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Abstract. We present a mathematical and numerical investigation to the shrinking-
dimer saddle dynamics for finding any-index saddle points in the solution landscape.
Due to the dimer approximation of Hessian in saddle dynamics, the local Lipschitz as-
sumptions and the strong nonlinearity for the saddle dynamics, it remains challenges
for delicate analysis, such as the boundedness of the solutions and the dimer error. We
address these issues to bound the solutions under proper relaxation parameters, based
on which we prove the error estimates for numerical discretization to the shrinking-
dimer saddle dynamics by matching the dimer length and the time step size. Further-
more, the Richardson extrapolation is employed to obtain a high-order approxima-
tion. The inherent reason of requiring the matching of the dimer length and the time
step size lies in that the former serves a different mesh size from the later, and thus
the proposed numerical method is close to a fully-discrete numerical scheme of some
space-time PDE model with the Hessian in the saddle dynamics and its dimer approx-
imation serving as a “spatial operator” and its discretization, respectively, which in
turn indicates the PDE nature of the saddle dynamics.
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1 Introduction

One of the major challenges in computational physical and chemistry is how to efficiently
calculate saddle points on a complicated energy landscape. In comparison with find-
ing local minima, the computation of saddle points is generally more difficult due to
their unstable nature. Nevertheless, saddle points provide important information about
the physical and chemical properties. For instance, the index-1 saddle point represents
the transition states connecting two local minima according to the transition state the-
ory [19,35], and the index-2 saddle points are particularly interesting in chemical sys-
tems for providing valuable information on the trajectories of chemical reactions [15].
The applications of saddle points include nucleation in phase transformations [5,32,33],
transition rates in chemical reactions and computational biology [11,12,21,23,25], etc.

The saddle points can be classified by the (Morse) index, which is characterized by
the maximal dimension of a subspace on which the Hessian H(x) is negative definite,
according to the Morse theory [20]. Most existing searching algorithms focus on finding
the index-1 saddle points, e.g. [1,4,6,7,9,16,17,31]. However, the computation of high-
index (index>1) saddle points receive less attention despite of the fact that the number of
high-index saddles are much larger than the number of local minima and index-1 saddles
on the complicated energy landscapes [2,18].

The original saddle dynamics (SD) aims to find an index-k (1 <k €IN) saddle point of
an energy function E(x) [28]

dx k
%:[3<I—2‘Z vjv]-T>F(x),
/=1 1.1)
dv; i1 ( '
E:’y([—viv?—2Zvjva>H(X)vi, 1<i<k.
j=1

Here the natural force F: RN — RV is generated from an energy E(x) by F(x) =—VE(x),
H(x):=—V2E(x) corresponds to the Hessian of E(x), B, >0 are relaxation parameters,
x represents the position variable and direction variables {vi}é‘:l form a basis for the
unstable subspace of the Hessian at x.

Because the Hessians are often expensive to calculate and store, one can apply first
derivatives to approximate the Hessians in Eq. (1.1) by using k dimers centered at x. To
be specific, H(x)v; is approximated by

H(x,vi,l)::%(F(x—i—lvi)—F(x—lvi)) (1.2)
with the direction v; and the dimer length 2/ for some [ > 0.

Following the idea of the shrinking dimer dynamics [31,34], we obtain the shrinking-
dimer saddle dynamics (SSD) [28] as follows:
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(dx k .
E—,B(I—ngv]vj >F(x),
. i—1 R
%:7(1—01‘0?—212 Ujv;r>H(X,Ui,l), 1<i<k, (1'3)
=1
dl
%——l.

By using the SSD method as a key ingredient, the solution landscape can be constructed
by connecting the high-index saddle points to low-index saddle points and local min-
ima [26,27]. The solution landscape serves as an efficient approach to provide a global
structures of all stationary points of the model systems and has been widely applied in
various fields [13,14,24-26,29, 30].

Despite the growing applications of the SSD, the corresponding mathematical and
numerical analysis are still far from well-developed. Most existing works only focus on
the numerical analysis of the index-1 SD in recent years [8,9,17,31], which corresponds
to (1.1) with k=1, and the corresponding results for (shrinking-dimer) high-index SD are
meager. In a very recent work [36], numerical discretization to SD (1.1) was analyzed, the
proof of which depends heavily on the global Lipschitz assumptions of both F(x) and
H(x). However, F(x) and H(x) generally have complex nonlinear forms that only admit
local Lipschitz conditions. Furthermore, to avoid the direct calculation of Hessians, the
SSD is usually used instead of the SD in practice. But, the dimer approximation of H(x)
in Eq. (1.3) introduces additional errors, which generate significant differences from the
numerical analysis of the SD [36] and lead to the failure of the error estimates therein.
Moreover, as the dimer length serves like a “step size” in the dimer approximation, it
needs to be carefully chosen in order to match the time step size.

Motivated by these discussions, in this work we aim to prove the boundedness of
the exact solutions and optimal-order error estimates of the numerical discretization to
the SSD (1.3) with respect to the time step size. Due to the strong nonlinearity of the
system and the local Lipschitz conditions, the boundedness of solutions is proved under
some restrictions of the relaxation parameters (cf. (2.8)). Based on the proposed first-
order scheme, the Richardson extrapolation is further developed to obtain a high-order
approximation. As the dimer length serves as a different mesh size from the time step
size, the proposed numerical method is close to a fully-discrete numerical scheme of
some space-time PDE model with the Hessian and its dimer approximation serving as
a “spatial operator” and its discretization, respectively, which in turn indicates the PDE
nature of the saddle dynamics.

The rest of the paper is organized as follows. In Section 2 we estimate x(t) and
{v;(t)}%_| in (1.3) under local Lipschitz conditions, which supports the subsequent nu-
merical analysis. In Section 3 we present the numerical scheme of the SSD (1.3) and prove
auxiliary estimates for the sake of the error estimates for the numerical discretization in
Section 4. We also propose the Richardson extrapolation in this section to obtain a high-
order approximation. In Section 5 we extend the developed techniques to numerically
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analyze the generalized SSD for non-gradient systems. Numerical experiments are per-
formed in Section 6 and we finally address a conclusion in the last section.

2 Estimate of solutions under local Lipschitz conditions

In this section we consider the SSD (1.3) on [0,T], closed by the following initial condi-
tions:
X(O) = X0, ?Jl'(O) =70 for 1 < i < k, UIOU]',O :(Si,j/ Z(O) = lo. (21)

We will show that, under the local Lipschitz conditions of F(x) and H(x), x(t) and
{v;(t ) _, with 0<t<T are bounded (under suitable relaxation parameters) such that in
subsequent proofs, we could use the Lipschitz continuity of F(x) and H(x) with a fixed
Lipschitz constant, just like imposing the global Lipschitz conditions as in [36]. Further-
more, the boundedness of {v;(t)}X_, will be used in numerical analysis.

Let ||-|| be the standard I? norm of the matrix or the vector. For the sake of the analysis,
we make the following assumption throughout the paper:

Assumption 2.1. F(x) and H(x) satisfy local Lipschitz conditions, that is, for any r >0
there exists a constant L, >0 such that for x1,x, € B,:={x € RN : || x| <r}

[F(x2) =F(x1) | S Lellxa—xill,  [[H(x2) —H(x2) [| < Lrflxa —x1]. (2.2)

2.1 Properties of auxiliary functions

Based on Assumption 2.1, we derive some important properties for the following nonlin-
ear functions:

k
X(x,01,+,0) = (I—2Zvjva>F x
j=1
Vi(x,01,,0,1) = <I vv ZZv]]> (x,0;,1), 1<i<k,

which are indeed right-hand side terms of (1.3) without relaxation parameters, in the
following theorem.

Theorem 2.1. Under Assumption 2.1, for any fixed r > 0 there exist positive constants Qo =
Qo(r) and Qu=Qx(r) depending onr, L,, k, lo, F and H such that for (x,v1,--,vx), (X,51,++ ,Tx)
eB,

|| (x,01,++,0k) = X(%, 01, ) |

Qo(r)lx—x,01 =01, , 0k — B¢, (2.3a)
H (x,01, 0, 1) = Vi(%,01,-+, T, 1) ||

Qa(r) (lx—%,01 =01, 0= +15), 1<i<k. (2.3b)
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Here the convex set B, and the norm ||x,vy,---,vi|| are defined by

k 1/2
Br:: {(x/vl/"'lvk) . Hx,vll..-,’()kH = (HXHZ‘FZHUZ’P) Sr}
i=1

Remark 2.1. We write Qg and Q; as Qo(r) and Qx(r) in order to highlight their depen-
dence on r. We neglect their dependence on k, Iy, F and H in the notations as these are
fixed data throughout the paper.

Proof. Direct calculations show that for (x,vy,---,v¢),(X,01,--+, ) € B,

HX(X,U],‘ ",Uk) —X<f,51,’ "/51() H

k k k
< (I—2Zvjva> (F(x)—F(x))|[+2 <Zﬁjz7]T—Zvjv]T>F(f)
j=1 j=1 j=1
k
< (1+2kr?)Lyllx—x|+2|| Y _9;(5] —of ) +(55—0)o] || (IF(O) ]| +L¢[|%]])
j=1
SQ()(T’)Hx—f,fh—ﬁl,”’,vk—ﬁk ’ (24)

where

Qo(r):= Vk+1max{(1+2kr?)L,,4r(||F(0)||+Lr) }.

To estimate V;(x,v1,---,v,1) — Vi(%,01,--+,0¢,1), we follow [9, Eq. (4)] to obtain

A(x,v;,1)= % (F(x+1v;)—F(x—1v;)) = H(x)v; + O(1?), O(I*)<Q(r)1?, (2.5)

and consequently,
| A (x,05,1) = H(2,03,1) || < (IH(O) [ +7Ly) (llo =81l + [l — 2] ) +2Q1 ()15

We apply this relation and a similar derivation as (2.4) to obtain the Eq. (2.3b). Thus we
complete the proof. O

2.2 Estimate of (x,v1,---,v%)
Let 9 >0 be a fixed constant. By Assumption 2.1, for a fixed ry satisfying
ro 2 ||x0,711’0,"‘,'0k,0||+€0 (26)

there exists a constant L,, > 0 such that (2.2) is satisfied. We then define X(x,vy,--,v)
and V;(x,vq,---,vy,1) for 1 <i<k such that

(1) X:X/ ‘712‘/1/ 1§l§k1 (x/vll"'lvk)egl’o;
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(ii) X and V; for 1 <i <k satisfy the conditions (2.3) globally (i.e., for any choice of
(x,v1,---,0¢) and (%,71,- -+, %)) with respect to the fixed constants Qy (7o) and Qz (o).

Remark 2.2. A possible choice of X is

X(xlvl/'“/vk)/ lf (x/vll'“/vk)egl’ol
X(Ax,Avy, -+ ,Avg), otherwise,

X(xlvll"'lvk) = {

where A ;= W The terms V3, - -,V could be similarly defined.

Uk H ’
Consider the following modified SSD on [0,T] with X and {V;} in (1.3) replaced by X
and {V;}, respectively

dx

o =BX, (2.7a)
Wi _y¥, 1<i<k @.7)
%: -1, (2.7¢)

equipped with the initial conditions (2.1). We multiply % on both sides of the Eq. (2.7a)
and integrate the resulting equation from 0 to ¢ to get

t
%)< llx0|+26 | =" Xas
t ~
<Jlxal*+28 | 156)1[]|X(x0.000,-+ o00)|
+Q0(TO)(Hf(s)/ﬁl(s)r'"rﬁk(S)H+||x0rUl,0/“',Uk,OH)}dS
t
< lx0lP+ (B+Qo(r0)B) [ [1%(5) [ *ds-+BT(IX(xo,0n0,: - ko)l + Qolro}ro)?
t
+,BQ0(ro)/0 |%(s),51(5), -,k (s)||"ds,
where we used (xo,vm,- .. /Uk,o) c Bro in this derivation. Similarly, we bound 7; in (2.7) by
_ 2 b
28| < osolP+ (v+Qalro)) | l194(s) P
+T(|[Vi(x0,01,0,-0x0) || +Qa(r0)ro + Q2 (r0)13)
t
—|—'yQ2(ro)/0 1%(s),81(5), -, (s)||ds.

Furthermore, we apply (2.5) to obtain

k
| X (x0,01,0,°+,0k0) || < <1+2k2 HU;‘,OH2> [IF (x0)[| =:Qs,
=1
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k
| Vi(x0,010,+,vk0) || < (1+ lviol*+2kY ij,oH2>
j=1

x (1 H (x0) l[|oi01l + Q1 (r0)15) =: Qa(r0).
We incorporate the above equations to obtain
1%(8),01(t),-, 0k (1) ]|

t
< llxo,0n0,0+ 0 P+ Qs(r0)+ Q1) [ 11%(6),01(5), -+ 2u(s) s,
where

Qs(r0) izﬁT(Qs+Q0(70)70)2+k’YT(Q4(70)+Q2(ro)ro+Q2(Vo)l(2))2,
Qs (r0) :=max{B(1+Qo(r0)), 7 (14+Q2(r0)) } +BQo(ro) +kyQ2(ro).

Then an application of the Gronwall’s inequality yields

12(8),1(8),0(8) || < (IIx0,01,0,-+ vkl + Qs (1)) /2602 = 5 (,7)

for 0<t<T. As S(B,7) is an increasing function with respect to both p and 7, where
B,v >0 and attains its minimum ||xg,v10, -+, at B =7 =0, we could select B and
such that

S(B,7) <Ilx0,v1,0,+,vkoll +€0, (2.8)

which implies
[2(£),01(t),--, k() | <l[x0,010,+*, Okoll+€0, 0<ET. (2.9)

Recalling that ro > ||x0,v1,0,- -, Uk || +€0, we base on (i) to conclude that the modified SSD
(2.7) is indeed equivalent to the original SSD (1.3) for (B,7) satisfying (2.8). We summa-
rize the findings in the following theorem.

Theorem 2.2. Suppose Assumption 2.1 holds and (B,7y) satisfy (2.8), then (x,v1,---,vx) in the
SSD (1.3) are bounded as (2.9) and thus we could always apply the Lipschitz conditions of F(x)

and H(x) in subsequent proofs with a fixed Lipschitz constant L, corresponding to the rq given
by (2.6).

3 Discrete SSD and auxiliary results

In this section we present the numerical scheme to (1.3) and prove auxiliary lemmas to
be used in the error estimates.
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3.1 Numerical scheme

Let 0=ty <t <--- <tx =T be a uniform temporal partition of [0,T] with the time step
size T:=T/K for some 0 < K€ IN. We approximate the first-order derivative by the Euler
scheme at £, as follows:

dgg”) :%(g(tn)_g(tnfl))‘f'Rﬁ,

where ¢ refers to x or v;, and we suppose the truncation error satisfies ||RS|| = O(1).
Invoking this discretization in (1.3) yields the following reference equations for the dy-
namics (1.3):

k
x(ty) =x(th_1)+TB <I—220j(tn1)v]T (tn1)> F(x(ty-1))+TR}, (3.1a)

j=1

vi(ty) =vi(th—1) +T7Y (I_Ui(tnl)UiT(tnl) —2' Uj(tnl)UjT(fnl)>

x H (x(ty—1),0i(tn—1),1(tn=1)) +TRY, 1<i<k, (3.1b)
I(ty) =e "y, (3.1¢)

where we analytically solved the equation of [ without approximation. In the rest of the
paper we denote

ln:l(tn) :eitnlo

for simplicity and we then drop the truncation errors in the reference equations to obtain
the explicit scheme of (1.3)

k

xn:xn1+T,B<I—220j,nlv;n_l>lf(xn1), (3.2a)
j=1

i—1
. T T
Oin=0in-1+7TY (I— Vin—-10j1—2 Zvj,n—lvj,n_1>
j=1

XH(xn—llvi,nfl/ln—IL 1<i<k, (32b)

{Ui,n}i'(:l :Gs({ﬁi,n}?:l) (3.2¢)

for 1 <n <K, equipped with the initial conditions (2.1). Here the notation GS(-) refers to
the Gram-Schmidt orthonormalization procedure, the purpose of which is to preserve the
orthonormal property of the vectors [27,28]. Due to the orthonormalization, ||v; ,||=1 for
all possible i and n, and by a discrete analogue of the derivations in Section 2, we could
obtain the estimate of x,,. To be specific, let o > ||xo||+¢€o be a fixed constant for some
g0 > 0. Then we consider the following auxiliary problem:

k

fn:fn_1+T,5<I—2ZUjln1U;nl>ﬁ<fn_1) (33)
j=1
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for 1 <n <K with %)= xo. Here F(-) is defined as

i F(x), [[x[| <7,
E(x)=
(%) F HTTOHx> , otherwise,

such that F satisfies the global Lipschitz condition with the Lipschitz constant L,,. Then
we apply the norm-preserving property of the Householder matrix

k
T
1_22’0]"71_1’0]"71_1
j=1

on (3.3) to obtain
1%l < | Zn—1 [l +TBIIE (n—1) -

We then apply the global Lipschitz condition of F to get

1% [l < (121 [+ TB(IIF (O) |+ Ley | B ])
= [[®a-all+TB(IF(O) |+ Lr, || £n-1ll)-

Adding this equation for 1 <n <m for some m <K yields
m
1% [l < [|x0]| +BTIF(O) | +TBLr, Y [|%n-1ll-
n=1

Then an application of the discrete Gronwall inequality leads to
%]l < (Ilxoll +BTIE(0)][) eProT.
Consequently, if B satisfies
(Ilxoll+BTIF(0)]) T <||xo]| +eo, (3.4)

%, is bounded as
1%l < [|x0][ +20, 0<n<K, (3.5)

and thus the Eq. (3.3) is equivalent to the Eq. (3.2a). This implies that x,, is bounded as
(3.5) and we could always apply the Lipschitz conditions of F(x) and H(x) in subsequent
proofs with a fixed Lipschitz constant L,,.

In the rest of the paper we use Q to denote a generic positive constant that may as-
sume different values at different occurrences.
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3.2 Auxiliary estimates

We prove several auxiliary estimates to support the error estimates.

Lemma 3.1. Suppose (2.8), (3.4) and Assumption 2.1 hold and 12 = O(t), then the following
estimates hold for 1 <n <K:

|G n0in| QT 1<m<i<k.
Here the positive constant Q is independent from n, K, and .

Remark 3.1. Note that the initial value [y of the dimer length I is chosen in the magnitude
of /7, which is key in preserving the first-order accuracy of the scheme (3.2) as we will
see later. The inherent reason is that the numerical method (3.2) is close to a fully-discrete
numerical scheme of some space-time PDE model with the Hessian and its dimer approx-
imation serving as a “spatial operator” and its discretization, respectively, and the dimer
length serves like a “spatial mesh size”, which should match the time-stepping size 7 to
keep the O(t) accuracy of the numerical method.

Proof. For1<m <i<k we apply (2.5) and the symmetry of H(x) to obtain
|vzn71H<xn—lrvm,n—1/ln—l) _v;,n_1H(xn—1/vi,nflrln—l) | = |O<l%71) ‘ <Qrt. (3.6)

By Assumption 2.1 we conclude that H(x,), 0 <n <K is bounded, which, together with
(2.5), implies that H (xn,vj,n,ln) for 0 <n <K,1<j<k are bounded. We invoke these
boundedness and (3.6) to the right-hand side of the following equation:

O 0in =T (01 1 H (01, W n—1,1n—1) =0y 1 H(Xn—1,0 - 1,1n—1)) + O(T?)  (3.7)
to complete the proof. O
Lemma 3.2. Under (2.8), (3.4) and Assumption 2.1, the following estimates hold for 1 <n <K:
[|5;0]I°—1|<Q7?, 1<i<k.
Here the positive constant Q is independent from n, K and t.

Proof. By the boundedness of H, cf. the proof of Lemma 3.1, we obtain from the Eq. (3.2b)
that

i—1
100 —vin-all=T7 ‘ <1_Ui,n—1vg,—n_1 _227]]',11—17]]—';1_1) H(xnflzvi,n—lzlnfl)

j=1

’ <Qt. (38)

We multiply UI;H on both sides of the Eq. (3.2b) and use the orthonormal property of
{vin-1}_, to obtain for 1<i<k

i—1
T ~ T . T T . T o T . T
Uin-1Yin="Yin_1%n-1 +TY <vi,n1 —Uin-1%n-19 541 2 Zvi,nlv],ﬂlvj,nl>
j=1

XH(xnflrvi,n—lrlnfl) =1. (39)
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We then multiply ﬁzn on both sides of the Eq. (3.2b) and apply (3.9) and the orthogonality
of {vi,n,l};‘:l to obtain
i~1
T T

_ AT ST T T T T A
inYin="0;,Vin-1 +TY (vi,n —0inVin-19 541 —2 Zvi,nvj,ﬂlvj,nl> H<xn—1lvi,n*1/ln—1)
j=1

0
i—1 .
=1+7y <51Tn _v;,rn_l _22(51‘,71 _vi,n—l)ij,n—lv]—',rn_1> H<xn—1/vi,n—1/ln—1)' (3.10)
j=1
Invoking (3.8) in (3.10) leads to
i—1

1il12—1] sw(nmn—viﬂ_lu 1oy ||ﬁz-,n—vz-,n_1||> 1B (X101, 1) |

j=1
<Qt?, 1<i<k, 1<n<K,

which completes the proof. O

Lemma 3.3. Suppose (2.8), (3.4) and Assumption 2.1 hold and 13= O (), the following estimate
holds for 1 <n <K and 7 sufficiently small:

1030 =il <QT?, 1<i<k.
Here the positive constant Q is independent from n, K and t.

Proof. The proof could be performed following that of [36, Lemma 4.2] and is thus omit-
ted. O

4 Error estimate and accuracy improvement

In this section we prove error estimates for the numerical discretization (3.2) to the SSD
(1.3). Based on the analyzed first-order scheme (3.2), we then employ the Richardson
extrapolation to obtain a second-order approximation.

4.1 Error estimate of (3.2)

We analyze the scheme (3.2) in the following theorem.

Theorem 4.1. Suppose (2.8), (3.4) and Assumption 2.1 hold and I2= O(t). Then the following
estimate holds for T sufficiently small:

k
max (Hx(m—xnu+zuvi(tn>—vmu) <or.
i=1

1<n<K

Here Q is independent from T, n and K.
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Proof. Let
en:=x(ty) —xn, € :=0i(ty)—0i, 4.1)

and we subtract the Eq. (3.1b) from that of (3.2) and apply the splitting
0i(tn) = Oin =6y + (Vin—0in)
to obtain
ei=e 4Ty (H(x(ty—1),vi(t 1)) —H(xn 1,001, 1u1))
— 7y [oi(ta-1)i(tn- NH( < > i(ta1) 1 (1))

T A
_vi,ﬂ—lvi,n—lH(xnflrvi,n—lrlnfl)]

i—1

—2T’)’X% [Uj(fn_1)Uj(fn_1)TI:I(x(tn_l),vi<tn_1),l(tn_1))
j=

—Uj,n—1Uan_1H(xn71,Uz‘,n—1,ln71)] — (Vi —0in) + TR} (4.2)
By (2.5) we bound the first difference on the right-hand side of (4.2)

|1 H (x(tn-1),0i(tn-1),1(tn-1)) —H(xn-1,0in-1,In—1) |
=||H (x(ts-1))vi(tn—1) —H(xp-1)0in-1+O(7)|
=||H (x( fn 1)) (0i(tn—1) =vin—1) + (H (x(tn-1)) = H(xp-1)) viu—1+O(1) ||
<Qlle, 1+ Qllen 1 | +Qr. (4.3)
To generate errors from other differences on the right-hand side of (4.2), we should intro-

duce several intermediate terms to split them. For instance, the second difference on the
right-hand side of (4.2) could be split as

A

||vi(tn—1)vi(ta- ) H(x(tn-1),0i(tn=1),1(tn=1)) = Vip— 1vzn_1H(xnfl/Ui,n—lrlnfl)H
=|le joi(tn—1) TH (x(ta-1),0i(tn-1), 1 (tas-1)) +0in—1(es 1) "H(Xn-1,0in—1,1n—1)
+ 01071 (H (x (a1 vl(tn—l)/l(tn—l))_H(xn—lzvi,nflzln—l))H
<Q(lley I+ lenall+7),
where we used (4.3) and the boundedness of H in the last estimate. The other differ-

ences on the right-hand side of (4.2) could be estimated similarly. We incorporate these
estimates in (4.2) and apply Lemma 3.3 to obtain

lei 1| < lley_y [+ QT (llex 1[I+ lleh 1 [I) +Q7%, (4.4)

where

k .
les ==Y |ei[|- (4.5)
i
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We then subtract the Eq. (3.1a) from that of (3.2) to obtain
ey =ex_1+TB(F(x(tn-1)) —F(x4-1))
_27[3Zk; [vj(tn_1)vj(tn_l)TF(x(tn_l)) —vj,n,lv;n,lF(xn_l)} + TR}
=
=, 1+ TB(F(x(tn-1)) —F(x0-1))
—ZT[SZk; [eff_lv}-(tn,l)TF(x(tn,l))+v]-,n_1(eZ]'_l)TF(x(tn,l))
j=

+0jn 101 (F(¥(tn 1))~ F (1)) | + TR

Similar to the above derivations, we apply Assumption 2.1, the boundedness of ||F|| and
|IR%||=0O(7) to find

eIl < llex -1l +Qrlley 1|1+ Qrllef |+ Q7.

Adding this equation from n=1 to m yields

m m
les. | <QT Y llen 11 +QT ) llesll+Qr.

n=1 n=1

Then an application of the discrete Gronwall inequality leads to
n—1
lexl| <QT Y llepll+Qt, 1<n<K. (4.6)
m=1

We invoke this equation in (4.4) to obtain

n—1
el < lleyy [1+Qllen_1[+Q7 Y lleq I +Q7>.
m=1

We then sum up this equation for 1 <i <k to get

n—1
lenll < llen—qll+Qrllen 1 [I+Q7* Y lleq I +Q7.
m=1

Adding this equation from n=1 to n, leads to
T 1y n—1 1%
lef- 1< QT Y llehall+Q7* ) 3 lleh [+ QT < QT Y [lef 1[I+ Q.
n=1 n=lm=1 n=1
Then an application of the discrete Gronwall inequality again yields
lexll<Qt, 1<n<K,

and we combine this with (4.6) to obtain the estimate of ||e}||, which completes the proof
of this theorem. O
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4.2 A second-order accuracy technique

In Section 4.1, we show that the scheme (3.2) has the first-order accuracy. A useful ap-
proach to get the high-order approximations from the low-order ones is the Richardson
extrapolation (see e.g., [3,22]), which is a smart combination of numerical solutions of
low-order schemes under different partitions to reach high-order accuracy. A typical and
simple example is the second-order Richardson extrapolation. Let

{xnrvl,n/ Tt /Uk,n }In<:()/ {xmlﬁl,ﬂu Tt /5k,m }%11(:0

be numerical solutions of the first-order scheme (3.2) with the mesh numbers K and 2K,
respectively. Then the Richardson extrapolation yields the approximation solution

K
{xﬁlvfn,. . /vllj,n }n:O

of second-order accuracy on the coarse mesh defined as
R_os R _»n= ;
Xy =2%0n—Xn, 0;,=20i0q—0in, 1<i<k, 0<n<K.

The analysis of the second-order accuracy is standard and we refer [22, Section 9.6] for
details.

5 Generalized SSD of non-gradient systems

In many autonomous dynamical systems there exists no energy E(x) such that F(x) =
—VE(x), that is, these systems are non-gradient dynamics. In this case, the following
SD is developed in [27] via the Jacobian J(x) = VF(x) to search for the saddle points of
non-gradient systems:

d

d’t‘ <1 220]]>F(x)

dvl (5.1)
= =(I-vv)VF-v;— jglvjv?(](x)—i—](xﬁ)vi, 1<i<k.

If we again employ the dimer method as (1.3) to approximate the multiplication of the
Jacobian and the vector for efficient implementation, then the following generalized SSD
could be derived from (5.1):

dx < >
- ZZU (x),
oo A
v; .
E:(I Ul D)H(x,0;,1)
(5.2)
—Zv] A(x,v;,1)+v] H(x, v;,l)), 1<i<k,
ﬂ:_z.

dt
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Compared with the SSD (1.3), a symmetrization U]TI:I (x,0;,1) —}—UITH (x,0j,1) is used to
replace 27)]-TH (x,v;,1) in the dynamics of v; in response to the asymmetry of VF. Similar
to Section 3, the corresponding numerical scheme to (5.2) reads

k
Xp=Xp—1 +T<1—220j,n10;n1> F(xn-1),
j=1
Uin=0in-1 +T(I_ Uz‘,n—lvznfl) H(xnflrvi,n—lr lnfl)
i—1 T oA (5.3)
—TZUj,n—l (U]',n_lH(xnflrvi,n—lrlnfl)
j=1 A ‘
+Uzn,1H(xnflrvj,n—lrlnfl))/ 1<i<k,
{vi,n};{ﬁ :GS({ﬁi,n}le)-
We may follow the preceding proofs to analyze the scheme (5.3). However, a key dif-
ference that may lead to the failure of recycling the developed ideas and techniques lies
in the estimate (3.7) of ﬁ;/nﬁi,n for 1 <m <i <k, which is delicate as we require O(7?)
accuracy. Therefore, we reestimate this term for the scheme (5.3) as follows:

ﬁ;,nﬁi,n :T[Ul,n—lH(xn—llvi,n—llln—l)
- (v;,nflﬂ(xnflrvi,n—lrlnfl) +Uzn_lﬂ(xnflrvm,nfl/lnfl))
~ T
+ (H(xn=1,9mn—-1,In-1)) Ui,n—l} +0(t*)=0(7?),

where we used the observation that the content in [---] in the last-but-one equality is ex-
actly 0 by virtue of the symmetrization. The other proofs could be performed in parallel
to prove first-order accuracy for all variables in the numerical scheme (5.3) of the gener-
alized SSD (5.2) for non-gradient systems, and the Richardson extrapolation proposed in
Section 4.2 could also be employed to obtain the approximate solutions of second-order
accuracy.

6 Numerical experiments

In this section, we carry out numerical experiments to substantiate the accuracy of the
numerical schemes (3.2) and (5.3). For applications of these schemes in practical prob-
lems, we refer [27,28] for various physical examples and detailed discussions. As the
exact solutions to the dynamics are not available, numerical solutions computed under
7=2713 serve as the reference solutions. In the following examples, we set =7y =T =1
for simplicity and denote the convergence rate by CR. The errors ||ef || and ||e|| measured
in the experiments are defined in (4.1), (4.5), and we further define the norms

k
lleR™||:=|x(ta) —xK, [|eX| ;:g ij(tn)—v}fnn
=

n

for the errors of the Richardson extrapolation. In all experiments, Iy is chosen as /7.
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6.1 First-order scheme for gradient system

We consider the SSD (1.3) for the stingray function E(x1,x2) = x2+ (x; —1)x3 [10] and
compute its index-1 and index-2 saddle points via scheme (3.2) with the initial conditions
x0=(1,1)T,99=(0,1)" and xo=(1,1), v10= (0,1)7,v20=(1,0)", respectively. Numerical
results are presented in Tables 1-2, which demonstrate the first-order accuracy of the
numerical scheme (3.2) as proved in Section 4.

Table 1: Convergence of (3.2) for finding an index-1 saddle point in Example 6.1.

1/7 | maxy|lef| | CR | maxy|ley|| | CR
2° 2.60E-02 1.91E-02
26 1.23E-02 | 1.08 | 9.22E-03 | 1.05
27 598E-03 | 1.05 | 4.51E-03 | 1.03
28 291E-03 | 1.04 | 2.20E-03 | 1.03

Table 2: Convergence of (3.2) for finding an index-2 saddle point in Example 6.1.
CR

1/7 | maxy|lef|| | CR | maxy||e|
2> | 1.50E-02 3.90E-02
26 | 741E-03 | 1.02 | 1.90E-02 | 1.04
27 | 3.66E-03 | 1.02 | 9.30E-03 | 1.03
28 | 1.79E-03 | 1.03 | 4.55E-03 | 1.03

6.2 First-order scheme for non-gradient system

We consider the following (non-gradient) dynamical system:
i 1 05 0 (14 (x—1)%)7!
i 05 1 03 |x+| (1+(xn—2)»)""
0 -02 1 (14 (x3+1)%)71
and use the generalized SSD (5.3) to compute the index-1 and index-2 saddle points of
this dynamical system with the initial conditions
x0=(-1,10)", 0=(-100)", x=(-110)T,
1 1
v10=-—7=(-1,1,0)", wv0=—=(1,1,0)7,
1,0 ﬁ< ) U0 ﬁ< )
respectively. Numerical results are presented in Tables 3-4, which again show the first-
order accuracy of the scheme (5.3).

6.3 Second-order scheme for gradient and non-gradient systems

We test the convergence rates of the Richardson extrapolation technique proposed in
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Section 4.2 by the same examples in Sections 6.1-6.2 and numerical results are presented
in Tables 5-8, which show the second-order accuracy of the Richardson extrapolation.

Table 3: Convergence of (5.3) for finding an index-1 saddle point.

1/7 | maxy|ley]| | CR | max,|ej|| | CR
25 4.95E-02 9.32E-03
26 2.50E-02 | 0.98 | 4.64E-03 | 1.00
27 1.25E-02 | 1.00 | 2.30E-03 | 1.01
28 6.19E-03 | 1.02 | 1.13E-03 | 1.02

Table 4: Convergence of (5.3) for finding an index-2 saddle point.

1/7 | maxy|ley]| | CR | max,|ef| | CR
2° 3.00E-02 1.02E-02
26 1.50E-02 1.01 5.08E-03 1.00
27 7.42E-03 1.01 2.52E-03 1.01
28 3.65E-03 1.02 1.24E-03 1.02

Table 5: Convergence of Richardson extrapolation for finding an index-1 saddle point of the gradient system.

1/7 | max,|[eN*| | CR | max,|[eX?|| | CR
25 1.45E-03 5.49E-04
26 3.46E-04 | 207 | 1.34E-04 | 2.03
27 8.43E-05 | 2.04 | 3.31E-05 | 2.02
28 2.08E-05 | 202 | 822E-06 | 2.01

Table 6: Convergence of Richardson extrapolation for finding an index-2 saddle point of the gradient system.

1/7 | max,|[ef*| | CR | max,|[eX?|| | CR
25 3.39E-04 9.79E-04
26 8.32E-05 | 2.03 | 241E-04 |2.02
27 2.06E-05 | 201 | 5.97E-05 |2.01
28 5.13E-06 | 2.01 | 1.49E-05 | 2.01

Table 7: Convergence of Richardson extrapolation for finding an index-1 saddle point of the non-gradient system.

1/7 | max,[leN¥|| | CR | max,|eN?| | CR
2° 9.54E-04 1.43E-04
26 2.45E-04 1.96 3.52E-05 2.02
27 6.20E-05 1.98 8.71E-06 2.01
28 1.56E-05 1.99 2.17E-06 2.01
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Table 8: Convergence of Richardson extrapolation for finding an index-2 saddle point of the non-gradient system.

1/7 | max,|[eX*| | CR | max,|[eX?|| | CR
2° 1.43E-04 1.53E-04
26 3.55E-05 2.01 3.86E-05 1.99
27 8.87E-06 2.00 9.69E-06 1.99
28 2.21E-06 2.00 2.42E-06 2.00

7 Conclusions

Finding the saddle points of complicated systems has attracted an increasing interest in
recent decades. In particular, the SSD serves as an efficient numerical algorithm to com-
pute any-index saddle points and has been widely used to construct the solution land-
scapes of varied energy and dynamical systems. In this paper we prove the boundedness
of the exact solutions and optimal-order error estimates of the numerical discretization to
the SSD with respect to the time step size. We overcome the main difficulties of dealing
with the local Lipschitz assumptions, the dimer approximation, and the strong nonlin-
earity of the SSD. We further employ the Richardson extrapolation to obtain the approx-
imate solution with second-order accuracy. The derived analysis and numerical results
provide mathematical and numerical supports for the computations of saddle points. In
future works, we will investigate how to relax or eliminate the restrictions like (2.8) on
the parameters to improve the analysis.
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