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Abstract. In this paper, we derive rigorously a non-local cross-diffusion sys-
tem from an interacting stochastic many-particle system in the whole space.
The convergence is proved in the sense of probability by introducing an inter-
mediate particle system with a mollified interaction potential, where the mol-
lification is of algebraic scaling. The main idea of the proof is to study the time
evolution of a stopped process and obtain a Grönwall type estimate by using
Taylor’s expansion around the limiting stochastic process.
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1 Introduction

In this paper, we give a rigorous justification for the mean-field limit from an in-
teracting particle system to the population cross-diffusion system as the number
of particles goes to infinity. More precisely, we present the derivation of n-species
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cross-diffusion system as follows:































∂tui =div(ui∇Ui)+σi∆ui+div

[

ui

n

∑
j=1

∇ f (Bij∗uj)

]

,

Bij(|x|)=
C(d,ϑij)

|x|ϑij
, ϑij∈ (0,d−2],

ui(0)=u0
i (x), i=1,.. .,n,

(1.1)

where σi > 0 are the constant diffusion coefficients, u=(u1,. . .,un) stands for the
vector of population densities, Ui(x)=−|x|2/2 represent environment potentials
and C(d,ϑij) are constants depend on d and ϑij. The transitions rates depend on
the densities by a nonlinear term f .

The aim of this paper is to rigorously derive the system (1.1) from the follow-
ing stochastic many-particle system. This system describes the movements of n
species of particles, with the particle numbers Ni ∈N, i=1,.. .,n, according to the
given law. Without loss of generality, we let N=Ni , i=1,.. .,n. Let (Ω,F ,(Ft≥0),P)
be a complete filtered probability space. We consider d-dimensional Ft-Brownian
motions (Wk

i (t))t≥0, k=1,.. .,N, i=1,.. .,n which are assumed to be independent of

each other. We assume that (ξk
i ), k=1,.. .,N, i=1,.. .,n are i.i.d. random variables,

independent of (Wk
i (t))t≥0, and have common probability density function u0

i .

We use the notation XN,k
η,i (t) to represent the k-th particle of i-th species and the

dynamics of XN,k
η,i (t) are governed by























dXN,k
η,i =

[

−∇Ui

(

XN,k
η,i

)

−
n

∑
j=1

∇ fγ

(

1

N

N

∑
l=1

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

)]

dt

+
√

2σidWk
i (t),

XN,k
η,i (0)= ξk

i , i=1,.. .,n, k=1,.. .,N,

(1.2)

where fγ is an approximation of f which can be constructed, for example in Re-
mark 1.1, and

B
η
ij :=

{

Vη∗Bij, 0<ϑi,j<d−2

Vη∗ B̄ij, ϑi,j=d−2
, B̄ij(|x|) :=

{

Bij(|x|), |x|≥η

Bij(η), |x|<η
.

Here Vη(x) :=V(x/η)/ηd with η>0 is a mollification kernel which means V≥0
is a given radially symmetric smooth function such that

∫

Rd V(x)dx=1.
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The problem considered in this paper dedicates to the understanding of dif-
fusion (and cross-diffusion) effects on the microscopic level. It belongs to the re-
search of mean-field limit for interacting particle system. There have been exten-
sive studies of the mean-field limit problems in the last decades. Many important
contributions have been made for problems with singular interacting potentials
such as the Coulomb potential in Keller-Segel systems. An extensive review of
this research field is out of the scope of this paper, we refer to [2, 7, 8, 13] for more
detailed summary on the results and methods.

The convergence of moderate interacting system was introduced and proved
by Oelschläger in [10–12] in order to derive reaction-diffusion equations and
the porous medium equation. The authors [9] considered further the fluctua-
tion of this problem. This idea has been used to derive chemotaxis equation
from an interacting stochastic many-particle system in [15]. The derivation of
cross-diffusion type systems has only been studied in the last few years. It is
proved in [14] that the hydrodynamic limit of the empirical densities of two types
is the solution to the Maxwell-Stefan equation. The authors in [6] derived the
non-local Lotka-Volterra system with cross-diffusion from particle system. The
Shigesada-Kawasaki-Teramoto system was obtained from a microscopic many-
particle Markov process in [5]. Rigorous derivation of the degenerate parabolic-
elliptic Keller-Segel system from a moderate interacting stochastic particle sys-
tem was given in [2]. There are very few results for more than two species. In [4],
the authors established the global existence of weak solutions to cross-diffusion
systems for an arbitrary number of competing population species. The mean-
field limit of a moderate interacting stochastic many-particle system for multiple
population species is obtained in [3] with the logarithmic scaling. Furthermore,
with the same scaling the authors in [1] derived population cross-diffusion sys-
tems of Shigesada-Kawasaki-Teramoto type from stochastic moderately interact-
ing many-particle systems for multiple population species. This paper is aimed
to derive (1.1) from (1.2) with algebraic scaling η=N−β for some β.

To precisely state the main results of this paper, we first give the general as-
sumptions on f .

Assumption 1.1. Let f ∈C3(R∗;[0,∞)), where R∗=R+∪{0}, and for some m>0

it holds

‖ f‖C3([−M,M])≤Mm for any M≫1.

Remark 1.1. A possible approximation fγ∈C3(R∗;[0,∞)) of f can be given by

fγ(r) :=

{

f (r), 0≤ r≤1/(2γ),

f (1/γ), 1/γ≤ r.
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It is obvious that the following estimate holds:

‖ fγ‖C3(R)≤‖ f‖C3([− 1
γ , 1

γ ])
≤ 1

γm
.

In order to prove the limit from (1.2) to (1.1), we introduce an intermediate
particle problem. This problem is formally viewed as a mean field limit N→∞ in
the system (1.2) for fixed η,γ>0, namely















dX̄k
η,i =

[

−∇Ui

(

X̄k
η,i

)

−
n

∑
j=1

∇ fγ

(

B
η
ij∗uη,j

(

X̄k
η,i

)

)

]

dt+
√

2σidWk
i (t),

X̄k
η,i(0)= ξk

i , i=1,.. .,n, k=1,.. . ,N.

(1.3)

Here uη,j is the probability density function of X̄k
η,j, which satisfies the following

cross-diffusion system:











∂tuη,i =div(uη,i∇Ui)+σi∆uη,i+div

[

uη,i

n

∑
j=1

∇ fγ

(

B
η
ij∗uη,j

)

]

,

uη,i(0)=u0
i (x), i=1,.. .,n.

(1.4)

In this paper, we focus on the derivation of (1.1) from interacting particle sys-
tem. To achieve this, we need the following assumptions of PDE solutions.

Assumption 1.2. Assume that uη ,u∈ L∞(0,T;L1∩Hs(Rd)) (s> d/2+1) are solu-

tions of systems (1.1) and (1.4) respectively, furthermore it holds that

‖u−uη‖L∞(0,T;Hs(Rd))≤Cη, (1.5)

where C is a positive constant which is independent of η.

Actually, (1.1) and (1.4) are parabolic systems. The above assumption can be
obtained at least for small initial data. Similar to [1], Assumption 1.2 directly
implies the wellposedness of SDE system (1.2) and the McKean-Vlasov problem
of (1.1), i.e.











dX̂k
i =

[

−∇Ui

(

X̂k
i

)

−
n

∑
j=1

∇ f
(

Bij∗uj

(

X̂k
i

)

)

]

dt+
√

2σidWk
i (t),

X̂k
i (0)= ξk

i , i=1,.. .,n, k=1,.. .,N,

(1.6)
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where ui solves the limiting cross-diffusion system (1.1) and is the probability
density function of X̂k

i . Namely, when additional
∫

Rd |x|2u0(x)dx <∞, there ex-
ist unique square-integrable adapted stochastic processes with continuous paths,
which are strong solutions to systems (1.3) and (1.6), respectively. Therefore, (1.5)
provides directly the following estimate:

E

(

n

∑
i=1

sup
0≤s≤T

max
1≤k≤N

∣

∣X̄k
η,i(s)−X̂k

i (s)
∣

∣

2

)

≤CE

(

n

∑
i=1

max
1≤k≤N

∫ T

0

∣

∣

∣
∇Ui

(

X̄k
η,i

)

(t)−∇Ui

(

X̂k
i

)

(t)
∣

∣

∣

2
dt

)

+CE





n

∑
i=1

max
1≤k≤N

∫ T

0

∣

∣

∣

∣

∣

n

∑
j=1

[

∇ fγ

(

B
η
ij∗uη,j

(

X̄k
η,i

)

)

−∇ f
(

Bij∗uj

(

X̂k
i

)

)]

∣

∣

∣

∣

∣

2

dt





≤C
∫ T

0
E

(

n

∑
i=1

sup
0≤s≤t

max
1≤k≤N

∣

∣X̄k
η,i(s)−X̂k

i (s)
∣

∣

2

)

dt+Cη
ϑij
d ,

where C>0 is a positive constant independent of N and η. Combining it with the
Grönwall inequality, we have

E

(

n

∑
i=1

sup
0≤t≤T

max
1≤k≤N

∣

∣X̄k
η,i(t)−X̂k

i (t)
∣

∣

2

)

≤Cη
ϑij
d . (1.7)

The main result of this paper is the following

Theorem 1.3. Let the Assumptions 1.1 and 1.2 hold, 0≤u0∈L1(Rd), and
∫

Rd
|x|2u0(x)dx<∞.

Assume that T>0, η=N−β, γ=N−β/m, where β∈(0,(2(5sup1≤i,j≤nϑij+6))−1), then

for any arbitrary λ>0, it holds

sup
0≤t≤T

P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̄k
η,i(t)

∣

∣

∣
>N−α

)

≤C(λ)N−λ ,

where

α<
1

2
−β
(

2 sup
1≤i,j≤n

ϑij+2
)

and C(λ) is a positive constant independent of N.
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Combined with the estimate in (1.7), we obtain the mean field limit result on
the trajectory level and the propagation of chaos as a corollary

Corollary 1.1. Under the assumptions of Theorem 1.3, we have for any β̃<βϑij/2d

sup
0≤t≤T

P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̂k
i (t)

∣

∣

∣
>N−β̃

)

≤CN−(β−β̃).

Let l∈N and consider an l-tuple (XN,1
η,i (t),. . . ,X

N,l
η,i (t)). We denote by PN,l

η,i (t) its joint

distribution. Then it holds that

PN,l
η,i (t) converges weakly to P⊗l

i (t) as N→∞,

where Pi(t) is a measure which is absolutely continuous with respect to the Lebesgue

measure and has a probability density function ui(t,x).

The main result of this paper gives the same propagation of chaos result under
the algebraic scaling η ∼ 1/Nβ. This result is obtained through the convergence
in the sense of probability on the particle level. The benefit of algebraic scaling
is that one can capture the singular interaction to some extend. To overcome the
difficulty originated from the singular interaction, a suitable stopped process is
established. Based on this, it is reduced to estimate the expectation of the stopped
process with the help of Markov’s inequality. A generalized version of Law of
Large Numbers is the key point when we study the expectation. Another diffi-
culty is caused by the nonlinear term. We have to find an approximate function
fγ and give explicit scaling between γ and N. Section 2 is dedicated to the proof
of the main theorem.

2 The proof of Theorem 1.3

We prove the convergence in probability on the particle level. Because of the sin-
gular interaction, one can not expect that under the algebraic scaling the conver-
gence can be obtained in the expectation sense. The convergence in probability
means that one allows that the particle trajectories are not always close, but the
probability that they are not close is very low. Actually we can prove that the
probability has a arbitrary convergence rate.

For any κ∈N, we define a stopping time τα, a random variable Sκ
α and a set Bα

τα(ω) := inf

{

t∈ (0,T) :
n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̄k
η,i(t)

∣

∣

∣
≥N−α

}

, ω∈Ω,
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Sk
α(t) :=Nακ

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t∧τα)−X̄k
η,i(t∧τα)

∣

∣

∣

κ
≤1,

Bα(t) :=
{

ω∈Ω : Sκ
α(t)=1

}

.

By Markov’s inequality, it holds

P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̄k
η,i(t)

∣

∣

∣
≥N−α

)

≤P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t∧τα)−X̄k
η,i(t∧τα)

∣

∣

∣
=N−α

)

≤E
(

Sκ
α(t)

)

.

We notice that the introduction of parameter κ is to increase the convergence rate.
Actually, the above Markov’s inequality works for arbitrary κ. In order to com-
plete the proof of Theorem 1.3, we just need to show that for any λ>0 and T>0,
it holds E(Sκ

α(t))≤CN−λ , where the letter C appeared in this section is a generic
positive constant independent of N. To this end, we need the following Law of
Large Numbers, which can be found for example in [2].

Lemma 2.1. For ϕij∈L∞(Rd), i, j=1,.. .,n, we define for arbitrary θ∈ (0,1/2)

AN,n
θ,ϕ (s):=

n
⋃

i,j=1

N
⋃

k=1

{

ω∈Ω :

∣

∣

∣

∣

∣

1

N

N

∑
l=1

ϕij

(

X̄k
η,i(s)−X̄l

η,j(s)
)

−ϕij∗uη,j

(

X̄k
η,i(s)

)

∣

∣

∣

∣

∣

>
1

Nθ

}

.

Then for any m∈N, it holds that

P
(

AN,n
θ,ϕ (s)

)

≤C(n,m)N2m(θ− 1
2 )+1

×
(

sup
1≤i,j≤n

‖ϕij‖2m
L∞(Rd)

+ sup
1≤i,j≤n

‖ϕij∗uη,j‖2m
L∞((0,T)×Rd)

)

, ∀s∈ [0,T].

Next we study the time evolution of the cut-offed process Sκ
α(t). Notice that

∣

∣

∣
XN,k

η,i (t∧τα)−X̄k
η,i(t∧τα)

∣

∣

∣

κ

≤C
∫ t∧τα

0

∣

∣

∣
∇Ui

(

XN,k
η,i

)

−∇Ui

(

X̄k
η,i

)

∣

∣

∣

κ
ds

+C
∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

∇ fγ

(

1

N

N

∑
l=1

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

)

−
n

∑
j=1

∇ fγ

(

B
η
ij∗uη,j

(

X̄k
η,i

)

)

∣

∣

∣

∣

∣

κ

ds

=: J1
k,i(t)+ J2

k,i(t).
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From the definition of Ui(x)=−|x|2/2, we get

E

(

Nακ
n

∑
i=1

max
1≤k≤N

J1
k,i(t)

)

≤C
∫ t

0
E
(

Sκ
α(s)

)

ds. (2.1)

For the second term J2
k,i,

E

(

Nακ
n

∑
i=1

max
1≤k≤N

J2
k,i(t)

)

≤CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

f ′γ

(

1

N

N

∑
l=1

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

)

× 1

N

N

∑
l=1

[

∇B
η
ij

(

XN,k
η,i −XN,l

η,j

)

−∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)]

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

[

f ′γ

(

1

N

N

∑
l=1

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

)

− f ′γ

(

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)]

× 1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

[

f ′γ

(

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)

− f ′γ
(

B
η
ij∗uη,j

(

X̄k
η,i

)

)

]

× 1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

f ′γ
(

B
η
ij∗uη,j

(

X̄k
η,i

)

)

×
[

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−∇B
η
ij∗uη,j

(

X̄k
η,i

)

]∣

∣

∣

∣

∣

κ

ds

)

=: J21+ J22+ J23+ J24. (2.2)
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The term J21 can be divided into two terms

J21≤CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

[

f ′γ

(

1

N

N

∑
l=N

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

)

− f ′γ

(

1

N

N

∑
l=N

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)]

× 1

N

N

∑
l=1

[

∇B
η
ij

(

XN,k
η,i −XN,l

η,j

)

−∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)]

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

f ′γ

(

1

N

N

∑
l=N

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)

× 1

N

N

∑
l=1

[

∇B
η
ij

(

XN,k
η,i −XN,l

η,j

)

−∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)]

∣

∣

∣

∣

∣

κ

ds

)

=: J211+ J212. (2.3)

The term J211 can be handled with

J211≤C
∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)
sup

1≤i,j≤n

∥

∥∇B
η
ij

∥

∥

κ

L∞(Rd)
sup

1≤i,j≤n

∥

∥D2B
η
ij

∥

∥

κ

L∞(Rd)

×
∫ t∧τα

0
E

(

Nακ
n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i −X̄k
η,i

∣

∣

∣

2κ
)

ds

≤C
∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)
sup

1≤i,j≤n

η−κ(ϑij+1) sup
1≤i,j≤n

η−κ(ϑij+2)

×N−ακ
∫ t∧τα

0
E
(

Sκ
α(s)

)

ds

≤C sup
1≤i,j≤n

Nκ[β(2ϑij+4)−α]
∫ t

0
E
(

Sκ
α(s)

)

ds, (2.4)

where we have used the assumption η=N−β and the fact that

‖ fγ‖C3(R)≤‖ f‖C3([− 1
γ , 1

γ ])
≤ 1

γm
≤Nβ.

With the help of
∥

∥

∥
B

η
ij∗uη,j

∥

∥

∥

L∞((0,T)×Rd)
≤C,
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we have

‖ f ′γ‖L∞(0,sup1≤i,j≤n‖B
η
ij∗uη,j‖L∞((0,T)×Rd)

)≤C.

Therefore,

J212≤CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

[

f ′γ

(

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)

− f ′γ
(

B
η
ij∗uη,j

(

X̄k
η,i

)

)

]

× 1

N

N

∑
l=1

[

∇B
η
ij

(

XN,k
η,i −XN,l

η,j

)

−∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)]

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∣

∣

∣

∣

∣

n

∑
j=1

f ′γ
(

B
η
ij∗uη,j

(

X̄k
η,i

)

)

× 1

N

N

∑
l=1

[

∇B
η
ij

(

XN,k
η,i −XN,l

η,j

)

−∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)]

∣

∣

∣

∣

∣

κ

ds

)

≤C‖ f ′′γ ‖κ
L∞(0,sup1≤i,j≤n‖B

η
ij‖L∞(Rd)

)
sup

1≤i,j≤n

η−κ(ϑij+2)

×E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

Sκ
α(s)ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣

∣

∣

1

N

N

∑
l=1

D2B
η
ij

(

X̄k
η,i−X̄l

η,j

)(

XN,k
η,i −X̄k

η,i

)

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣

∣

∣

1

N

N

∑
l=1

D2B
η
ij

(

X̄k
η,i−X̄l

η,j

)(

XN,l
η,j −X̄l

η,j

)

∣

∣

∣

∣

∣

κ

ds

)

+C sup
1≤i,j≤n

∥

∥D3B
η
ij

∥

∥

κ

L∞(Rd)
E

(

∫ t∧τα

0
Nακ

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i −X̄k
η,i

∣

∣

∣

2κ
ds

)

=: J2121+ J2122+ J2123+C sup
1≤i,j≤n

Nκ[β(ϑij+3)−α]
∫ t

0
E
(

Sκ
α(s)

)

ds. (2.5)

For J2121, we split the domain

Ω=AN,n
θ1,Bη ∪

(

AN,n
θ1,Bη

)c
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and obtain

J2121≤C
∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)
sup

1≤i,j≤n

η−κ(ϑij+2)

×E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
AN,n

θ1,Bη
Sκ

α(s)ds

)

+C
∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)
sup

1≤i,j≤n

η−κ(ϑij+2)

×E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
(AN,n

θ1,Bη )cS
κ
α(s)ds

)

≤C sup
1≤i,j≤n

Nκβ(ϑij+3)

(

sup
1≤i,j≤n

∥

∥B
η
ij

∥

∥

κ

L∞(Rd)
+ sup

1≤i,j≤n

∥

∥B
η
ij∗uη,j

∥

∥

κ

L∞((0,T)×Rd)

)

×
∫ t

0
P

(

AN,n
θ1,Bη

)

ds+C sup
1≤i,j≤n

Nκ[β(ϑij+3)−θ1]
∫ t∧τα

0
E
(

Sκ
α(s)

)

ds

≤C sup
1≤i,j≤n

Nκβ(2ϑij+3)
∫ t

0
P

(

AN,n
θ1,Bη

)

ds

+C sup
1≤i,j≤n

Nκ[β(ϑij+3)−θ1]
∫ t

0
E
(

Sκ
α(s)

)

ds, (2.6)

where we used

‖ fγ‖C3(R)≤
1

γm
≤Nβ,

∥

∥B
η
ij

∥

∥

L∞(Rd)
≤ C

ηϑij
≤CNβϑij ,

more details can be found in [2]. For J2123, we split again the domain

Ω=AN,n
0,|D2Bη |∪

(

AN,n
0,|D2Bη |

)c

and obtain

J2123≤CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∣

∣D2B
η
ij

∣

∣

(

X̄k
η,i−X̄l

η,j

)

∣

∣

∣

∣

∣

κ

sup
l

∣

∣

∣
XN,l

η,j −X̄l
η,j

∣

∣

∣

κ
ds

)
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≤CE

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∣

∣D2B
η
ij

∣

∣

(

X̄k
η,i−X̄l

η,j

)

−
∣

∣D2B
η
ij

∣

∣∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
AN,n

0,|D2Bη |
Sκ

α(s)ds

)

+CE

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∣

∣D2B
η
ij

∣

∣

(

X̄k
η,i−X̄l

η,j

)

−
∣

∣D2B
η
ij

∣

∣∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
(AN,n

0,|D2Bη |)
cS

κ
α(s)ds

)

+C sup
1≤i,j≤n

∥

∥|D2B
η
ij|∗uη,j

∥

∥

κ

L∞((0,T)×Rd)

∫ t∧τα

0
E
(

Sκ
α(s)

)

ds

≤C sup
1≤i,j≤n

Nκβ(ϑij+2)
∫ t

0
P

(

AN,n
0,|D2Bη |

)

ds−Clnη
∫ t

0
E
(

Sκ
α(s)

)

ds, (2.7)

where we used the results that

∥

∥|D2B
η
ij|∗uη,j

∥

∥

L∞((0,T)×Rd)
≤
{

C if 0<ϑij<d−2,

−Clnη if ϑij=d−2,

more details can be found in [2]. Similarly, we can derive that

J2122≤C sup
1≤i,j≤n

Nκβ(ϑij+2)
∫ t

0
P

(

AN,n
0,D2Bη

)

ds+C
∫ t

0
E
(

Sκ
α(s)

)

ds, (2.8)

where we used
∥

∥D2B
η
ij∗uη,j

∥

∥

L∞((0,T)×Rd)
≤C.

Combining (2.3)-(2.8), we have

J21≤C sup
1≤i,j≤n

(

1+lnN+Nκ[β(2ϑij+4)−α]+Nκ[β(ϑij+3)−α]+Nκ[β(ϑij+3)−θ1]
)

×
∫ t

0
E
(

Sκ
α(s)

)

ds

+C sup
1≤i,j≤n

Nκβ(2ϑij+3)
∫ t

0
P

(

AN,n
θ1,Bη

)

ds

+C sup
1≤i,j≤n

Nκβ(ϑij+2)
∫ t

0
P

(

AN,n
0,D2Bη

)

ds
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+C sup
1≤i,j≤n

Nκβ(ϑij+2)
∫ t

0
P

(

AN,n
0,|D2Bη |

)

ds. (2.9)

For J23, we split again the domain

Ω=AN,n
θ2,Bη ∪

(

AN,n
θ2,Bη

)c

and obtain

J23≤C sup
1≤i,j≤n

∥

∥∇B
η
ij

∥

∥

κ

L∞(Rd)

∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)

×E

(

∫ t∧τα

0
Nακ

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

I
AN,n

θ2,Bη
ds

)

+C sup
1≤i,j≤n

∥

∥∇B
η
ij

∥

∥

κ

L∞(Rd)

∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)

×E

(

∫ t∧τα

0
Nακ

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

I
(AN,n

θ2,Bη )c ds

)

≤C sup
1≤i,j≤n

Nκ[β(2ϑij+2)+α]
∫ t

0
P

(

AN,n
θ2,Bη

)

ds+C sup
1≤i,j≤n

Nκ[β(ϑij+2)+α−θ2]. (2.10)

For J24, we split again the domain

Ω=AN,n
θ3,∇Bη ∪

(

AN,n
θ3,∇Bη

)c

and obtain

J24≤CNακ
E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−∇B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
AN,n

θ3,∇Bη
ds

)

+CNακ
E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−∇B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
(AN,n

θ3,∇Bη )c ds

)

≤C sup
1≤i,j≤n

Nκ[β(ϑij+1)+α]
∫ t

0
P

(

AN,n
θ3,∇Bη

)

ds+CNκ(α−θ3). (2.11)
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The term J22 can be divided into two terms

J22≤CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣

∣

∣

f ′′γ

(

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)

× 1

N

N

∑
l=1

[

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

−B
η
ij

(

X̄k
η,i−X̄l

η,j

)]

∣

∣

∣

∣

∣

κ

×
∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

∥

∥ f ′′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)

×
n

∑
j=1

∣

∣

∣

∣

∣

1

N

N

∑
l=1

[

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

−B
η
ij

(

X̄k
η,i−X̄l

η,j

)]

∣

∣

∣

∣

∣

2κ

×
∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

∣

∣

∣

∣

∣

κ

ds

)

=: J221+ J222. (2.12)

For J222,

J222≤C
∥

∥ f ′′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n

∥

∥B
η
ij

∥

∥

L∞(Rd)
)

sup
1≤i,j≤n

‖∇B
η
ij‖3κ

L∞(Rd)

×E

(

∫ t∧τα

0
Nακ

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i −X̄k
η,i

∣

∣

∣

2κ
ds

)

≤C sup
1≤i,j≤n

Nκ[β(3ϑij+4)−α]
∫ t

0
E
(

Sκ
α(s)

)

ds. (2.13)

Now we focus on J221,

J221≤CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣

∣

∣

f ′′γ

(

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)∣

∣

∣

∣

∣

κ

×
∣

∣

∣

∣

∣

1

N

N

∑
l=1

∣

∣

∣
∇B

η
ij

(

X̄k
η,i−X̄l

η,j

)∣

∣

∣

∣

∣

∣
XN,l

η,j −X̄l
η,j

∣

∣

∣

∣

∣

∣

∣

∣

κ

×
∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

∣

∣

∣

∣

∣

κ

ds

)
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+C
∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)
sup

1≤i,j≤n

∥

∥∇B
η
ij

∥

∥

κ

L∞(Rd)
sup

1≤i,j≤n

∥

∥D2B
η
ij

∥

∥

κ

L∞(Rd)

×E

(

∫ t∧τα

0
Nακ

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i −X̄k
η,i

∣

∣

∣

2κ
ds

)

≤CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣

∣

∣

f ′′γ

(

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

)

− f ′′γ

(

B
η
ij∗uη,i

(

X̄k
η,i

)

)

∣

∣

∣

∣

∣

κ

×
∥

∥∇B
η
ij

∥

∥

2κ

L∞(Rd)
max

1≤l≤N

∣

∣

∣
XN,l

η,j −X̄l
η,j

∣

∣

∣

κ
ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣
f ′′γ

(

B
η
ij∗uη,j

(

X̄k
η,i

)

)∣

∣

∣

κ

×
∣

∣

∣

∣

∣

1

N

N

∑
l=1

∣

∣

∣
∇B

η
ij

(

X̄k
η,i−X̄l

η,j

)∣

∣

∣
−
∣

∣∇B
η
ij

∣

∣∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

× max
1≤l≤N

∣

∣

∣
XN,l

η,j −X̄l
η,j

∣

∣

∣

κ∥
∥∇B

η
ij

∥

∥

κ

L∞(Rd)
ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣
f ′′γ

(

B
η
ij∗uη,j

(

X̄k
η,i

)

)∣

∣

∣

κ ∣
∣

∣

∣

∣∇B
η
ij

∣

∣∗uη,j

(

X̄k
η,i

)

∣

∣

∣

κ

× max
1≤l≤N

∣

∣

∣
XN,l

η,j −X̄l
η,j

∣

∣

∣

κ
∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−∇B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

ds

)

+CE

(

Nακ
n

∑
i=1

max
1≤k≤N

∫ t∧τα

0

n

∑
j=1

∣

∣

∣
f ′′γ

(

B
η
ij∗uη,j

(

X̄k
η,i

)

)∣

∣

∣

κ ∣
∣

∣

∣

∣∇B
η
ij

∣

∣∗uη,j

(

X̄k
η,i

)

∣

∣

∣

κ

× max
1≤l≤N

∣

∣

∣
XN,l

η,j −X̄l
η,j

∣

∣

∣

κ ∣
∣

∣
∇B

η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

κ
ds

)

+C
∥

∥ f ′′γ

∥

∥

κ

L∞(0,sup1≤i,j≤n‖B
η
ij‖L∞(Rd)

)
Nκ[β(ϑij+1)+β(ϑij+2)−α]

∫ t

0
E
(

Sκ
α(s)

)

ds

=: J2211+ J2212+ J2213

+C
∫ t

0
E
(

Sκ
α(s)

)

ds+C sup
1≤i,j≤n

Nκ[β(2ϑij+4)−α]
∫ t

0
E
(

Sκ
α(s)

)

ds, (2.14)
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where we used
∥

∥∇B
η
ij∗uη,j

∥

∥

L∞((0,T)×Rd)
+
∥

∥|∇B
η
ij|∗uη,j

∥

∥

L∞((0,T)×Rd)
≤C.

For J2211, we split again the domain

Ω=AN,n
θ4,Bη ∪

(

AN,n
θ4,Bη

)c

and obtain

J2211≤C sup
1≤i,j≤n

Nκβ(2ϑij+3)
E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

κ
I

AN,n
θ4,Bη

Sκ
α(s)ds

)

+C sup
1≤i,j≤n

Nκβ(2ϑij+3)
E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−B
η
ij∗uη,j

(

X̄k
η,i

)

∣

∣

∣

κ
I
(AN,n

θ4,Bη )c S
κ
α(s)ds

)

≤C sup
1≤i,j≤n

Nκβ(3ϑij+3)
∫ t

0
P

(

AN,n
θ4,Bη

)

ds

+C sup
1≤i,j≤n

Nκ[β(2ϑij+3)−θ4]
∫ t

0
E
(

Sκ
α(s)

)

ds. (2.15)

For J2212, we split again the domain

Ω=AN,n
θ5,|∇Bη |∪

(

AN,n
θ5,|∇Bη|

)c

and obtain

J2212≤C sup
1≤i,j≤n

Nκβ(ϑij+1)
E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∣

∣

∣
∇B

η
ij

(

X̄k
η,i−X̄l

η,j

)∣

∣

∣

−
∣

∣∇B
η
ij

∣

∣∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

I
AN,n

θ5,|∇Bη|
Sκ

α(s)ds

)

+C sup
1≤i,j≤n

Nκβ(ϑij+1)
E

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∣

∣

∣
∇B

η
ij

(

X̄k
η,i−X̄l

η,j

)∣

∣

∣
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−
∣

∣∇B
η
ij

∣

∣∗uη,j

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

I
(AN,n

θ5,|∇Bη |)
c S

κ
α(s)ds

)

≤C sup
1≤i,j≤n

N2κβ(ϑij+1)
∫ t

0
P

(

AN,n
θ5,|∇Bη|

)

ds

+C sup
1≤i,j≤n

Nκ[β(ϑij+1)−θ5]
∫ t

0
E
(

Sκ
α(s)

)

ds. (2.16)

For J2213, we take θ6=0 and obtain

J2213≤CE

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−∇B
η
ij∗uη,i

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
AN,n

0,∇Bη
Sκ

α(s)ds

)

+CE

(

∫ t∧τα

0

n

∑
i,j=1

max
1≤k≤N

∣

∣

∣

∣

∣

1

N

N

∑
l=1

∇B
η
ij

(

X̄k
η,i−X̄l

η,j

)

−∇B
η
ij∗uη,i

(

X̄k
η,i

)

∣

∣

∣

∣

∣

κ

×I
(AN,n

0,∇Bη )cS
κ
α(s)ds

)

≤C sup
1≤i,j≤n

Nκβ(ϑij+1)
∫ t

0
P

(

AN,n
0,∇Bη

)

ds+C
∫ t

0
E
(

Sκ
α(s)

)

ds. (2.17)

From (2.12)-(2.17), it holds

J22≤C sup
1≤i,j≤n

(

1+Nκ[β(ϑij+1)−θ5]+Nκ[β(2ϑij+3)−θ4]+Nκ[β(3ϑij+4)−α]
)

∫ t

0
E
(

Sκ
α(s)

)

ds

+C sup
1≤i,j≤n

Nκβ(3ϑij+3)
∫ t

0
P

(

AN,n
θ4,Bη

)

ds+C sup
1≤i,j≤n

Nκβ(2ϑij+2)
∫ t

0
P

(

AN,n
θ5,|∇Bη|

)

ds

+C sup
1≤i,j≤n

Nκβ(ϑij+1)
∫ t

0
P

(

AN,n
0,∇Bη

)

ds. (2.18)

Plugging (2.9)-(2.11) and (2.18) into (2.2), and combining (2.1) and Lemma 2.1, we
get

E
(

Sκ
α(t)

)

≤C sup
1≤i,j≤n

(

1+lnN+Nκ[β(2ϑij+4)−α]+Nκ[β(ϑij+3)−α]
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+Nκ[β(ϑij+3)−θ1]+Nκ[β(ϑij+1)−θ5]

+Nκ[β(2ϑij+3)−θ4]+Nκ[β(3ϑij+4)−α]
)

∫ t

0
E
(

Sκ
α(s)

)

ds

+C sup
1≤i,j≤n

Nκβ(2ϑij+3)+2m1(θ1− 1
2+βϑij)+1

+C sup
1≤i,j≤n

Nκβ(ϑij+2)+2m7[− 1
2+β(ϑij+2)]+1

+C sup
1≤i,j≤n

Nκβ(ϑij+2)+2m8[− 1
2+β(ϑij+2)]+1

+C sup
1≤i,j≤n

Nκ[β(2ϑij+2)+α]+2m2(θ2− 1
2+βϑij)+1

+C sup
1≤i,j≤n

Nκ[β(ϑij+1)+α]+2m3[θ3− 1
2+β(ϑij+1)]+1

+C sup
1≤i,j≤n

Nκβ(3ϑij+3)+2m4(θ4− 1
2+βϑij)+1

+C sup
1≤i,j≤n

Nκβ(2ϑij+2)+2m5[θ5− 1
2+β(ϑij+1)]+1

+C sup
1≤i,j≤n

Nκβ(ϑij+1)+2m6[− 1
2+β(ϑij+1)]+1

+C sup
1≤i,j≤n

Nκ[β(ϑij+2)+α−θ2]+CNκ(α−θ3). (2.19)

For a given β, we choose α such that

sup
1≤i,j≤n

β(3ϑij+4)≤α. (2.20)

To bound all the terms above, we need the following restrictions for the terms θj:

sup
1≤i,j≤n

β(ϑij+3)≤ θ1<
1

2
−β sup

1≤i,j≤n

ϑij, (2.21)

0<
1

2
−β
(

sup
1≤i,j≤n

ϑij+2
)

, (2.22)

sup
1≤i,j≤n

β(ϑij+2)+α< θ2<
1

2
−β sup

1≤i,j≤n

ϑij, (2.23)

α< θ3<
1

2
−β
(

sup
1≤i,j≤n

ϑij+1
)

, (2.24)
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sup
1≤i,j≤n

β(2ϑij+3)≤ θ4<
1

2
−β sup

1≤i,j≤n

ϑij, (2.25)

sup
1≤i,j≤n

β(ϑij+1)≤ θ5<
1

2
−β
(

sup
1≤i,j≤n

ϑij+1
)

. (2.26)

By (2.20), (2.23) and (2.24), we derive that α should satisfy

β
(

3 sup
1≤i,j≤n

ϑij+4
)

≤α<
1

2
−β
(

2 sup
1≤i,j≤n

ϑij+2
)

.

Therefore, β has to satisfy

0<β<
1

2(5sup1≤i,j≤nϑij+6)
.

We take κ big enough to ensure that for any λ̃>0 it holds

sup
1≤i,j≤n

Nκ[β(ϑij+2)+α−θ2]≤N−λ̃, Nκ(α−θ3)≤N−λ̃.

Then we choose m1-m8 big enough such that

C sup
1≤i,j≤n

(

Nκβ(2ϑij+3)+2m1(θ1− 1
2+βϑij)+1+Nκβ(ϑij+2)+2m7[− 1

2+β(ϑij+2)]+1

+Nκβ(ϑij+2)+2m8[− 1
2+β(ϑij+2)]+1+Nκ[β(2ϑij+2)+α]+2m2(θ2− 1

2+βϑij)+1

+Nκ[β(ϑij+1)+α]+2m3[θ3− 1
2+β(ϑij+1)]+1+Nκβ(3ϑij+3)+2m4(θ4− 1

2+βϑij)+1

+Nκβ(2ϑij+2)+2m5[θ5− 1
2+β(ϑij+1)]+1+Nκβ(ϑij+1)+2m6[− 1

2+β(ϑij+1)]+1
)

≤CN−λ̃.

As a consequence, we infer that

E
(

Sκ
α(t)

)

≤ClnN
∫ t

0
E
(

Sκ
α(s)

)

ds+CN−λ̃.

By means of the Grönwall inequality, we deduce that

sup
0≤t≤T

P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̄k
η,i(t)

∣

∣

∣
>N−α

)

≤ sup
0≤t≤T

E
(

Sκ
α(t)

)

≤CN−λ̃+C(T).
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Taking λ̃=λ+C(T), it holds

sup
0≤t≤T

P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̄k
η,i(t)

∣

∣

∣
>N−α

)

≤ sup
0≤t≤T

E
(

Sκ
α(t)

)

≤CN−λ.

For any α̃≤α, we have

sup
0≤t≤T

P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̄k
η,i(t)

∣

∣

∣
>N−α̃

)

≤ sup
0≤t≤T

P

(

n

∑
i=1

max
1≤k≤N

∣

∣

∣
XN,k

η,i (t)−X̄k
η,i(t)

∣

∣

∣
>N−α

)

≤CN−λ.
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