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Abstract. A numerical scheme for the nonlinear fractional-order Cable equation with
Riemann-Liouville fractional derivatives is constructed. Using finite difference discretiza-
tions in the time direction, we obtain a semi-discrete scheme. Applying spectral Galerkin
discretizations in space direction to the equations of the semi-discrete systems, we con-
struct a fully discrete method. The stability and errors of the methods are studied. Two
numerical examples verify the theoretical results.
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1. Introduction

Fractional models provide a more detailed and comprehensive description of the mem-
ory, heredity, and non-locality. Therefore, fractional calculus is widely used in viscoelas-
ticity and non-Newtonian fluid mechanics [28], fractional heat conduction [23], fractional
Brownian models with stochastic volatility [20], and physics [6]. Theory and application
of fractional calculus has gradually become a hot new issue [22].

In particular, recently the time fractional diffusion equations (TFDE) and fractional
wave equations have been intensively studied both theoretically and numerically. Thus
Schneider and Wyss [24,31] analyzed fractional diffusion wave equations, whereas Sun et
al. [27] investigated a fully discrete difference scheme for their solution. Liu et al. [15] stud-
ied the stability and convergence of discrete non-Markovian random walk approximations
of TFDE obtained by a finite difference method. Langlands and Henry [7] established an
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implicit numerical scheme based on finite difference approximations for time fractional dif-
fusion equations with the Riemann-Liouville fractional derivative. Sun et al. [26] used the
Alikhanov’s work [1], in order to study the stability and convergence of the discrete scheme
for fractional wave equations. A new second-order midpoint approximation formula for the
Riemann-Liouville derivative has been suggested in [3], and two implicit numerical meth-
ods for the fractional cable equation are considered in [16]. For time-fractional parabolic
equations with nonsmooth solutions, Liu et al. [10] developed a numerical method based on
thee change of variable s = t# and established an optimal error estimate of the L1 finite dif-
ference method. The unconditional stability and convergence of the fast difference scheme
for a second-order multi-term time-fractional sub-diffusion problem are proved in [5].

Non-linear fractional equations and numerical methods of their solution are also stud-
ied. Thus high order methods for nonlinear fractional ordinary differential equations are
developed in [12]. Liu et al. [17,18] considered a finite element method combined with
a finite difference scheme for a fourth-order nonlinear time fractional reaction-diffusion
problem. Li et al. [9] considered L1-Galerkin FEMs for time-fractional nonlinear parabolic
problems, whereas Duo and Zhang [4] studied numerical methods for the fractional nonlin-
ear Schrodinger equation. The stability and convergence of an implicit numerical method
for nonlinear fractional diffusion equations are analyzed in [13,37], and finite element
approximations for the nonlinear fractional Cable equation are discussed in [19,29]. Li
and Yi [8] constructed a discrete scheme for a two-dimensional nonlinear time-fractional
subdiffusion equation, and Zhang and Jiang [36] developed an unconditional convergent
numerical scheme for a two-dimensional nonlinear time fractional diffusion-wave equa-
tion. A compact difference scheme for nonlinear fourth order fractional sub-diffusion wave
equation has been proposed in [21], and a linearised three-point combined compact dif-
ference method with weighted approximation for nonlinear time fractional Klein-Gordon
equations is developed [35].

Spectral methods are important numerical tools in fractional differential equations [25].
Thus the spectral-collocation method for fractional integro-differential equations is studied
in [33,34]. Chen and Yang [32] considered a numerical method for nonlinear Volterra
integro-differential equations. Wei and Chen [30] studied a Jacobi spectral approach to
second kind multidimensional linear Volterra integral equations. Xu and Li [11] considered
finite difference-spectral discretizations for the time fractional diffusion equation. A finite
difference-spectral method for the fractional Cable equation is investigated in [14].

The fractional Cable equation is used in modelling of anomalous electro-diffusion in
nerve cells. In the present work, we develop a numerical scheme for the nonlinear time
fractional cable equation which is based on finite difference approximations in the time
direction and a Galerkin spectral method in the space direction. The stability and the errors
of the corresponding semi-discrete scheme are proved. Besides, we consider a fully discrete
scheme and determine the related errors. Numerical examples verify the theoretical results.

This paper is organized as follows. In Section 2, we use finite difference approximations
in the time direction and establish a semi-discrete scheme. After that, we employ Galerkin
spectral approximations for the space direction and obtain a fully discrete scheme. Section 3
is devoted to the stability of the semi-discrete problem. The error analysis is presented in
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Section 4. Two numerical examples considered in Section 5, verify the theoretical error

estimates. A brief conclusion is given in Section 6.

2. Model Problem

In this section, we consider the nonlinear time fractional Cable equation, and construct
a numerical discrete scheme.

2.1. Preliminaries

Let s > 0 be a real number such that n—1 <s < n and f(t) be a function defined on
the interval [0, T].
The left and right Riemann-Liouville fractional derivatives are respectively defined by

oD f (1) := : dnJLdr t€(0,T),
0

t I'(n—s)dtn (t—rg)—ntl= 7’
—1)* g T
w030 = [ SO as e,

t
Besides, the left and right Caputo fractional derivatives are respectively defined by

t

Chs _ 1 f(7)

Oth(t) - F(n—s) o (t _T)S—n+].dT’ te (O) T))
n T n

Cps f(t) = (=1) 'O 4o e,

I(n—s) ), (v—t)y
Lemma 2.1. The Caputo and Riemann-Liouville fractional derivatives are connected as fol-

lows:

1) Ifae[n—1,n), nE€N, then

fia)(t—a)y™*

n—1
WDEf(6) ={ Df‘f(t)+zo g
=

2) If0<a<1,then
f(0)

ODIF (0 =5 DI (O + s

2.2. Discrete scheme

Let A=(—1,1),I =(0,T] and Q := A xI. Consider the nonlinear time fractional Cable
equation
Bou(x, t) = —ufD%u(x, ) +8 DP 02u(x, ) — Z(w) + g(x, t),
u(x,0) =ug(x), X €A, (2.1)
u(=1,t)=u(l,t) =0, tel,
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where 0 < a,f3 < 1. Here and in what follows, we assume that there exists a constant
C > 0 such that

| ZW)| < Clul, |Z'(u)|<C.

Now we use a finite difference scheme to discretize the above equation in the time
direction and obtain a semi-discrete version of the problem. Given an integer K > 0, let
t, =kAt, k=0,1,...,K, where At = T /K is the time step. Using the Taylor formula, we

write
t

u(t) = u(s) + du(s)(t —s) + J 8T2u(r)(t —1)dT, t,s€I,

S

andif 0 <k <K—1, we set

1 Zk: e ds
D%u(x,tpyq) i = ——— J du(x,s)——
t k+1 F(l _ a) ].:0 tj S

(teer —5)*

_ 1 Zk: ulx, tjp)—ulx,t) (5 gs 4k
ri—a) p= At o (tggp—s) @
= J

t

k
1 uloe, tipr—g) —ul ) 00 1 ke
:F(Z—a)z At® [G+ D= g
j=0
k
_ 1 Z _U(X, trp1—j) —ulx, tj) 4kl
r(2—a) = J At* a
where
a;j=G+D"*—j7% j=0,1,2,...,k (2.2)
and r**1 is the truncation error. Note that

a

k=g (Atz_a).

a

The proof this fact can be found in [11,14].
Similar expression for the fractional derivative of order 8 has the form

Dfaxzu(x, tiv1)
_ 1ﬂ(zl_ o jz;: jaxzu(x, tk+1—£t_ﬁ o2u(x, ti—j) n rl/;+1, (2.3)
where
bi=G+D"P—jP, j=0,1,2,...,k (2.4)

ritt=o(acr).
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The first-order time derivative J,u is discretized as follows:

u(x, t1) —ulx, to)
At
3u(x, tepq) —4ulx, ti) +ulx, t_q)
2At

ouu(x,ty) = +rq, r1 = O(At),

+r1y, ro=0(AL?), k>1.

8tu(x) tk+1) =

Let {y* }Ik<:0 be a grid function. By L{ and L} we respectively denote fractional and first
order differential operators defined by

k

1 , .
Le L e A~ k+1=j k=] , k>0, 2.5
e F(2—a)Ata;al(y Y), k= (2.5)
1_.0
- Aty ’ S
Llyk+l = (2.6)
t k+1 k k—1
3 —
YA Y psq
2At
It follows from (2.2), (2.3) and (2.5) that
Dtau(x’ tk+l) = L?u(x: tk+l) t T
2.7)

D u(x, ti1) = LPu(x, ti1) + .
Using the operators (2.6) and (2.7), we write the problem (2.1) as
1, k+1 _ k+1 B a2, k+1
Lou™ =—uLfu™"" +L; 3 u

- [ 1 ,
ra—ak+ eac O T pa T pac 10

- (uk+1) + gk+1 + pk+l _Mr§+1 + rgﬂ, k>0,

where r**1 = g(At) for k = 0 and r**! = @(At?) for k > 1. Consequently, the finite
difference scheme for the time discretization of (2.1) has the form

L}uk“ — _ML?ukH + Lfajuk“

W 0 1 2.0
- + 5
T(1—a)(k+ 1)eAe ' T(1—)(k+ 1)PAch x"
—ZWN + ¢, k>o. (2.8)

We write euk for the exact solution u(x, t;) of the problem (2.1) at the point (x, t;) and uk
for the semi-discrete solution u*(x) obtained by the finite difference scheme. The truncation
error of the semi-discrete scheme (2.8) is denoted by Rk+1, ie.

ReHL — phtl ikt | okl s

=r pry "+t
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The semi-discrete scheme (2.8) can be written as

u —u - 1 0 1 2.1 2.0
- 1) (32! — 52
At T(2—a)Ate (! —u)+ T(2— ﬂ)Atﬁ( )
u 0 1 1
— + +gl, 2.
F(l—a)Atau YN 20— 7w+ g (2.9)
3ukt — gyk 4 k1
2At
k . K
(e e PR S— o A LSS I E RS
- a)AtaZOIa] u) r(z-ﬁ)mﬂ; j (6u )

04 1 2.0 k+1 k+1
asu — + 2.10
F(l—a)(k+ 1)aAtau T(1—pB)(k+1)BAE > 97(“ ) g, (2.10)

and is supplemented by the following boundary and initial conditions:
uk+1(1)=uk+1(_1)=0, kz 0,
0 (2.11)
u’(x) =ug, x € A.

Consider the weak form of the semi-discrete problem (2.9)-(2.11). For this, we define
the function spaces
H'(A):={v e L*(A),0,v € L*(M)},
Hy(A) :={v € H'(A),v]5, =0},
H™(A) :={veL?(A),3fveL*(A),0<k<m,keN*}

and the norms on L2(A) and H!(A) by

1 1

Ivllo=(v,v)2, vl =(v,v);.

For simplicity, we multiply the Egs. (2.9) and (2.10) by At. Using the notation
UAt [3 _ At
r(2—a)Ate’  T(2-pALE’
UAt ~ At
> ﬁk+l = >

I(1—a)(k+1)*Ate I(1—p)k+1)BAtLA

&= (2.12)

&k+1 = (2.13)

we write the equations
(u1 — uo,v) =—a (u1 —u° v) —p (8 u®—a.ut, 3xv)
—a, (u v) [51 (8 u°, 0 v) At (g(ul),v)+At (gl,v), (2.14)

2(3uF —4uk + Uk y)
k—1

= —46L|:a0 (uF1,v) Z —aj1)( uk 7 v) —a (uo,v)]

j=0
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k—1

—4/5[130 (8,u*,0,v)— Z (b;—bjy1) (8", 8,v) — by (8,0, 8,v) ]

j=0
— 4041 (uo, v) — 4/§k+1 (8xu0, axv) —4At (ﬁ(uk“), v)

+4At (gt v), k=1, (2.15)

which should be valid for all v € Hé (A).

Using the semi-discrete problem, we apply the Galerkin spectral method to discretize
the space derivative. Let Py(A) denote the set of all polynomials p(x) of the degree at most
N and let

PJ(A) = Hy(A) N Py(A).

Consider the spectral Galerkin method for (2.14) and (2.15). More precisely, we want to
find ukt € PY(A) such that for all vy € PS(A) the following equations hold:

(u}\, —ug,,vN) =—a (u}v —u%,vN) —B (Bxug, — Bxu}v, ava) —a, (ug,,vN)
— B, (8 u?,,@va)—At(gf‘ (ullv),vN) +At(g1,vN), (2.16)
2(3u]’§;rl 4uN+uN ,VN)
k—1
:—46£|:a0 (ullffr ,vN)—Z(aj—ajH)(uI;,_J,vN)—ak (u%,vN)]
j=0

k—1
—4/3[130 (2™, 80vy) = D (b= bjr) (B, B ) — b (2,118, 2wy ]

j=0
— 4041 (uN,vN) 4[5k+1 (8 uN,a vN) 4At(9’( k+1) vN)

+4At (gk+1,vN), k>1.
The above scheme can be also written as

2(3u1]§fr1 4uN+uN , N)
k—1

4a(uk+1 )+4&Z(aj—aj+1)(u§_j,v1v)+45lak (u?,,vN)
j=0

~
—_

—4f (0,uk, 8, vy ) + 4 /3 (bj—bj1) (g ', 3y )

—.
Il
o

+ 4P by (ruy, 0o vy ) — 4t (U, Vi) — 4Prs1 (Bxuy, Bvy)

—ant(F (ukth),vy) +4At (g5, vy), (2.17)

and we arrive at fully discrete scheme.
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3. Stability Analysis

Let us prove the stability of the semi-discrete problem. For this, we have to recall aux-
iliary results.

Lemma 3.1 (cf. Lin et al. [14]). The coefficients a; and b; in the Egs. (2.2), (2.4) satisfy the
relations

a]'>0, b)>0’ j:O,].,...,K,

l=ay>a;>--->a;, a;—0 as j— 00,

1=by>by>--->bj, bj—>0 as j— oo.

Lemma 3.2 (cf. Lin et al. [14]). The coefficients &, and @x,q, Prsq in the Egs. (2.12),
(2.13) satisfy the relations

Adgyq < Qpyq < Aay,
Bbis1 < Brs1 < Bby.

Lemma 3.3 (cf. Lin et al. [14]). The second-order backward Euler difference scheme satisfies
the equation energy norm

2 (3uk+1 _ 4uk + uk—l, uk+1)
k+1y2 k2 k+1 k2 k k—1y2
= [l HIG = Ml1G + 12w =ty — fl2u” —u™ g

+ ||uk+1 _ Zuk + uk+1||g,
where || - ||o is the energy norm.
Now we can present a stability result.

Theorem 3.1. For all sufficiently small At, the semi-discrete problem is unconditionally stable
and

1 1
112 , = 1-j12 . A 1—j))2
2+ ajll™ 12+ B byl gul |12

j=0 j=0
< luOllf + Gaollu®lif + Bbolloulllf + CAtlighllf, k=0, 3.1
S < sk+catllghtZ, k=1,...,K—1, (3.2)

where

k k

k k2 k k=112 ~ 112 2 112

SK = [luk |2 + 120k — Y2 + 26 D agllwd 12+ 28 D bill |2, k> 1.
j=0 j=0
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Proof. Consider first the case k = 0. It follows from (2.14) that for all v € Hé (A) we
have

(ul — uo,v) =—a (u1 —u°, v) — [3 (8xu1 — 8xu0, 8xv) —a, (uo,v)
—[31 (axuo,axv)—At (ﬂ(ul),v)+At(g1,v). (3.3)
Choosing v = u! in (3.3) gives
(ul,ul) = (uo,ul) —a (ul,ul) +(a—a,) (uo,ul) —B (8xu1, axul)
+ ([; — [31) (axuo, Bxul) — At (g(ul),ul) + At (gl,ul) .
Since
d—dl = d—dal = d(l—al),
the Cauchy-Schwarz and Young’s inequalities, Lemmas 3.1 and 3.2, and the condition im-
posed on & (u) yield
20ut 13 < ®llg + Nt Iy — 2allu 1§ + (@ — Gay) 11§ + (@ — day)llu |13
— 2118 [I§ + (B — Bb)IISCI5 + (B — Bby)lIScu I
— At (g(ul),ul) + At (gl,ul)
= [l®l13 + Il 13 — @ (aollu* I + a1 1u°]13)
— B (bollacu 115 + bal18,u°lI3) + dagllu®l13 + B boll &I
— aay |[u [ — BbylIBu I3 + CAt|[u |2+ CAtlI g3 (3.9

Recalling that ay = by = 1, we obtain
112 4 A 12 012) 1 A 12 02
15 + @ (aollu § + ay lu®l13) + B (bolldu 115 + by ll0u°lI3)
+aay [lut I + Bb 1o,ut 113
0112 4 02 L @ 012 12 12
< [lu”llg + @aollu”llg + Bbolloxu”llg + CAt|lu™|[5 + CAtlig 5.
This inequality can we written as

1 1
(A —CaDl! I3 +a Y il 2+ B D blleu 7|2
j=0 j=0

+aay [l + Bbyllout I3
< |Ju®lI3 + dagllu®ll2 + Bbolla,ullZ + CAtllgh]I3.
It follows that for sufficiently small At, the estimate (3.4) yields

1 1
112 ~ 1—j12 A 1—j12 ~ 1112 Q 112
12+ @D aglle 2+ B D byl 8, |2 + éay | |2 + B by | 2,u" |13
j=0 j=0

< I3 + aaollu®ll5 + B bollou®lly + cAtligh 13- (3.5
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For At > 0 the last two terms in the left-hand side of (3.5) are positive, and (3.1) is proved.
Assume now that k > 1 and choose v = u**!

in (2.15). The triangle inequality along
with Lemmas 3.2 and 3.3 give

k+1)2 2 k+1 k2 k_ o k=1)12 k+1 ko k=12
G — NG + N120™ = uflIg — 120 —u G + ™ — 20" + w7

k—1 k—1

~ ~ ~ k+112 = k—j12

< [—4a+2a2(aj—aj+1)+2aak]||u H24+2a Y (a;— ag) et
j=0 j=0

~ ~ 012 ~ k+112
+2(aay — aap)lu’ [l — 2aag lu“ g

k—1
+ [—4/3 +2B D (b= bji1)+2p bk]”@u"“”i

j=0

k—1
+26 (b= by lg + 2 (Bbx— Bbisa) 2
=0

5 2
— 2B || 0 [g +er ALl G + CAlg IS (3.6)
Noting that
k-1 k—1
Z(aj —aj11)=1—q, Z(bj —bj1)=1-by,
j=0 j=0

and summing the corresponding expressions with [|u**? |IS and ||9,u**+! ||% in the right-hand
side of (3.6), we obtain

k—1
~ ~ ~ 112 ~ 1512
[—4a+2a§ (aj—aj+1)+zaak]||uk+ 12 = —2a|lu**|13,
j=0

k—1
[—4/5’ Y Z(bj—bj+1)+2/§bk]||8xuk+1||§ — 2pflaat
=0

Therefore, the inequality (3.6) takes the form

k412 2 k+1 k2 k_ o k=1)12 k+1 ko k=12
G — NG + N120™ = uflIg — 120 —w HIG + ™ — 20" + u* G

k—1 k
K12 4 o s k—j2 _ o k+1—j)12
< —=2alu**I5 +2a E a;llu* 5 —2a E ajllu“ 8
j=0 j=1

~ 12 ~ 2 ~ 2 3 112
— 2841 l* Y2 + 2aa |uC)12 — 2day.. |12 — 2] |00 |

k—1 k
+2B Y bl |5 =28 > byl 8t g — 2B | o
j=0 j=1
+ 2B be||0,0||2 — 2B by || 805 + C AL + C At g
k+1 k k+1

~ k+1—j ~ k—j 3 k+1—j
=—2a Y ajllu* |2+ 28 Y a |l TNE— 2B > bjllauk 1|2

j=0 j=0 j=0
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~ k+1y12 2 k+1712 k+1712 k+1y12
— 28 1 IS = 2Bpsn || 0™ MG + CALE + CAtlg M IE. (3.7
Consequently,

12 2 1 2 —1y2 1 —1y2
(1= CADN G — [l + l120*H = |F — ll2u® = u 13+l — 20 + o 3
k+1 k k+1

< =26 ) IR +26 D ajlld T2 - 26 D byl auk |
k
+2B 3 b3 lg 26l = 2B | B[ g + +C ALl I,
j=0

and for sufficiently small At, we obtain
S < skt catllght3,

which completes the proof of (3.2). O

4. Error Analysis

We now discuss the errors of the above semi-discrete and fully discrete methods, starting
with the former.

Theorem 4.1. If ,uX is the solution of the continuous problem and {uk}l[,f:0 the solution ob-
tained by the semi-discrete method, then

1+a

|y —uk||, < cT 2 Apmin@re2=h) >,
and C does not depend on T and At.

Proof Let {,u* =u(x, tk)}Ik(:0 be the solution of the following equation:

L}u(x, tee1) = —uLiu(x, teyqp) + L?@xzu(x, tr+1)
— e 1u(x,0) + Py 07u(x,0)

— F (ux, tr1)) + g +R*, k>0, (4.1)
where
k+1 _ k+1 k+1 4 L k+1
R =r""" —pur, "+ g

Setting e*(x) =, uk —uk(x), k > 0, we subtract (4.1) from (2.8), so that
L:ekﬂ =—pLiex + Ltﬂaxzekﬂ — e’ + /~J’~k+1ax260
— (7Y —Z@W)+RH, k>o0. (4.2)
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Following the proof of Theorem 3.1 and using the formula (3.1), we obtain
(el,el) +a (el,el) + [§ (axel, axel)
= (eo, el) +a (eo, el) + /5 (8xeo, 8xel) — (eo,el)
- B (axeo, axel) — At (g(eul) —Zh), el) + At (Rl,el) ,
or
1 . A - ) )
le' 2+ D ajlle™ 13+ B> bj||ave™ ||g + aaylle 12+ Bby || oce’|;
j=0 j=0
< 1e%112 + @aglle®|? + B bo||8,e® || + CALIRMIZ + CAtlle 12

Taking into account that e® = 0, we get

||e ||2+aZa ||ef||2+ﬁZb oce[[5 < cAtIR .

j=0
The relations ag = by = 1 and R' = 0(At) + (At %) + 0(At>P) yield
lle!ll; < cAt|RYl, < CAL?,

which completes the proof for k = 0.
If k> 1, then

2 (Sek+1 —4ek + ek_l, )

k
=—4a[ 1y Z a; —a]+1 e v) —ay (eo,v)]
j=1
k=1

_4/3[ ekl g, v Z bj+1)(8xek_j,3xv)_bk (aerﬁXV)]

J:
— 46,1 (€%,v) +4Biiq (0c€%, 0,v) —4at (F () — F (W), v) + 4at (RF,v).

Since

| (") - (u*
we can proceed similar to (3.7) and use Lemma 3.2. Choosing v = e
expression implies

k+1012 _q.k)12 K+l _ k12 k_ k1112 4 [1pk+1 ko k=1pj2
[1e"THIG — e ]I5 + l12e" 7 — e¥[I§ — [|2e" — e |G + [le"™ — 2e +e* I3

C” uk —uk

Mo < 0

k+1 in the above

k+1 k+1
<—2d Y afle*! J||2+2aza lek 1226 by||ae ||,
j=0 j=0 j=0

k
+2B D bj|8ce ||y — 26k 411" E — 2B [ Be™
=0

+CAtlle* 2+ 4CAL|(RH, 5.
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Setting

k k
p— ~ —j at —J 2
e = ek + 12¢" = UG+ 26 D eI + 28 Db 0ret

05
j=0 j=0

and using the triangle inequality, we get

e < ek —2a; . [le" 12— 2[5’k+1||8xek+1||(2) +CAt[[e" 2+ CAt |(RF, 5|
< e — 24 [1€ 12— 2B |82 + CALe 2

2A% i1 L Ol ke1ge
+ —IRHI5 + ——lle" I3

Ap+1 2

2A 2 2I(1 — a)t?
< gk T IR < gf 4 ———— KL AL RFH2
Qpi1 w

2I'(1 — a)t? 2r(1 —a)tlte
k+1A ||R]+1||2 < P + k+1

k
j 1
t < _— R
2 2 L, max IR,

Recalling that
IRy =€ (At2)+ o (a2 ) +0(arP), j=2,

we write )
eh < Att+ o, T (At + AP P)) k=1,2,...,K.
Hence,
lekll, < cT 2" (A + AP, k=1,2,.. K,
where C does not depend on T and At. O

In order to evaluate the difference between the semi-discrete and fully-discrete solu-
tions, we need the following result.

Lemma 4.1 (cf. Bernardi & Maday [2], Lin et al. [14]). Let &y, : H}(A) — P3(A) be the
H'-orthogonal projection operator defined by the equations

6 ((I)}V’l,b, VN) +a (‘pll\[’lp,VN) + [3 (5,(‘1)]1\[1,0, 5XVN)
=6, vy) +a(,vy) + B (84, Bvy)
valid for all vy € PI?,(A). If{Yy e H™(A)N Hl(A), then

=@y, <Nl m=1,

where ||.||; is the modified H'-norm.

Let
k k__ k 10,k ~k k 10,k
ey =u —uy, —<I> NMUSES uN, ey =u —&y ("), k=0.

By using the triangle inequahty, we have

lenly < llewll, +flex I, -
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Theorem 4.2. Let {uk}llfz1 be the solution of the semi-discrete problem and {uf\, }1;((:O the so-
lution of the fully-discrete problem. If u* € H™(A),k > 0,m > 1, then

k_k —1p1-m j _
|uf —uk||, <cTAC'N Orgfﬁnu l., k=0,1,....K

where C is a positive constant that does not depend on N and At.

Proof. Writing the relation (2.15) as

2 (?;ukJrl —4uk + uk_l, v)

k—
= —4a (uk+,v Z a;1) (W5, v) + 4 (Ga, — ) (WO, v)
j=0
k—
—4f (8.ur*,0,v) +4p Z (b; —bjy1) (8", 8,v) + 4 (B — Brsr) (8,1 8,v)
j=0
—ant(F@W),v)+4at (g, v) forall veH(A) (4.3)

and applying the operator <I>11V to the Eq. (4.3) yields

2((1)]1\](3uk+1 quk 4+ k), VN)+4OL(<I>1 k1 VN)+4[5( <I>1 k18 VN)
= 4612 (a]- - a]-+1) (<I>]1Vuk_j, vN) +4(aa, —aggq) (<I>]1Vu0, vN)

+ 4[3 (bj — bj+1) (Bxfbll\,uk_j, ava) +4 ([3 by — ﬁk+1) (axfbll\,uo, ava)

- 4A (9(‘1’1 ukth, VN) +eg(vy), Vvy €Py(A), (4.4)

where the term e4(vy ) in (4.4) has the form
es(Vy) = (8é1]f, —2é1]f, ! + 4az (a ajpq (eN I, N)

k—
_k—j
+4(aak—ak+1) eN,vN Z b —bJH (BxeN ],EXVN)
j=0

+4(Bbr— Pri1) (883, 8, vy) — 4AL (F W) — Z(@L ), vy) .
It follows from (2.17) and (4.4) that
236k — 46k + &5 vy ) +4a (el vy ) + 4 (8.8, 0, vy)
=4a» (a;—a;41) (257 vw) +4(@a, — ) (83, vy)
k_

4 Z (bj—bji1) (@cé;_j, axVN) +4(Bbx— Prs1) (8c8Y, Bcvn)
=0

=
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+eg(vy) —4AtL (9(@1 w1y — g(ukﬂ) VN). (4.5)
Choosing vy = ekJr1 in (4.5), we obtain

2(3”k+1—4eN+é]]f, 1’el§+1)+4a(ek+1 §;+1)+4/3’ (3 sk+1 3 ~k+1)

k=1
- ~k—j ~k ~ ~ ~ ~k
=4a E (a;— a]+1)(eN ]’eN+1) +4(Gag — 1) (B3, E5)

+4/52 bjn (axé;:] ],8 Nk+1)+4(ﬁbk_ﬂk+1)( x N’a ékﬂ)
+eg (e]]f,ﬂ) 4AE(F(purt) — F Wk, k). (4.6)

The nonlinear term in (4.6) is estimated as follows:

17 (@xu®) =2 (wp) ][, = C [lex o

and Lemma 3.3 gives

ek lo = llek llo + ||2~k“—~N||§—||2~k o+ llek ™ — 22 + &g

k+1 k+1

< 20!2%”“+1 ]||o+2aZaJ||ézka||o 2ﬁ2blla &g
+2/52b||5 oxllo =20tk |ek [lg — 2B f]2:25 g

+CAt|| 1’§,+1||0+|eq, ex™)|. 4.7)

Estimating the first term in |eq,(ek+1)| we write

k—1
sk sk—1 = sk—j ~ ~ 0 gk+1
‘(SeN—ZeN +4a (aj—aj+1)eN +4(aak—ak+1)eN, N )

<o s ) s stan ot + 2
< ] 01167 2,0 16t | I+ 5
< g (116820 ) g e 524

< gy (100162 o 2+ S5 s

Analogously, for the second term in |e4,(ek+1)| we obtain

k—1
‘(4/5 (bj—bj+1)3xé§; 4(Bbr— Prs1) 0c2%, 0,8 NkH)
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1 = » y N 2 B
< —— B> (bj—bju1) Bty + (Bbx— Frar) .83 || +2Brs]| 22l s
2B ll =0 0
< -° 32 max 2.2 |5+ P [EXcag (4.9)
B o<j<k 17X TNI0 - o HIFXEN o '

Combining (4.7)-(4.9) leads to the estimate

ek o= lleh o+ l128 =2 llo— 1228, — & flg + lek™ — 285 + & [

k+1 k k+1 k
<20 ) ajlley" g +2a ey |lg—28 X billacey g+ 26 D bslae
=0 =0 =0 =0
C . r C . r
+ 5 (1+16a%) max ek lls + 5P ma =k (4.10)

with @1 and B, such that

1
<CcTeAt™!, — <cTPAc™.

Age+1 ﬁk+1

Therefore, we get

- i Cc - L
4,y (1+ 16“2)52?;( Ik llo + mﬁzofgfﬁllaxefvllﬁ

<CTAt™! ongl]%c ||é;\,||f

Setting
2 2 £ k—i||2 < k—ij||2
81151 = ||éN||O + ”261,:1_51]@_1”0 + 2&Zai”éN_]”o +2p Z bi||axéN_]||0’
j=0 j=0

we write (4.10) in the form

el < ek rerac! max g |5, k=01,....k.

0<j<k
Thus
el < e +eTRAC! max 24|12 < cT?ac? max I25]1%, k=0,1,....K,
leklly < cT?ae max [|eyl, k=0,1,....K.

Finally, using the triangle inequality, we get

ekl = ek + 25, < Dbl + 2k, < crac? max bl k=0.1,....%
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and the corresponding estimates from Lemma 4.1 give

len Iy < CTAt_lNl_"‘Olgjaég( lW/ll,,, k=0,1,...,K.

The proof is complete. U
Writing
E]'\‘, =, uk —uﬁ,, E}f, = <I>Il\, (euk) —uf\,, E}f, =, uk —<I>Il\, (euk), k>0,
and using the triangle inequality yields
BN < 21 + (2%

Theorem 4.3. Let ,u* be the solution of the continuous problem (2.1) and {uf\, }I,le the so-

lution of the corresponding fully discrete problem. If ,u* € H™(A) for all t € [0,T],m > 1,
then

|1 —ug||, < €T (ArmnC=e2P) 4 At INT | ullpeoqgmy), k=0,1,...,K,
where
letllooqemy 1= max ],

and C does not depend on T and At.

Proof Let {,u**'}¥_ be the solution of the equation

2 (3€uk+1 — 4euk +e T v)

~

=—4a (eukﬂ, v) +4a (a]- - aj+1) (euk_j, v) +4(aa, —aggq) (euo, v)

—_

-
Il
o

k_
— 4B (2. (1), 8.v) +4P > (b;— bjr) (3 ( k), 8,v)

j=0
+ 4 (Bbi— Brr1) (Be(eu®), Bpv) — AL (F (), v)
+4At (g v) +4ae (R, v), Vv eHM(A), (4.11)

where RFH = pkt1 — jypkt1 r’/;“. Applying the operator &y, to (4.11) gives

2(@} (3. u" 1 —4uf +,uF ), vy ) + 46 (@), (), vy ) + 4B (8,85 (u*), B, vy )

Z aj41) (@4 (uF ), vy ) + 4 (@a — dppr) (910, vy)

=0

~

+4 Y (b= byry) (B 2h (), 8,y ) + 4 (Bbi— Bren) (22} (1), B,vy)

—_

O

j=
—4At(F (@ (U ), vy) + Es(vy),  Yvy € PS(A), (4.12)
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where

k=1
Eg(vy) = (8EX —2EK1 vy) + 4&2 (a;—aj41) (EI]\(,_],VN)
i=0

~
—_

+4(aag—ayr) (EY,vn) +48 > (bj—bj11) (aXE‘_‘]I\([_j’ axVN)

g

+4 ([;, bk - /gk+1) (axE](\)p ava) —4At (g(euk_'_l) - g(qﬁl\[(euk_‘_l))) VN) .
It follows from (2.17) and (4.12) that
2(3EXT —4EN + EX vy )+ 4a (B vy ) + 4B (6. ESH, 0,vy)

k—1

=44 (aj—aj+1)(E1'\<,_j,vN)+4(dak—dk+1)(E2,VN)
=0

~

-1
+4p (bj - bj+1) (axEE_], axVN) +4 ([; by — ﬁk+1) (axE](\)l" d:vn)
J

Il
o

+ Eg(vy) —4AL (Q(Qb(eukﬂ)) — g(uﬁﬂ), VN) +4At (RkH, vN) . (4.13)
Choosing vy = EX*! in (4.13) gives
2 (3BT —qER 4 EKT1 ERYY) 446 (ERL ERT) + 4B (0, EXT, 0, EKTT)
=4a S (@j—aje) (BN EE) + 4 (a0 — i) (R, EX)
+4B > (bj—bj41) (9xﬁzl\(r_j’ axEJI\([+1) +4(Bbi — Prsn) (OcER, 0. ENT)
0

+Ey (EKTY) —ant (7 (25, (W) — Z (i), EEPY) + 4Ac (R ERTY) . (4.19)

Since the nonlinear term in (4.14) is estimated as

|17 (@xu") =7 ()| < C[|Ex

0’

Lemma 3.3 implies that

B8 1 81+ ok — B o~ 2513+ 57— 285 + 857
k+1 k k+1
<2 |5+ 20 a4 ~28 2 o
j=0 =0 =0

k
+26 2 byfle By o= 2k B g~ 2Beallac BN g
j=0

+ CAL|EEY[2 + |Es (EE)| + € [(RM, EE)]. (4.15)
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Now we estimate the first term in |E¢(EI’§+1)| as

k—1
‘ (SE}; —2E5" +4a) (4, - aj0) By + 4 (e dk+1)E§z,E§+1)

=0
1 . - ~k—1 oy i ) ) 2 y
< T 8EI]§—2E]’\‘, 1+4a;(aj—aj+l)E§ ]+4(aak—ak+1)EI?, 0+%”E§+1”3
1 R ) ) N ~ )
< T [C +16a° ;(aj —aj1)* + 16(aak—ak+1)2]012jaé< ||Efv||§ + ak2+1 ”Ezlle“z
C . . _ s a .
< 5q (11660 —ay)*] max [Eylo+ =52 25,
~ =i [|2 CN‘k+1 ~l 2
< 2arey (1+ 16‘12)012?;(,(”]511\1”0"' D) ||EN+1||0' (4.16)

Analogously, the second term of |E¢(EI’§+1)| can be estimated as

k—1
‘(4/5 (bj = bjs1) OBy +4(Bbi—Prsa) O R, axﬁ’lf’ﬂ)

j=0
1|, = k—j | (& - ol Bty s
<——|B D, (bj—bjs1) BBy + (Bbk — Prar) BEY| + =0 ERT|;
2[3k+1 j=0 0 2
<5 max 0.5 |2+ Pt o, 2 417)
T Py, osjsk!TUNIIO T g PN '

Combining the estimates (4.15)-(4.17), we get

1Nl = BNl + 1288 = Exlly — 128 — B g + 12 -2 + £ g
~k+1 ~k+1—j112 ~ : ~k—j|12 ~k+1 ~k+1—j12
<-2a ) a|| BVl +2a 2 a BVl =26 2 bio B,
j=0 j=0 j=0

~ k et C y . C N »
#26 2o+ 5 (16 max B+ 5 % o ol

+ CAL|EEHY|2 + cat|RE2 (4.18)

with @1 and ., such that

1
< CT*At™} <CcTBAt™.

~ —= > ~ —=

QApe41 Br+1

It follows

- s C - N ) B
75, (1 +166%) max IExll;+ 5P ma Bl < cTar max |IE
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Setting

k k
0 o= || [+ [|2E8 — E5 Y2+ 26 Y || Ex 7|+ 26 D byl|a x|

0’
Jj=0 Jj=0

we write (4.18) in the form

Nt <k + CALIR 2+ cTAc™! Oma<xk| Bl K.
Thus )
k+1 0 ji2 2 A =2 i)
< T<A E
N <R Ot max IRVIIG + cT2Ac™2 max [|Ey [, K,
or -
1B |1 < cT? (A + A P)* + cT?Ac max ||B] |5, Vk=0,1,...,K.
1 o<j<k I N1
Using again Lemma 4.1, we write
BN, < k=0,1,....K,

which leads to the estimates.
|| ||1 <CT Atmln(z a,2—, ﬁ)-‘,-At_lNl m“eu”Loo(Hm)) k:O, ]_,”‘,K‘

The proof is complete. O

5. Numerical Experiments

Let Ly(x) be the Legendre polynomial of the degree N. The Gauss-Lobatto-Legendre
(GLL) point x;,i = 0,1,...N are the roots of the polynomial (1 — xz)L (x). Besides, let
w;,1=0,1,...N be the Welghts of the Gauss-Lobatto-Legendre quadratures, so that

1 N
f p(x)dx = plx)w;
-1 i=0

for any ¢(x) € Pyy_;1(A). Consider the discrete inner product

N
(@, 9y = 2. ¢ )p(x)w;, Vo, € CO(A)

i=0

k+1 c pO

and the following discrete problem: Find uy; v (AA) such that equations

(> v )y + @ (> vy — B (82uy, v )y
= (ug,,vN)N +a (uN,vN) —p (82uN, vN)N + At (gl,vN)N — At (g(ullv), vN)N
3 (ullil“Ll,vN)N +2a (ullil“Ll,vN)N —2p (afu]]f,ﬂ,vN)N
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k k
= Z&Z (aj —a]-+1) (u{\,,vN)N +2aay (ug,,vN)N —28 Z (b]- — bj+1) (8xu;v,vN)N
j=1

j=1
+2Bb, (8xu2,,vN)N + (4u§, —u]]i,_l,vN)N +2At (gk+1,vN)N —2At (Q(uﬁ,ﬂ), vN)N

hold for any vy € PJ(A).
In order to derive a linear system for each time level, we represent the unknown solution
uk*1(x) in the form

N
() = > Tk (),
j=0

where uf“ = ufﬁ,“(x ;) are the unknowns of the approximate solution, [; is the Lagrangian

polynomial defined on A, as follows:
l; € Py(A), li(x))=0;, 1,j€(0,N),

and 5ij is Kronecker-delta. Combined with the homogeneous boundary condition ué“ =
uk*t1 = 0, we use the Lagrange polynomials [;(x), i =1,2,...,N —1 as test functions.

We also use the Picard iterations to solve the corresponding nonlinear problems.

5.1. Numerical examples

We now present two numerical examples aimed to confirm the theoretical error esti-
mates for nonlinear problems.

Example 5.1. Let u = 1 and Z(u) = u®. We consider the problem (2.1) withe the forcing

term is
f2-a 2¢2B

TG—a) TG—p)

g(x,t) =2sinmx (t + ) + t*sin? Tx

and the initial value is u(x,0) = 0. This problem has the solution u(x, t) = t2sin mx.
Numerical results for the method with different time steps At and the equations with

fractional derivatives of different orders are shown in Table 1. Numerical results for the

method with various parameters N and the equations with fractional derivatives of different

orders are presented in Table 2. The exact and discrete solution are displayed in Fig. 1. Note

that the numerical solution is a good approximation of the exact solution.

Table 1: Errors, N = 16.

o | g At;:lk/lo At2k=1£100 At3k=l/k1000 Rate(At /A | Rate(Aty/AL)
o — Tl | o — i | Mo — T

0.1{0.2{1.4000E — 03 [3.1804E — 05| 7.1489E — 07 1.6436 1.6482

0.3]0.7|3.5890E — 03 | 2.4000E — 04 | 1.4663E — 05 1.1761 1.2140

0.5|0.5|1.0918E — 03 |4.0308E — 04 | 1.4727E — 05 1.4360 1.4373

0.8]0.9|7.5182E — 03 |9.3264E — 04 | 9.1726E — 05 1.1073 1.0289
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Table 2: Errors, At =1/1000.

N, =6 N, =12 N, =18 N, =24
“ P T e [T =l | T —aillar | e =l
0.1 0.2 | 7.2356E—04 | 7.2113E—07 | 7.2048E —07 | 7.2068E —07
0.3 |1 0.7 | 6.8552E—04 | 7.5192E —05 | 7.5247E —05 | 7.5268E — 07
0.5 ] 0.5 | 7.2087E —04 | 1.4832E —05 | 1.4842E —05 | 1.4847E —07
0.8 0.9 | 7.8769E —04 | 3.9327E —07 | 3.9357E —07 | 3.9368E — 07

-0.21

-0.8

0.6
041
021
N

*
*
*

04l %g;
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04 02

0 02 04
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Figure 1: Numerical solution, N =64, At =1/1000.
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Example 5.2. Let y =0 and & (u) = u® —u. We now consider the problem (2.1) with the

forcing term

and the initial value u(x,0) = 0. This problem has the solution u(x, t) = t'*# sin 27x.

g(x,t)= ((a + D)t +

4m2T(2+ a) (o
re2)

t”"‘) sin27tx + t33%gin® 27x

Numerical results for the method with different time steps At and the equations with
fractional derivatives of different orders are shown in Table 3. Numerical results for the
method with various parameters N and equations with fractional derivatives of different
orders are presented in Table 4. The results are consistent with the theoretical analysis.

Table 3: The H'-error for N =16, At, =1/10, At, = 1/100, Aty = 1/1000.

o | g At;:lk/lo At2k=1£100 At3k=l/k1000 Rate(At /A | Rate(Aty/AL)
o — Tl | o — i | Mo — T

0.1{0.2[8.9151E — 03[ 1.3506E — 04| 5.3004E — 06 1.8196 1.4062

0.3]0.7|1.2242E —02|9.1702E — 04 | 6.1084E — 05 1.1255 1.1765

0.5|0.5|1.7177E — 02 |2.2739E — 04 | 4.8902E — 06 1.8782 1.6674

0.8]0.9|4.6487E — 04 |1.0412E — 05 | 7.5942E — 07 1.0089 1.0562
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Table 4: Error estimate when At =1/1000.

a
“euk_u;(\/”Hl “euk_u;(\/”Hl “euk_u;(\/”Hl ||euk_u;<\/”H1
0.1 | 0.2 | 2.6742E—01 | 2.6122E—05 | 5.6629E —06 | 5.6619E — 06
0.3 | 0.7 | 2.6879E —01 | 8.6063E —05 | 6.5548E —05 | 6.5531E —05
0.5 | 0.5 | 2.6673E —01 | 3.0548E —05 | 5.2692E —06 | 5.2675E — 06
0.8 | 0.9 | 2.7210E —01 | 2.0760E —04 | 4.1474E —04 | 4.1464E — 04
1 ;‘Zﬂ%& . . . . ?‘?K ;
o8l 4 £ A
7 X / ¥
06 ’*' “‘;f * \
\
R
02 * 4
\ ¥ ¥ ¥
0.4+ * :&
* / ¥ F
08F * *
., NS AW
1 08 -06 -04 -02 0 02 04 06 08 1

Figure 2: Numerical solution, N =64, At =1/1000.

Exact and discrete solutions are displayed in Fig. 2. The numerical solution is a good
approximation of the exact solution.

6. Conclusion

We construct a numerical scheme for the nonlinear fractional-order Cable equation with
Riemann-Liouville fractional derivatives based on finite difference approximations in time
and spectral approximations in space. Using finite difference discretizations in the time
direction, we obtain a semi-discrete scheme. Applying spectral Galerkin discretizations in
space direction to the equations of the semi-discrete systems, we construct a fully discrete
method. The stability and errors of the methods are studied. Two numerical examples

verify the theoretical results.
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