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Abstract. We study the (2+1)-dimensional nonlocal Fokas system by using the Hirota’s
bilinear method. Firstly, a general tau-function of Kadomtsev-Petviashvili (KP) hierar-
chy satisfied with the bilinear equation under nonzero boundary condition is derived by
considering differential relations and a variable transformation. Secondly, two Gram-
type solutions are utilized to the construction of multi-breather, high-order rogue wave,
and multi-bright-dark soliton solutions. Then the corresponding parameter restrictions
of these solutions are given to satisfy with the complex conjugation symmetry. Further-
more, we find that if the parameter p;; takes different values, the rogue wave solution
can be classified as three types of states, such as dark-dark, four-peak and bright-bright
high-order rogue wave. If the parameter c; takes different values, the soliton solution
can be classified as three type of states, including the multi-dark, multi-bright-dark and
multi-bright solitons. By considering third-type of reduced tau-function to the Hirota’s
bilinear equations, we give the collisions between the high-order rogue wave and the
multi-bright-dark solitons on constant (N is positive even) or periodic background (N is
positive odd). In order to understand the dynamics behaviors of the obtained solutions
better, the various rich patterns are theoretically and graphically analyzed in detail.
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1. Introduction

The parity (%) and the time (&) symmetries proposed by Bender and Boettcher [5]
as the one type of important discrete symmetries were used to replace the Hermiticity of
the Hamiltonians in quantum theory. In classic quantum theory, Hermiticity guarantees

*Corresponding author. Email addresses: xwyan16@163.com (X.Y. Yan), yongchen@hit.edu.cn (Y. Chen)

http://www.global-sci.org/eajam 1 ©2024 Global-Science Press



2 X.Y. Yan, Y. Chen, S.E Tian and X.B. Wang

the real spectra of the Hamiltonians. The two researchers extended this condition to the
non-Hermitian Hamiltonian operators with & 7 -symmetric, where the linear operator &
satisfies x — —x and the antilinear operator & satisfies i — —i. Replacing Hermiticity by
a @ J-symmetry maintains a necessary property in quantum field — i.e. unity of the time
evolution [4]. Furthermore, the non-Hermitian Hamiltonian & & -symmetries have been
verified to exist in many important fields, including the Bose-Einstein condensates [7], the
electric circuits [40], the magnetics [20], and the population biology [30].

A lot of mathematical and physical properties have been found in nonlinear local mod-
els. Note that the nonlocal counterparts with £ symmetric potentials may have potential
application. As the most fundamental nonlocal model, a (1+1)-dimensional nonlocal NLS
equation

i, + ey + 2U%u*(—x,t) =0 1.1

has been proposed by Ablowitz and Musslimani. It is generated as a symmetry reduc-
tion of Ablowitz-Kaup-Newell-Segur hierarchy by considering the self-induced potential
Vlu,x,t] = uu*(—x, t) satisfies the £ J symmetric condition V[u,x] = V*[u,—x]. Al-
though it is only slightly different from the classic NLS equation, there exist both local and
nonlocal solutions in the nonlocal model (1.1). More exactly, the evolution of the local
model solution depends only on x, but in nonlocal models it also depends on —x. Ablowitz
and Musslimani [1, 2] used the inverse scattering method to obtain the soliton solutions of
the Eq. (1.1). Fenget al. [13] applied the KP reduction method and constructed bright-dark
soliton solutions using the tau-function of Gram- and Wronskian-type.

After the work of Ablowitz and Musslimani, Fokas [19] proposed two integrable non-
local NLS equations, which are the multi-dimensional versions of the Eq. (1.1). The first
equation is the nonlocal Davey-Stewartson (NDS) equation

Ay =Ax + Ay, +(eV —2Q)4,

(1.2)
Qux —€Qyy =€Vyy, €==%1,

where ¢ = 1 corresponds to the NDSI equation, ¢ = —1 corresponds to the NDSII equation.
Here V[A, x,y,t] = AA*(—x,—y, t) satisfies the 2 J symmetric condition V[A, x,y,t] =
V*[A,—x,—y,t]. Hereafter, the equation was reported by Ablowitz and Musslimani [3].
There are many important nonlocal examples, such as the nonlocal sine-Gordon equation,
the reverse space-time mKdV equation, and discrete version, multi component version of
the nonlocal NLS equation [3]. Rao et al. [39] derived rational and semi-rational solutions
for the Eq. (1.2), by using Hirota’s bilinear method. Furthermore, Ohta et al. [33, 34]
studied a local version of the Eq. (1.2) and reported the multi-fold or high-order rogue wave
solutions by virtue of the KP hierarchy reduction method and Gram-type determinant.

In this work, we focus on the second equation, known as the (2+1)-dimensional non-
local Fokas system — i.e.

A, +A,, +AQ =0,

0 v (1.3)
y = Yxo
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where V[A, x,y, t] = AA*(—x,—y, t). It can also be written as the another form

y
A +Ay, +Af [A(x,y', A" (—x,—Y/, t)]x dy' =0.
—0Q

For this equation, Cao et al. [6] obtained the rational and semi-rational solutions with
zero boundary condition, using the Hirota’s bilinear method. Liu et al. [28] constructed
bright-dark solitons by using the bilinear form with zero/nonzero boundary conditions and
the KP hierarchy reduction. To the best of our knowledge, the breather, rogue wave and
multi-bright-dark soliton interaction have not been reported so far. Thus, we consider the
derivation of these analytical solutions by using two important methods — i.e. the Hirota’s
bilinear method and the KP hierarchy reduction method. The former was proposed by
Hirota [22] in 2004. The latter was developed by Kyoto School. The original KP hierarchy
is also known as A-type KP hierarchy. Their sub-hierarchies, including the B-type KB C-type
KP and D-type KP hierarchies have been classified by considering Lie algebra [23]. Based on
that, there are so many important results obtained by considering the classic NLS equation
[32], discrete NLS equation [35], the DS equation [33,34,39,42], the Mel'nikov equation
[26,29], the Boussinesq-Burgers system [27], the long-wave-short-wave resonance system
[8-10], and multi-component modified KP hierarchy [11, 24,25]. In addition, our team
has reported some important work [12,21,36,43,45-47]. Since Feng et al. used the KP
reduction method to study the nonlocal NLS equations, the study on KP reduction of the
nonlocal equations has attracted more and more attention [13].

The main goal of this paper is to derive breather, rogue wave and multi-bright-dark soli-
ton interaction by using the Hirota’s bilinear method and KP hierarchy reduction method.
The objectives of our work are as follows:

(1) Under the bilinear KP hierarchy, the exact breather wave solution in terms of the cor-
responding tau-function will be derived. Under the complex conjugation symmetry
conditions, the parameter restriction for this solution will be also provided.

(2) When some parameters of the given Gram-type tau-function are chosen as the special
case, the rational solution reduces to three types of nonlinear behaviors, such as
the high-order rogue wave, multi-bright-dark soliton and their combinations. They
appear on plane or periodic wave background, when N is chosen as positive even or
positive odd.

The remainder of this paper is arranged as follows. In Section 2, the (2+1)-dimensional
nonlocal Fokas system admits the bilinear form by considering the dependent variable trans-
formation. This bilinear form can be reduced to the KP hierarchy under a suitable general
tau-function by using a C-type reduction method and an independent variable transforma-
tion. In Section 3, we use a tau-function to construct multi-breather wave solution and
derive a class of parameter conditions. In Section 4, we give a general tau-function, which
transfers to three types of reduced forms by setting the different parameter values. They
corresponds to the high-order rogue wave, multi-bright-dark soliton and their interaction
on the constant and periodic background. Finally, we summarize these results in the last
section.
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2. Bilinearization and KP Hierarchy Reduction

In this section, we use a lemma to present the bilinear form of the (2+1)-dimensional
nonlocal Fokas system and give another lemma to present the relation of the bilinear form
and KP hierarchy under the general tau-function and independent variable transformation.

Lemma 2.1. Using the dependent variable transformation

A= ﬁeikt?, Af(—x,—y,t) = \/Eeiktjﬁc, Q=k+2(10gf )y
the Eq. (1.3) converts to the bilinear form
(p?+iD,)g- f =0, 2.1
(DyD, +2)f - f =2gh (2.2)

with the nongero boundary condition A = v2,Q =k, where D denotes Hirota’s bilinear differ-
ential operator [22], i.e.

d o \"( ¢ a \"
iyt g = (55 ) (555 F&n) sy

x'=x,y'=y
As was already mentioned, the functions f(x,y,t) and g(x,y,t) satisfy the complex
conjugation symmetry
g*(_x,—y, t) — h(x5y5 t)
f*(_x)_.y)t) f(x’y’t),
which can be considered as the two cases that

2.3)

h(X,y,t):g*(—X,—y,t), f(X,y,t):f*(—X,—y,t)

or
h(x’y’ t) = _g*(_x:_y’ t)’ f(xaya t) = _f*(_xa_y: t)

Lemma 2.2. Let ml(.r.l) be associated with the functions 1™ (xy, x5, x_1), 0™ (xq, x4, x_;) and
satisfy the following differential relations:

ax1ml(;1) = Irbl(‘n)(;ogn),
1 -1

B

—1 1

3x71 mg_ﬂ — _wgn )Lp](.n+ )’

(n+1) _ _(n) (n) (n+1)
mg = m e
9] -0
Byt =™, 8, o =~
where 6 = —1,1,2. Then the tau-function

(n)
T,= det (m;;
" 1Si,jSN( ij
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satisfies the bilinear form
2
(Dxl _DXz)Tn+1 “Tp =0, 2.4
(Dy, Dy, —2)T, T+ 2711 Tp =0. (2.5)

Proof. We determine the derivatives of the tau-function as follows:

(n) (n) (n) (n—1)
Oy, Tn= my Wi O [ Tn= my Wi
X1 “n _(Pgn) 0 > X_q1'n 90§n+1) 0 >
(n) (n—1) (n) (n)
o, o o, =| My Vi g MY
x_1%x1 %n —L,O](.n) 0 (pgn+1) 0 >
(n) (n+1) (n) (n)
921 —| Mii Y o M Y
X, 'n = (n) 0 (n—1) )
_ij (Pj 0
(n) (n+1) (n) (n)
o 7 —=| M Y | omy ¥
Xy ' n _(p](n) 0 (pgn—l) 0 >
(n) (n) (n+1)
(™ w(_n+z) mij(- ) Yo
aleTn+1: _(p(lr]1+1) 10 + _(pjn 0 0 ’
j _(pgn+1) 1 0
(n) (n) (n+1)
m® D) my”
2 _ ij i | 0 0
xo Ul = _(p(n-i—l) 0 ‘Pj >
j _(p§n+1) 1 0
(n) (n) (n) (n-1)
= m;; Y, S m;; Y,
n+1 90§n+1) 1 > n—1 (pgn) 1 >
(n) (n+1) (n) (n-1)
P _|omy P | omy W
x1 T+l = (n+1) ) x_1 T n+l = (n+1) >
i 0 —¢; 0
(n) (n) (n) (n—1)
Oy, O Tny1 = m(ir{+1) wi + mfi) wi
1 -1 J O (10] 0

According to the definition of the Jacobi identity, these derivatives of tau-function satisfy
the equation

I:(ale - axz) Tn+1] Th + Tn+l (ale + axz) Th— 2 (ax17n+1) (axlfn) = O,
(axl ax_l Tn+1) Tn + Tn+l (axl ax_l Tn) - (ax_l Tn+1) (axl Tn) - (axl Tn+1) (ax_l Tn)

= 2T Ty = 2Tn41Tp—1-

It is clear that the bilinear form (2.4)-(2.5) holds. O
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We set the variable transformation x; = x, xy = it,x_; = —Y to (2.4)-(2.5) and obtain
(D2 +iD,)T 41 T =0, (2.6)
(DyDy +2)T, Ty —2Tp41Tp1 =0, 2.7)

which converts to the bilinear form (2.1)-(2.2) with g =7, f = 19,h = 7_3.

3. Multi-Breather Wave Solutions

In this section, based on the bilinear form (2.1)-(2.2), we derive multi-breather wave
solution for the (2+1)-dimensional nonlocal Fokas system. Assuming a special tau-function
of Gram-type, we establish the following theorem.

Theorem 3.1. The Eq. (1.3) admits the multi-breather wave solution

A= yzekt 80 (3.1)
JCNAY
where g = 71, f = T and the tau-function ©,, n =0, 1 is defined as
— (n)

Tn = 1scil,?éN (mif )’ (3.2)
2 1 n

mg?) — - - (_pﬂ) egia"'njﬁ,

a,f=1 Pia T 9qjp dip

1

. 0
giazpiax+lp12at_p ©

y+&i,

a
. 1 0
Njp = QjpX —iqjpt ——y + "75'/5)'
djp
We write the tau-function (3.2) as

T,=C7p,

where

N
C= l_[e_gfl_”i2 %, = det (rh(’?))

- ’ n ij J1<i,j<N’
]:

2 1 n
rhl(_’}) — - - (_pﬂ) eSia—Si1tNjp—"j2 (3.3)
’ a,f=1 Pia T 4jp dip

Proposition 3.1. Assume that the parameters of (3.3) satisfy the following relations:

0 0
djp = p}kﬁ’ ngp) = 55-/5)*, DN, +i,1 = —Pi2s
PNy+i2 = —Pi1>  Pan;+1,1 = —Pan;+1,2 (3.4)
© _ £(0) o _ £(0) (©)] _ ¢(0)
gN1+i,1 =iz gN1+i,2 =<i1 > g2Nl+1,1 = €2N1+1,2’
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wherei,j =1,2,...,Ny. Then the tau-function 7, satisfies the complex conjugation symmetry
relation

T_n(x,y,t) =T, (—=x,—y,t), (3.5)
%—n(x’ Y, t) = _%z(_X,_y, t) (36)

Proof. It is easily checked that C(x, y,t) = C*(—x,—y, t). Simple calculations give

] 1 1 0 0
€j1 —5]'2 = (Pj1 —sz)x + 1(13)21 —P]gz) t— (— - —)y + (55'1) _652))’

Pj1  Pj2
. 1 1 0 0
nj1—Nj2 = (gj1 —qja)x —1(‘1?1 _quz) t— (q_ - q_) y+ (775-1) - 7)52)) )
i1 Jj2

which indicates that

(Eny4j1 = Eny+j2) (=3, =y, ) = (§j2 — §j1)(x, ¥, £),

(MNy+j,1 = Ny +j,2) (=%, =y, 1) = (Eja — &1)(x, ¥, £),

(§2N1+1,1 - §2N1+1,2)(—X, —y,t)= (§2N1+1,2 - §2N1+1,1)(X, Y, t),
(Man, 411 — Many+1,2) (X, =Y, £) = (Eany 41,2 — Eany+1,1)(X, Y, £).

It follows from the parameter restrictions (3.4) that

~ (n)x o
My N (X =Y )
1 P "
— (_ N+i,2 ) e(€;+i,2_€;+i,l+n;+j,1_n;+j,2)(_x’_y’t)
* * *
Pnviz T4 U In+jn

% n
N 1 (_pN+i,1)
* * *
Pnsin TAnsj2 \ In+j2

* n
1 (_PN+1',2 ) e(g;w’z—g;;m’l)(—x,—y,t)
* * *
Pnsio TAnsj2 \ In+j2
* n
« 1 (_PN+1',1 ) e(m’(lﬂ’l—nl*vﬂ’z)(—x,—y,t)
* ES ES
Pnyin TOn+j1 U I+

* n * n
e (_h) eEn—ER)eyt) L L (_pi) 2= Ep+En—ER)x.y.t)
Pj1+p;

Pi1 Pi2+pP7 \ P2
* n * n
+ _—1* (_p_lz) + _—1* (_p_lz) e(éjz—gﬂ)(xd,f)
pj1+p1'2 pjl pj2+p1'2 pj2
_ )
= -1, (x,y,t), (3.7)
and
1 p; "
T (2’13;1 2N1+1(_X, =y, t) == ¥ (_ iNlH’l ) My 11wy 41,2708
’ Pony+1,1 T9on, 41,1 U Dong+11
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* * * *
e(€2N1+1,2_§2N1 +1,1 2N +1,1_T)2N1+1,2)(_x’_y’t)

1 (_p§N1+1,2

*
don,+1,1

n
* ES
Pony+1,2 T on 11,1 )
* n
N 1 ( p2N1+1,1)
* ES *
Pony+11 T on, 412 U Dony+1,2
)r[
n

e(€;N1+1,Z_§§N1 +1,1)(_x’_y’t)

1 (_p§N1+1,2

* * *
Pony+1,2 T on, 412 U Dony+1,2
*
— p
— 1 (_ 2N +1,2 e(52N1+1,2—€2N1+1,1)(X,)’,f)
*
Pany+1,2 T Pony41,2 \ Pang+1,2
p* n
—1 (_ 2N +1,1 ) 6(52N1+1,2—52N1+1,1+€§N1+1,1—EENHLZ)(X,)’J)
ES
Pany+1,2 T Pony41,1 N Pang+1,2
ES n
N -1 ( p2N1+1,2)
ES
Pony+1,1 TPony412 U Pany+1,1
1 q "
(_ 2N, +1,1 ) e(€§N1+1,1_€§N1+1,2)(x’-y’t)
*
Pany+1,1 T Pony41,1 N Pany+1,1
_ ()
= Ty, 41,2841 (06 Y5 £). (3.8)

Similar considerations lead to the following equations:

ﬁ”‘gvnl)ii,j(_x’_y )= _mg\;j-)j,i(x’y’ t), (3.9)
ey (=, =y, ) = =l (3, 1), (3.10)
LA CE A EE P C R A0 (3.11)
Ao 1 (==Y, ) = =GN L (6, 0, (3.12)
mg\z)ii,ZNﬁl(_X’ —y,t) = _’ﬁ(zz_vrllll,i(X, Y, t), (3.13)
ﬁl(2’11\2;k+1,N1+j(_x =Y, t) = —mgfz'}v)lﬂ(x,y, t). (3.14)

When N = 1, by considering the complex symmetry relation (3.8), it is not difficult to find

that

T;“l(—x, -y, t) = 6(511+7)12)*(—X,—}’,t)ﬁl(1’1)*(_x,_y, t)

— _6(511+’712)(x’y’t)ﬁl(1;n)(x; Y, t)

have

=—1_n(x,y,1).
When N = 2Nj, by considering the complex symmetry relations (3.7), (3.9)-(3.10), we
~ (n)* ~ (n)x
m;. (=x,—y,t) oy (=X, =y, t
T;kl(_x’ -y, t) = C*(_x’ -y, t) ~ (rllj)* ( Y LN+ Y )

~ (n)*
mN1+i,j(_X5_y5 t) mN1+i,N1+j(_X’ =Y t)
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ﬁl](\]_lr_:_)] N; _H(x Y, t) _mg’_]\z)_;,_i(x: Y, t)

=C(x,y,t) (=
](\[1+] l(x Y, t) _mg’in)(x).y) t)

= T—n(x’ ya t)'

When N = 2N; + 1, using the complex symmetry relations (3.7)-(3.14), we can obtain

T (=%, =y, 1)

A (x, =y, ) e =y, t) e (=x,—y,0)
= C*(—x,—y,1) "Eﬁ;)iu( X, =Y, t) ﬁ?&’?ﬁ%( X, =Y, t) ﬁzﬁv’?ﬁi,mﬁl(—x,—y, t)
~ (n)x ~ ()% ~ ()%
Moy +1,) (76 =Y ) Mgy 4 i (X =Y5 0 g oy g (56— €)
~(—n) ( n) ( n)
Ty 4 (6 Y5 0 jN+l(X’y’ t) Mo, 41,8, +i (60 Y £
=Clx,y,t)|  —mmg " (x,5,0) A0 -G G0
~ (—n) (-n) =~ (—n)

—Ty 4 ony 41 (6 Y5 ©) _’ﬁj on 1106 Y1) =Ty g o 41 (X6 Y5 1)

rﬁﬁj”)(x Y, t) ENH)—U(X y>t) Ezrlil)+1(x Y1)

=y 0| AGY o0 AT D) RSy
~ (—n) ~(—n ~ (—n)
m2N 11, 06Y,8) gy i (G YE) gy g o4 (X6 Y5 0)

=—T_p(x, ¥, 0).

Thus (3.5) is satisfied with N being positive even, whereas (3.6) is satisfied with N being
positive odd. O

3.1. One-breather wave solution

In this part, one-breather wave solution is obtained by choosing the parameters N =
1,p11 = —P12,911 = Pi1,912 = P}, in (3.2). Then the exact one-breather wave solution is
given as

A= /e ike P11(P11rG1 + P111G2 — P111G3 — ip11R)
p11(ip11rG1 —P111G2 + P11:G3 — ip11r)’

where

G, = cos (4p111(|p11|2x +J’)) N sinh(—4iplu(|p11|2x +J’)),

Ip111? Ip111?
2i(p}x=y)\ . [(2p}x—2y
Gy =cos| ————— | —sinh| —— |,
P1u1 P1u

2i(p2x —y) 2p¥ix
G35 = cos (# + sinh M .
251 P1y
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3.2. Multi-fold breather wave solution

In order to study the dynamics of multi-breather wave solution, we firstly assume N = 2,

P21 = —P12,P22 = —P11,q11 = Py1,q12 = P12,q21 = P3;,922 = P5,- Then two-breather wave
solution can be expressed as

A= ekt 8020 (3.15)
flx,y,t)
with the corresponding functions
~(0) ~(0) (1) ~(1)
m m m m
fOoy,)=| 1 B | syo=_1WH % (3.16)
Moy My, Moy My,
where rﬁl(.(.)), M are given by
j g
(0 e§i2—§i1+§;71—572 e‘g;fl_‘g;fz ebiz—8n 1
mij = * + * + * + E
pi2+pj1 pi1+pj1 pi2+pj2 pi1+pj2
B (.1) _ _pize§i2—§i1+5j1_5jz _pilegjl_gjz _pize§i2—§i1 N —Di1 (3‘17)
Y Phlpia+p;)  PhPa+pi)  PhuPia+pfy)  Phlpa +p},)
. 1 1 0 0 ..
€1 —&i2 = (pi1 —Piz)x +1(Pl~21 —Pizz) t—{——— |y + 5&1) — 51(-2), L,j=1,2.
p p
i1 i2

As shown in Fig. 1, we display the two-breather wave in xy-pane by choosing suit-
able parameters to the solution (3.15) with the corresponding functions (3.16). If we
choose p;; = 1.2+1,py5 = (1.2 +0.1251,2.2 + 0.125i, 1.4 + 0.125i), there are x-periodic
two-breather wave, y-periodic two-breather wave and declining two-breather wave, re-
spectively. The upper row denotes stereoscopic pattern and the lower row denotes cor-
responding projection pattern. These two-breather wave phenomena can be seen as the
superposition of two one-breather waves with same velocity and amplitude.

By calculating the function nﬁf.’?) under the complex conjugation symmetry restriction
(3.6), we find that when p3; = —p3, is hold and other parameters are chosen the same
relations as the two-breather wave solution, it leads to three-breather solution with the
functions

(0) (0) (0) €)) €)) €))
BT " T
Mgy Mgy Mgy Mgy Mgy Mgy
where the functions rhl(.;.)), rﬁf}l) are given by (3.17) with i, j = 1,2, 3. In order to display the

three-breather wave behaviors in detail, we set the same parameter values as Fig. 1 except
P35 = 1+ 0.5i. Then the corresponding phenomena are presented in Figs. 2(a)-2(c), from
which we find an inclined single breather crossing the two-breather wave. Furthermore, we
also present four-breather wave behaviors. The parameters p;; and p; are chosen the same
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4|

=20
-20 -10 0 10 20 30
x

@
Figure 1: Two-breather wave, N = 2,§¥ =0’ =0, 1 <i,j <2. (a): p;y =1.2+i,p;, = 1.2+ 0.125i.
(b): py1 =1.2+1,p;, =2.240.125i. (c): p;; =1.2+1,p;, = 1.4+0.125i.

@ (e ®
Figure 2. Three-breather wave, N = 3,55;)) =@ =0 1<ij<3. (@): py1 =1241ip, =12+

ij =
0.125i,p5, = 1+ 0.5i. (b): py; = 1.2+1i,py, = 2.2+ 0.1254,p5, = 1+ 0.5i. (¢): p;; = 1.2+1i,py, =
1.4+0.125i, p;, = 1+0.5i. Four-breather wave, N =4, =¥ =0, 1<i,j <4. (d): pyy =1.4+i,py =

1.4+0.125i. (€): py; = 1.3+1,pyp = 2.5+ 0.1251. (f): pyy = 1.5+1, pyy = 1.3+ 0.125i.
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values as Fig. 1. We choose suitable p,; and p,, in the four-breather wave solution. Then
the four-breather superposition phenomenon is also obtained. Actually, the four-breather
wave is superimposed on the basis of the two-breather in Fig. 1 with another two-breather
wave, which is distributed on outside of initial two-breather wave for Figs. 2(d)-2(e) and
corresponds to the wave sloping to the left for Fig. 2(f).

4. High-Order Rogue Wave and Multi-Bright-Dark Soliton Interaction

We have constructed the multi-breather wave solutions in above. In this section, we
prepare to derive high-order rogue wave, multi-bright-dark soliton and their coexistence
behavior. To this end, we firstly give the following lemma and introduce a general tau-
function.

Lemma 4.1. Assume that the tau-function of the bilinear form (2.6)-(2.7) has the form of

_ (n)
Tn = 1sci1,?éN (mif ) @1
with
1 Di "
mEn) = Cj5i,j + (—_l) e€i+nj,
! Pitgq;\ g
where

1
g =pix +ipit— ;y + 550),
L

) 1 0
n; :qjx—1q?t—;y+n§. ),
j

Introducing a derivative operator to this tau-function yields that

n n;
l. (n)) pi +n; Z £ \ni—
Agn )(pi)Bjn] (qj')mgl) =¢j0;;+ (__l) ef My au(p)(pidp; +n+ &)k

J k=0

1
X b . a —n+ N . nj_l 5
lzzo: )l(q))(q] q; n)) pi+qj

where

n; nj

; — (n)) _

AM(p) =D au()pdp)™ %, BV (@)= bu(q)qdq) ™,
k=0 =0
= . 1 - ) 1
§i=PiX+21p12t+_Y+5l(‘0), nqujx—21q5t+—y+n§.0).

pi qj
For a given reduction condition

N
T,=C%,, C=] e, (4.2)
j=1

we derive a reduced tau-function.
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Theorem 4.1. The Eq. (1.3) has the general solution

A= vkt 80Y:E) (4.3)
flx,y,t)
where
fle,y, ) =%o(x, . 1),
glx,y,t) =%1(x,y, ).

Under the reduction condition (4.2), the reduced tau-function is given by

t,= det (m{), 4.4)

1<i,j<N
and
n n;
. Cr_ p ot o
) = ¢ 51y +(—q—{) > laup)(pidp +n+ £
J k=0

1
X b. . 0g:—n+n: n;=l .
; ]l(q))(q) qg—n 7)]) pi+q]'

(4.5)

Proposition 4.1. By considering the complex conjugation symmetry conditions (2.3), the con-
stant parameters in the Eq. (4.5) satisfy with the relations

5lgo) + ngo) =real, ry =T CNtj =Cs  Anrik = b
by +j1 = @, Pr+i =G vy =P LI=12,...,Ny,
0= b bu=dj
¢ =, pi=dq, i,j=2N; +1.

Proof. The proof is similar to Proposition 3.1. O

Remark 4.1. General solution (4.3) with (4.1) is nonsingular for any constant column
vector v = (vq,Vq,...,v,)7, if p; = q; such that the tau-function 7 is positive definite, if
¢; > 0,p;r > 0; the tau-function 7 is negative definite, if ¢; < 0, p;p < 0; the tau-function
T, is nonzero, if ¢;; # 0, p;g # O.

Proof. In order to verify f = 7( # 0, we note M = (AiBjml(.?)). When ¢; > 0,p;g > 0 is
hold, then we have

2N,
T _ (2 n. (0)) .
v' My = Z v; (AIB]mij v;
i,j=1
2N,

1
= vi|c;0;; +A;B; St |y,
Zl(l” " pi+g; )J

i,j=1 j
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2N, 2N,
= > ¢Vid;iv;+ ViViA; B eSitm;
; i7ij ] ,]Zl q
2N, 2N, 1
—Zc|v|2+2v ViA;B; eSitn;
i,j=1 pi+ qj
2N, 2N1
= ZC1|V1|2 J v?kvinBjeéf“”dx
i= 00 j,j=1
2N, x |2N 2
=ch~|vl~|2+J Zvl.*Aiegi dx > 0.
i=1 —o0 |i=1
Assuming that ¢; < 0,p;r < 0, we have
2N,
viMy = Z v (Al-Bjmg.)))vj
i,j=1
2N, 1
= Z v (ci&- +A;B; e§i+”f)vj
ij=1 'pitg;
2N, +00 2N;
=Zc1‘|vi|2—f Zv ViA;B; eSitlidx
i=1 i,j=1
2N; +00 |2N; 2
ZZcilvilz—f Zvi*Aiegf dx <O0.
i=1 x i=1
Assuming that ¢;; # 0, p;r # 0, we have
2N,
viMy = Z v} (AiBjml(.?)) vj
i,j=1
2N, 1
- Z v (Ci6ij +A;B; egi+nj)")
| Ditq;j
2N, 2N, 1
:Zcivlﬁl] i Zv V;A;B; +q'egf+7’f
= i,j=1 J
2N, 2N,
—Zc|v|2+2v vAB e&itn;
+q;

i,j=1
It is obvious that the second term of last expression is real, which leads to vIMv # 0, when
Cir §é 0. O
Function m;; contains exponential term and rational polynomial with respective to the
variables x,y,t. Then we can obtain a purely polynomial function (rational), a purely
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exponential function (soliton solution) and a mixed function (semi-rational solution) by
choosing the different values of c¢;,n;. We consider three special cases of this and present
their dynamics behaviors.

Case L. If we choose ¢; =0, n; = 1,1 =1,2,...,2Ny, coy41 # 0,ngy,41 = 0 in (4.5),
there exists rogue wave solution with the reduced function

( n
Di Piq; ] 1 .
- | —L=+P.Q; i,j=1,2,...,2Ny,
( qj) [(pi+q,-)2 P pi+q;’
pi\" 1 . _
- pl]—) 1—1,2,...,2N1, ]—2N1+1,
g; pbitq;
n
. : 1
mg-l)=<(—%) Qijm, j=1,2,...,2N;, i=2N;+1, (4.6)
i it4;
1
ce 4| B} — i,j=2N, +1,
J
q; ) pitq;
ij_l+€l+n+alli Qij = —t +1j—n+bj.
\ pl+q] pi+qj

If we let N = 2 in Theorem 4.1, the functions (J) in (4.5) reduce to (4.6). This solution
presents the second-order rogue wave on constant background. Then its expression can be
given as

o T1T9q + Va0
A= /3eikt V11V21 U3 41,
V10090 + V30040
where
P1d1 1 ( —P1 . 9 1
= + +pix+2ipjt+ —y+n+a
n (P1+q1)® pit+ai\p1+qy ! Yoop 1
— 1
x( 41 +q1x—2iqft+—y—n+b11),
Dp1t+q; q1
q;p; 1 ( —q; 1
= + - —qix +2igi*t——y+n+b}
UG +pE ¢ +pi\gi+pr q; 1
1
X —pix —2ip¥ t——y—n+a11)
(qi+p1 ! Yopy
—p1P] 1 — 1
Vg, = ! 13 ( i +p1x+21p1t+ y+n+a11)
(p1—p7) p1— P1
24 1
X —plx 21p1 t——y—n+a11
p1—Dp; Py
—q19; 1 ( q; 1
Vgn = + - —qix +2igi*t— =y +n+b}
" - - \a—q ! a H

x( 0 -+ qix— 21q1t+ y—n+b11)
q1—4] 41
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1. ;
4| 4|

(b)

&
4] 1

20 20

® ®

Figure 3: Dark, four-petal, bright rogue waves presented by the solution (4.3)-(4.4) with (4.6) on
constant background (a)-(c): N =2,p, =2/3+(4/3)i (a), 2/3+(2/3)i (b), 2/3+(1/5)i (c), 5(10) = 550) =
0,a;; = by; =5 and periodic background (d)-(f): N =3, 550) =0,a3; =0,p; =c; =21

Letting p; = (2/3 + (4/3)i,2/3 + (2/3)i,2/3 + (1/5)i) in the second-order rogue wave
solution, Figs. 3(a)-3(c) present three types of different states, which are dark-dark, four-
petal and bright-bright rogue wave, respectively. If set p; = c¢5 = 2i in third-order solution
with N = 3, other parameters are the same as second-order rogue wave solution. As shown
in Figs. 3(d)-3(f), there is no higher-order rogue wave, but the initial double rogue wave
appearing on the periodic background. Due to the complexity of the solution with N = 3,
we do not present its expression.

Case II. If we choose ¢; #0,n; =0,i =1,2,...,N, the tau-function of soliton solution
possesses the element

n
B (_&) 1
m:.” =c;0; ;e i+ , 1,j=1,2,...,N. “4.7)
Y o q4j) Pitgqj

Choosing the parameter N = 2 leads to the two-soliton solution

A V2elkt piqype s 1TmTE T2 — g, |2pe ST — |py 20375212 + pr gty
N p;‘ql (ple—fl—m—fz—nz + (pze—§1—771 + (p3e—52—712 + Q4 ’
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where

1= (apipr + 42050y — 420 — 421y + 4P 01 + 43P} — 4ipip? — aipid?
—24}pp1qy + 4P + 4ip1a7 — pi2pray — a2 + pipiar + pipidE )l
2 = (¢§Pip1 +4;pia1 — 4;PT — 4iP1d1 — Pip1a1 — Py} +Piqy + padf)
*2 % * k2

¢s = (P} —qi*p1 + 412 — 4ipip1 — 4iPiqL + €iP1qy — Pi2qy + Pip1qu)
¢4 =qip] +q14; + P1P] + P11

In the second case, we suppose ¢; # 0,n; = 0, that is to say the tau-function contains the
exponential function without the partial derivative operators of p;,q;. We obtain the multi-
bright-dark soliton solution. In order to display the dynamics behavior of soliton solution,
we set p; = 1+i, p, = 1—i. Asdisplayed in Fig. 4, the shape of soliton changes with the value
of ¢c;. When ¢; = (3 —1i,—1.6i,—3 — 1.2i), they corresponds to the dark-dark, bright-dark
and bright-bright solitons, respectively. Furthermore, these multi-solitons happen to collide
with each other and move to the opposite direction. Figs. 4-5 exhibit the propagation of

20 20

(b)

Figure 4: Dark-dark soliton, bright-dark soliton, bright-bright soliton presented by the solution (4.3)-
(4.4) with parameters: N =2, 550) = go) =0,p, =1+1i,p,=1—i,¢; =3—i (a), —1.6i (b), —3—1.2i (c).

v

Q

|

(a) (b)

Figure 5: Periodic-type dark-dark soliton, bright-dark soliton, bright-bright soliton in the solution (4.3)
presented by the solution (4.3)-(4.4), N =3, 530) =0,p; = 3i,¢c5 =—5i.
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two-soliton at the time t = —5. Let p; = 3i,c3 = —5i in the solution (4.7) with N = 3. Other
parameters are the same as Fig. 4. As shown in Fig. 5, it displays periodic-type dark-dark,
bright-dark and bright-bright solitons. The periodicity of the soliton background increases
followed by increasing |ps]|.

Case IIl. Forc; #0,n;=1,i=1,2,...,N, the interaction solution admits the function

( Pig; 1
¢85 e s 4 | =B} | -+ PQy | ——, i,j=12,...,2N,,
(pi +4q;) pit+q;
Di 1 . .
- Pij—’ i=1,2,...,2N;, j=2N;+1,
q; pitgq;
pi ) 1
nﬁg?):{ (——l) Qj——, j=1,2,...,2N;, i=2N;+1,
q; pitgq;
1
cje i ”J+( pl) , i,j=2N, +1,
q;) pPitq;j
i = P& rntay, Qij=_—qi+77j—n+bjl
pitgq; pbitq;

Choosing N = 2, we obtain the second-order interaction solution

lkt(cle S1~ m_(pl/ql)ell)(c e S 7’2—(q1/pi)921) ((p197)/(q1P7))031 041

A=2e
(cre=61m — 010) (creE27m2 — 050 ) — 030040

5

where

1 — 1
Prth + ( by +p1x+2ipft+n+—y+a11)
D1

1 =
" (i +q)? pitqi\pi+q
x( 4 +qyx— 21q1t—n+ y+b11)
pP1t+q1
q1p1 1 ( _ql % ) 1, *
on = - —q;x +2ig;°t+n——y"+b
i+ P+ \gi+pr ! Q1 1
x( P1 + pix + 2ip? t+n+iy*—a*)
T +p 1 1 1 1 ]»
P1pP] 1 . 1
05, =— ! 1*3— *( *p1 +p1x+21pft+n+—y+a11)
(p1—p1)»® p1—pi\pi—p P1
pj 1 i
X +p1x+21p1 t+n+—y—aj |,
p1 P1 pl
oMo 1 ( q
O4n =— + - —qix +2igi*t +n— —y*+b*
@ —¢)P? g \a—q ! ! T 1

x( *ql +q1x—21q%t—n+—y+b11).
9 —q1 q1
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Choosing ¢; # 0,n; = 1, we obtain an interaction solution in the Case III. As shown in
Fig. 6, the interaction of rogue wave and bright, dark solitons is exhibited. From that, we
find that the three different rogue waves coexist with dark-dark soliton, bright-dark soliton
and bright-bright soliton. Fig. 6 presents the state at the time t = —5. When the rogue wave
approaches to the soliton, the latter happens to deform. Especially, the rogue wave exists in
the middle of two individual solitons, while the rogue waves are distributed to both sides of
the solitons. Similar to the phenomena in Fig. 6, if N = 3 is hold in the solution (4.4) and
the other parameters remain unchanged. Thus, an interesting coexistence phenomenon of
rogue waves with multi-bright-dark soliton on periodic background is displayed in Fig. 7.

Figure 6: Interactions of dark-dark, four-petal, bright-bright rogue wave and dark-dark, bright-dark and
bright-bright solitons presented by the solution (4.3)-(4.4), N = 2, 5(10) = (20) =0,a;; = b;; =0,p; =
2/3 + (4/3)1,2/3 + (2/3)i,2/3 + (1/5)i, ¢; = (3 —i,—1.6i,—3 — 1.2i).
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(b)

Figure 7: Interactions of dark-dark, four-petal, bright-bright rogue wave and bright-dark soliton on
periodic background presented by the solution (4.3)-(4.4), N =3, ggo) =0, p3 =c¢3 =2i,¢; =—1.6i,a5; =0.

5. Conclusion

In this paper, the (241)-dimensional nonlocal Fokas system has been systematically in-
vestigated by means of the Hirota’s bilinear method and the KP hierarchy reduction method.
Based on a given bilinear KP hierarchy, we have derived their various analytic solutions,
including a multi-breather wave solution, a rogue wave solution and a multi-bright-dark
soliton solution. These solutions are constructed by considering two classes of determi-
nant functions of Gram-type. Furthermore, the complex conjugation symmetry condition
is used to derive parameter restrictions in two Gram-type tau functions for the bilinear
form. Firstly, we have derived a multi-breather solution in Theorem 3.1. The dynamics be-
haviors of multi-breather waves have been displayed via suitable parameters. Theorem 4.1
provides a general solution with the tau-function (4.4)-(4.5). If ¢; and n; are chosen as the
different special values, respectively, then there exist three types of nonlinear phenomena,
such as the high-order rogue wave (Case I), multi-bright-dark soliton (Case II) and inter-
action of rogue wave and soliton (Case III). Actually, these phenomena appear on constant
or periodic background if N is positive even or odd.

The combination of the Hirota’s bilinear method and the KP reduction method is a very
effective tool to the study of soliton, breather wave and rogue wave solutions even dis-
cretization for nonlinear integrable systems. Ohta and Yang derived the high-order rogue
wave solution for the NLS equation and the Ablowitz-Ladik equation [32,35]. The work
of Feng et al. mainly includes the construction of a general solution and an integrable
discretizations for the Yajima-Oikawa system [8-10], Degasperis-Procesi equation [15-17]
and classic Cammasa-Holm equation [14,31] and modified Cammasa-Holm equation [41].
He et al. have study the DS equation [38] and its nonlocal models [37]. Wu constructed
bilinear forms and obtained interesting analytical solutions of the Sasa-Satsuma equa-
tion [18,44] and the nonlocal Mel'nikov equation [26]. Although known work has been
extended to the multi-component couple models, nonlocal models, there exist few works
to the study of the high-order, high-dimensional even more complicated integrable sys-
tems. For their bilinear forms and the relations with the KP hierarchy, there are still many
questions need to deal with.
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