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Abstract

By combination of iteration methods with the partition of unity method (PUM), some
finite element parallel algorithms for the stationary incompressible magnetohydrodynamics
(MHD) with different physical parameters are presented and analyzed. These algorithms
are highly efficient. At first, a global solution is obtained on a coarse grid for all approaches
by one of the iteration methods. By parallelized residual schemes, local corrected solutions
are calculated on finer meshes with overlapping sub-domains. The subdomains can be
achieved flexibly by a class of PUM. The proposed algorithm is proved to be uniformly
stable and convergent. Finally, one numerical example is presented to confirm the theo-
retical findings.
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1. Introduction

The stationary incompressible MHD equations [1] in a Lipschitz polygon/polyhedron Q C
R? (d = 2,3) with homogeneous Dirichlet boundary conditions are described as

~R;'Au+u-Vu+Vp—Sccwrl BxB=f, (1.1)
div u =0, (1.2)
ScR 'curl curl B — Sceurl (ux B) — Vr =g, (1.3)
div B =0, (1.4)
ulpo =0, B xn|pg =0, r|ag =0, (1.5)

where R, and R.,,
the unit outward normal vector on 952, S, is the coupling number of the two fields. u represents

are the Reynolds numbers of hydrodynamic and magnetic, respectively, n is
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fluid velocity field, B magnetic field strength, p hydrodynamic pressure and r magnetic pseudo-
pressure. Let g be solenoidal.

The governing MHD model is strongly nonlinear because the classical equations of Maxwell
and Navier-Stokes are coupled. This physical system describes the relationship between in-
compressible flows with electrically conducting property and the existing magnetic field. It has
important applications in numerous areas of science, e.g., process metallurgy and MHD ion
propulsion, see [2,3].

Recently, finite element methods (FEM) for numerically solving MHD equations have be-
come an attractive topic for the community of scientific computing. Based on the exact penalty
constraint idea on magnetic, a stabilized FE formulation was studied in [4]. Stabilized FEM mo-
tivated by residual-based stabilizations was investigated in [5]. Divergence-cleaning algorithm
in continuous FEM was given in [6]. A divergence-free discontinuous FEM was analyzed in [7].
To treat the nonlinear terms efficiently, three classical FE iterative methods were proposed
and the stability and convergence related to physical parameters and iterations were proved
by Dong et al. [8]. By using the Lagrange multiplier associated with the magnetic divergence
constraint, a double-saddle-point FE formulation was given and analyzed in [9], and a mixed
discontinuous Galerkin scheme of this version was proposed by Houston et al. [10]. The mixed
FEMs with exactly preserving mass conservation of hydrodynamics and Gauss law of magnetic
were studied in [11] and [12-15], respectively. Some robust solvers for finite element discrete
system was designed in [16-18]. As for the time-dependent MHD equations, the stabilized
nodal-based FEMs were proposed in [19], Euler semi-implicit fully discrete FE schemes were
analyzed by Prohl [20] and He [21], the Crank-Nicolson extrapolation fully discrete FE scheme
was analyzed by Dong and He [22].

It has been proven practically that two-level FEM [23,24] is a high-efficiency technique to
solve partial differential equations numerically, since it can reduce the cost of computing. This
method has been applied to treat the nonlinear terms and coupled terms in the MHD problem
in [25-27]. According to the observation of the behavior of a FE solution, [28] proposed parallel
FEMs based on local algorithms. [28] obtained low frequencies component governing the global
properties of the solution by using coarse mesh, and then approximates high frequencies one by
solving the resulted local residual subproblems on several subdomains with the fine grids. This
numerical algorithm is of high performance for few communications between blocks. Thus, it
has been developed and extended to various problems, such as, Navier-Stokes equations [29-31],
MHD equations [32,33], etc.

Inspired by the algorithm in [28] and two-level FEM with respect to different physical pa-
rameters for the stationary MHD [27], in this article, we mainly extend the recent work [34,35]
to some local and parallel FE iterative algorithms (LPFEIAs) related to different physical pa-
rameters (Explicit in Theorem 3.2) for problem (1.1)-(1.5). The extensions to the previous
studies [34, 35] are explained clearly before Theorem 3.12. According to different stable con-
ditions of three classical m-iteration methods, we combine FEM with different iterations on
a globally coarse mesh to obtain FE iterative solutions (ufy, BY}, p¥, r7) first, then we correct
them by different linearized residual schemes in parallel on some local overlapping subdomains
2; to seek the correction solutions (ufnh, anh,pfnh, rf;lh),j =1,...,J, where J is the number
of the subdomains, m is the iterative step and mesh sizes satisfy h (h < H). Moreover, the
uniform stability and convergence of each algorithm is analyzed.

The paper is divided into 4 sections. The next section is devoted to giving some notation
preparation and providing some results of FEM for the problem (1.1)-(1.5). In Section 3, some
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LPFEIAs with respect to different physical parameters are proposed, and the stability and error
bounds of each algorithm are proved. In Section 4, a series of numerical results are shown to
validate our theoretical analysis.

2. A FE Scheme for Stationary MHD Equations

This section is devoted to giving the notation and some results of the FE solution to the
MHD equations (1.1)-(1.5). Let

H{(Q) = {v|]v € HY(Q),V]sq = 0}, Ho(curl,Q) = {C|C € H(curl,2),C x n|spq = 0}

and L2(Q) = {q e L*(Q): /qux = 0}

be the Sobolev spaces, || - |jo.o be the L? norm, and || - ||—1,q be the norm of H~(Q). Denote
the graph norms on H(€2) x Hy(curl, Q) and L§(Q) x Hg(Q) by [[(u,B)|za = (|Vull§ g +
IBI2,.)172, and [[(p,7) 1.0 = (Ipl2.0 + 1773 ) /2, respectively, where [Blleun = (|BJE o +
Jeurl B3 ).

A weak form of the MHD system (1.1)-(1.5) is to seek (u,B,p,r) € H}(Q) x Ho(curl, Q) x
L3(Q2) x H}(Q) such that

ao((u, B)v (Vv C)) + al((uv B)a (ua B)v (Vv C)) + b(pv v, C) - b(qv s;u, B)
=F((v,C)), V(v,C,q,s) € H} () x Hy(curl, Q) x LZ(Q) x H}(Q), (2.1)

where
ao((u,B), (v,C)) = R, (Vu, Vv) + ScR_ ' (curl B, curl C),
bp(vaq) = —(diV Vvq)a br(57 C) = _(VS7 C)7
al((“? B)a (W7 <I>), (Va C))

1 1
= §(u -Vw,v) — §(u -Vv,w) — Sc(curl ® x B,v) + S.(curl C x B, w),

b(g,s;v,C) =b,(v,q) + b.(s,C), F((v,C)) =<f,v>+(g,C)

for u,w,v € H}(Q),B,®,C € Ho(curl,Q),q € LE(Q),s € HL(Q). Taking (v,C,q,r) =
(0,Vr,0,0) in (2.1) and noticing that V - g = 0, curlVr = 0, we have ||Vr|jg.o = 0, which
implies that r = 0 in Q by r|sq = 0.

We recall some properties of ag(+,-) and ay(, -, -) from [9,36]: for u,w,v € H{(Q),B,®,C €
Hjy(curl, Q), there have

ao((w, @), (v, C)) < Cnax|| (W, @) ,0ll(v, C)l| .0, (2.2)
ao(w, @), (W, ®)) = Coin|(W, @)1 %0, (2.3)
ai((u, B), (w, @), (w, ®)) =0, (2.4)
a1((u,B), (w, ®), (v, C)) < N||(u,B)| 50l (W, @) z.0ll(v,C)| 5,0, (2.5)

where Ciyax = max{R; !, SCR;i}, Ciin = min{R; !, SCAOR;i}, Mo and N are positive constants
related only to € [36,37]

IB[Z01 < Ag HleurlB§ o, VB € Ho(curl, ), (2.6)

~ B P C

N = sup al((uv )a (Wv )a (Va )) ) (27)
u,w,veH}(Q),B,&,CeHy(curl,Q) [ (u, B)HE,QH(Wa )| E,QH(Va C)| E.Q
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From [9], there has the following inf-sup condition:

b(q,s:v,C
sup (q,s;v,C)

> Bll(g,s)ll2,  Va € L3(Q), s € Hy(Q), (2.8)
vEH}(Q),C€Ho (curl,Q) [(v,C)llE0

where § > 0 is a constant related to 2.
Based on (2.2)-(2.8), some properties of the solution to (2.1) can be derived in [9, 36].

Theorem 2.1. Assume that f € H™1(Q),g € L%(Q), and V - g = 0. Suppose

N|F
IFl0 _

0<Y= Conn)? ,

(2.9)

then the problem (2.1) has a unique solution (u,B,p,r) € H{(Q) x Ho(curl, Q) x L3(Q) x H ()
satisfying

Crin| (0, B)[[ 2.0 < [[F]l+.0, (2.10)

where ||F| )2,

w0 = ([fll-1.0 + [Igllo.

Let T,,(Q) = {K} (= H, h) be a family of regular and uniform triangulations or tetrahe-
drons partition of 2, u the mesh size. ¢-th order inf-sup stable Galerkin finite element spaces (for
example, Taylor-Hood element (P, P;_1),t > 2, Mini element (P?, P;),t = 1) are employed to
approximate u and p, which are denoted by (X (), S{'(€2)). Denote by Y#(2) C Hy(curl, Q)
the discrete space for B, which is the I-th order Nédélec edge element space [38]. The FE space
for r is defined by Q4(Q) = {s, € HY(Q) : su|x € P1(K),VK C T,,(Q)}.

Then the FE scheme of (2.1) is to find (u,, By, pu,mu) € X§(Q) x YE(Q) x SH(Q2) x Qf ()
such that

ao((uy, By), (v, C)) + a1((uu, Bp), (uy, B, (v, C)) + b(py, 75 v, C) = F((v, C)),
b(g,s;u,,B,) =0, V(v,C,q,s) € XH(Q) x YH(Q) x SH() x QF (). (2.11)

The existence, uniqueness of the solution to this discrete system, and error estimate results
are as follows [9, 36]:

Theorem 2.2. Suppose (2.9) holds. Then the FE scheme (2.11) has a unique solution (u,,, B,
PusTp) € XE(Q) x YE(Q) x S§(Q2) x QF(Q) satisfying the following energy estimate:

Comin| (W, Bu) [0 < [Fls.0- (2.12)

Moreover, we assume that the solution of the problem (2.1) u € H'(Q),curl B € H?(Q),
p€ H(Q),r € H(Q) (v,6 > 3) hold, then

Crminll(w =, B =B)[[z.0 + [[(p = pus 7 = 7l B2
< sl ([allier.0 + [Bllse + IV X Bllso + [pllv.o + [[71+5.0), (2.13)

where T = min{~v,t,6,1}, kK > 0 is a constant related to (2, R, Re,, ,Sc)-
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3. LPFEIAs Based on PUM for Stationary MHD Equations

This section aims to combine three iterations with PUM, we extend the work [34,35] to the
LPFEA related to different physical parameters for the problem (1.1)-(1.5).

Let Ty, (2) be a regular triangulation or tetrahedron whose mesh size is H,. Ty(f2) and
T},(£2) are nested regular meshes of Q with h < H < H,,. H), is fixed and could be independent
of mesh sizes h and H. Denote D7 = supp¢; N by the union of triangules/tetrahedra sharing
the common vertex x; € Ty, (€2), whose Lagrangian basis function is ¢; such that ¢;(z;) = d;;.
Let D9 = DI extend one layer of its neighbors to obtain

pt= ) D (3.1)

x;€DJI0

Similarly, we can get the two layers of oversampling

p2= ) D (3.2)

x;€DJ1

Gradually, we arrive at the k layers of oversampling D?* who can be viewed as the local
subdomain corresponding to x; for partition of unity. In the extreme, we could extend to the
full domain €2. See Fig. 3.1 for the cases of k =0, k=1 and k = 2.

Obviously, {D?*} form an open coverage of  and {¢;} are the corresponding partition of
unity function satisfying

suppg; C DF, V1<j<J (3.3)
> =1, Ve, (3.4)
j
|65l Lo ) < Cp, Vi< <, (3.5)
C _ .
[VillLe=(a) < W;})}jk) <CpH,', V1<j<l (3.6)

Denote by X2 (D7*), YI(D3*) Sk(D7*), Qk(D’**) the FE spaces on D7k, They can be
treated as the restriction of X2(Q), Y (Q), S2(£2), Q4(Q) on D**, which have the same bound-
ary conditions on 9D’ N 9N and zero on ODI* located in the interior of €.

e ST DA AR PEAPAEREAN
JRRRSARR D ARORRK JRRRSARR
DR QR vy

OISR  JOAVAINRS  JOAVIANYAS
WO SO Sl
TIAZVNANNARK AT g KA Wil i
SR SR ¢
SN, SONEVIY SR
FRRSINA D SRIAAAHD SRR

\AANAAAAZT \OAANAAAAZT \AANAAAAZT
ORRRREAAOOY ORRRREAAOOV ORRRREAAOOY
Fig. 3.1. A subdomain: (left) no oversampling D?°, (middle) one layer of oversampling D?!, (right)
two layers of oversampling D72,
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Motivated by [28], the LPFEA for MHD equations (1.1)-(1.5) can be designed as follows:

Algorithm 3.1. LPFEA for MHD

Step 1. Given a initial solution (uy,By,pu,ry) € XE(Q) x YE(Q) x SH(Q) x
Q' (Q)
by

ao((um,Bu), (v,C)) +a1((up, Bu), (ug,Bu), (v,C)) + b(pu,ru; v, C)
7b(Qa s;ag, BH) = F((Va C))a
¥(v,C,q,5) € X' (Q) x Y,/ (Q) x 5§ () x QF (). (3.7)
Step II. Find local correction solutions (ui,B{L,p{L,rfl) € X{(DIF) x YI(DI*) x
SH(D7F)
xQR(D7*),j =1,...,J in parallel by one of the following three correction
schemes:

ao((w}, B), (v, ) +b(p},, 7} v, C) = b(g, 5w}, B) = Rur((v, €)),  (3:8)
aO((ugw B%)a (Va C)) +_a1((.ugw B{z)? (uHa Bff)a.(va C))
+a1((uHa BH)’ (uiw B%)v (Vv C)) + b(piﬂ ng; v, C)

~blg.siw).B)) =Ru((v.C). (3.9)
aO((ugw B%),‘(V, C)) + al((qu‘BH‘)a (uia B%)a (Va C))
+b(py,, 7, v, C) = blg, 5313, By,) = Ry ((v, C)) (3.10)

for all (v,C,q,s) € X}(D?F) x YI(DI*) x Sh(D3*) x QB(D*), where
Ru((v,C)) =F((v,C)) —ao((um,Bp), (v,C))
—ai1((ug,Bg), (ug,By), (v,C)) — b(pu, ru;v,C) +b(q,s;uy,Bpy).

Step II1. Update (u/,B7,p’,r7) = (ug + ui,BH + Bfl,pH +p2,rH + ng) in DIk,
Step IV. Assemble the solution

J J J J
u'=> gy, B'=3 ¢;B pt=3 o’ =) ol
j=1 j=1 j=1 =1

Algorithm 3.1 is designed based on the double-saddle point scheme presented in [9], which
is different from the version based on exact penalty scheme in our previous work [34]. For the
(u",B" p" rh) from Algorithm 3.1 by both the three corrections, we can derive their errors
between the solution (up, By, pp, ) of (2.11).

Theorem 3.1. Under the assumptions of Theorem 2.2, then there holds
[(up, —u", By —B")g.a+[l(or —p" rn — ") 5o < CLH™, (3.11)
where

C1 = (Cr. R.,,.5. +9)Co([ulli1~.0 + Bllsg + [V x B|
CRe,Rem,SC = Cmax/cmin-

s+ Pl + I7lli+6.0),
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Proof. For the solutions (u®, B" p" r) obtained from (3.7) with correction schemes (3.9)
and (3.10), the proof of (3.11) can be deduced similar to the proof of Theorem 3.2 in [34]. For
the solution (u”, B” p" r) obtained from (3.7) with correction scheme (3.8), since the trilinear
term aq (-, -, -) disappears in the left hand of the correction scheme (3.8) compared to the other
two correction schemes, (3.11) can be derived naturally. U

Remark 3.1. The constant Cy appeared in (3.11) depends on the number of the subdomain
D3* (j =1,...,J) and the constant C, in (3.5) and (3.6). The relationship of dependance
can be found in the proofs of Theorem 3.3 in [31] and Theorem 3.2 in [34]. From now on, we
assume that J is a fixed constant, which allows the algorithm to be suitable for those parallel
architectures with a moderate number of processors.

3.1. Three iterative methods

The three iterative methods based on FEM studied in [8,36] are described by (uly, BT, p'h,
ri) € XE(Q) x YT () x S77(Q) x QF (2) by

Iteration I (Stokes-type iteration)

ao((u?b B?I)v (V7 C)) + al((uz_17 B?I_l)a (u}:[_17 B?I_l)a (Va C)) (3'12)
+b(p71117 ri; v, C) = F((V7 C)),
b(g, s;ug, By) =0. (3.13)

Iteration IT (Newton iteration)
aO((u?Iv B?I)v (V7 C)) + al((uz_17 B?I_l)a (117;[, B?I)v (V7 C))
+ax((ufy, BYy), (uf ', B ), (v, C)) + b(py, 15 v, ©)
- F((Va C)) + al((uz717 B?I71>a (uzila Brlflil)v (Vv C))v (314)
b(g, s;upy, Byy) = 0. (3.15)
Iteration III (Oseen-type iteration)

aO((u’rILiv B?I)v (V7 C)) + al((u?;l? BTIflil)’ (uTI%P B?I)v (V7 C))

+b(pir: T3 v, C) = F((v, C)), (3.16)
b(g, s;upy, Byy) =0 (3.17)
for n =1,...,m, where (u};, BY, p%,r%) is given by

aO((u(;{’ B%)a (Va C)) + b(p%, T%; v, C) - b(Qv 53 u%h B%) = F(("? C)) (3'18)

for all (v,C,q,s) € X (Q) x YH(Q) x SE(Q) x QI ().
(uy, BE,p, ) got from Iterations I-IIT are of uniform stability and convergence, which
have been proven in [8, 36].

Theorem 3.2. Suppose that (up, B, pm,rm) is the solution of (2.11). ¥ is defined by (2.9).

Set (uff,, Bfj,) = (ug —uj, By — BY), (pfie, i) = (pu — Pl re — 1), If0 <9 < §, then

(W, By, oY) derived by Iteration I satisfy

1

ECRenReWNSCHFH*aQ’ (319)
11

Coninll(Wfes B 0 + | (9 i) |20 < CCre e, (5

6
Cunin|(ur, B[ 2.2 < SlIF e, (P, 7550 <

9)" P

La. (3.20)
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Ifo< v < 11, then (W, B, W, r'l) derived by Iteration I satisfy

m m 4 m m
Cuinll(uf, bi)llE.0 < lIFll 0, [k, rE)lB0 < ﬁCR Rep,SellF |0, (3.21)
15 2m 1
Coninll (W, B .2 + (0, i) | 8.0 < CCr. C(l—gﬁ) IFllg.  (3:22)
If 0 < ¥ < 1, then (0¥}, BY, pl,r') derived by Iteration IIT satisfy
Cuin[[(ug, )| 2,0 < [[Fls 00 (05 78) B0 < BCR R SellFls0; (3.23)
Cmin”(uite, zte)”E Q-+ ||(pzte7 zte)HB Q < CCR Re,, cﬁmHFH*,Qv (324)

where C' > 0 is a general constant which is independent of H,h and m.

Motivated by LPFEA [28] and FE iterative methods with different physical parameters for
stationary MHD problem [27], applying the above three iterations to seek an initial solution of
the nonlinear problem on a coarse mesh, we present some LPFEIAs related to different physical
parameters.

3.2. LPFEIAs based on PUM with 0 <9 <2/5

According to Theorem 3.2, when 0 < 9 < %, we can choose nine kinds of LPFEIAs by
combining the iterative solution (u%}, B, ply,rf) from Iterations I, II and III on Ty () with
three local corrections in parallel on Th(Dj’k),j = 1,...,J. The LPFEIAs are proposed as
follows:

Step I. Find a coarse solution (uf, BT, p, ri) € XA (Q) x YH(Q) x SI(Q) x QI (Q) by
Tterations I, IT and III.

Stgp I1. Solve local corrections (ufnh, Bfnh,pfnh, rfnh) € X2(DI*) x YR(DIF) x Sk (Di*) x
QMDI*) (j=1,...,J) in parallel by three corrections

Correction I (Stokes-type correction)

ao((w). B]4) (V. C)) + (Do 71 V- C) = blg, s3], B),) = R (v, ©)). (3.25)
Correction IT (Newton correction)

ao((w),, B),), (v, C)) + a1 ((uf, BR), (u],;,. BJ,,) (v, C))
+a1((u mh,Bmh_) (uff, BE), (v, C)) + b(p]s 7115 v, C)
7b(QaSau Binh) =RYy ((V7 )) (326)

mh’
Correction ITI (Oseen-type correction)
ao((ul,,, BY,,): (v, C)) + a1 ((u}, BY), (u],;,, BL,,), (v, C))

‘f’b(tha mh’v C) — b(q, s; umhaBinh) =R7((v,C)) (3.27)

for all (v,C,q,s) € XB(DI¥) x YR(DI*) x SE(D?*) x QF(D’+*), where
R7Hn((v’ C)) = F((V’ C)) - ao((Uan, B’rg}), (Va C))

_al((u7Hna B’rltll)a (uza B’rltll)’ (V’ C))
7b(p’r]37 Tg; v, C) + b(qv 53 urﬁa BTI?)
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j j j i) — J J J J : j
Step III. Set (u/,,BJ,,p,, 7)) = (uf +u),,, By + B, 0% + vl . 7%+ ) in DIF.

Step IV. Assemble the solution:

J J J
j h j h j
= E d)juzn’ B, = E d)ngnv Pm = § ¢jpfn,
j=1 j=1

j=1

®ir,

Il
<.
M-
i

The correction schemes (3.25)-(3.27) are linearized by (uly, By, p%, r%) from Step I, while
the correction scheme studied in our previous work [35] is employed by Picard’s iteration.
Compared to the numerical methods for MHD studied in [9,27,33], the advantages of the
proposed method are that it not only improves efficiency, but also provides a flexible and
manageable way to decompose the whole computing domain.

Bj

mh’

Lemma 3.1. Suppose that the conditions of Theorem 2.2 hold and 0 < ¥ < £. Then (
L mh) obtained by Iterations I, II and III with Corrections I, II and IH satzsfy

Wohs

CmmCRe,Rem,S H( Uho {nh)HE,Dj’k + H(p{nhaanh)HB,Dj’k
< C(Cr. R.,,.s.)"[F|la, (3.28)

Conin | (0? *u] B =B g, psx + (07 =l = 10) |5, psx
< C(Cuinll(ur — uj;. By — B g pix + |(prr — v v — 157) | 3.pi),  (3.29)

where (0/,B7,p?,r7) and (up,Bu,pu,ru) are from Algorithm 3.1 and (uf, BT, pm ri) is
from Iterations I-111.

Proof. The proof is divided into two parts.

Part 1. This part is devoted to analyze (u 7-nh’ Bfnh,pfnh, rfnh) obtained by Iterations I, II
and IIT with Correction II. Taking (g, s) = (0,0) in (3.26), and using (2.8), (2.2) and (2.5) give

(o (101 B ) .+ [ B ,0)

+N (2] (wj7, Bl 5

(@31 Tt B, D <

|~

0ok | Bl 2, pis + (| (W, BE)%, i)

+IF|l,por + \/Ell(p’ﬁ,r”ﬁ)l\g,mk). (3.30)

Note that X} (Di%) C XA(Q), SE(DM) C S4(), YA(DI) € YA(®) and Q4(DH*) < Q(®).
Setting (v,C,q,s) = (u! ., B? . .p? . .r) ) in (3.26), and applying (2.4)-(2.5), we conclude

from Theorem 3.2 and 0 < 9 < % that

7 .
= Coal| (8, B2,
4
S (1—11’1&)({%,5,1}79) len”( mhaB] )

~

N m |m
< Cmin (1 - (Cvi)Q ’ CmiU”(quBH)”E,Dj”“) ||( mh’ )HQE,DJ"’“

IN

min — N[ (W, B 5,054 ) | (0], B )3 pie

(@
Qo (( mh’anh) (uznhaB )) +a1(( mhaanh)a (u7HnaB7ITIL)a (u{nhaanh))
R ((a],,, B],))- (3.31)

IN
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Applying (3.30) to (3.31), and using Cauchy-Schwarz inequalities yields

7 .
75 Cominll (Wl B, 3

<Pl psell (s B 2,05k + Conaxl| (W BE)| 2, | (0, B 2,
+N | (ug, BRI i | (w mh,Bfnh)llE,Dm
+Vd|| (P, ) HB ik (s B . + V|l (af, BE) | .05 (|05 7o) 5.5 ¢
15
< 75 IFIE s + 5 Coill (5, B >|\%E,Dj,k
15( max) m m
AL uzt, B G, pix + 1 Cmmll( W B S i
LBV N)? B
e renal [ H>H4E,Dj,k+ 1 Coin (6 B I s
15d " m
+F|‘(pH7TH)HQB,DJ}k+ Cmmll( W B E i
15d(cm X) m m
WH(U‘H’BH)HQE,DL’C"" —Chinll( W, B)) |5, i
452%”( 5B, oo + 15 Coin (1 B ) s
d m m
20 HFH* ,Dik T 55 2532 minH(uHaBH)||2E,Dj,k
\/E m m \/EA m m
+7Cmax|‘(uHaBH)“2E,DLk + 7NH(UH’BH>H3E,DJ‘J€
d m d 2
+W Croinl|(ufy, Bl )HEDMJFCmmH(pHﬂ"H)”B,DJAkv (3.32)

which can be rearranged as
Conin | (@), B ) %, i

< (G 12 s+ O 5. (O .+ 1)l 6 B, s
min

)2

mlI]

m m 1 m m
a5 B s + G VBTN s ) - (333

With the help of Theorem 3.2 and 0 < ¥ < 2 £, it follows that

+ NI (w7, B, po + 5

Coninll (0, B, )| 2, i
< CIF|ls pi + Crore,, 5. Comin |0 BE) 5,5 + (N Conin) | (0, BE) . s
NI B oo + | 075,00 )
< C(Cr. n.,, 5. +0+02)|[F|.0 < CCr, g, s.|Fllo (3.34)
An application of (3.30), (3.34) and Theorem 3.2 implies that

G s < 5 (et 5.(Cr 5.+ DIF

9/(2Cmin | () Bl .50 + (0, B .50 )
< C(Cryvteyy 5.2 1 e (3.35)
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Then, (3.28) follows by combining (3.34) and (3.35).
On the other hand, reorganizing the forms of Algorithm 3.1 with correction (3.9) and Cor-
rection II, we have

ap((ug + ufl, By + Bfl), (v,C)) + a1((uy,Bpg), (ug + ufl, By + Bfl), (v,QC))
+a1((ug +u), By + B)), (ug,By), (v,C)) — a1((ug, By), (ug, By), (v, C))
—b(pu +p{L,TH + rfl; v,C) + b(q, s;up + ui, By + Bi) =F((v,Q)), (3.36)
ao((uff +ul,,, BY + B,,), (v, C)) + ar(uf, BR), (uf + ul,,, Bf +BJ,,), (v,C))
+ar((uf +ul,,, BE +B,), (uf, BE), (v,C) — ar((uff, BY), (uf, BR), (v,C))
—b(p +pl ) v, C) +b(g, s;ul + ol BT 4B ) =F((v,C))  (3.37)

for all (v C,q,s) € Xh(D37 ) X Yh(DJ’ ) x Sh(DI*) x Qh(DI*). Setting (67, HY, 7/, &) =
(w, —u’ , Bl —B’ —pl, 17, — 1) and subtracting (3.37) from (3.36) yield

mh’
ao((ug — ufr +& By — B7 + HY), (v, C))
+a1((uy,By), (uy —uff +&, By — B + HY), (v, C))
+ay((ug — ujj + &, By — B + HY), (uy, By), (v, C))
+b(q, s;up —ufr +& By — B +H) —b(i, v, C)
= G((v,C)), Y(v,C,q,s) € XE(D"*) x YI(DIF) x SE(D*) x QMD?F),  (3.38)

where

G((v,C)) =b(py — v ra — 753 v,C)

al((uH 7uHaBH Bm)a(uz+u%haBg+B%h)v(vv C))
al((u’g""umh’Bg""B ) (U-H _u7HnaBH _B7Hn)’(va C))
+a1((uH - uH’BH B’VITIl)a (uHaBH)a(Va C))
+a1((urﬁ5 BH) (uH - uzv BH - BTI?)) (Va C))
Using (2.5), Theorem 3.2 and (3.28) we get
G((v,C
IGl-1,psr = sup _Gv.0) (3.39)

veXh(Dik),CeYh(Dik) (v, C)ll g, s
< Vdll(pr — v — i) B, pss
+N(3H(UH, B e.pss + 201 (. BL g ok + [ (u, BH)||E,Dj,k)
x[[(upg —uf;, By — BY)| g, pi
< Vd(prr — vt rir = 75| 5. psx + CO(1+ Cr, R, 5.)
X Cinl|(ug — vy, By — B[ g, pix
< C(|p = vl = 785,015 + Cr s, 5, Coninl| (W = 03, Bir = Bl pe).

Thus, proceeding as in the proof of (3.30), we obtain by using (3.38) with (¢,s) = (0,0) and
(2.12) that

1

178,055 < 5 (Conae (1011 = 0, Bat = Bl s + & B[, + Gl 1)

|
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+7||(UH, Bu)llg,pix (1€, B)| g pir + [(ur — uf, By — BE)| g, pir)

< C(H(pH =25 = 15 llp,pix + (0 + Cre k.., ,5.) Conin (|, H) | 5, v

| (an = i, Bir = Bl pis) ). (3.40)

Taking (v,C,q,s) = (&/,H’,7,£7) in (3.38), and combining with the fact that (s,s — t) =
(s> = [6]2+[s — t?) with s = ug —ufy + &’ (or By —BY+H), t = uy —uf(or By — BY),
we conclude from (2.6) that

ao((up — ufj +&, By — B + H), (&7, 1))

= R;Y(V(ug —uf +&),V&) + S.R;1(V x (By — By + H),V x HY)
1. i . m

=51 1(IIV(uH —ufy + &G pre + VG por = IV (ar = a5 psoe)

t5 5. RV x (Brr =B + B3 pi + [V X B px = |V % (Bir = BE)[§ poe)

1 . Iy
= gcmin(H(u —u] B — Bgn)H2E,DJ',k+H(e]7Hj)||2E,Dj,k)
LRV (un = w2 s + SRV x (B — B2 3.41
2( e H (uH uH)HO,DJ,k+ c emH X( H H)Ho,Da,k)- ( )

Therefore, using (3.38), (3.41), (2.4), (2.5) and (2.12) leads to

1 o
il — BT~ B s+ (5 ) Conl @ T
(uHaBH) (uH _ug’BH _B7Hn)’(EJ’Hj))

al(
+a1((quuH,BH B%), (ug, Bp), (&, 1))

I /\

1 o~
mmll(uj =, B = B )5 psr + 5 Cmin[(& ) i
—NH(uH,BH)IIE,mkH('éj,Hj)ll%,m,k

+a1((ugr —uff, By — BY), (uy, By), (&7, HY))
+a1((uH, BH), (llH — u}f}, BH — B7Hn), (Ej, HJ))

IN

1, . _ m
5 (B NV (@ = i) [§ piw + SeRe IV (B =BG pis)

_b(ﬁjag;ufl _u7HnaBH _B’VITIL) +G((’éj,ﬁj)) (342)
Due to (2.5), (2.12), (2.9), Young’s inequality and (3.40), we have

lai((ug, Br), (ug —uf, By — BY), (¢, ﬁ]))l
Hlar((un = wi, By = BY), (wn, Bn), (&, 1))
< 2N (wp, Brr)| . sl (wrr = i, Bar = Bl oo | (&, )| 1, s
< 20Cn|(wn = uff, Bi = BE)| s [ (& B 15 o

< = 60 mlnH(e HJ)HE pik +60Cmin|[(ug —ufp, By — Bg)HJQE,DJ‘,kv (3.43)

b7, & upy — uly, By — BY)|

< Vd||(ug — u}}, By — BY) (@, €)|| 3,k
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< COCR, R.,,.s.Coinl (ugr — uf}, By — Bi)||% pir
+CCr, g, .5.Cuinll(urr — 0, By — B g pir||(&7, )| g pan
+Cl(ug — i, By — BY) || g, pixll(pr — p,re — 7)) B,pi

1 T m m
< —Croin|| (€7, H) |15, s + C((CRE,REm,SC)QCminH(uH —u}, By — B3 pi

60
o~ i = i), (3.44)
~i T 1 =i T2 15 2
G(E )| < = Cona|(& F)3, p + |Gl e (3.45)

Substituting (3.43)-(3.45) into (3.42) and tidying up the resultants, then employing (3.39) and
0<v< %, we deduce that

Cumin ([ (0 =), B? = BJ,)|| 5, ps + [|(&7, )| g pir) (3.46)
< C(Cr.,n.,,.5.Cminll(urr — 0}y, By — BY)| g, pix + | (prr — v rir — 73| 3,0sr ) -
It follows from (3.40), (3.46) and triangular inequality that
17 = phs 7 = 13,18,
< |\pu = pi,rm — i)l sk + 17 &)l 5,psn
< CCR,.R.,,.5.(CR..R.,, 8. Cminl (urr — 0F, By — BE)| 5, i
+\orr — v e — 7)) B, D3 ) - (3.47)
So, we can finish the proof of Part 1 by combining (3.46) with (3.47).

Part 2. This part is for the case of Iterations I, IT and III with Corrections I and III.
For the case of (u!,,,B’ ,,p’ .7} ) obtained by Iterations I, II and III with Correction III,
to get (3.28) and (3.29), we just need to change the forms of (3.36) and (3.37) according to
Algorithm 3.1 with correction (3.10) and Correction III, respectively. The rest of the proof is

similar to the above procedure.
From Algorithm 3.1 with correction (3.8) and Correction I, we have

ao((uH + uia By + Bi)v (Vv C)) + al((qu BH)? (qu BH)) (Va C))
~b(pm + pjs i + 73 v, C) + b, s;un +up, By + Bj) = F((v, C)), (3.48)

aO((uTﬁ + uﬁnh’ BE + Bgnh)’ (V’ C)) + al((uzﬂ BE)’ (u?}’ BE)’ (V’ C))

—b(P + Pl T 47005V, C) + b(q, s;ufp +ud, B + B, ) = F((v,C)) (3.49)
for all (v,C,q,s) € X&(D?*) x YI(DI*) x Sk(D7*) x QR(DI*). In this case, two trilinear
terms disappear in (3.48) and (3.49) respectively compared to (3.36) and (3.37). Therefore, the
results of (3.28) and (3.29) for the case of (ufnh,Bfnh,pfnh,rilh) obtained by Iterations I, II
and IIT with Correction I can be regarded as a natural result of Part 1. This ends the proof.l]

Remark 3.2. It is shown in (3.42) that if 0 < ¢ < i, (u/ ,BJ,,p’ 7)) provided by the

29 m>''m
Correction IT in Step II is convergent to (u?,B7,p’, 7). From Part 2, we see that the terms

—N|(ug, Bp)|p.a |87, H)|2 1. and —9Cuin| (&7, HY)|[% ), vanish in (3.42) and § Cnin:
|(&7, H9)||2, ,,, » stands alone on the left hand. So (u,, B, pJ,, ) derived by the Corrections I
and III con\’/erges to (u/, BY,p?,r7) without the restriction of 0 < ¢ < 4. This is also the basis
for our discussion in Subsections 3.4 and 3.5.
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Theorem 3.3. Under the conditions of Lemma 3.1, (u,B,p,r) and (up,Bp,pn, ) are solu-
tions of (2.1) and (2.11), respectively. If (u?,, Bl ph rl) is obtained from Iteration I with
Corrections I, II and III, then there holds

[(a—ul,B=B!)llza+(p—ph.r—rh)lse

11
< W +Onn s (59) IFa] (3.50)

If (uh,BR  ph vl ) is obtained from Iteration II with Corrections I, II and III, then there holds

1w =, B=By)lpo+ (= ph.r =)0

<C

T 2T 15 2t
W+ H™" + CR,.R.,,.5. | 139 [

Q] . (3.51)

If (ul,, Bl ph rh) is obtained from Iteration IIT with Corrections I, II and III, then there
holds

H(U*Ume*Bh)HEQﬂLH(p pmﬂ’*T )HBQ
< C(h" + H* + Cr, g, 5.9"|F|.0) (3.52)

Proof. We just give the proof of the case of (u?, B" p  r!) obtained from Iterations I, II
and IIT with Correction II, the other two cases can be proved similarly. For (u”, B", p" ") got
by Algorithm 3.1, we have

(0" = B = Bl [+ (0" = b =)l 2
=0 —w B =B+ | 30— phr? =)
Jj=1 EQ Jj=1 B,Q

[

= C(Z (g5 (0’ — vl B = BI )% ps + 16, (07 — plo. 77 —%)I%,M)
J

J
S (I B~ BL)E s + 10— Dot ) 1)

W=

FCH (| — w), B~ BL)IR o + 0 — Pyt rmnam))] (353
Using triangular inequality derives

[(ap =, By — Bl |z + | (or — plsrn — ) 8.2
< ||(up — u”, Bh_Bh)||EQ+||(ph_ph rn — ") HBQ
(" =}, B" =B za+ 10" —ph, " — 1)) B.0- (3.54)

Since H, is a fixed and independent of H, h, the proof ends with (3.53), (3.54), Lemma 3.1,
and Theorems 2.2, 3.12 and 3.2. ]

Remark 3.3. From Lemma 3.1, we may see that (u?,, B"  pl r!) derived by Iteration i with
Correction j (¢,j = I,II,1II) is stable and convergent when 0 < ¢ < g Furthermore, the
LPFEIA consisting of Iteration II and Correction II is suggested to be a preferable way to solve

the stationary MHD problem according to Theorems 3.2 and 3.3.
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3.3. LPFEIAs based on PUM with 2/5 < ¢ <5/11

When £ <9< 11,
kinds of LPFEIAS consisting of the iterative solution (u%y, B%, p¥, %) derived by Iterations IT
and III on Ty () and Corrections I, IT and III in parallel on T} (D7*),j = 1,...,J. The
stability and convergence of these algorithms are analyzed. The LPFEIAs are presented as

Step I. Find a coarse solution (uf, B7, p7, ri) € XA (Q) x YH(Q) x S (Q) x QI (Q) b
Tterations II and III.

Iterations II and III are stable. This subsection is devoted to giving six

vt P Toan) € X§(DPF) 5 Y11 (DWF) x S (DIF)
QR (D7*) in parallel by Corrections I, IT and III.

Step II. Solve local corrections (ufnh, H’

Step IIL Set (ul,, B, pl,,rh) = (Wi +u , BE+B! , ph4pl  ridr! ) in DIk (5 =
1,...,J).

Step IV. Assemble the solution
J _ J _ J _ J _
=Y o, BhL=>¢;Bl, ph=> ¢iph, th=> ¢
i=1 i=1 j=1 =1

Lemma 3.2. Suppose that the conditions of Theorem 2.2 hold cmd <9 < % Then

(uﬁnh,Bmh, pmh, mh) derived by Iterations II and III with Corrections I 11 and III satisfies

CminCR, R.,, 5. [[(u mh’B{nh) (p{nharznh)HB,Dj’k
< C(Cr, R.,,.5.)°[Fl0, (3.55)

Conin (0 = ) BY = BJ) [, pis + |07 = P! = 73,) 13,1

< C(Crinll(upg — 0, By — Bl pix + (g — . 7e — i)l 5,pin),  (3.56)

where (ug, By, p,ry) and (W, B7, p? r7) are obtained by Algorithm 3.1, and (uy, BT, p, r')
is from Iterations II-III.

Proof. For the case of ( ul Bfnh,pfnh, fnh) obtained by Iterations II and IIT with Correc-
tion IT when 2 < ¢ < &, the process of proof of (3.55) and (3.56) is the same as the ones of
(3.28) and (3.29) for the case of (u? ,, Bmh,pmh7 mh) obtained by Iterations I, IT and III with
Correction II when 0<v< 2. We Just need to change some coefficients in the process, for
example, change 1= and 1 — max{5, 3,139 to 12 and 1 — max{3, 1}19 in (3.31), respectively,
replace 175, 1z and 15 by ég, 2 and 33 in (3. 32) respectwely, replace and 15 by 132 and 44

in (3.43)-(3.45), respectwely (3 55) and (3. 56) in the case of (u,, Bmh,pmh, mh) obtained by
Iteratlons IT and IIT with Correction I when £ <9< i can be derived naturally by the one in
the case of Correction II.

For the case of (u,, anh,pfnh, rfnh) obtained by Iterations II and IIT with Correction IIT

when 2 <9 < &, the proof of (3.55) and (3.56) can be deduced similarly. The proof ends. O

Similar to the proof of Theorem 3.3, we conclude from Lemma 3.2 that

Theorem 3.4. Assume that the conditions of Lemma 3.2 hold, (u,B,p,r) and (up, By, pr, 1)
are the solutions to (2.1) and (2.11), respectively. If (ul B! plt rh) is obtained from Itera-
tion II with Corrections I, II and III, then there holds

I(u =y, B=Bp)lzo+ (- ph.r =)o
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15\
< C |h"+ H?" + Cg, R, 5. (1319) I

Q] : (3.57)

If (ul,, Bl pt v is obtained from Iteration III with Corrections I, II and III, then there
holds

[ (u— u’iln’B - BZm)”E,Q +[l(p *pfnﬂ’ - Tfn)HB,sz
< C(h" + H* + Ch, g, 5.9"|F|.0) (3.58)

Remark 3.4. From Lemma 3.2, we realize that the LPFEIA formed by Iteration i and Cor-
rection j (¢ = II,I1II,j = 1,11,11I) is valid for slightly high ¢ (% <9< 1—51) Moreover, the
combination of Iteration IT with Correction II is a priority to numerically solving the stationary
MHD problem.

3.4. LPFEIAs based on PUM with 37 <9 < 5 — €0

According to Theorem 3.2, when 7 < 9, only Iteratlon IIT is stable and convergent. Due to
the explicit expression of the constant w1th respect to 3 — ¢ in (3.42), for 2 <9 <1 —¢ (€ is
a fixed constant can be chosen from 0 to %), we consider three kinds of LPFEIAS by combining
the iterative solution (uly, B, p7, r%) obtained by Iteration III on T (§2) with Corrections I,
II and III in parallel on T, (D’*),5 = 1,...,J. The stability and convergence of the three
algorithms are proved. The LPFEIAs are

Step I. Find a coarse solution (uf, B, p, ri) € XA (Q) x YH(Q) x SF(Q) x QI (Q) by
Iteration III.

St(_ep I1. Solve local corrections (ufnh, Bfnh,pfnh, rfnh) € X2(DI*) x YR(DIF) x Sk (Di*) x
QR (D’*) in parallel by Corrections I, II and III.

Step III. Set (u},,BJ, ,pl i) = (uH+umh,Bg+Bmh,pH+pZnh,rg +rfnh) in DI (j =
1,2,...,J).

Step IV. Assemble the solution

J J
j=1 j=1

Jj=1

<

Lemma 3.3. Assume that the conditions of Theorem 2.2 hold and ﬁ <9< % — €9. Then

(uZnhvBmh’pmhv ’mh) provided by Iteration III with Corrections I, II and III satisfies

CuninCre Ry 5 (W Bop) |2, pa + (0 770n) | 3, ik
S C(CR67RenLasc) ||F||*1Q’ (359)

Cumin | (0 — ), , B =B ), pse + |0 = phys? =13l 8, i

< C(Cuinll(ag —uf, By = BY)llp,pix + [[(pr — Pl re —v)lp,pix ), (3.60)

where (ug, By, pu,r) and (0/,B7, p? r7) are derived by Algorithm 3.1, and (uy, BT, p, r')
is from Iteration III.

Proof. For the case of ( ul Bfnh,pznh, fnh) obtained by the combination of Iterations II

and III with Correction II when 2 < ¥ < 1 — ¢, the process of proof of (3.59) and (3.60)
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is the same as the ones of (3.28) and (3.29) for the case of (ufnh, Bfnh,pfnh,rfnh) obtained by
Iterations I, II and III with Correction II When 0 <9< g We just need to change some
coefficients in the process, for example change = and 1 —max{$ % 3, 1}9 to & 5 +eoand 1— 19 in
(3.31), respectlvely, replace 75, 15 and 15 by i 5 ﬂ and 6 in (3.32), respectlvely7 substitute &5
and 15 by ¢ and Z in (3.43)-(3.45), respectlvely Similarly, (3.59) and (3.60) for the case of
(ufnh, Bmh,pmh7 mh) obtained by Iterations II and III with Correction I When <V < = —€g
are naturally valid.

For the case of ( u, anh,pfnh, rfnh) obtained by Iterations II and IIT with Correction IIT
when 7 < ¥ < 5 — €9, the proof of (3.59) and (3.60) can be deduced similarly. The proof is
complete. O

Based on Lemma 3.3, similar to the proof of Theorem 3.3, we have the following error
estimates:

Theorem 3.5. Suppose that the conditions of Lemma 3.3 hold, (u B,p,r) and (up, Bp,pn, 1)
are the solutions to (2.1) and (2.11), respectively. (u?, Bl ph rl) is obtained from Itera-
tion III with Corrections I, II and III, then there holds

(=}, B=Bl)leo+(—ph.r—rh)za

< C(h" 4+ H* 4 Cg, g.,, 5.9"|F|l+.0)- (3.61)

Remark 3.5. From Lemma 3.3, we realize that the combination of lteration III with Correc-
tion j in parallel (j = I,11,11I) is valid for slightly high ¥ (2 <9 < % — €).

3.5. LPFEIAs with 1/2—¢ <9 <1

From Remark 3.2, for ¢ > %, we see that (u/,, B7  pl 1) obtained by Iterations I, II and
IIT with Correction II in parallel may not converge to (u?,B?,p?,r7) of Algorithm 3.1. So, for
% — €9 < ¥ < 1, we investigate two kinds of LPFEIAs formed by (u’}, B, p}, %) obtained
by Iteration IIT and Corrections I and III in parallel. The stability and convergence of the two
algorithms are given. The LPFEIAs are described as follows:

Step I. Find a coarse solution (uf, B, p, ri) € X2 (Q) x YH(Q) x SH(Q) x QI (Q) b
Iteration III.

Step II. Solve local corrections (umh, Bf;lh,pznh, rim) € XB(DI*) x YR(DIF) x Sk (DI*) x
Ql(D?*) (j =1,2,...,J) in parallel by Corrections I and III.

Step IIL. Set (w),, B, pl,,r) = (Wi +u’ , BE + B , pp+pl o4 ) in DIk,
Step IV. Assemble the solution
=Y ¢ul,, B Zasj T D= DO = ) b
j=1 j=1 j=1

Lemma 3.4. Suppose that the conditions of Theorem 2.2 hold and s —€ < ¥ < 1. Then
(uj Bmh, pmh, mh) provided by Iteration III with Corrections I and 11T satisfies

mh’

CmmCRe,Rem,S H( Wn» {nh)HE,DJAk + H(p{nhaanh)HB,Dj’k
< C(Cr, R.,,.5.)°|F., (3.62)
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Conin| (0! — v, BY =B g pie + 1|07 = phsr? =18l 3, ik

< C(Crinll(upg —uf, By — Bl g pis + (o — i, re — i)l 5,pin),  (3.63)

where (ug, By, pu,r) and (0, B7,p? r7) are derived by Algorithm 3.1, and (uy, BT, p, r')
is from Iteration III.

Proof. The proof of (3.62) and (3.63) can be derived naturally by previous techniques. O

Based on Lemma 3.4, similar to the proof of Theorem 3.3, we have the following error estimates:

Theorem 3.6. Suppose that the conditions of Lemma 3.4 hold, (u,B,p,r) and (up, Bp, pn, 1)
are the solutions to (2.1) and (2.11), respectively. (ul,, B! pl v is got by Iteration III with
Corrections I and III, then there holds

I(w =}, B=B)lea+ (- phr =)o
< C(h" 4+ H> 4 Cg, n.,, 5.9"|F|l+.0)- (3.64)

Remark 3.6. From Lemma 3.4, we see that the LPFEIA consisting of Iteration III and Cor-
rection j (j = I,III) is valid for large % — € < ¥ < 1. ¥ is proportional to the physical
parameters R, and R, , this means that LPFEIA by Iteration III and Corrections I and III is
a better way to efficiently solve MHD problem at high Reynolds numbers.

4. Numerical Investigations

In this section, the FreeFEM++ software [40] is used for the numerical test. We consider
the MHD form of the classical Poiseuille flows, called Hartmann flow [3]. We show some test
results to assess the numerical efficiency of our parallel algorithms for the MHD equations
(1.1)-(1.5) under different physics parameters. The Mini element (PP, Py) [39] is used for the
hydrodynamic subproblem, the lowest order Nédélec’s element for the magnetic subproblem.
To treat the nonlinear problem in the step I, the iterative tolerance is chosen as 1.0e — 12.
Denote Algorithm M;C; (i, = 1,2,3) by Iteration ¢ with Correction j (¢,j = I,1I,IIT).

Hartmann flow describes the changes of a steady unidirectional incompressible flow in the
channel Q = [0,6] x [—1, 1] under an external transverse magnetic field B; = (0,1). Let Ha =
VR.R,,S. be the Hartmann number. Take f = g = 0 and the solutions are

u(x,y) = (u(y),O), B('Tay) = (b(y)’ 1),
plr,y) = ~Gr — LS.2(0) + po (1)

with

() GR. (1_cosh(yHa)), by~ & <sinh(yHa)_ >

" Ha- tanh(Ha) cosh(Ha) v/ = S, \ sinh(Ha)

which has the boundary conditions

u=20 on y= =1,
(pI — Re™'Vu)n = pyn on x=0 and =z =6,
nx B =nxBy on 010,

where pq(z,y) = p(z,y), po is a constant and I is identity matrix.
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Set Re = 1.0, R.,, = 0.1,Sc =1.0. Let T,,(?) (¢ = Hp, H, h) be the unstructured triangu-
lation of €2. We employ the PUM based on Py on Ty, (2) with H, = %, J =536, and 1 layer
oversampling.

According to Theorems 3.3-3.6, set the mesh size H = O(h?) to obtain

1w = u, B=By)llpo + (0= phr = r)llB.o < Clh + Lerror),

where Ip.or is the iterative errors with respect to m. If I..por is higher order infinitesimal
quantity compared to h as h — 0, then this error estimate can be transformed to

[(u—up, B = B})lleo + [p - phllog = OR).

It should be noted that in the numerical experiment, as m increases, I, . decreases signifi-
cantly.

The results in Table 4.1 display the errors of standard finite element method (SFEM) for this
problem. From Tables 4.2-4.4, we observe that the Algorithms M;C; (4,5 = 1,2, 3) can compute
well, the rates of ||(u—ul,, B —B!)| z.q and ||p — pl, |l0.o have optimal order, |V (r —r2)|j0.o
nearly equal to zero, and the Algorithms M3C; save lots of CPU time. In a word, compared
to Table 4.1, the data in Tables 4.2-4.4 show the correctness and effectiveness of the proposed
Algorithms M,;C; (i,5 =1,2,3).

Table 4.1: The errors of SFEM.

h [[(u—up,B—By)|Eea0 rate llp — prllo.o rate IV(r — 7)o, | CPU
1/36 2.02E-03 / 5.22E-04 / 2.01E-11 31
1/64 1.14E-03 9.95E-01 3.06E-04 9.27E-01 6.50E-11 146

1/144 5.01E-04 1.01E+00 1.18E-04 1.18E+00 1.33E-10 311
1/256 - - - - - -
1/400 - - - - - -

Table 4.2: The errors of Algorithms M;C; (5 =1,2,3).

H | h |[(u=up,B=B)|ee| rate |[lp—pmlloe| rate |[[V(r—7r5)]oe|CPU
1/8 | 1/64 9.32E-03 / 1.34E-02 / 2.46E-13 40
1/12(1/144 4.19E-03 9.86E-01 | 5.60E-03 |1.08E+00| 3.87E-13 | 192
M, C1|1/16|1/256 2.25E-03 1.08E+00| 3.16E-03 |9.94E-01| 529E-13 | 599
1/20(1/400 1.43E-03 1.02E+00| 2.05E-03 |9.70E-01 | 6.42E-13  |1167
1/24(1/576 9.97E-04 9.89E-01 | 1.44E-03 |9.69E-01 | 1.91E-13 |3435
1/8 | 1/64 9.30E-03 / 1.29E-02 / 2.47E-13 31
1/12(1/144 4.18E-03 9.86E-01 | 5.57E-03 |1.04E400| 3.89E-13 | 192
M;C2|1/16|1/256 2.25E-03 1.08E+00| 3.16E-03 | 9.85E-01| 5.31E-13 | 600
1/20(1/400 1.43E-03 1.01E+00| 2.05E-03 |9.70E-01 | 6.78E-13  |1161
1/24(1/576 9.92E-04 1.00E+00| 1.43E-03 |9.88E-01 | 1.34E-13  |3431
1/8 | 1/64 9.30E-03 / 1.29E-02 / 2.82E-13 31
1/12(1/144 4.18E-03 9.86E-01 | 5.57E-03 |1.04E+00| 3.66E-13 | 191
M;C3|1/16|1/256 2.25E-03 1.08E+00| 3.16E-03 | 9.85E-01 | 5.30E-13 | 600
1/20(1/400 1.43E-03 1.01E+00| 2.05E-03 |9.70E-01 | 6.94E-13  |1162
1/24|1/576 9.92E-04 1.00E+00| 1.43E-03 |9.88E-01 | 1.12E-13  |3436
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Table 4.3: The errors of Algorithms M2C; (5 = 1,2, 3).

H | h ||(u-upB-Bn)lee| rate |[p—phlloe| rate |[V(r—r)]o0|CPU
1/8 | 1/64 9.29E-03 / 1.21E-02 / 7.50E-14 8
1/12(1/144 4.16E-03 9.90E-01 | 5.55E-03 | 9.61E-01 9.83E-14 34
M,C1|1/16|1/256 2.25E-03 1.07E+00| 3.15E-03 | 9.84E-01 1.30E-13 103
1/20]1/400 1.43E-03 1.02E4-00| 2.05E-03 | 9.63E-01 1.41E-13 269
1/24)1/576 9.96E-04 9.92E-01 | 1.44E-03 | 9.69E-01 2.11E-13 688
1/8 | 1/64 9.27E-03 / 1.18E-02 / 7.49E-14 8
1/12]1/144 4.16E-03 9.88E-01 | 5.55E-03 | 9.30E-01 9.90E-14 43
M,C2|1/16|1/256 2.25E-03 1.07E+00| 3.15E-03 | 9.84E-01 1.33E-13 106
1/20{1/400 1.41E-03 1.05E+00| 2.05E-03 | 9.63E-01 1.45E-13 255
1/24)1/576 9.92E-04 9.64E-01 | 1.41E-03 |1.03E4-00 2.11E-13 676
1/8 | 1/64 9.27E-03 / 1.18E-02 / 7.50E-14 9
1/12]1/144 4.16E-03 9.88E-01 | 5.55E-03 | 9.30E-01 9.81E-14 41
M,C3|1/16|1/256 2.25E-03 1.07E+00| 3.15E-03 | 9.84E-01 1.32E-13 117
1/20{1/400 1.41E-03 1.05E+00| 2.05E-03 | 9.63E-01 1.45E-13 289
1/24)1/576 9.92E-04 9.64E-01 | 1.41E-03 |1.03E4-00 2.11E-13 629

Table 4.4: The errors of Algorithms M3C; (5 =1,2,3).

H R |l(u—ul,B—-B")|ga| rate ||lp—pkloa| rate ||V(r—7r")]o.a|CPU
1/8 | 1/64 9.29E-03 / 1.21E-02 / 7.23E-14 10
1/12]1/144 4.16E-03 9.90E-01 | 5.55E-03 | 9.61E-01 8.65E-14 52
M3Cy|1/16|1/256 2.25E-03 1.07E+00| 3.15E-03 | 9.84E-01 1.14E-13 152
1/20{1/400 1.43E-03 1.02E4+00| 2.05E-03 | 9.63E-01 1.47E-13 348
1/24|1/576 9.96E-04 9.92E-01 | 1.44E-03 | 9.69E-01 1.96E-13 785
1/8 | 1/64 9.27E-03 / 1.18E-02 / 8.53E-14 10
1/12]1/144 4.16E-03 9.88E-01 | 5.55E-03 | 9.30E-01 6.22E-14 56
M3C2|1/16|1/256 2.25E-03 1.07E+00| 3.15E-03 | 9.84E-01 1.14E-13 153
1/20{1/400 1.41E-03 1.06E4+00| 2.05E-03 | 9.63E-01 1.62E-13 404
1/24|1/576 9.92E-04 9.64E-01 | 1.41E-03 |1.03E+00 1.96E-13 927
1/8 | 1/64 9.27E-03 / 1.18E-02 / 7.25E-14 11
1/12(1/144 4.16E-03 9.88E-01 | 5.55E-03 | 9.30E-01 6.21E-14 46
M3Cs|1/16|1/256 2.25E-03 1.07E+00| 3.15E-03 | 9.84E-01 1.14E-13 144
1/20]1/400 1.41E-03 1.05E+00| 2.05E-03 | 9.63E-01 1.62E-13 387
1/24|1/576 9.92E-04 9.64E-01 | 1.41E-03 |1.03E+00 1.96E-13 825
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