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Abstract. Based on the idea of serendipity element, we construct and analyze the
first quadratic serendipity finite volume element method for arbitrary convex polyg-
onal meshes in this article. The explicit construction of quadratic serendipity element
shape function is introduced from the linear generalized barycentric coordinates,
and the quadratic serendipity element function space based on Wachspress coordi-
nate is selected as the trial function space. Moreover, we construct a family of unified
dual partitions for arbitrary convex polygonal meshes, which is crucial to finite vol-
ume element scheme, and propose a quadratic serendipity polygonal finite volume
element method with fewer degrees of freedom. Finally, under certain geometric
assumption conditions, the optimal H1 error estimate for the quadratic serendipity
polygonal finite volume element scheme is obtained, and verified by numerical ex-
periments.
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1 Introduction

Due to the local conservation property, finite volume element method (FVEM) is a
popular method for numerical simulation, and has been researched extensively in the
last decades (e.g. [1–18]). At present, the linear FVEM on triangular and quadrilat-
eral meshes has a relatively complete theory system, such as coercivity results, H1 and
L2 error estimates. However, the research of quadratic FVEM is more difficult than
linear scheme, then we give a brief review for the development of quadratic FVEM.
For the quadratic FVEM on triangular meshes, there are plenty of schemes (e.g. [1–6])
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based on different dual partitions with two parameters α and β. The coercivity of these
schemes are almost established under certain minimum angle conditions, but up to
now, only one scheme proposed in [5] is unconditionally stable. Moreover, for the ex-
isting schemes, there is only one scheme which has been proved that it has both the
optimal H1 and L2 error estimates in [4]. Based on the existing coercivity results for
the quadratic scheme in [4], it is not unconditionally stable, and how to remove the
minimum angle condition is still an open and expectant problem. For the quadratic
FVEM on quadrilateral meshes, the scheme [7] obtained the optimal convergence rate
in H1 norm for rectangular meshes, and the scheme [8] reached similar result for h2-
parallelogram meshes. But L2 convergence rates of them are all not optimal. By using
the optimal stress points to construct dual partition, [9, 10] obtained the optimal con-
vergence rates in L2 norm on rectangular meshes, and the results were extended to h2-
parallelogram meshes in [11]. After that, according to the research for any order finite
volume element schemes on quadrilateral meshes [12, 13], we can find the theoretical
analysis of quadratic FVEM was further improved for h1+γ-parallelogram meshes. In
addition, recent research has extended the quadratic FVEM to tetrahedral and cuboid
meshes for three-dimensional problems (e.g. [16, 17]).

For 2D problem, it’s worth noting that all the above finite volume element schemes
are constructed on triangular and quadrilateral meshes. We know more and more
numerical schemes are constructed on polygonal and polyhedral meshes (e.g. [19–
23]), however, there is little research on finite volume element scheme over polygo-
nal meshes currently. Recently, a linear FVEM for arbitrary convex polygonal meshes
was proposed in [18], and the optimal H1 error estimate was obtained under some ge-
ometric assumptions and coercivity assumptions. To the best of our knowledge, no
previous study presented the quadratic FVEM on polygonal meshes. Therefore, the
focus of our research interest is constructing and analyzing the quadratic FVEM over
arbitrary convex polygonal meshes.

When we obtain shape functions with quadratic precision by the pairwise prod-
ucts of generalized barycentric coordinates over a general polygonal cell, we find it
will lead into some additional degrees of freedom inside the cell. However, the inte-
rior unknowns will produce great difficulties for constructing unified dual partitions
on arbitrary polygonal meshes, and maybe it can only be done case by case (e.g. trian-
gular meshes, quadrilateral meshes, pentagonal meshes ... ). Fortunately, we find some
research about quadratic serendipity element shape functions over arbitrary polygo-
nal meshes. The authors of [24] established the quadratic serendipity finite element
method on polygonal meshes by using generalized barycentric coordinates, and what
was more, other constructions of quadratic serendipity finite element method can be
found in [25–28]. By using mean value coordinate, [29] offered a simple and efficient
method to explicitly construct quadratic serendipity element shape functions on both
convex and concave polygons. From the above research results, the quadratic serendip-
ity elements only need 2n basis functions for n-sided polygon, associated with vertices
and edge midpoints to achieve quadratic precision. The number of basis functions re-
duces from n(n+1)/2 to 2n, which contributes to establish unified quadratic FVEM.
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Based on the quadratic serendipity element using Wachspress coordinate, we construct
the quadratic serendipity finite volume element scheme over arbitrary convex polyg-
onal meshes, which has fewer degrees of freedom, and find the scheme on triangu-
lar meshes can reduce to the P2 finite volume element scheme with parameters (α,β),
e.g. [1–6]. Then, we obtain some coercivity results for certain special cases and opti-
mal H1 error estimate, and show some numerical results for solving the anisotropic
diffusion problem on convex polygonal meshes.

The remainder of this article is organized as follows. We introduce some nota-
tions about the primary and dual meshes and the construction of quadratic serendip-
ity element shape functions using Wachspress coordinate in Section 2, and present the
quadratic serendipity polygonal finite volume element method. In Section 3, we obtain
the optimal H1 error estimate for the quadratic serendipity polygonal finite volume
element scheme. Some numerical results on several polygonal meshes are shown in
Section 4, which verifies our theoretical analysis. Finally, we conclude the article in
Section 5.

2 Quadratic serendipity polygonal finite volume element method

In this article, we consider the anisotropic diffusion equation

−∇·(Λ∇u)= f , in Ω, (2.1)

u=0, on ∂Ω, (2.2)

where Ω is an open bounded polygonal domain in R
2. f ∈ L2(Ω) is the source term.

Λ is a symmetric, positive-definite and piecewise smooth tensor-valued function, thus,
for generic positive constants λ and λ, it satisfies

λ‖x‖2 ≤ x
TΛx≤λ‖x‖2, ∀x∈R

2,

where ‖·‖ denotes the Euclidean norm in R
2. Then, we introduce the following nota-

tions and assumptions for the primary mesh Th of Ω.

• M denotes the set of disjoint polygonal cells, satisfying Ω=∪K∈MK where K is a
generic cell in M. We know K is an open and connected subset of Ω. We assume
that K is strictly convex in the sense that all interior angles of K are less than π,
and denote by xK its averaging center. The measure, diameter of K and the radius
of the largest circle inscribed in K are denoted as |K|, hK and ρK, respectively. Let
h=maxK∈MhK.

• V denotes the set of vertices, where ν∈V is a vertex of the cell K∈M.

• N denotes the set of edge midpoints, where m∈N is a edge midpoint of the cell
K∈M. Let W=V∪N , W int=W∩Ω.
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Figure 1: The primary cell (black solid line) and dual cell (red dashed line).

Here we assume that the primary mesh is conforming, which means the intersection
of the enclosures of any two cells in M is either empty or a common vertex or a com-
mon edge. Let ν1,ν2,··· ,νn denote the vertices of K, and m1,m2,··· ,mn denote the edge
midpoints of K. The averaging center xK is defined as

xK =
1

n

n

∑
i=1

νi. (2.3)

For k is a periodic index with period n, we define that ωk,k+1 and ωk+1,k are two points
on the edge νkνk+1, and ωk is a point on the edge νkxK, satisfying

α :=
|νkωk,k+1|
|νkνk+1|

=
|ωk+1,kνk+1|
|νkνk+1|

∈
(

0,
1

2

)

, β :=
|νkωk|
|νkxK|

∈ (0,1) . (2.4)

For each vertex ν∈V and each edge midpoint m∈N , we associate them with the dual
cells D∗

ν
and D∗

m
. For example, we plot a pentagonal cell in Fig. 1. All dual cells consti-

tute the dual mesh T ∗
h , i.e., T ∗

h :={D∗
ν

: ν∈V}∪{D∗
m

: m∈N}={D∗
υ

: υ∈W}.

2.1 Generalized barycentric coordinate

The generalized barycentric coordinate shape functions are defined by

φi(x)=
wi(x)

∑
n
j=1wj(x)

, x∈K, (2.5)

where wi(x) are the weight functions, and we know the different weight functions can
lead to the different generalized barycentric coordinate (GBC) shape functions [30, 31],
such as Wachspress coordinate [32], mean value coordinate [33] and so on. In this ar-
ticle, we use the Wachspress coordinate to obtain the following quadratic serendipity
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element shape functions. From [32], the weight functions of Wachspress coordinate are
defined as

wi(x)=Ai(νi−1) ∏
1≤j≤n, j 6=i−1,i

Aj(x), i=1,··· ,n, (2.6)

or

wi(x)=
Ai(νi−1)

Ai−1(x)Ai(x)
, i=1,··· ,n, (2.7)

where Ai(x), x∈K denotes the area of the triangle with vertices x, νi and νi+1, and i is a
periodic index with period n such that ν0=νn, νn+1=ν1. Both definitions of the weight
functions in (2.6) and (2.7) lead to the same Wachspress shape functions by (2.5). In this
article, we use the definition in (2.6), because it allows the direct evaluation of shape
functions up to the cell boundary.

2.2 The construction of quadratic serendipity element shape functions

As we all known, the generalized barycentric coordinates are only guaranteed to have
linear precision. Then we use the pairwise products of generalized barycentric coordi-
nates to obtain the following constant, linear, and quadratic precision,

∑
i

ϕi(x)=1, ∑
i

νi ϕi(x)= x, ∑
i

νiν
T
i ϕi(x)= xx

T .

The construction of quadratic serendipity element (QSE) shape functions on a polygo-
nal cell includes three steps [24, 29]: order elevation, function reduction, and Lagrange
property preservation,

{φi} Order elevation−−−−−−−−→{χi,j} Function reduction−−−−−−−−−−−−−→
Linear transformation A

{ψi,i, ψi,i+1}
Lagrange property preservation−−−−−−−−−−−−−−−−−→

Linear transformation B

{ϕi, ϕn+i}

where j≥ i, i, j=1,2,··· ,n, as follows.

• (Order elevation) We define χi,j :=φiφj, j≥ i, i, j=1,2,··· ,n, where φi is defined in
(2.5) and (2.6).

• (Function reduction [29]) We obtain 2n quadratic functions {ψi,i, ψi,i+1}, i=1,2,··· ,n
as follows,















ψi,i=χi,i+ ∑
j 6={i−1,i,i+1}

ai,i
i,jχi,j,

ψi,i+1=χi,i+1+ ∑
j 6={i−1,i,i+1}

ai,i+1
i,j χi,j+ ∑

j 6={i,i+1,i+2}
ai+1,i

i+1,jχi+1,j,

where χi,j=χj,i, and

ai,i
i,j=−Ai−1,i+1,j/Ai−1,i,i+1, ai,i−1

i,j =Aj,i,i+1/(2Ai−1,i,i+1), ai,i+1
i,j =Ai−1,i,j/(2Ai−1,i,i+1).

• (Lagrange property preservation) The 2n QSE shape functions {ϕi, ϕn+i}, i =
1,2,··· ,n are obtained by ϕi=ψi,i−ψi,i+1−ψi−1,i, ϕn+i=4ψi,i+1.
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Figure 2: The construction of QSE shape functions for a quadrilateral cell.

Ai,j,k denotes the area of triangle νiνjνk, and ψn,n+1 = ψn,1. As a note, ψi,i, ϕi and
ψi,i+1, ϕn+i are associated with the vertex νi and the edge midpoint mi.

In order to describe the construction process of QSE shape functions carefully, we
give an example for a quadrilateral cell K with vertices ν1, ν2, ν3, ν4 in Algorithm 1.

Algorithm 1: The construction of QSE shape functions for a quadrilateral cell

Step 0: Get the linear generalized barycentric coordinate shape functions {φi},
which are defined in (2.5) and (2.6), see Fig. 2(a);

Step 1: Obtain n(n+1)/2=10 unique functions {χi,j} by pairwise multiplying
{φi}, see Fig. 2(b);

Step 2: Split each function χi,j, j 6= i,i+1 up into six functions, see Fig. 2(c), and
add them to functions χi,i, χj,j, χi−1,i, χi,i+1, χj−1,j, χj,j+1 to obtain 2n=8
functions {ψi,i, ψi,i+1}, see Fig. 2(d);

Step 3: Compute 2n=8 QSE shape functions {ϕi} for Lagrange property
preservation, see Fig. 2(e).

2.3 Quadratic serendipity polygonal finite volume element equation

We choose the trial function space as Uh = Span{ϕυ : υ∈W int}, where ϕυ denotes the
quadratic serendipity element shape function, which is introduced in Subsection 2.2,
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and the test function space as

Vh={vh ∈L2(Ω̄) : vh|D∗
υ

= constant, ∀ υ∈W int; vh|D∗
υ

=0, ∀ υ∈W∩∂Ω},

where the two parameters of dual partition α, β are defined as (2.4). Then we propose
the quadratic serendipity polygonal finite volume element method (QS−PFVEM) to
solve this problem, where the numerical solution uh ∈Uh satisfying

− ∑
υ∈W int

vh(υ)
∮

∂D∗
υ

(Λ∇uh)·nds= ∑
υ∈W int

vh(υ)
∫

D∗
υ

f dxdy, ∀υ∈W int, (2.8)

where n is the unit normal outward to the dual cell boundary ∂D∗
υ
.

Remark 2.1. According to the construction of quadratic serendipity element shape
functions in Subsection 2.2, we can find QSE shape functions on triangular meshes
reduce to the P2 finite element functions. Thus, QS−PFVEM on triangular meshes
reduces to the P2 finite volume element method (P2−FVEM) with parameters (α,β),
because both of them also use the same dual partition. In other words, the scheme
is also regarded as a new development, which extends the P2−FVEM to polygonal
meshes. For the choice of dual partition parameters (α,β) in this article, we recom-
mend the following two schemes. First, QS−PFVEM with α = (3−

√
3)/6, β = (6+√

3−
√

21+6
√

3)/6 (scheme I) on triangular meshes reduces to the P2−FVEM in [4],
which has optimal H1 and L2 convergence orders. Second, QS−PFVEM with α =
(3−

√
3)/6, β=(3−

√
3)/4 (scheme II) on triangular meshes reduces to the P2−FVEM

in [5], which has been proved that it is unconditionally stable and has optimal H1 con-
vergence order.

3 H1 Error estimate

First, we introduce some geometric assumptions for error estimate. Let the vertices of K
be denoted by ν1,ν2,··· ,νn and the interior angle at νi be θi. Two geometric assumptions
for any K∈M are given, as follows.

• (G1) There exists a positive constant d∗ such that mini 6=j‖νi−νj‖> d∗hK , where

‖·‖ denotes the Euclidean norm in R
2.

• (G2) There exists a positive constant θ∗ such that max1≤i≤n{θi}< θ∗<π.

Let |·|m,D be the semi-norm of Sobolev space Hm(D). Under the geometric constraints
(G1) and (G2), one can obtain the following error estimate. Note that “A.B” denotes
that A can be bounded by B multiplied by a constant independent of h, and “A& B”
denotes that B can be bounded by A similarly.
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3.1 Interpolation error estimate

Lemma 3.1. Under the geometric assumptions (G1) and (G2), for the quadratic serendipity
element shape functions ϕi(x), i=1,2,··· ,2n, we have ‖∇ϕi‖.h−1

K and |ϕi|2,K .h−1
K .

Proof. By the Lemma 4 and Lemma 6 in [18], for the Wachspress coordinate φi, we know
‖∇φi‖. h−1

K and |φi|2,K . h−1
K . According to the definition of generalized barycentric

coordinate in (2.5), we have |φi|<1. By the chain rule and χi,j=φiφj, j≥ i, i, j=1,2,··· ,n,

we have ‖∇χi,j‖.h−1
K and |χi,j|2,K.h−1

K . From the construction of quadratic serendipity
element shape functions in Subsection 2.2 and the Theorem 1 of [29], {ψi,i, ψi,i+1} and
{ϕi, ϕn+i} are obtained by the bounded linear transformations A and B from {χi,j}, so

‖∇ϕi‖.h−1
K and |ϕi|2,K.h−1

K .

For the Wachspress coordinate, by the Lemma 6 of [34] and Theorem 1 of [29], we
have the H1 norm of QSE shape functions are uniformly bounded. Then we obtain
the following H1 interpolation error estimate for QSE shape functions in Lemma 3.2 by
the Bramble-Hilbert lemma and Sobolev embedding theorem, where the proof of it is
similar to the Theorem 5 in [29]. For the H1 error analysis for QS−PFVEM, we also
need the H2 interpolation error estimate for QSE shape functions. By Lemma 3.1, we
obtain the following H2 interpolation error estimate for QSE shape functions in Lemma
3.3, where the proof of it is similar to Theorem 1 in [18].

Lemma 3.2. Under the geometric constraints (G1) and (G2), for all u∈H3(K), we have

|u−uI |1,K .h2
K|u|3,K. (3.1)

Lemma 3.3. Under the geometric constraints (G1) and (G2), for all u∈H3(K), we have

|u−uI |2,K .hK|u|3,K. (3.2)

3.2 The coercivity result

On triangular meshes, we note that QS−PFVEM reduces to the P2−FVEM with param-
eters (α,β), which has been studied extensively, e.g. [1–6]. So, in this case the coercivity
result of QS−PFVEM can be directly obtained from the existing works. Specifically, we
have the following result.

Lemma 3.4 ([6], Section 7). Assume that the diffusion tensor Λ is piecewise constant with re-
spect to Th, or Λ is piecewise W1,∞ and the mesh size h is sufficiently small. For the QS−PFVEM,
if the angles of each triangular cell satisfy the minimum angle conditions in Table 1, we have

ah(uh,Π∗
huh)& |uh|21,Ω,h, ∀uh∈Uh, (3.3)

where

|v|21,Ω,h = ∑
K∈M

|v|21,K,h, |v|21,K,h =
n

∑
i=1

(vi+1−vi)
2,

and Π∗
h is a bijective linear mapping which maps uh∈Uh to Π∗

huh∈Vh.
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Table 1: The existing minimum angle conditions for triangular meshes.

(α,β) Minimum angle conditions

(1/3,1/2) 10.08◦

(1/6,3/8) 7.11◦

(1/4,1/2) 4.14◦

((3−
√

3)/6,(6+
√

3−
√

21+6
√

3)/6) 1.42◦

((3−
√

3)/6,(3−
√

3)/4) Unconditionally stable

Remark 3.1. As for the general polygonal meshes n ≥ 4, the coercivity analysis is an
extremely challenging work, because the quadratic serendipity element shape functions
are more complex than the classical P2 finite element functions, and the corresponding
analysis involves too much geometric parameters.

In this paper, we treat the coercivity result for QS−PFVEM on general polygonal
meshes (n≥4) as an assumption, as follows.

• (A1) The coercivity result of QS−PFVEM (3.3) holds for arbitrary convex polyg-
onal meshes.

3.3 An optimal H1 error estimate

Due to ‖∇ϕi‖.h−1
K in Lemma 3.1, we have |uh|1,Ω. |uh|1,Ω,h, ∀uh∈Uh. Then we obtain

the following optimal H1 error estimate for QS−PFVEM by the H1 and H2 interpolation
error estimates in Lemma 3.2 and Lemma 3.3.

Theorem 3.1. Assume that Th consists of arbitrary convex polygons, and the diffusion tensor
Λ satisfies the same assumptions in Lemma 3.4. Let u be the exact solution of (2.1) and (2.2),
and uh be the quadratic serendipity polygonal finite volume element solution of (2.8). Then,
under the geometric constraints (G1), (G2) and the coercivity assumption (A1), we have

|u−uh|1,Ω.h2|u|3,Ω. (3.4)

4 Numerical examples

In this section, we solve two numerical examples on Ω = [0,1]2 by QS−PFVEM. To
measure the accuracy and mesh flexibility, four typical mesh types are employed in
Fig. 3.

4.1 Example 1

Firstly, we solve the example with the following diffusion tensor and exact solution,

Λ=

(

1.0 0.2
0.2 0.5

)

, u(x,y)= e0.1x+0.2y.
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(a) Mesh 1: Triangular mesh (b) Mesh 2: Trapezoid mesh

(c) Mesh 3: Random mesh (d) Mesh 4: Polygonal mesh

Figure 3: Mesh types used in the numerical tests.

For the example, we compute H1 errors Eq and convergence rates Rq for two schemes,

scheme I with parameters α=(3−
√

3)/6, β=(6+
√

3−
√

21+6
√

3)/6 in Table 2, and
scheme II with parameters α=(3−

√
3)/6, β=(3−

√
3)/4 in Table 3. We can find that

the convergence rates of H1 errors are optimal on the four polygonal meshes, which
verifies the previously discussed theorem of error estimate in Theorem 3.1. From the
numerical tests, we observe that the quadratic serendipity polygonal finite volume ele-
ment method is coercive for these numerical experiments.

Moreover, we also care about L2 errors Eu and convergence rates Ru, and the numer-
ical results of scheme I are shown in Table 4. Unfortunately, the convergence orders of
L2 errors are 3 only for the triangular meshes, since we know the scheme I on triangular
meshes reduces to the P2−FVEM in [4] with the optimal L2 error estimate, but others
are nearly one order lower than the optimal convergence order asymptotically. For the
scheme II, the convergence orders of L2 errors are all asymptotically 2 on these polyg-
onal meshes in Table 5. We note that QS−PFVEM on rectangular meshes reduces to
the conventional eight-nodes serendipity finite volume element method. In [35], some
numerical results for the conventional eight-nodes serendipity finite volume element
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Table 2: The H1 errors and convergence rates of scheme I for Example 1.

Mesh level 1 level 2 level 3 level 4 level 5

Mesh 1

h 2.50000E-01 1.25000E-01 6.25000E-02 3.12500E-02 1.56250E-02

Eq 2.57452E-06 6.68319E-07 1.70085E-07 4.28928E-08 1.07694E-08

Rq 1.94569 1.97428 1.98745 1.99380

Mesh 2

h 2.05015E-01 1.02508E-01 5.12538E-02 2.56269E-02 1.28135E-02

Eq 2.53836E-06 6.75835E-07 1.74228E-07 4.42217E-08 1.11389E-08

Rq 1.90915 1.95570 1.97815 1.98915

Mesh 3

h 2.30833E-01 1.13773E-01 5.90181E-02 3.01534E-02 1.50528E-02

Eq 1.47079E-06 4.34468E-07 1.09103E-07 2.89859E-08 7.30799E-09

Rq 1.72360 2.10530 1.97377 1.98327

Mesh 4

h 3.53553E-01 1.76777E-01 8.83883E-02 4.41942E-02 2.20971E-02

Eq 2.31334E-06 5.41486E-07 1.30940E-07 3.21906E-08 7.98022E-09

Rq 2.09498 2.04802 2.02420 2.01214

Table 3: The H1 errors and convergence rates of scheme II for Example 1.

Mesh level 1 level 2 level 3 level 4 level 5

Mesh 1

h 2.50000E-01 1.25000E-01 6.25000E-02 3.12500E-02 1.56250E-02

Eq 2.72995E-06 7.10795E-07 1.81142E-07 4.57115E-08 1.14809E-08

Rq 1.94137 1.97231 1.98649 1.99333

Mesh 2

h 2.05015E-01 1.02508E-01 5.12538E-02 2.56269E-02 1.28135E-02

Eq 1.91110E-06 5.11786E-07 1.32319E-07 3.36329E-08 8.47774E-09

Rq 1.90079 1.95152 1.97608 1.98812

Mesh 3

h 2.30833E-01 1.13773E-01 5.90181E-02 3.01534E-02 1.50528E-02

Eq 1.23250E-06 3.66832E-07 9.20063E-08 2.44739E-08 6.15927E-09

Rq 1.71294 2.10716 1.97194 1.98588

Mesh 4

h 3.53553E-01 1.76777E-01 8.83883E-02 4.41942E-02 2.20971E-02

Eq 1.86785E-06 4.31675E-07 1.03723E-07 2.54181E-08 6.29119E-09

Rq 2.11336 2.05721 2.02880 2.01445

method on rectangular meshes were shown that the convergence orders of L2 errors
are only 2, which are one order lower than the optimal order. According to the devel-
opment of P2−FVEM and conventional eight-nodes serendipity finite volume element
method, the optimal L2 error estimate is very sensitive to selection of dual partitions.
Finding one unified dual partition to obtain the optimal convergence order of L2 errors
is our future work emphasis.
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Table 4: The L2 errors and convergence rates of scheme I for Example 1.

Mesh level 1 level 2 level 3 level 4 level 5

Mesh 1

h 2.50000E-01 1.25000E-01 6.25000E-02 3.12500E-02 1.56250E-02

Eu 1.40988E-07 1.75254E-08 2.18526E-09 2.72847E-10 3.40874E-11

Ru 3.00805 3.00357 3.00164 3.00078

Mesh 2

h 2.05015E-01 1.02508E-01 5.12538E-02 2.56269E-02 1.28135E-02

Eu 5.24931E-08 6.52632E-09 8.99955E-10 1.63678E-10 3.83202E-11

Ru 3.00778 2.85835 2.45899 2.09468

Mesh 3

h 2.30833E-01 1.13773E-01 5.90181E-02 3.01534E-02 1.50528E-02

Eu 4.82800E-08 6.83671E-09 1.12291E-09 2.15990E-10 5.58851E-11

Ru 2.76287 2.75213 2.45470 1.94598

Mesh 4

h 3.53553E-01 1.76777E-01 8.83883E-02 4.41942E-02 2.20971E-02

Eu 2.26644E-07 3.23707E-08 5.19135E-09 1.02414E-09 2.35407E-10

Ru 2.80767 2.64050 2.34170 2.12119

Table 5: The L2 errors and convergence rates of scheme II for Example 1.

Mesh level 1 level 2 level 3 level 4 level 5

Mesh 1

h 2.50000E-01 1.25000E-01 6.25000E-02 3.12500E-02 1.56250E-02

Eu 1.39371E-07 1.74231E-08 2.20393E-09 2.89291E-10 4.23749E-11

Ru 2.99986 2.98285 2.92949 2.77124

Mesh 2

h 2.05015E-01 1.02508E-01 5.12538E-02 2.56269E-02 1.28135E-02

Eu 4.88395E-08 6.08073E-09 8.10819E-10 1.36675E-10 3.05294E-11

Ru 3.00573 2.90679 2.56863 2.16248

Mesh 3

h 2.30833E-01 1.13773E-01 5.90181E-02 3.01534E-02 1.50528E-02

Eu 4.45674E-08 6.37989E-09 1.02525E-09 1.92389E-10 5.07172E-11

Ru 2.74753 2.78539 2.49152 1.91910

Mesh 4

h 3.53553E-01 1.76777E-01 8.83883E-02 4.41942E-02 2.20971E-02

Eu 2.24720E-07 3.19788E-08 5.03216E-09 9.71010E-10 2.20634E-10

Ru 2.81294 2.66786 2.37362 2.13783

4.2 Example 2

Secondly, we consider the discontinuous diffusion tensor with one discontinuity line
x=1/2, where the diffusion tensor and the exact solution are given as follows,

Λ=

{

Λ1, 0≤ x≤0.5,

Λ2, 0.5< x≤1,
Λ1=

(

10 2
2 5

)

, Λ2=

(

1 0
0 1

)

,
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Figure 4: The numerical results on Mesh 1 for Example 2.
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Figure 5: The numerical results on Mesh 2 for Example 2.

u(x,y)=

{

[(x−0.5)(8π(y−0.5)+0.1)+1] e−20π(y−0.5)2
, 0≤ x≤0.5,

ex−20π(y−0.5)2−0.5, 0.5< x≤1.

We solve the problem by the linear FVEM scheme on polygonal meshes in [18] (lin-
ear scheme), and two quadratic serendipity polygonal finite volume element schemes
(scheme I and scheme II), and draw log-log plots of the H1 errors and L2 errors with
mesh size h in Figs. 4, 5, 6. One can observe that the numerical performance is similar
to Example 1, and the optimal convergence orders of H1 errors are obtained for the
scheme I and scheme II.
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Figure 6: The numerical results on Mesh 4 for Example 2.

5 Conclusion

Thanks to the quadratic serendipity element, we propose the quadratic serendipity fi-
nite volume element scheme for solving the anisotropic diffusion problem on arbitrary
convex polygonal meshes. The trial function space is constructed by explicit quadratic
serendipity element shape functions based on Wachspress coordinate, and we present
a family of unified dual partitions for arbitrary convex polygonal meshes. The scheme
reduces to the P2 finite volume element method on triangular meshes, and it reduces to
the conventional eight-nodes serendipity finite volume element method on rectangular
meshes. Moreover, we analyze that the scheme has optimal H1 error estimate on con-
vex polygonal meshes, and verify it by some numerical examples. In the future, we will
investigate the coercivity and L2 error estimate, and construct one quadratic finite vol-
ume element scheme on arbitrary convex polygonal meshes with optimal convergence
orders both under H1 and L2 norms.
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