Yo,

1
div(hWom) = z(m _ %h) Yim, (4.13)
div(hXpm) = 0,



Boundary Integral Equations for Isotropic Linear Elasticity 843

and
AWVi) = (g 4+ 2, - CEDEE2 )y,
A(hWon) = (hrr + %hr - Wh) W, (4.14)
A Xun) = (hry + %hr - W; Dh)XZm.

Egs. (4.13) and (4.14) are given in [9]. Finally, the following identities hold, resulting directly
from the definition of the vector spherical harmonics:

1 1
Yiro = —— 1 Yoot = ———— — . 4.1

5. Spectral Properties of the Layer Potentials

We will give the main results in Section 5.1, prepare some preliminary results in Section 5.2
and finally provide the proofs in Section 5.3.

5.1. Main results

Consider the single layer potential S and the single layer boundary operator V defined by
(3.1) and (3.2), we have the following result.

Theorem 5.1. Let Yy, be the matriz such that
Yom = (Vem |Wem| Xem) 1= (Vi Yir|Yirn)- (5.1)
Then we have:

1. On the unit sphere S®, VYy (2) = Yom Ay ¢, where V is the single layer boundary operator
defined by (3.2) and Ay is a constant matriz given by

(30+1) p+0X 0 0
(2053) 20+ Du(ZitN) Gty (1A
Ay = 0 BT 2 DRI 0
w(20+1)
= diag(my ¢, 5,0, T.0)- (5:2)

2. When |z| < 1, we have
IE in

where S is the single layer potential given by (3.1) and the matriz Aisn’e(a:) has the form

(3@+1)M+Zk |x|l+1 0 0
@EF3) 20T D2 )
in _ 04+1) (ut A _ 3042) pt (L+1)A _
5.6(%) = | siprmpmny (21 = 1217 g el 0
0 0 i |

(20+1)p
(5.3)
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3. When |z| > 1, we have

(SYim) () = Yim () A3500)

where the matriz A2 (x) is given by

30+1) oA o O(utA e )
arsereeen e sty (2l = lel ) 0
out — 3042)p+(L+1)A ¢
Agi(x) = 0 (2}_”(2)@*11&(2,1“) || 0
0 0 B

(20+1)p
(5.4)

The following result is a corollary of Theorem 5.1.

Corollary 5.1. Let Yy, be the a matriz defined by (5.1). Then, on the unit sphere S?, there
holds

’C*}/Zim = ’C}/KJ = }/eimA’C*,fa

where K is the double layer boundary operator (3.5) with its adjoint K* and A~ ¢ is a constant
and diagonal matrix:

_2(202466+1)p—3) 0 0
2(20+1) (26+3) 2+ N)
Ao = 0 2(22%?)_(35:?;?211\,\) 0
0 0 RO
= diag(r,lcw, T,QC*,[,T,%*,@). (5.5)

Remark 5.1. Recall that the Lamé constats u, A satisfy pu > 0,2 + 3\ > 0, we can verify
that the eigenvalue T,]é*’g of the adjoint double layer boundary operator is f% if and only if
¢ =1,k =2. And the eigenvectors associated with the eigenvalue —% are Wy, m = +£1,0.

The following theorem gives explicit expressions of the double layer potential.

Theorem 5.2. Let Yy, be given by (5.1) and D the double layer potential on the unit sphere
introduced in (3.3), we have:

1. For|z| <1,
€T .
(DYi)(+) = Yo 177 ) 4B 0)
where
Al e+ a5 e+ 0
B.o(@) = a5 e+ aB 5 el alpT el + afy D el 0
IES U,
0 0 ~ e ]
(5.6)
2. For |x| > 1,
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where
out,D,l —0—2 out,D,l —¢ out, D4 —0—2 out,D,l .y
1|zl +ajys e[ aly | +afys || 0
out — t,D, 4 |— t, Dl | —
Apy(x) = agyt T | ¢ agy ||t 0
21 22
¢ —r—1
0 0 7(2Z+1)u|w|
(5.7)
in,D,¢ t,D,¢ . . )
The constants a;>""", asi"" are listed in Appendixz B.
1] ? g

The results of Theorems 5.1, 5.2 and Corollary 5.1 can be extended to any sphere I';.(zg) =

OB (z9), which is, a sphere centered at o with radius rg, by setting %(;:;gl and using
the following scaling in 7:
(S¥am)(2) = r¥om (1=, 0 ) A5 (70,
(DYen)() = Yo (1=, 1) 451 (), (5.8)
(Vi) (@) = Yo ([ 1) Avies (K Yam) () = (C¥am)(2) = Yo (= ) Ak

5.2. Preliminary lemmas

To prove the results of Section 5.1 in the upcoming Section 5.3, we derive first several
preliminary lemma.

Lemma 5.1. For a scalar function h = h(r), we have the following identities

_((30+2)h,.(1)—£(L+2)h(1) —(0+1)h, (1) — (€+1)(£+2)h(1)
2e<h(r)ng>n|sz = ( 201 )‘/Em + ( 2%+ 1 )Wénu
_(—Che (1) + £(£—1)D(1) (30 +1)h,(1)+ (L —1)(£+1)h(1)
2 ((r) Wil = ( 20+ 1 Ve + ( 20+ 1 )W,
Qe(h(r)Xgm))n|Sz - (hT(l) - h(l))Xgm, (5.9)
where n is the outward pointing unit normal vector of the unit sphere S?.
Proof. We consider h(r)Vy, first. Following (4.9) and (4.12), we have,
(V(h()WVem) + V(1) Vi) T )
=hy (1) (Vi T + 7Vl )0+ h(r) (VaVim + VeV, )nlse
= (1) (Vi + PVl )7+ (L) (VeVi + ViV, (5.10)

where we also use the fact that n is equal to the radial basis # on the unit sphere S?. Consider
now the first term hr(l)(wm—&—f%—[n)ﬁ To compute fVJnﬁ we need first the relation VsY@Inf =0
following from (4.3). Then according to the definition of the vector spherical harmonics Vi,
given by (4.4), we have

(FVT VP = (PVLY,T ) — (04 1) Yo T = —(€ 4+ 1) Vi =

(~Wem + V). (5.11)
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Therefore, the first term in (5.10) yields

3042 041
Ve + Vot = 57 Vem = 57 Wem

Now consider the second term (ViVim, + ViV, ). According to (4.3), we have ViV, 7 = 0.
The definition of Vg, (4.4) gives
VeV = Va(VeVn) 17 = (£ + 1) Ve (Yor#) 7
We compute the two terms separately. Using the product rule (4.9), we have
Vo(VeYem) T = Vi(VeYgnf) = Vi VYem = =(1d =7 1) T VYem = = ViYium-
For Vi(Yym#) T #, we use (4.9) and have
Vo(Yom?) 7 = VYot 7 + (Yo Ver) "7 = VoY + Yo Ver T # = VYo,
where we use the fact that Vi7 is a symmetric matrix and V77 = 0. Therefore, there holds

+2

. F= — 2 Y = —
Vﬁ‘/émr (£+ )vs m 2£+1

(Ve + (£ + 1) Wepy). (5.12)

The computation of e(h(r)Viy,)n is thus completed in view of (5.11) and (5.12). A similar
computation gives h(r)Wy,,. Consider now h(r)Xg,. Similar to (5.10), we have to compute
the sum:

e(h(r) Xem)nls: = b (1) (Xem + 7 X )7 + B(1) (Vs Xem + VX )7

Notice that Xy, = 7 X VsYy, is orthogonal to 7 and it follows immediately that X Z—mf = 0.
Further, by (4.3), there holds Vs Xy,,7# = 0. Then, it remains to consider Xy, and VX szTA-
For the term V, X, #, we use the relation (4.10) and have

VXt = (Vs(F x vsnm))Tf = (Vs X VsYem) 7 + (7 X VS(VSng))Tf.
Both terms can be computed by (4.11):
(7 X Va(VeYim)) ' # = Va(VaYem) T (7 x #) = 0,

e (Vef X VaYon) 77 =(F % Vi) TVeVorn = (7 x (1d—=#7T)) | ViV,
=(7# x 1d) " VYo, = VYo, X 7.
This gives
VX 7= —Xom.
Then we get the result for h(r)Xy,.

By (4.13), (5.9), we get, for a displacement h(r) Vi + g(r) Wi, + h(r) Xem, it holds that

Tﬁ( (T)‘/ém + g( )Wim + h(T)XZm) = 7;1+ (.f(r)vém + g(r)Wém + h(T)XEm)
= (g7t (B0 + 2£:(1) — £(E +2)F(1) — g (1) + £(£ ~ 1)g (1))

T ((
+ %i (4 D (1) + () +2)F(1) = g, (1) + (0 = 1)g(1)) ) Vi
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+ (Ti T(= C+Df(1) = (C+DE+2)f(1) + B+ 1)gr(1) + (£+ 1)(¢ = 1)g(1))

* 2@1 (= (D) £ (1) = (1) +2)F(1) + Lgr(1) — 0L~ 1)9(1))Wem
+ (e (1) = h(1)) X (5.13)

The flowing lemma concerns the double layer boundary operator and its adjoint. In particular,
on a sphere, we have the following lemma.

Lemma 5.2. Let K be the double layer boundary operators defined by (3.4) on a sphere and
K* its adjoint operators. Then for v € L?(S?)3, we have Kv = K*v.

Proof. Indeed, we have

_ 1 A+ 3u
ag”’“G”(xy)SMIx—yI?’( 20 )
Atp R (i —yi) (i —y;) @k — yk)
A—l—?u((xz_yl)a]k_'—( ~ Y3)0uk |z — y|? ) ’
and
(zj—y;) 1

Tre, (6 = div, Gy (o —y) =

Hence, we have
Ty

(Q;Lem(Gj) + ATre,(Gy) Id)ikm

1 %
== 47T()\+2N)|x_y‘3()\+3N(5zj(xk_yk)+5]k(xz_yz)+5zk($] —¥5))

3(zi — yi) (@ — yj) (@ — yk))) Tk

|z =yl ]

+

The same result holds for (2,uey(Gz-) + ATrey(G;) Id) ‘“ i by replacing x by y. Further, for
x,y € S?, the following relation holds:

(w—y)-m=1— =(y—1z)-

Therefore, we have

R4
ly|

M

This completes the proof of the lemma. |
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5.3. Proof of the principal results

We are now ready to prove Theorem 5.1.

Proof. [Proof of Theorem 5.1] Consider the single layer potential S defined by (3.1). Note
that for any ¢ € H —3 (S?)3, as announced in Lemma 3.1, u = S¢ satisfies the following linear
isotropic elasticity system

Lu:fmv@mmn+An@mﬂd):a in R3\S? . (5.14)

Now we determine u = SV, by means of separation of variables in spherical coordinates. That
is, we propose the Ansatz displacement field SV, as a function of the spherical coordinates of
form u = Vi, = h(r)Vem + g(r)Wiem, + h(r) X where f, g, h are three scalar functions of r
to be determined. Using the relation

div(Tre(u) Id) = V(divu),

and plugging the Ansatz into (5.14), together with (4.13)-(4.15), we have the following equation:

(it gt X)) (Fort 25 - (4D

20+ 1 r
201 -1 +1)
2€+1(M+)‘) (grr - r gr + 7"2 g) ‘/Zm
¢ 2 (—1)f \ (41 213, (f+2)
+ (” * o (““)) (gT’+¥gT_ 2 g)_2£+1(““) (f" e (i f) Wem
2 41
+u[hm«+;h— (r2 )h}Xgm:O. (5.15)

Since Vi, Wom, Xem is an orthogonal basis, all the coefficients of Vi, Wen, X must be zero
n (5.15). Let first £ > 1 and we have six sets of analytical solutions to (5.15) reading

@ (i1) (i) | (iv) (v) (i) |

flr 2 —ﬁ(u + A)r¢ 0 ﬁ (u + ﬁ(u + A))r”l 0 0
Y 0 22 1 (N + 2?;11 (1 + )‘))rie 0 262—:-11 (4 Xttt et 0
h 0 0 rt-1 0 0 rt

in which (¢), (), (¢i7) are admissible only for |r| > 0 while (iv), (v), (vi) are unbounded when
|r| = oo. Now, we consider the exterior and the interior of the unit sphere separately in which
we aim to get SVy,,. For the sake of simplicity, write

9 041

P12 =— ¥+1m+%2 m”‘%1(*&fvﬁﬁ+”)
_ 41

QH_T—H’)(M 72€+1(M+)\))7“ ; o1 = 2€+1(M+)\)

Write SV, as a linear combination of the three solutions in the exterior and three in the
interior of the unit sphere:

i £+1 i £+1 i £
alg;nqllr + ‘/Em + (alé%qQIT + + bim )Wzm + Clﬁnr Xfm |’f’| < 17

Swm - out,.—¢—2 bout \V bout W out Z—lX 1
g T + 008 p1or ™) Vi + b2 poor ™ Wiy, + g 1] > 1,

(5.16)
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in/out bin/out in/out
m ’ dm ' dm
six unknown constants, we use the jump relation given by Theorems 3.2:

where a € R are constants to be determined. In order to determine these

[[S‘/Zm]] =0, [[TS‘/Zm]] = Vim. (517)

Since Vi, Wem, Xem is an orthogonal basis, it follows immediately from the first equality in
(5.17) that

out out in in __ zout in __ _out
a[mqll = Qg T mep12 g g21 + b[m - bfmp22a Com = Com -

Now take the inner product of the second equation (5.17) with Vi, Wi, Xem. With the
computations in (5.13), we have

20— 1 =pal® g1y (30 +2)(0 + 1) + A g1 (£ 4+ 1) — (u+ \) (a%’nqmm 1) bR el — 1))
— (g (30+2)(—0 — 2) — bipra(3C + 2)0)
~ A€+ 1)(€ = 2)agst = Vatpia(+ 1)) = (et Abgaspaat?,
0 :u(a;r,;qu(sz F1)(041) + bR (36 + 1) (¢ — 1)) + A(ain @1 0(0+ 1) + b2 0(0 — 1))
— (N g (4 1) 4 ubg  posl(3€ 4 1) + ADS 2  pool?
= G+ ) (a5 + 1)(€+2) + biapra(C + 0)F),
0 =p(Legy, + (£ + 1))

Hence, we conclude

in __ 1 out __ 1 £ —1
in €+ -1 ou ou

Similar computations following the same logic give the results for Wy,,,, Xy, for £ > 1.
In the case where £ = 0, we only have to treat Vg since Wyg = Xop = 0. Using (5.16)—(5.17),
we have

1
1" Voo r<1,
SV = 4 3@rFN : (5.18)
—7r Voo r>1
32u+A) "
Notice that the result (5.18) is indeed consistent with the cases where £ > 1. We have proved
therefore the theorem. O

Corollary 5.1 can now be deduced.

Proof. [Proof of Corollary 5.1] As is shown in (3.9), we have
QIC*VZm = 7:1+Svém + 7;178‘/Em-
Again, apply the computation in (5.13), we have

—2(20% + 60+ 1)p + 3\
(20+1)(20+3)(2u+ A)
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Hence, we have
2(202 + 60+ 1)+ 3\

(204+1)(20+3)(2u+ A)

Similar computations give the results for the other two components Wy,,, X¢,,. Further, Lem-

ma 5.2 provides the result for the double layer operator K. |

Finally, the proof of Theorem 5.2 follows the same structure to that of Theorem 5.1 in
employing the jump relations

[D¢] = —¢, [TDg] =0
for the choices ¢ = Vi, Wern, Xem respectively.

6. Application

We study here a case of an elasticity problem involving several spherical inclusions as an
application of the results in the above sections, derive an integral equation formulation and
propose a Galerkin formulation thereof based on the vectorial spherical harmonics.

6.1. Problem setting
Set the sets of indices Ji, Jo, J such that M +1 € Jy, J; N Jo =0 and
JUJy={1,2,...,M, M + 1}, J=JUL\{M+1}, (6.1)

and let Q; C R3, i € J be non-overlapping balls, centered at x; € R? with radius r;, all contained
in an additional ball By centred at the origin with the radius R. Moreover, define the domains

Oy =RN\Bg, Qo:=Bg\ (J @ Q:=Bz\ ] (6.2)
i€J1UJ2 i€Ja
Denote the boundaries T'; = 9€;, i € {0} U J; U J5. Then, it holds that Ty = |J T;. Set
i€J1UJz

further ng as the outward pointing unit normal vector with respect to the domain ¢ and n;
the outward pointing normal vector with respect to each domain €2;, i € J; U Js. Then it holds
that n; = —ngy. We refer to Fig. 6.1 for an illustration of geometry configuration.

In the numerical example presented below, we assume that each inclusion €;, ¢ € Jy is
filled with an isotropic elastic medium associated with Lamé parameters pu;, A;. The remaining
background domain g is filled with medium of Lamé constants g, Ag. Further, we denote
7;fji the normal derivative operator acting on the boundary I'; with Lamé constants p;, A;
and the normal vector n;:

Ta, “u = (2pie(u) + i Tre(w) 1d)n, )

where yj?t are the exterior and interior the trace operators on I';, following the notations given
by (2.4) by taking 2~ = ;. Define the parameter s; by

-1 i=M+1,
5 = ' (6.3)
1 else.

In particular, write

[Tul =72, u-— 7;‘3“1_+u7 on Iy, ieJiUJy (6.4)
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OM+1

no

njo N1

D -
(10, Ao)

LTargr

Fig. 6.1. Geometry setting of the model where j; € J1 and js € Js.

and it is obvious that

+ +
7;21’17; = 51‘7?1)1- :
For given f; € H —3 (I';)2, we impose the transmission condition:
[[u]] =0, [[TU]] = fi7 on I';,i€Jp.

Further, we let the domain €2 be subjected of a given stress tensor on its boundary. Indeed, we
let each part of the boundary I';, i € J; be subjected to a given stress tensor o; € H'/? (T';)3:

7:101-+U = —5i0;. (6.5)
Then, we consider the solution u € V(2)? to the following interface problem:

—div (2pie(u) + X Tre(u)Id) =0, in Q;, i € {0} U Jy,

[[u]]:()7 onT; 1€ Jy,
[Tu] = fi, onl; i€ Jp, (6.6)
7:101,+u = —8,04, onl'y,7 € Js.

Standard arguments involving the Lax-Milgram theorem yields the well-posedness of the prob-
lem.

Remark 6.1. In our case, we pre-defined the index set Jy with the condition M + 1 € Js.
However, by equipping the domain Q11 (which is indeed the exterior domain of the sphere
Bpg) with Lamé parameters pips4+1, Aar41, one can also relax the setting and consider the case
where M +1 € J;.

6.2. Integral equation
Let u € V5(2)? denote the solution to (6.6) satisfying [u] = 0 on T'; for i € J; and define v
on I'y by
V=" u as well as v, =vlp,, Vi€ JUlJy,
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where 77 is the trace operator 7y : H'(Q9)? — H?=(I'g)? defined by (2.4) for @~ = Q. To
deduce an integral equation for v, we first introduce an auxiliary problem: find a solution
ve HY Q)3 to

—div (2uoe(v) + Ao Tre(v)Id) =0,  in Q\Ty,

Yo U =" U, on T. (6.7)

The auxiliary problem (6.7) admits a unique solution v in Q and observe that
v=wu, in Q,

but is different in all §2;, i € J;. Further, there exists a global density ¢ supported on I'g such
that
v=384¢= Y S¢ inQ
1€J1UJ2
6.8

i€eJiUJsy
where Sg is the global layer potential (3.1) with Lamé parameters g, Ao defined on the whole
boundary I'y while S is the local single layer potential with Lamé parameters pg, Ao defined
locally on the sphere I'; and V2,1V? their corresponding single layer boundary operators (3.2).
Further, according to Theorem 3.2, the density ¢; is given by the jump relation

¢ =[Tv] = (ﬂ?ni_v — 7;{3ni+v> =s (’7?1_15 - 7:101_+v), on T i€ JyUJs. (6.9)

The last equivalence in (6.9) is obtained because u = v on €. Further, both solutions u,v can
be represented by some local densities in each domain €2;:

u

o, =Sipi, 1€
o, = S i€ J1UJs,

v

where S; is the local layer potential with Lamé parameters p;, A; while S with pg, Ag, both
of which are defined locally on the sphere I';. For the corresponding single layer boundary
operators VP, V; defined by (3.2), we have

Vi =Viei =vi, i€ Jy.
According to Corollary 3.1, the single layer boundary operators V?,V; are invertible, so we have

’l/)i:VzQil(’yiU) :Vzoilvi, on I';,1 € J;UJs,

6.10
0 = Vi_l(’}/iu) = Vi_lVi, on I';,1 € Jy. ( )
Now, according to Theorem 3.1, we have
- 1 *
T 7S = sizibi + K s, on I'y,i € JyUJy,
2 (6.11)

- 1
Ta, Si¢¢=8i§@i+lcf@i, on I'y,i€ Jp,

where K", K are adjoint double layer boundary operators (3.5) defined locally on T; with
Lamé constants pg, A\g and p;, A; respectively. In problem (6.6), we have

O+, {7;1151% —fi, on I'ji€Jy,

—S;05, on I';,i€ Jy,
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where f; € H=2(I';)3,0; € Hz(I;) are given transmission conditions and Neuman boundary
conditions respectively. Providing (6.9)—(6.11), we have

1 _ . n—
5V LV (KOO KV Y+ s, i€,

i
¢i - 1 071 0*+,0—1 .
§Vl v, + 8K V) v+ 804, i€ Js.

According to (6.8), we have
(Id V&L = V2% (6.12)

where L is an operator defined on each I';:

1 _ . n—
Llr, = L= Z00 =V + KTV - kv, i€,
1lo-1 0%y,0—1 .
Llr, =L; = QVi vi+ sk Vi v, i€ Ja,
and the vector X satisfies
[2) € J )
Slr, = f ? 1
oiy 1€ Jo.

6.3. Galerkin approximation

Introduce Vi ;,i € J1 UJ, the set spanned by vector spherical harmonics (4.4) on the sphere
I'; with a maximum degree N:

N V4 3
Vi, = {Z > Z[yl-]éfmn’::;(z)\[yiwm € R}, (6.13)

{=0 m=—{ k=1

where we write YEW = Vim, Yfm = Wom, Yf;n = Xym and Ygfg(x) = Yé’fn (ﬂ) . Define also the

T

global set
VN = ® Vi (6.14)

i€J1UJ2

We look for the approximation of vy € Vy to (6.6) with
Vie Jg U JQ,V'UN’Z‘ S VN,i : <VN,i — V8£VN7UN,i>Fi = <V2:27UN,i>Fi~ (615)

In practice, we use the quadrature (4.7) to approximate the inner product and the approximate
solution vy on each I'; thus satisfies

Vie Jp U JQ,V'UN;L' S VNJ' : <7/N7i - Vg»CVNa'UN,ih‘i,t = <V8‘27'UN71'>F1‘,75'

Denote by M = 3(N + 1)%(|J1| + |J2|) the number of degrees of freedom. The RM-vector
collecting all the coefficients [y] ’Zm denoted by A yields the linear system

(D-N)A =F, (6.16)
where by (4.5), (4.6), the M x M diagonal matrix D is given by

[Diilim.om = (20+1)(€ + 1), [Diil om = (20 + 1), [Dsiln, om = (€ + 1),
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and where N is a M x M matrix with coeflicients

Kk’ 0 K’ ki
[Nij}ém,l’m/ = <VGLj)/Z’m” Yln11>pi’t' (617)
The right hand side F € RM is given by its coefficients:
[Fl]lgm = <V827 Y-ZI::L>F1¢ (618)
To derive the entries of the matrix (6.17), recall the spectral results in Lemma 5.1 so that we
have on T';
v, Yk Ly Yoty R L yKi
J Om’ T k'g “4&'m’> J m’ T k'0 “4'm/>
iTv,e ity
K'j Kj kg 0y/k'j K0 yk'j
VgL =K, V8L, KOV = o0, VE

where T{j/g,, T)Ié/*j , are eigenvalues of the single and double layer boundary operator with Lamé
constants /1, \; given by (5.2), (5.5) respectively. Hence, we have

K 1 K
LYy = —Ciow Yo,

'm’>
J
where the constant Cp - reads
’ ki
1 1 _ 1 T]]é*o,é/ B T)C*j7e/ . c J
o \7#0 &5 k0 &5 J 1s
. — ke Ty v, Ty

Cj[’k’ = w0 )
1/2 + ity )
T — J € Ja.

™V

Recall that s; denotes the parameter defined by (6.3). Further, by (5.3), (5.4),

T —T; : T —
|y, (7J)m(7ﬂ> <y
, r] m’ |1' o m‘7| v, e Tj y |.’L' x]' — T']’
(87Y) (@) =
T — T, T —
ri| Yo ,(4)14?)12,( J) |z — x| > 7y
J | £m |$—Ij| s 'f'j y J 7

’

where [];s denotes the k’-th column of the obtained matrix. Hence, the coefficient [Ny;]5E .
of the matrix N (6.17) reads

’ 7/ .
[Nilim ormr = (V&L b, YT, 1
Tg
=Ciow Y weY (5008 Vi (x5 +rise)

t=1
t t
() ()]
|yij Ty &

TQ
=Cjor Y wiYfi(se)
where y; = x; +7is; — x; and f(j) takes the value

t=1
) in j=M+1,
f() =
out else.
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In particular, when ¢ = j, we use (4.5) for the exact value of the inner product and obtain:

kk/
[ 1 Zmé’m’_z Z Czé’k:’TVZ Zm7Y’m’>

UV'=0m'=—¢

Finally, the right-hand side vector F with coefficient [F; ] is given by:

Z Z Z( 5'/m/TVW<Y/m’ Ye%)n

=0m/=—¢"k'=1
£ Yt
A%(—”)} , e iUl
) VN ) g rehs

+ ZTJ Z Vb we Y (s1) [M( I

JESIUT, t=1 z.7|
J#i

where [2;]% € R is determined by the right-hand side vector X in (6.12) :

N ¢ 3
She,=Y 0 >0 Y [Eilia ()
{=0 m=—{ k=1
Remark 6.2. A similar physical model called “Finite Cluster Model” was considered in [22]
in where an algebraic formulation is derived through the use of M2L-operators (using the fast
multipole method terminology). However, with the jump relations given in (3.10), the algebraic
formulation of the “Finite Cluster Model” can be proven to be equivalent to the discrete integral
formulation (6.15) presented above.

It shall be noted that the mathematical framework introduced here through the use of layer
potentials and boundary operators in order to derive an integral equation (6.12) defining the
exact solution and and the subsequent introduction of the Galerkin discretization (6.15) allows
a mathematical analysis which will be subject of an upcoming work.

7. Numerical Tests

For all following computations, we chose the number of Lebedev integration points T} such
that, for given N, products of two scalar spherical harmonics of maximal degree NN, thus
spherical harmonics of degree 2N, are integrated exactly. The number of points can then be
extracted from Table 4.1.

7.1. One sphere model

We start with a simple model involving only one single sphere whose solution can be com-
puted analytically in order to assess the convergence of the method in this simple setting. For
simplicity, let S> C R? be the unit sphere on which a stress tensor o € H 3 (S?)3 is imposed and
let the Lamé constants be pug = A\g = 1. Let n be the outward pointing normal vector with
respect to the unit sphere S?. The solution u € V(B)? to the problem

—div (2e(u) + Tre(u)Id) =0, in B,
Tn u=o, on S?,

reads
u(z) = (SA+K*)"'o)(z), VreR? (7.1)
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with S being the single layer potential (3.1) and K* the adjoint of the double layer boundary
operator (3.5). For the given tensor o, if there exists an integer fex such that we can expand o
by means of vector spherical harmonics up to order fqy:

l 3 ’rk
Aex =3 > > 2 [, YVE (), (7.2)

where T§7£,T)§*7e are the eigenvalues of the single layer boundary operator and the adjoint
double layer boundary operator given by (5.2) and (5.5) resp. They only concern in computing
(7.2) is that the denominator tends to zero if 7. , approaches —1/2. Recall that according to
Remark 5.1, the only possible eigenvectors of K* with the eigenvalue —1/2 are Wy _1, W1 o, W1 1.
According to Appendix A, we see that they are constant and parallel to the cartesian basis
e;,i = 1,2,3. To ensure that (7.2) is well defined and these modes avoided, we simply impose

that
/ oc=0.
SQ

We consider the following four cases:
e Case 1. 0 = —(2,9,2) .

e Case 2. 0 = —(2,0,0)".

e Case 3. o = —(27,y",2")".

e Case 4. 0 = —(sin(27z), sin(27y), sin(2ﬂ'z))T

Table 7.1 lists the L? norm of the numerical solution on the unit sphere ||A||z2 in each case
with different degrees of vector spherical harmonics and the relative error is defined by

Re =
||Aex||L2

(7.3)

The exact solutions Aey in the first three cases are exactly computed by the (7.1), (7.2)
while the in the last cases, the “exact” solution is obtained by taking a large enough feyx (in
this case £ox = 50).

Table 7.1: Relative error Re of the approximation to the one-sphere model.

N Case 1l Case 2 Case 3 Case 4
2 0 0 1.985e-01 5.375e-01
5 0 0 4.020e-03 6.797¢-02
8 0 0 4.796e-09 1.370e-04
11 0 0 0 7.892¢-13
14 0 0 0 7.097e-13
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7.2. Convergence with respect to the degree N

We study now the convergence of the error measured in the L? norm with respect to the
degree N of the vector spherical harmonics. Using the notation introduced in Section 6, we
test a model with M = 2 and

Ji={1}, J»=1{2,3}.

Let T'; be the sphere centered at (1,0, 0) respectively with radius 0.1 and 'y centered at (—1, 0, 0)
with radius 0.1 while I's is centered at (0,0,0) with radius 2. The inclusion €2, is filled with a
medium represented by the Lamé constants u; = 10, A\; = 10 while the background domain €2
uses o = 1, A\g = 1 as Lamé parameters.

The interface condition [Tu] = 0 is imposed on I'; while the spheres I'g, '3 are subjected
to a stress tensor 7;1Jgu = —o09 respectively 7:1+3u = o03. Table 7.2 illustrates the parameters of
the above geometry configuration.

Table 7.2: Geometric configuration of the case study for convergence with respect to the degree of
vector spherical harmonics N involving three spheres.

Set Sphere  Center  Radius Lamé constants  Stress tensor Transmission

Jh Iy (1,0,0) 0.1 g1 =10,A\ =10 [Tu] =0
Jo Iy (-1,0,0) 0.1 — Tibu = —0s —
J2 Fg (07070) 2 Ho = 17)\0 =1 7;;:’LL = 03 I

We now test two cases to see the relation between the relative error and the degree of the
spherical harmonics for different kinds of imposed stress tensors s, 03:

1. The two stress tensors are set to be smooth functions such that

Tatu = —0y = 10(sin(27(z + 1)), sin(27(y + 1)), sin(27(z + 1)) |,

+ . . . T (74)
Tatu = o3 = —2(sin(27z), sin(2my), sin(27z2))
2. The stress tensors are set to be piecewise smooth such that
0.2,0,0)" >0,
T =0y = | ) _ w2 (7.5)
—(0.2,0,0)" =z <0,
and
1,0,0)7 >0,
Titu=o05= (1,0,0)" ==z (7.6)
—(1,0,0)T x<0.

We compute the “exact” solution to the problem with a large degree of vector spherical
harmonics (Nex = 50) for both cases. In the Fig. 7.1, we illustrate the log of the relative error
(7.3) with respect to the degree N of spherical harmonics of the two tests above. We observe
exponential convergence in the first case where the given stress tensor is regular. In the second
case, the situation is less clear as an initial pre-asymptotic is followed by a very fast convergence
and the asymptotic regime is not yet reached, but the absolute error is already very small.
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Fig. 7.1. The L? error of the approximation with respect to the degree of spherical harmonics for the
test cases (7.4) (left) and (7.5)—(7.6) (right).

7.3. Computational cost

Next, we study the computational cost of our numerical method by considering an “embed-
ded model” with M inclusions by increasing the value of M. We do the following test with
Matlab on an iMac with a 2,7 GHz Intel Core i5 processor.

We consider a case where a stress tensor TDnM+1+u = f%(x, Y, 2
centered sphere with radius R, denoted by S%. Inclusions are taken to be all the spheres with
radii 0.1, centered on a cubic lattice Z3 and which are contained in S%. We increase the number

)T is imposed on a origin-

of inclusions M by increasing the value of the radius R of the big sphere. Table 7.3 lists the
number of spheres with respect to the radius R that grows of course cubically.

Table 7.3: Number of spheres w.r.t the radius R.

Radius of the big sphere 1 2 3 4 5
Number of total spheres 2 28 94 252 486

We fill each small inclusion with a medium associated with the Lamé constants p; = 10, \; =
10, ¢ = 1,..., M and take the transmission condition [7u] = 0 on each embedded sphere.
Further, the Lamé constants of the background domain are fixed to be pug = 1,A\g = 1. The
degree of the vector spherical harmonics is chosen to be N = 3. Further, we stop the iterative
solver of the linear system when the residual is smaller than 1076. Fig. 7.2 illustrates the
computed elastic deformation of the model computed when R = 3. The colorcode represents
the modulus of the displacement.

We report the result of the computational time in Fig. 7.3 which illustrates that the com-
putational cost with respect to the number of spheres grows as O(M?). This is the normal
scaling for an integral equation involving M spheres, whose iterative solver requires a number
of iterations that is independent of M which we observe.

7.4. The effect of an inclusion

We now consider the unit ball B; which contains an additional inclusion ©; in form of a
sphere centered at the origin with radius 0.5. We study how the displacement on the unit sphere
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Fig. 7.2. The elastic deformation of the embedded model when R = 3. The colorcode represents the
modulus of the displacement.
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Fig. 7.3. The run time in second with respect to the number M of spheres (log-log scale).

S? is influenced by the compressibility of the small inclusions €;. We will use the Poisson’s
ratio as the parameter defined by (1.2) describing the compressibility of a substance.

Let the stress tensor —(z,y, 2) T be imposed on the unit sphere S? and fix the shear modulus
of the exterior shell Qo = B;\Q; to be yy = 1 and the shear modulus p; = 1 for the inclusion ;.
We test several cases where the the exterior shell and the inclusion are associated to different
Poisson’s ratio vy, 1. Recall that vg, 11 € (—1,1/2) according to the definition, we have the
limit values of the first Lamé parameter \;:

2
M —— =2, A\ —— 0.
v1——1 3 vi—1

In Fig. 7.4, we plot the L? norm of the displacement on the unit sphere by letting the Poisson’s
ratio vq vary in [—1,0.4998] with different given values of Poisson’s ratio vy of the background
domain . In Fig. 7.5, we give two solutions with different Poisson’s ratios: the left solution is
obtained by setting 1, = 0.4995 while the other is obtained by setting ¥ = —1, both embedded
into a background domain with vy = 1/6.
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Fig. 7.4. The L? norm of the solution on the unit sphere with respect to the Poisson’s ratio v of the
inclusion. Each curve is obtained by a given background Poisson’s ratio vy specified by the legend.

Fig. 7.5. Two solutions with the Poisson’s ratio vy = é. The left solution is obtained for v1 = 0.4998
while the left for 4 = —1. The colorcode represents the modulus of the displacement.

8. Conclusion

In this article, we have discussed the layer potentials and their corresponding integral opera-
tors on arbitrary bounded domains with Lipschitz boundary in the context of isotropic elasticity.
We proved jump relations of layer potentials and the invertibility of the single layer boundary
operator. In the particular case where the body is a unit ball, we present spectral properties
of the boundary operators on the base of the vector spherical harmonics. We then derived a
second-kind integral equation for isotropic elastic materials with spherical inclusions that was
then discretized by employing the vector spherical harmonics as basis functions and exploiting
the spectral properties to enhance efficiency of the discretization. In the last part, we effect
some numerical tests to asses the properties of the method: the accuracy with respect to the
degree of the vector spherical harmonics and the complexity of the computational cost with
respect to the number of spherical inclusions. We also used the method to explore how the
deformation of the elastic material is effected by the value of the Poisson’s ratio.
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Appendix A: Computation of the First Few Vector Spherical
Harmonics

We first start considering the table of vector spherical harmonics up to the second order as
listed below:

1 /15 1 /15
Vo1 =4/ — Yoo = =4/ = (2% —9?).
2,1 B W$Z7 2,2 1 W(ﬂf y)

This gives first the obvious result that
1 /1 T
(= 0: pr = —5 7(1‘, y,Z) and WOO = Xoo =0.
™

Using the definition of the surface gradient (4.3), we obtain

3 T
(=1: VY =/ (0,1,0) —y(@.y,2)
7I
VsY1,0 = \/i((o 0,1) — z(x z))T
s11,0 — A s Yy »Ys )
VoVin = 1/ ((1,0,0) — 2wy, 2)) |
s11,1 — A s Uy 'Y, )
1 /15
(=2 VSYZ,—Z = 5 ?((y,l',()) - 2$y($79a2))T7
1 /15
vSYV2,—1 = 5 ?((O,Z,y) - Qyz(zvyaz))Tv

1 /5 T
vsz2,O = \/;((—.’E, Y, 22) - (_x2 - y2 + 222)($,y,2)) ’

2

1 /15
st2,1 = \/>((Z70,1') - 21’2(1’, Y, Z))T7
2V 7
1 /15
VSY2;2 = 2\/;((‘/1:7 _y70) - (xQ - y2>(l‘7y7 Z))T

The spherical harmonics Vp,, up to order 2 are then given as follows

1 /1
3:0: %70:_2\/;(%%2)1'7

3
f = 1 . ‘/1’—1 = \/;((07 170) - 2y(x7yﬂz))—r?
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3 T

Vio =1/ E((O’ 0,1) — 2z(x, y,z)) ,
Via = 1/ 2 ((1,0,0) — 2a(z,5.2)) "
1,1 — Ar s Yy » Y, )

1 /15 T
=2 ‘/2,—2 = 5 ?((y,x,O) - 5.’13y($,y,2)) ;

1 /15 T
‘/2,—1 = 5 7((072’(@) _5yz(x7yﬂz)) )
T
1 /5 5 T
‘/2,0 = 2\/;((13, -Y, 22) - 5(7:62 - y2 + 22’2)(I, y,Z)) B

1 /1
‘/2,1 =5 —5((2,0,:8) - 51’Z(may72))—r7
2V 7
N LN P A T S T
‘/2,2—2 ﬂ_((‘rv yvo) Q(x y)(x,y,z))

The spherical harmonics Wy, up to order 2 are given by

{=0: WQOZO,

=1: 1 =1/—=(0,1 =1/->(0,0,1 =/=q
14 VVl7 1 Ar (O, 70) ) WLO Ar (0707 ) ) WLl 47‘['( 5070) )
1 /15 1 /15 1 /5
{=2: WQ,—2 = 5 ?(y,x,O)T, WQ,—l = 5 ?(O,Z,y)T, WQ,O = 5 ;(71'7 7y322)—r7

1 /15 1 /15
WQ,I =3 ?<Z707x>—r7 W2,2 =3 ?(.’E, _y?O)T'

2 2
And finally, the spherical harmonics Xy, up to order 2 are given by
{=0: XO,O = 0,

3 3
=1: Xy =) —(— T Xi0=1/—(y,—2,0)7
14 1,—-1 47T( Z,O,JJ) ) 1,0 47T(y’ .’L‘,O) )

1 /5 1 /15
XQ,O = 5 ;(Syza 73z270)—ra X2,1 = 5 ?(‘Tya Z2 - x27 7yZ)T7
1 /15
X2,2 - 5 ?(yzvxza _Qxy)—r'
out

Appendix B: Entries of Matrices AF, and A%

The coefficients in AR , and AQ'Y are given as follows:

LD (C+2)((3C+2)p+ (€+ 1)A) (3¢ + 1)+ LX)

T = 20+ 3)(20 + 12u(20n+ N 7
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mpe D+ 2)(BO+2)u+ (L+ DA) (1 +N)

Q11 = — 2(20+1)2(2u+ M) ’
e _ (L D+ 2)((BC+ 2+ (C+ DA (p+ )

G212 = 2(20 — 1)(20+ Dp(2p+ N) 7
e L= DN B+ Dyt £))

M T TR )R 1P+ )

gnpr =D+ D+ N
217 9020+ 1)2u(20 + A)

i (0P 42402 — 50— 8) 1% 4 2(0% 4 602 — 20 — 2)uX + (2 — £)\?

G222 = (20— 1)(20+1)u(2u+ )
and

out 1 (L4 1)((£% + 100+ 4)p® + (20% + 80+ 2)ul + (12 4+ )\)

1l = 2020+ 1)(20 + 3)u(20 + ) ’
aout,D,Z — _g(é + 1)(€ + 2)(:”‘ + >‘)2
11,2 2020+ 1)2u(2p+ N)

out,pe _ (LADE+2)(n+2)((B+2)p+ (L+1)))
G217 = 20— 120+ )22+ M) )

out,D,0 __ Z(é - 1)(:“‘ + >‘) ((36 + 1),“ + l)\)

20 T T 00 3)(20+ D2 + A2)

outpe AC—=1)((BC+ D)+ X)) (n+N)
22T TR DR+ 2+ )

outpe (L= DB+ D+ LN (304 2)u+ (£+ 1))
o2 = (20— 1)(20+ 1)2u(2 + A)
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