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Abstract

In this paper, we first present the optimal error estimates of the semi-discrete ultra-weak
discontinuous Galerkin method for solving one-dimensional linear convection-diffusion equa-
tions. Then, coupling with a kind of Runge-Kutta type implicit-explicit time discretization
which treats the convection term explicitly and the diffusion term implicitly, we analyze
the stability and error estimates of the corresponding fully discrete schemes. The fully
discrete schemes are proved to be stable if the time-step 7 < 79, where 79 is a constant in-
dependent of the mesh-size h. Furthermore, by the aid of a special projection and a careful
estimate for the convection term, the optimal error estimate is also obtained for the third
order fully discrete scheme. Numerical experiments are displayed to verify the theoretical
results.

Mathematics subject classification: 65M12, 65M15, 65M60.
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1. Introduction

Among the time discretization methods for solving convection-diffusion problems, explicit
time discretization results in severe time step restriction, while pure implicit time discretization
always requires solving large non-linear systems of equations. In [19], a kind of Runge-Kutta
(RK) type implicit-explicit (IMEX) time discretization [1] coupled with the local discontinuous
Galerkin (LDG) spatial discretization [7] was studied for one dimensional linear convection-
diffusion equations. The corresponding fully discrete IMEX-LDG schemes were proved to be
unconditionally stable under the time step restriction 7 < 79, where 7y depends only on the
coefficients of convection and diffusion and not on the mesh size. The similar results were
also extended to non-linear problems in [20] and to multi-dimensional cases in [21]. Later,
the stability of IMEX time discretization combined with the embedded DG method [10], the
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(o, p)-family DG method [12] and the directed DG method [14] was investigated in [8,16,22],
respectively.

The stability mechanism of the aforementioned fully discrete methods lies in that, the anti-
dissipation of the explicit discretization for the convection term can be controlled by the stability
provided by the implicit discretization for the diffusion term. In this paper, we concern about
whether the same mechanism is inherent to the ultra-weak discontinuous Galerkin (UWDG)
method coupled with IMEX time discretization.

The UWDG method was developed to solve time dependent partial differential equations
(PDEs) containing high order spatial derivatives by Cheng and Shu [5]. Unlike the LDG me-
thod, the UWDG method does not introduce any auxiliary variables. The main idea of the
UWDG method is to apply integration by parts repeatedly and to move all the spatial deriva-
tives from the trial function to the test function in the weak formulations. The UWDG method
has been successfully applied to kinds of high order PDEs. In [9], Fu and Shu designed an
energy-conserving UWDG method for the generalized KdV equation. The UWDG method for
generalized stochastic KAV equations was studied in [13], for Schrodinger equations was studied
in [3,4]. Recently, the UWDG method combined with the LDG method to solve the PDEs with
high order spatial derivatives was developed by Tao et al. [15,18]. It is worth pointing out that,
most of the above works focus on the theoretical analysis for the semi-discrete UWDG method.
Although IMEX time discretization is used in numerical experiments, such as in [3,13], there
is no theoretical analysis for the fully discrete IMEX-UWDG scheme. Meanwhile, the error
estimates of the semi-discrete UWDG method for convection-diffusion problems [5] are not op-
timal, but numerical experiments show optimal accuracy. As far as the authors know, there is

no theoretical analysis to fill this gap so far.

In this work, we will first present the optimal error estimates of the semi-discrete UWDG
scheme for solving one-dimensional linear convection-diffusion equations with periodic bound-
ary conditions. The main technique is a special projection to be defined following from [3]. The
projection can eliminate the projection errors involved in the diffusion part, but the projection
errors involved in the convection part can not be eliminated, so traditional treatment will lose
accuracy. By the aid of the stability provided by diffusion discretization, we obtain optimal
error estimates for the semi-discrete UWDG scheme.

We will also perform the analysis of stability and error estimates for some fully discrete
IMEX-UWDG schemes. Typically, three specific RK type IMEX schemes coupled with the
UWDG spatial discretization will be considered. By energy analysis, we prove similar stability
results to that for the IMEX-LDG method in [19]. Different from the LDG method, where the
discretization of the diffusion part can be converted into some inner products of auxiliary vari-
ables, there are no auxiliary variables which can be used in the UWDG method. With respect to
the UWDG discretization, we make full use of the symmetric and dissipative properties, which
will help us to build up negative definite quadratic forms about the implicit discretization of
diffusion part, so as to obtain the desired stability results. Along the similar line of stability
analysis and by the aid of the special projection mentioned above, we also carry out the optimal
error estimates for the third order IMEX-UWDG scheme.

The paper is organized as follows. We first present the semi-discrete UWDG scheme for the
model problem and give its optimal error estimates in Section 2. Then we give the stability
analysis of three specific fully discrete IMEX-UWDG schemes in Section 3. In Section 4, we
give optimal error estimates for the third order fully discrete IMEX-UWDG scheme. Numerical
results are given in Section 5 to verify the main theoretical results. In Section 6, we give some
concluding remarks.
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2. The Semi-Discrete UWDG Method and Error Estimates

2.1. The semi-discrete UWDG scheme

In this subsection, we would like to present the definition of the semi-discrete UWDG scheme
for a linear convection-diffusion problem in one dimension

Uy + Uy — dUy, = 0, (2.1a)
U(z,0) = Uy(x) (2.1b)

for x € Q = (a,b) and ¢t € (0,77, where ¢ and d > 0 are coefficients of convection and diffusion,
respectively. Without loss of generality, we assume ¢ > 0. We only consider periodic boundary
condition in this paper. Moreover, we assume that the initial solution Up(z) is in L?(£2) and is
smooth enough.

Let T, ={I; = (xjfé,xﬂ%)};v:l be a partition of €2, where z1 = a and 1 = b are the

two boundary points. We denote the cell length as h; = Tijpl =T 1 forj=1,...,N, and

jf
define h = max; h;. In addition, we assume 7}, is quasi-uniform, that is, there exists a positive
constant v such that h;/h > v for all j, during mesh refinements.

The discontinuous finite element space is defined as
Vi ={veL*Q): vl €Pu(l;),Vj=1,...,N }, (2.2)

here Py (I;) is the space of polynomials in I; of degree no more than k > 1. For any piecewise
function p, there are two traces along the right-hand side and left-hand side of each element
boundary points, denoted by p* and p~, respectively, and the “jump” is denoted by [p] =
pt—p~.

Following [5], the semi-discrete UWDG scheme is defined as follows: Find u € V}, such that
in each cell I}, the variation formulation

(u,v); — c(u,vg)j + c(fw_)ﬂ% — c(uv™)

— (v ) +d(ot) 1+ d(avg )y

j—1 = AU, Vga);

s —d(aw]); 1 =0 (2.3)

holds for any v € V},. Here 4, @ and u; are numerical fluxes that are chosen to be

t=u", a=ut, uy=u; + Aul, (2.4)
where (-,-); denotes the inner product in L?(I;), and A = % is a positive penalty coefficient

with large enough positive constant Cj.
Remark 2.1. We can also take the following numerical fluxes:

t=u", A4=u", Uy=u + Nu.

Remark 2.2. When k& = 0, we should take A = %, otherwise, the scheme will not be consistent.
A simple explanation is that, the above scheme reduces to a finite difference scheme

Ui — Uj_1 Ujp1 — 2Uj + Uj—1
() = —e=l—=t=t p xS T

if £ = 0 and uniform mesh is adopted, we can see that only A = % gives consistent scheme in
this case. We will consider the case k > 1 in this paper.
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We rewrite (2.3) in the following variation form:

(ug,v)j = Hj(u,v) + L (u,v), (2.5)
where
Hj(u,v) :c[(u,vz)j UV uf_%v;r_%} = —c[(um,v)j + [u]]fév;r_% , (2.6a)
£5(u,0) = |, va); + (02)7, 407,y — (020l —uf, ()7,
+ u;i%(vz);i% + A ([u]j+%vj_+% — [u]j_%vt%) } (2.6b)

We would like to take the initial condition u(x,0) as the projection Py, (which is to be defined
in (2.22)) of the initial solution Up(z).
For convenience of analysis, we denote

N
(Uv T) - Z(va 7’)]',

j=1
which is the inner product in L?(€2). Let

N N

H(v):ZHj('a')a £:Z£j(,)

J=1 Jj=1
After summing over j = 1,..., N in the variation formulations (2.5), we get the semi-discrete
UWDG scheme in the global form

(ug,v) = H(u,v) + L(u,v). (2.7)

2.2. Preliminaries

In this subsection, we will present some notations and some properties of the UWDG spatial
discretization method.

2.2.1. Notations and the inverse inequality

We will use the standard notations in Sobolev spaces. We use || - | p to denote the standard L>
norm in D. For any integer s > 1, let H*(D) represent the space in which the function itself
and the derivatives up to the s-th order are all in L?(D), the corresponding norm is denoted
by || - || &= (py- In addition, we omit the subscript D if D = Q. We would also like to use C' to
denote a generic positive constant that is independent of A and may have a different value in
each occurrence.

We consider the following broken Sobolev space:

H*(Th) = {w e L*(Q) :w|;, € H*(I;),Vj=1,...,N } (2.8)

equipped with norm

1wl s (77,) =




Analysis of the Implicit-Explicit Ultra-Weak Discontinuous Galerkin Method 5

for any given integer s > 1. In addition, we define the following norms (or semi-norms):

(2.9)
(2.10)
lwlln = VIl + A= w]? (2.11)
for arbitrary w € H'(Ty,), where
2 _ N2
fulor, = (wf ) + (u53,)
is the L? norm on the boundary of I; and ||w,|* = Zjvzl ||wz|\i
From [17], we have the following properties for polynomials defined in [—1,1].
Lemma 2.1. There exist positive constants C; < /3 and Cy < g, such that
Pzl 22 (=11 < C1k2||p||L2([—1,1]), (2.12)
lp(x)| < Co(k + Dlpllrzq-1,1), Vo €[-1,1] (2.13)

for any p € Pr([-1,1]).

Owing to Lemma 2.1 and the standard scaling argument, we have the following inverse
inequalities for any v € Vj:

loallz, < 2vBE2h; o1, < 2v3BK(vh) ™ o]l (2.14a)

oty | < Dby ? ollr; < (k+ 1) (k)% ol (2.14b)
_1 1

|(wa) s | < Ry Zloslsy < (k)™ 2 loall,. (2.14c)

where v is the mesh parameter defined before, which equals 1 for uniform mesh.

2.2.2. Properties of the UWDG spatial discretization

The semi-definiteness and boundedness properties of the operator A are given in the following
two lemmas. We omit the proofs and refer readers to [23] for more details.

Lemma 2.2. For any v € V},, there holds the equality
H(v,v) = —g|[v]|2. (2.15)
Lemma 2.3. For any u,v € Vy, there hold the following inequalities:
(G, 0)| < ¢ (el + v/oeh =[] ) o], (2.16a)
A, 0)] < ¢ (llosl + Vb7 . (2.16b)

Here p = (k +1)%v.
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The next lemmas introduce the properties of the operator £. Lemmas 2.4 and 2.5 state the
symmetric and dissipative properties of £, respectively. They will play an important role in the
stability analysis.

Lemma 2.4. For any u,v € V},, there holds
L(u,v) = L(v,u). (2.17)

Proof. From (2.6b) and integration by parts, we obtain

dz [ (UgyVz)j + (uf”);—klv;l —(ug); vt — uj+%(vm);+%

1 1
2 JT2 J—2 J—32

2 =3
N
dz [ (Uz, Vz); (um)j_Jr%[v]j-i-% - [u]jﬁ-%(vr);r% - /\[u]jﬁ-%[v]j-i-%}’ (2.18)
j=1
owing to the periodic boundary condition. Thus, we get £(u,v) = L(v,u) from (2.18). O

Lemma 2.5. For any v € V},, there hold

£(w.v) <~ Sl (219)
Ioll? < ~2£(0,v), (2.20)

if the penalty coefficient A\ = % with
Co = % + 2—52 (2.21)

Proof. From (2.18) we get

N
L(v,0) = — d[nvan + Aol + 2Z<vm>j+%[v]j+;]
j=1
N 2 1 N
2 2 —
< —dflo,|]? — d\[)? +d shzl(@m)ﬂ%) —hZ m]
= =
d
< — dljva |2 — dA[o]? + ek | + < o,

for arbitrary positive constant £, where the Young’s inequality and the inverse inequality (2.14c)

were used. Noting that A = % and taking ¢ = we have

v
2k2)

Co d 2k2d
<_ 2 40042 @ 2 | 2R7A 4o
L(v,v) < = dl|ve||” = d== o] + S llvel|” + == [v]

2k2
- gl a (o= 2 ) a2

Thus, if Co > 4 + 25° then

: 2k2 2 -1 2 d 2
L(v,v) < —dmin Co == ¢ (ol + 27 [0]) < =5l

Therefore, we can obtain (2.19). In addition, from (2.19) we can easily get (2.20). O
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Remark 2.3. From the proof of Lemma 2.5, we can also get L(v,v) < 0if A > This

k2
EQ‘
implies that the semi-discrete UWDG scheme (2.7) is stable under the condition A > %

Lemma 2.6. Let u= (u1, - ,un), v=(v1,---,v,) . Define

if A > %, then we have
(a) L(u,u) <O0.
(b) For any symmetric matriz A € R"*", L(u, Av) = L(Au, v).
(¢) For any symmetric positive definite matric B € R™*", L(u, Bu) < 0.
Proof. Please refer to [16]. O

The stability and error analysis of the semi-discrete UWDG scheme for (2.1) had been given
in [5]. However, the error estimates therein was suboptimal. In the next subsection, we present
the optimal error estimates for the semi-discrete UWDG scheme. The main technique is the
special projection proposed in [3].

2.3. Optimal error estimates for the semi-discrete UWDG scheme

We first present the definition of the special projection P;. For any periodic function
w € H(Q) with s > 2, the projection Prw € V}, is defined as follows: if k > 2, then in each
element [; = (z;_1,2;,1)
2 2

(Prw — ’LU,’U)j =0, Ye ,Pk72(1j), (2.22a)
(Brw),_, =w;_y, (2.22b)
((Phw)z)jJr% = (wz)j-{-%a (2.22¢)

e~

where ]P’/h?u and (Ppw), are defined in the same manner as the definition of numerical flux in

(2.4)

(m)j_% = (]P)hw);r_%a ((Phw)z)j+% = ((Phw)m);_i_% + )\[Ph’IU]]—Jr%.

If k = 1, then only (2.22b) and (2.22c¢) are needed. This projection can eliminate the projection
errors of the diffusion part, both in the interior of element and at the boundary of element. So it
plays a key role in getting the optimal error estimates. From Lemma 3.1 in [3], we know that the
above projection is a local projection under the setting of numerical flux (2.4). In [3], the unique
existence and optimal approximation properties of the projection Ppw for w € Wktho(Q)
were discussed, with the setting of general numerical flux. In fact, the regularity assumption
w € WL (Q) can be improved to w € H¥T1(Q). For the purpose of optimal error estimates
and for the completeness of this paper, we present the following lemma and its proof.

Lemma 2.7. The projection P, exists uniquely when

]{?2
Fj=A——#0, Vj (2.23)
h;
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In addition, assume w € H*(Q) (s > 2) and denote n = w — Prw, then

9]l + 22 [nlln, < CRREFLS ||l 4 o (1 i (2.24)

min |Fj|) ’
where C depends on k but is independent of h and w.

Proof. The proof of this lemma follows from Appendix A.1 in [3], but with a slight difference.
In what follows we would like to use the projection P, proposed in [5] to prove the existence,
uniqueness and optimal approximation of the projection Py. The projection Py is defined as

follows:
(Phw —w,v); =0, Vove&Pralj), (2.25a)
(Paw)] 4 = w;_y, (2.25D)
((Paw)a) jy 1 = (wa)jy 3 (2.25¢)

When k = 1, only conditions (2.25b) and (2.25¢) are needed. The existence and uniqueness of
P, can be verified straightforwardly since it is defined element-wise. By the standard scaling
argument [6], we can obtain the following approximation property:

1 min s -
| Prw — wllz; + b2 || Prw — wllor, < CR™™ 09 |l oy, Vi, (2.26)

where C' > 0 is a bounded constant which is independent of h,j and w.
Denote Fw = Ppw — Ppw, then it satisfies

(E’LU, ’U)j =0, Yu € ’Pk_g(Ij), (2.27&)

Ewt =0 at x;_1, (2.27b)
(Bw); 2

Ew™ — TC” =(w—Pyw)” at x; 1. (2.27¢)

To prove that Ppw exists uniquely, we only need to prove that Fw exists uniquely. For this
purpose, we express Fw as

k k
FEw(x) = Zaj7gP<7g(x) = Zaj,ng(fc), x € lj,
=0 =0

where {P;(#)}%_, are standard Legendre polynomials in [—1,1], P;j,(z) = P,(&) by an affine
mapping & = Q(Ih—_fj) for # € I;. From (2.27a) and the orthogonality property of Legendre
polynomials, we get

a; =0, for £=0,....k—2, j=1,...,N.

Then, from (2.27b), (2.27c) and the properties Pp(+1) = (£1)%, Pj(£1) = $(£1)710(0 + 1),
we can obtain
wfi-E)
ok Vi

(1)1 (—1)"
M = ll _ k(=1 _ EGD |
N N

J

where
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and ¢; =0, ¥; = (w — Pyw) ™ |¢ L1 We can calculate that
ITZ

k-1 k? 1Ly
J

Thus, Fw exists uniquely if detM; # 0, Vj, i.e, I'; # 0. Moreover, we can solve that

(=D

Wj -1 = Q| = ——————.
J J deth
With the help of (2.26), we get
|O¢j,g| < Chmin(kJFLS)i% Hw||Hs(Ij)|deth|71, {=k—1,k.
Hence,

1
3 . _
[Ew|1, = (O‘?,kflllp’,k—llli + Oé?,kllp‘,kﬂi) < Ch™ L || gy g [ det M|~

where the last inequality used || P; /|

I = O(h'/?), the constant C' depends on k. Furthermore,

2 _ 2
[Ewllar; = \/(Ew;—r;) +(Bwy, )" = lage-1 + ajnl < log e+ |ogkl.

As a consequence, combining the above estimates, we obtain

A

1 .
B hzlE < Chmm(kJrl,s) . - -
|Bwl + ¥ Bwls, T

(2.28)

It together with (2.26) leads to (2.24). O

Remark 2.4. Noting that A = %, SO
property of projection

T O(1), thus we get the optimal approximation
Il + B i, < CR™R 1) o] 7. . (2.29)
Lemma 2.8. For any w € H*(Q2) with s > 2 and v € V},, we have
L(Prw —w,v) =0. (2.30)
Proof. From the definition of P, and (2.6b), we obtain the conclusion directly. O
To derive the optimal error estimates, we assume that the exact solution of (2.1) satisfies

U,Uy € L>=(0,T; H*). (2.31)

As the traditional error analysis in finite element methods, we divide the error between the
exact solution and the numerical solution into two parts, namely

e=U—-u=¢&—n, (2.32)

where
5 =P,U — u, nN= P,U — U. (233)



10 H.J. WANG, A.P. XU AND Q. TAO

Owing to the smoothness of U, we get
(etvv) - H(ea ’U) + E(ea ’U) = H(f, ’U) + ‘C(évv) - H(%U)v Vv € Vha (234)

where Lemma 2.8 was used. By using the Cauchy-Schwarz inequality, (2.29) and the Young’s
inequality, we get

M, )] < Ceh ™ (Jloal| + b3 ]) < Pelfull + OR?*, (2.35)

for arbitrary ¢ > 0.
Taking v = ¢ in (2.34), we get

(&, €) = (e, §) + M (& &) + L& &) — H(n, S). (2.36)

Exploiting the Cauchy-Schwarz and the Young’s inequality, Lemmas 2.2, 2.5 and (2.35), we

can obtain
1d 2 Croz Dyon2 2 2 2k+2 2 2k+2
5 g I < lmellliEll = S1Eel™ = Shellh + cell€l + O < €] + Ch™, (2.37)

ife < %. Hence by the Gronwall inequality we get
€[] < ChFFE (2.38)
As a result, by the triangle inequality and (2.29), we arrive at the following theorem.

Theorem 2.1. Assume U is the exact solution of (2.1) satisfying (2.31), let u € Vj, with k > 1
be the solution of (2.7). Under the conditions of (2.21) and (2.23), we have

[U(t) = u(t)|| < CR*, (2.39)

where the constant C' depends on c,d, \, k and the reqularity of U, but not on h.

3. The Fully Discrete Schemes and Their Stability Analysis

In this section, we study the stability of several fully discrete UWDG schemes. With respect
to the time discretization, we would like to adopt those IMEX schemes considered in [19]. We
omit the detailed introduction of IMEX time discretization methods to save space, one can refer
to [1,2,11,19].

3.1. Fully discrete schemes

Let {t" = n7}M  be the uniform partition of the time interval [0, T], here T is time step.
Denote u” as the numerical solution at time level ", let ©™* be the numerical solution at

n+1

intermediate stages t™*, the numerical solution of u is obtained by the following fully discrete

IMEX-UWDG schemes.
The first order IMEX-UWDG scheme

(w1, v) = (u"™,v) + TH(U",v) + LW v) (3.1)

for arbitrary v € V.
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The second order IMEX-UWDG scheme

(!, 0) = (u"0) +4rH",v) + LW v), (3.20)
(u0) = (W, 0) + STH(u", 0) + (1= 6)rH(u™, v)
+ (1= 7Lu™,v) +yrLu" T, v) (3.2b)

for arbitrary v € V},, here v =1 — g, d=1- %
The third order IMEX-UWDG scheme

3
(™, 0) = (u",0) + 7Y (aamu”ﬂ V) + ag L(u™, v)) , 1=1,2,3, (3.32)
i=0
3 . A~ .
(w1, v) = (u™,v) + 7 Z (bi’H(u”’Z, v) + b L(u™", v)) (3.3b)
i=0

for arbitrary v € Vj,. The coefficients are listed in Table 3.1.

Table 3.1: The coefficients ag;, dei, b; and b;.

ae Qe;
! 0 1 2 3l0 1 2 3
J4
Y 0 0 Y
B o oo
0 l—as az O b1 B2 vy
b bi
0 51 B v |0 B1 B2 vy

In Table 3.1, ~ is the middle root of 623 — 1822 + 92 — 1 = 0, v ~ 0.435866521508459. In

. 1242 953 .
addition, 8 = —%'72 + 4y — i7 [Bo = %'}/2 — 5y + % and ay = %, where «; is a free

parameter, we take ay = —0.35 which is the same as the choice in [2].

3.2. Stability analysis

Theorem 3.1. There exists a positive constant 1o such that if 7 < 19, then under the condition
(2.21), the solution of scheme (3.1)-(3.3) satisfies

lu™ 4] < flu™]l, V. (3.4)

Here 1 is proportional to d/c? but is independent of the mesh size h, it may have different
values for different schemes.

3.2.1. Proof for the first-order scheme

Following [19], we take v = u"*! in (3.1) to get

(@Y — ") = rH (", a4 L . (3.5)
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According to Lemma 2.5, we have
n+1 n+1 d n+1(2
L™, u") < =5 lu™ -
Then (3.5) is equivalent to

1 1 1 d .
Sl = Sl 2 Sl =t S < M u) = Ro. (36)

Adding and subtracting a term 7H(u" T, u"t1), we get
Ro =mH ", u" ™) — 1 (u" T — ", um )

SR - ), (37)

where the property (2.15) was used in the last equality. Hence, by (2.16b) and the Young’s
inequality, we get

Ry <er ([luz )+ Vb= [um 1] ) [lum*t = u”|

1
< §||U”+1 —u”[|? + 7% max{1, p}lu" ;. (3.8)
Consequently, if ¢272 max{1,u} < 47, ie, 7 < 719 = m, then we get (3.4). O
3.2.2. Proof for the second-order scheme
From (3.2a) and (3.2b), we have
(u™' —u" v) = yrH(u",v) +yTL(u™, v), (3.9a)
(u" T —u™t ) = (6 — y)TH (U™, v) + (1 = &) TH (U™, v)
+ (1= 29)7L(u™  v) + yTL(u" T v). (3.9b)

Taking v = u™?! in (3.9a) and v = ¥ in (3.9b), and adding up the two equations, we get

1 1 1 1
S = S S =t St - P = Ry By (3110)

where

Ry =71 ) £ (6 = 9) R ) + (1= ) ),
Ry =~y7L(u™" u™Y) + (1 — 29)7L(u™ u™ ) + 47 L(u™ T u™Th).

According to Lemma 2.4, we get

1-2
(1 —2y)7L(u™ W) = TWT [L(u™' a4+ L u™)]

Therefore, if we denote u™ = (u™!,u"*!)T, then Ry can be represented as
Ry =7L(u", Au"), (3.11)

where

y 1—2y
A:( L 2 ) (3.12)
2 Y
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Since A is symmetric positive definite, we can get Ry < 0 according to Lemma 2.6.
To estimate Ry, we follow [19] to rewrite Ry as

Ry =ymH(u™ u™) + (1 — y)7H (W ™) — yrH(u™ — u” ™)

— (1 =) H" ™ —u™h ™) rH ™ = u™ Y,
here we used the fact that § — v = —1. Then by (2.15) we have

c n n n n o, n
Ry = = gyr[u™? = (1= D7) =y H @™ = u”u™)

_ ¢
2
— (1= )THW" ™ —u™ ™) rH (™ — ™, u .

Similar to (3.8), we have

1
Ry < Cpupy @ (™M + e HIR) + 5 (™t = ] = [luh = ™ HJ2), (3.13)

where C), 4 > 0 depends on p and 7.
Consequently, by using (3.10), (3.13) and Lemma 2.5, we get

1 1 2C), ,c?
Sl P = gl < Ry = =R [ ) 4 Lt ]
.2
Denoting 20”’% = ¢, we have
1 n+1(2 1 nj|2 n n
Sl = S llu"l® < 7L(a", Bu™), (3.14)

where B = A — ¢ol, with I being the identity matrix. We can verify that B is positive definite

1 . 20, 43T 1 s (2y—3)d .
when ¢g < 27— 3, ie e <2y -3, that is 7 < 5C, 7202 . Hence, according to Lemma 2.6,
we get (3.4). O
3.2.3. Proof for the third-order scheme
Following [19,20], we introduce a series of notations

Eiw" = w™ — w", Eow™ = w™? — 20™! 4+ w",

Ezw” = 2w™® + w™? — 3w™!, Ejw" =w" ™ — w™3, (3.15)

Eglw" _ wn,3 + wn,Q o 2,wn,17 E32wn _ wn,3 o wn,l

for any function w. With these notations, we can rewrite the scheme (3.3) as
(Equ™,v) = ®p(u”,v) + Typ(u",v), £=1,2,34, (3.16)

where u" = (u™, u™!, u™?% u™3) and

3
Op(u”,v) =Y onTHu™,v), (3.17a)
i=0
Uo(u",v) =0 7Lu™,v) 4+ 0prL(u™? — 2u™ v) + 037 L(u™3,v) (3.17b)

for £ = 1,2,3,4. Here and below, w™" = w" for any function w. The coefficients oy; and 6y;
are given in Table 3.2. Please refer to [19] for more details.
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Table 3.2: The coefficients o¢; and 6 in (3.17).

gt Ori
1
0 1 2 3 1 2 3
L

1 gl 0 0 0 0
2 % —o a1 0 0 PTW S
3 =2 o | 2(1—a2) + o 200 0209 -y—p51) | 20-5-2) | 2v
4 0 az — B2 —v Bo—as | v 0 0 0

Taking the test functions v = u™! u™? — 2u™! 4™3 and 2u™*! in (3.16), for £ = 1,2,3, 4,

respectively. Summing up these equations, we get the energy equation

Ja 2 = 2+ S = Te + Ta, (3.18)
where
1
8 =5 (IEw” 2 + [Exu|? + | Earu™ |2 + [Esu”|? + 2| Equ”|1?), (3.192)
Te =@ (u", u™") + Oy (u™, u™? — 2u™1) 4+ B3 (u", u™?) + 204 (u", u™ ), (3.19b)
Ta =01 (u", u™b) + Uy (u", u™? — 2u™) + Ug(u™, u™?) + 20, (u"™, u" ) (3.19¢)

are given in the same form as that in [19].
We would like to estimate 7y firstly. Denote w” = (u™!, u™?2 — 2u™1 u™3) 7 then similarly
to (3.11), we can get
Ta = TL(W",Cw"), (3.20)
where
2011 021 O3
C= 5 921 2922 932 . (321)
031 032 2033

We can verify that the eigenvalues of C are all positive, so C is positive definite. Hence 73 < 0
according to Lemma 2.6.
To estimate 7., we rewrite it as

Te = oromH (™ u™) — (090 + 091)TH(u™? — 2u™ u™? — 2u™1)

3
+ (0'30 + o031 + 0'32)7'7'[(11,”’3, u"’s) + ZTZ’
1=1

where
Ty =2(049 — 043)TH W™, u™ T —u™?) — oo H(u™ —u" u™?t), (3.22a)
Ty = 20427'7-{,(u"’2 — 2yl gyt ym3) 4 angH(u"’l — " um? - 2u"’1)
+ (020 + 091)TH(u™? — 2u™ + u" u™? — 2u™Y), (3.22b)

Ty =20437H(u™?, u™ — u™3) + (2049 + 032) H(u™? — 2u™" + u™, u™?)

+ (—030 + 2042 + 032)TH(u™ — u”, u™?)

u™ — ™t u™?), (3.22¢)

— (030 + 031 + 032 — 2043)TH( U
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Using property (2.15) and noting that those coefficients 019, —(020+021) and (o30+031+032)
are all positive, we get

3
Te< > Ti
i=1
By the aid of Lemma 2.3, we get
Te < Coer (™ I + 1™ = 20" + ™10 ) To,
where C, ,, > 0 depends on the coefficients in (3.22) and p, and
To = o+t — ) [t =+ 2 = 20 ] 4 —

Then by the Young’s inequality and Lemma 2.5, we have

n n n n 3
Te <eC2 2 (a7 + lu™? = 2u™ 7 + lu™2[1%) + 4—5%2 (3.23)
2eC? 212 3
S o *; [E(un,l’un,l) + E(un,2 o 2un,1’un,2 _ 2un,1) 4 E(un,B’un,S)} 4 4_7—02
€
for arbitrary € > 0. Taking ¢ = 6 and denoting ¢, = 126‘%”, then
Te < =17 [E(u"’l, u™h) 4 L(u™? = 20 u™? = 2u™h) 4 L(u™3, u"’g)} + S, (3.24)

where S has been defined in (3.19a). Owing to (3.18), (3.20) and (3.24) we have

lu ™ = u™|* < 7L(W", C'w"), (3.25)
where C' = C — ¢11I. We can verify that C’ is positive definite if ¢; < F,ie. 7 <19 = 486‘{#.
Thus, [lu"*| < fJu”|. O

Remark 3.1. In [22], Wang and Zhang also discussed the stability analysis of the first and
second order fully discrete IMEX-DDG schemes. Even though both the DDG and the UWDG
methods are based on the primal formulation without auxiliary variables and have the dissi-
pative property, the DDG discretization considered in [22] is not symmetric. With the help of
the symmetric and dissipative properties of the UWDG discretization, we obtain the stability
of the above three fully discrete IMEX-UWDG schemes.

4. Error Estimates for Fully Discrete Schemes

With the stability results in the previous section and the optimal error estimates for the
semi-discrete UWDG scheme discussed in Subsection 2.3, it is conceptually straightforward,
although technical, to obtain the optimal error estimates for the fully discrete IMEX-UWDG
schemes considered in previous section. We will only give the optimal error estimates for the
third order IMEX-UWDG scheme (3.3) as an example. Following [19,20], we introduce reference
functions U® for ¢ = 0,1,2,3 as follows. Let U®) = U be the exact solution of the problem
(2.1) and define

3
U0 =v©® 473 (—camUéi) + ddgiUgEQ) . (=1,2,3. (4.1)
=0
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At each stage time level "¢, the reference function is denoted by U™! = U®)(z,"), and the
corresponding error is denoted by

en,@ _ Un,é o un,é _ é-n,ﬂ o nn,ﬂ’
where
gn,é _ ]P)hUn,l . un,l, nn,l _ PhUn,é o Un,é.

To derive the optimal error estimates, we assume the exact solution U satisfies
U, DU € L=(0,T; H*), U™ e 1>(0,T; L?). (4.2)

By the above smoothness assumption, and owing to the linear structure of the projection
P, it follows from (2.29) that
™+ 1 ™, < OB, (4.3)
1
[Ee1n” || + B2 [|Eesn(|r, < CRFr (4.3b)
for any n and £ = 0, 1,2, 3, where the bounded constant C' depends only on the regularity of U
and not on n, h and 7.

Next, we present the estimates for £. To this end, we set up the error equations firstly.
From [19] we have

(EeU™,v) = ®p(U",0) + Uo(U™,v) + 640(¢",v), €=1,2,3,4, (4.4)

where U™ = (U™, U™, U™2, U™3), 64y = 1 for £ = 4 and 64 = 0 for £ = 1,2, 3, ¢" is the local
truncation error which satisfies

I¢") < o7t (4.5)

where C' only depends on the regularity of U.
Subtracting (3.16) from (4.4), we get the error equation

(Efggav) = (I)é(sna U) + \I/f(gnav) - (I)f(lrlnav) + (Eénn + 64@4-”’1))’ {= 13 2) 3345 (46)

here we used ¥,(n",v) = 0 by Lemma 2.8. Here &* = (&7, ¢mL €2 ¢m3) and p" =
(nn nn,l nn,? nn,B).

Taking v = ™1, £m2 —2¢m1 ¢n3 2¢ntl in (4.6), for £ = 1,2, 3,4 respectively, summing up
these equations leads to the energy equation

€2 — €M + 8" = T + [T+ [T + 1V, (4.7)
where )
8 = 2 (IEL" 12 + IBa€™ 2 + [Esr€ 12 + [Eang™ > + 2 Eag” ), (4.8)
and
4 4
1= (8" ), IT=7 W€ v),
(=1 =1
4 4
IIT ==Y "®(n" ve), IV = (Em" + 6aeC",v).
(=1 /=1
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Here and below we adopt the following simplified notations:
1 2 1 3 1
U1 = gn’ y U2 = é-n, - 2§n’ , U3 = €n7 y U4 = 2§n+ .

In what follows we estimate the right hand side of (4.7) term by term. Along the same
procedure as the estimates for 7, with taking ¢ = 7 in (3.23), we get

3
6
I< —qbgTZE(Ug,w) + ?S’, (4.9)
=1
where ¢g = 140*%_ Similar to the estimate for 75 in (3.20), we get
IT =7L(V",Cv"), (4.10)

where v = (vy,vq,v3) ", and C is defined in (3.21).
The estimate for I77 is more complicated. If we simply make use of (2.35), then we will get

4
IIT < et Z llvell2 + Ch2+27
=1

for any positive e. However, there is no stability term to bound the term [Jv4|7 = [|€" |7 , so
we need to find another way. We would like to adopt the trick used in [20]. According to the
definition of ®; in (3.17a), we split I1] into two terms Z; and Zs, with

3 3 3
B 3 HOP ) <23 MO ),
0=1 i=0 1=0
3

Zo= —21 Z U4iH(77"’i, E4&™).
i=0

By a simple use of (2.35), we get

3 3
2 2
7y <cPeor Z llvell2 + Ch2F 21 < — €%, Z L(vg,ve) + Ch?*+2r (4.11)
=1 d =

for arbitrary €9 > 0, where Lemma 2.5 was used in the second step.
Noting that 041 = —049 — 043, SO

Zy = —2040mH(™? — " Eal™) — 2043TH(™P — ™ Eal™).

Hence by the Cauchy-Schwarz inequality, (4.3b) and the inverse inequalities (2.14a) and (2.14b),
we get
Zy < ChF7?|[Eg€™|| < e1||Eal™||? + Ch?Fr? (4.12)

for arbitrary e; > 0.
Furthermore, we use the Cauchy-Schwarz inequality, the Young’s inequality and (4.3b), (4.5)
to deal with the term I'V, namely,

4
IV < 527‘2 llve||> + C(h***+27 + 77) (4.13)
=1
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for arbitrary €5 > 0. Noting that vy = " + E1&7, vy = Eo&™ — &7, v3 = E31£™ — v, vg4 =
2(vg + E4€™). So (4.13) will become

IV < Cr||€™))? + 78’ + C(h***+2r 4+ 77), (4.14)

if £5 is chosen properly, where C' is a positive constant which is independent of h and 7.
As a result, from(4.7), (4.9)—(4.12) and (4.14), we have

~ 2c%¢ 3
ez 17 ~ g +8' <Crlenl? + 720 ev) =7 (604 252 ) 3 £fon )
/=1

d
6
+ <? +2¢e1 + 7) S + C(B** 2 + h**rt 4 77). (4.15)
Taking €9 and €; small enough, for example, taking g = 4‘3% and €1 = ﬁ, then we can get
that, if
¥ 1
<L <=
¢2 =5’ T ]’
i.e,
. dy 1
TSTOZmIH{W,g}, (416)
then
€12 = €7 1> < Crlig™))? + C(r**+27 + h7t 4 77). (4.17)
By the aid of the discrete Gronwall’s inequality, we obtain
n ~77/T 3
€] < e“"TNIE + C(RMH 4 hPrE 4 7%)
< C(hFt 4 h%k 4 73) < O(hFL 4 79), (4.18)

where we have used £ = 0, the Young’s inequality and the condition k > 1.

Finally, by the triangle inequality and (4.3a), we can get the main error estimate, which is
stated in the following theorem.

Theorem 4.1. Let U be the exact solution of problem (2.1), which satisfies (4.2), let u be
the numerical solution of scheme (3.3). Under the conditions (2.21) and (2.23), there exists
a positive constant 79 that is independent of h, such that if T < 19, then

max |U(t") —u"|| < C(WF +72), (4.19)

where T is the final computing time, and the bounded constant C' > 0 depends on k and the
reqularity of U but does not depend on h and 7.

Remark 4.1. Following [20], we can also get the optimal error estimate of the fully discrete
IMEX-UWDG schemes for convection-diffusion problems with a nonlinear convection term, if
we adopt monotone numerical flux in the discretization of the convection part.
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5. Numerical Experiments

In this section, we give some numerical examples to confirm the theoretical results for the
fully discrete IMEX-UWDG schemes considered in Section 3. Since the first order scheme (3.1)
with penalty parameter A = 1/h and polynomial space k = 0 is the same as the first order
IMEX-LDG scheme with & = 0, we only present the results for the second order scheme (3.2)
with & = 1 and the third order scheme (3.3) with k = 2.

Example 5.1. We consider problem (2.1) in the interval (—m, ), with the exact solution
Ul(x,t) = e sin(x — ct). (5.1)
Obviously, the periodic boundary condition is satisfied by the exact solution.

Table 5.1 lists the maximum time step 7y to ensure that the L? norm of numerical solution
decreases with time, for different choice of penalty parameters. In this test, we take uniform
%. The final computing time is 7" = 5000. In our test, 7y is obtained
numerically by a bisection search, i.e, we first set two initial values 7y = 0 and » = 10, and
set T = “42”2
that ||u" ™| — ||[u™|| < 1.E — 24 (considering the machine rounding error), then we set 7 = 7;

otherwise, we set 7o = 7; continue the loop until |73 — 72| < 0.001. The results show that 7¢ is

mesh with mesh size h =

in each loop, if the L2-norm of numerical solution is decreasing in the sense

approximately proportional to C%, which validates our theoretical stability properties.

Tables 5.2 and 5.3 show the L? errors and orders of accuracy for the schemes (3.2) and (3.3),
for solving (2.1) with d = 0.1 on both uniform and nonuniform meshes. In this section, the
nonuniform meshes are generated by randomly perturbing each node in the uniform mesh by
up 20%. In these tests, time step is taken as 7 = h and the final computing time is 7" = 10.
Optimal error accuracy can be observed from both tables.

Example 5.2. We consider the following viscous Burgers’ equation with a source term

U+ UU, = dU,, + g(z, ), (5.2a)
U(z,0) = sin(x), (5.2b)
where g(z,t) = 2e*¥sin(2z), z € (—m,7) and t € (0,7]. The exact solution of (5.2) is

U(z,t) = e"¥sin(z), and the periodic boundary condition is satisfied by the exact solution.

We display the L? errors and orders of accuracy for the schemes (3.2) and (3.3), for solving
(5.2) on uniform and nonuniform meshes in Tables 5.4 and 5.5, respectively. We only show the
results of \ = % for the second order scheme and A = 1—,? for the third order scheme as examples
to illustrate the optimal order of accuracy.

Table 5.1: The maximum time step 79 to ensure that the L?-norm of numerical solution decreases with
time for the schemes (3.2) and (3.3), T' = 5000, h = 27 /640.

d=0.01 c=0.1
scheme
c=005|¢c=01|¢c=02|d=0.01|d=0.02 | d=0.04
2nd order, A = 3/h 5.535 1.380 0.341 1.380 2.767 5.538
2nd order, A =5/h 5.543 1.387 0.347 1.387 2.770 5.540
3rd order, A =9/h 4.699 1.083 0.242 1.083 2.349 4.974
3rd order, A = 12/h 5.405 1.295 0.302 1.295 2.702 5.537
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Table 5.2: The second order scheme (3.2) with k =1, T' = 10, 7 = h.

bt \ N c=1 c=0.1 c=0.01
mesh type L? error order | L? error | order | L? error | order
40 2.39E+08 - 1.41E-03 - 1.47E-03 -

80 6.75E-03 | 35.04 | 3.59E-04 | 1.98 | 3.68E-04 | 2.00
3/h | 160 | 1.69E-03 2.00 | 9.04E-05 | 1.99 | 9.20E-05 | 2.00
320 | 4.22E-04 2.00 | 2.27E-05 | 1.99 | 2.30E-05 | 2.00
640 | 1.05E-04 2.00 | 5.68E-06 | 2.00 | 5.75E-06 | 2.00

uniform 40 | 2.70E-02 [ 931804 | - | 908B-04 | -
80 | 6.76E-03 | 2.00 | 2.31E-04 | 2.01 | 2.27E-04 | 2.00
5/h | 160 | 1.69E-03 | 2.00 | 5.77E-05 | 2.00 | 5.67E-05 | 2.00
320 | 4.23E-04 | 2.00 | 1.44E-05 | 2.00 | 1.42E-05 | 2.00
640 | 1.06E-04 | 2.00 | 3.60E-06 | 2.00 | 3.54E-06 | 2.00
40 | 1.21E402 | - | 1.22B-03 | - | 1.21E-03 | -
80 | 6.76E-03 | 14.13 | 2.88E-04 | 2.08 | 2.78E-04 | 2.12
5/h | 160 | 1.69E-03 | 2.00 | 7.49E-05 | 1.95 | 7.54E-05 | 1.89
320 | 4.23E-04 | 2.00 | 1.85E-05 | 2.02 | 1.83E-05 | 2.04
. 640 | 1.06E-04 | 2.00 | 4.62E-06 | 2.00 | 4.61E-06 | 1.99
nonuniform

40 2.70E-02 - 1.11E-03 - 1.12E-03 -

80 6.77E-03 2.00 | 2.84E-04 | 1.97 | 2.69E-04 | 2.06
8/h | 160 | 1.69E-03 2.00 | 6.94E-05 | 2.03 | 6.82E-05 | 1.98
320 | 4.24E-04 2.00 | 1.74E-05 | 2.00 | 1.69E-05 | 2.01
640 | 1.06E-04 2.00 | 4.40E-06 | 1.98 | 4.31E-06 | 1.97

Table 5.3: The third order scheme (3.3) with k =2, T'= 10, 7 = h.

ht \ N c=1 c=0.1 c=0.01
mesh type L? error order | L? error | order | L? error | order
40 1.68E+10 - 1.26E-05 - 1.26E-05 -

80 5.61E-05 48.09 | 1.57E-06 | 3.00 | 1.57E-06 | 3.00
9/h | 160 | 7.02E-06 3.00 | 1.97E-07 | 3.00 | 1.97E-07 | 3.00
320 | 8.78E-07 3.00 | 2.46E-08 | 3.00 | 2.46E-08 | 3.00
640 | 1.10E-07 3.00 | 3.08E-09 | 3.00 | 3.08E-09 | 3.00

uniform 40 | 833E+03 - | 1.11E-05 | - | L11E-05 | -
80 | 5.61E-05 27.15 | 1.39E-06 | 3.00 | 1.38E-06 | 3.00
12/h | 160 | 7.02E-06  3.00 | 1.73E-07 | 3.00 | 1.73E-07 | 3.00
320 | 8.78E-07  3.00 | 2.16E-08 | 3.00 | 2.16E-08 | 3.00
640 | 1.10E-07  3.00 | 2.70E-09 | 3.00 | 2.70E-09 | 3.00
40 | 1.20B+12 - | 1.53E-05 | - | 1.48E-05 | -
80 | 5.61E-05 54.25 | 2.03E-06 | 2.91 | 1.84E-06 | 3.01
12/h | 160 | 7.02E-06  3.00 | 2.43E-07 | 3.06 | 2.41E-07 | 2.93
320 | 8.78E-07  3.00 | 3.05E-08 | 3.00 | 2.97E-08 | 3.02
. 640 | 1.10E-07  3.00 | 3.80E-09 | 3.00 | 3.84E-09 | 2.95
nonuniform

40 | 6.01E4-05 - 1.45E-05 - 1.31E-05 -

80 5.61E-05  33.32 | 1.72E-06 | 3.08 | 1.75E-06 | 2.90
15/h | 160 | 7.02E-06 3.00 | 2.24E-07 | 2.94 | 2.27E-07 | 2.95
320 | 8.78E-07 3.00 | 2.80E-08 | 3.00 | 2.84E-08 | 3.00
640 | 1.10E-07 3.00 | 3.47E-09 | 3.01 | 3.50E-09 | 3.02
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Table 5.4: The second order scheme with £ = 1, A = 5/h and the third order scheme with k = 2, A =
10/h for Burgers’ equation (5.2) on uniform meshes. T'= 10, 7 = h for d = 1 and d = 0.1, 7 = 0.5h for
d = 0.01.

d=1 d=0.1 d=0.01
scheme N
L? error | order | L? error | order | L? error | order
40 1.22E-06 - 8.69E-04 - 3.58E-03 -

80 | 3.07E-07 | 2.00 | 2.17E-04 | 2.00 | 6.34E-04 | 2.50
2nd order, A=5/h | 160 | 7.67E-08 | 2.00 | 5.42E-05 | 2.00 | 1.37E-04 | 2.21
320 | 1.92E-08 | 2.00 | 1.35E-05 | 2.00 | 3.28E-05 | 2.06
640 | 4.79E-09 | 2.00 | 3.39E-06 | 2.00 | 8.11E-06 | 2.02
40 | 7.45E-08 - 1.16E-05 - 2.78E-05 -

80 | 9.75E-09 | 2.93 | 1.45E-06 | 3.00 | 3.56E-06 | 2.96
3rd order, A =10/h | 160 | 1.25E-09 | 2.97 | 1.81E-07 | 3.00 | 4.46E-07 | 3.00
320 | 1.58E-10 | 2.98 | 2.26E-08 | 3.00 | 5.57E-08 | 3.00
640 | 1.98E-11 | 2.99 | 2.83E-09 | 3.00 | 6.96E-09 | 3.00

Table 5.5: The second order scheme with £ = 1, A = 5/h and the third order scheme with k = 2, A =
10/h for Burgers’ equation (5.2) on nonuniform meshes. T'=10, 7 = h ford =1 and d = 0.1, 7 = 0.3h
for d = 0.01.

d=1 d=0.1 d=0.01
scheme N
L? error | order | L? error | order | L? error | order
40 7.83E-07 - 1.22E-03 - 5.26E-03 -

80 | 1.84E-07 | 2.09 | 2.94E-04 | 2.05 | 9.07E-04 | 2.54
2nd order, A=5/h | 160 | 4.80E-08 | 1.94 | 7.40E-05 | 1.99 | 1.96E-04 | 2.21
320 | 1.08E-08 | 2.16 | 1.85E-05 | 2.00 | 4.60E-05 | 2.09
640 | 2.67E-09 | 2.01 | 4.65E-06 | 2.00 | 1.14E-05 | 2.01
40 | 7.41E-08 - 1.93E-05 - 4.23E-05 -

80 | 9.73E-09 | 2.93 | 2.49E-06 | 2.96 | 5.23E-06 | 3.01
3rd order, A =10/h | 160 | 1.25E-09 | 2.97 | 3.04E-07 | 3.04 | 6.93E-07 | 2.92
320 | 1.58E-10 | 2.98 | 3.86E-08 | 2.98 | 9.67E-08 | 2.84
640 | 1.98E-11 | 2.99 | 4.78E-09 | 3.01 | 1.22E-08 | 2.98

6. Concluding Remarks

We present the optimal error estimates of the semi-discrete UWDG method for solving
linear convection-diffusion equations with periodic boundary conditions in one dimension. The
UWDG method coupled with three specific IMEX time discretizations are shown to be stable
if the time step is bounded from above by a positive constant which is independent of the mesh
size. The symmetric and dissipative properties of the UWDG method play an important role in
the stability analysis. We also present optimal error estimates for the third order fully discrete
IMEX-UWDG scheme, under the same temporal condition as in stability analysis. Ongoing
work includes the study of IMEX-UWDG schemes with general numerical flux setting. We also
would like to generalize the results of this paper to multi-dimensional problems.
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