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Abstract. This paper considers the case of a firm’s dynamic pricing problem for a non-
perishable product experiencing surging demand caused by rare events modelled by
a marked point process. The firm aims to maximize its running revenue by selecting
an optimal price process for the product until its inventory is depleted. Using the dy-
namic program and inspired by the viscosity solution technique, we solve the resulting
integro-differential Hamilton-Jacobi-Bellman (H]B) equation and prove that the value
function is its unique classical solution. We also establish structural properties for our
problem and find that the optimal price always decreases with initial inventory level
in the absence of surging demand. However, with surging demand, we find that the
optimal price could increase rather than decrease at the initial inventory level.
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1 Introduction

In many settings, the occurrence of unexpected rare events may result in surging de-
mand. This has been highlighted by the COVID-19 outbreak, which imposed an unex-
pected demand surge for a range of consumer goods, and such a surge often has a major
impact on commodity prices. In April 2020, the price index for meats, poultry, and fish
as well as the index for cereal and bakery products both rose from the month preceding,
the first month of the global quarantine [21]. During this time, demand rose to an unex-
pected level in numerous sectors from disposable medical supplies to groceries, thereby
placing upward pressure on prices. In a vivid example of this, products like face masks
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saw markups as high as 582% during the pandemic [24]. In this paper, we aim to for-
mally understand how surging demand affects a firm’s pricing decisions. To this end, we
model two types of demands: continuous and surging. We first introduce the continuous
demand model (see, e.g. [18, 32]) and then use a marked point process to describe the
surging demand. From this, we model the cumulative demand process as a drift-jump
process, with the price process as a control variable in which the forecast demand rate is
a deterministic known function.

From there, we investigate the impact of the key factor — surging demand — on the
firm’s price policies. To the best of our knowledge, the existing literature on the dy-
namic price-based revenue management problem in the absence of surging demand has
always showcased how optimal price decreases with respect to initial inventory level
([11,18,38]). In our paper, however, we can prove that for the linear demand rate func-
tion with surging demand it may occur that the optimal price can in fact increase with the
initial inventory level. Intuitively speaking, if one considers a surge in demand, the firm
with more inventory may need to adopt the opposite price strategy and adjust prices in
order to make the maximal expected profit.

We then extend the demand model by introducing Brownian random fluctuations to
assist in describing the demand variability. Several studies in the traditional literature
have focused on the Poisson demand model, for which the uncertainty in demand is in
the form of a discrete shock. In contrast, our model incorporates uncertainty via Brown-
ian motion, letting us capture the variability right around the expected level [27]. There
has also recently been an increased interest in the Brownian-demand model in the con-
text of dynamic pricing, such as how [12] consider a diffusion demand model with the
Brownian demand-forecast variability. For their part, [35] studies a stochastic produc-
tion/inventory system with finite production capacity and random demand, where the
cumulative production and demand are jointly described as a two-dimensional Brown-
ian motion, while [34] explores a case where the consumer’s cumulative utility for a new
product is characterized by a diffusion process. We follow suit to incorporate a Brownian
motion in a surging demand model.

Under the above model settings with and without Brownian motion, we seek an op-
timal pricing policy that maximizes expected profit by solving the associated Hamilton-
Jacobi-Bellman (HJB) equation (see [26]) and arrive at a class of integro-differential HJB
equations by using the dynamic program. The works [9, 10] prove that a kind of linear
ordinary integro-differential equations (OIDEs) can be transformed into a homogeneous
linear high-order ordinary differential equation (ODE), thereby having an explicit solu-
tion. Integro-differential HJB equations, however, are fully nonlinear for which no an-
alytical solution can usually be expected, in which case the value function is typically
verified as the unique solution to the HJB equation in terms of the viscosity solution (see,
e.g. [4,29]). Inspired by the viscosity solution technique (see, e.g. [15,16]), we first estab-
lish the existence of the viscosity solutions of our integro-differential HJB equation via
the study of a few important structural properties of the value function. Next, by apply-
ing the theory of degenerate and non-degenerate quasilinear differential equations [31],
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we further improve the smoothness of the viscosity solution by treating the (non-local)
integral part of the HJB equation as nonhomogeneous in terms of the value function [17].
One of the main difficulties in studying this stems from the continuity of the value func-
tion with a stochastic exit time at the zero-initial inventory level, particularly under the
Brownian motion demand model. To overcome this difficulty, we develop a stochas-
tic integral argument to prove that the value function is indeed continuous at the zero-
initial inventory level. In turn, the unique viscosity solution indicates that our value
function is continuous at all initial inventory levels and satisfies an important regular
property that serves as an improvement in the smoothness of the viscosity solution to
our integro-differential H]B equation in the subsequent stage. Then we identify the op-
timal (feedback) price implied by the HJB equation and prove that the viscosity solution
(or equivalent value function) analyzed above is, in fact, the unique classical solution of
our integro-differential HJB equation. We refer the reader interested in stochastic exit
times for control problems to [5, 6, 8].

Our paper has three main contributions. The first one lies in the formulation of the
problem and modeling of the surging demand. The second is that we prove the exis-
tence and uniqueness of smooth solutions to associated integro-differential HJB equa-
tion, which helps us establish structural properties of the value function and optimal
price policy. The third is, interestingly, for the linear demand rate function, we prove that
the optimal price could increase rather than decrease with respect to the initial inventory
level under a surging demand model.

The remainder of the paper is organized in the following manner. Section 2 introduces
the continuous demand model, studies the well-posedness of the H]B equation, and char-
acterizes the structural property of the optimal price. Section 3 extends the continuous
model by incorporating the surging demand, and establishes the well-posedness of the
resulting (integro-differential) HJB equation as well as the structural property for optimal
price with the linear demand rate function. Section 4 provides the extension to the con-
tinuous/surging model by taking into account Brownian random fluctuations. Section 5
presents the concluding remarks. All proofs are presented in the Appendices A and B.

2 Continuous demand

Consider a firm that sells a single nonperishable product to a stream of price-sensitive
customers over the sales horizon until the item has sold out. Following the classical liter-
ature [18], we consider a continuous time framework. At any time ¢t >0, the cumulative
demand quantity up to time ¢ is described in the following manner:

D= [ Alp)as, 1)

where we assumed that there is no demand at the initial time, that is, Dg=0. In (2.1), p; is
the price charged by the firm at time ¢, and so the demand rate for continuous demand is
given by A(p;) at time ¢, with the demand rate function p—A(p) being known to the firm.
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Assumption 2.1. There is a one-to-one correspondence between the price p and the de-
mand rate A(p) so that A(p) has an inverse, denoted by p(A). Moreover, p — A(p) is
continuous and non-increasing.

Let K> 0 be a price ceiling, the maximum price that can be charged for the product.
Then, the only price interval at which the product can be traded is I:=[0,K]. In view of
Assumption 2.1, the demand rate A(p) € Ix := [A(K),A(0)] for all p € I. Throughout this
paper, it is assumed that A(K) > 0. The firm is initially endowed with Xy € Ry :=(0,00)
product units and so its inventory level at time ¢ > 0 becomes

Xy =Xo—Ds. (2.2)
Then, the time taken for all items to sell out is defined as
T,:=inf{t >0;X; <0} =inf{t >0;D; > Xo }, (2.3)

where we define 7, = 400 by convention if the time set {t >0;X; < O} =Q.
Let
Pr:={p=(pt)i>0; p is measurable, p; €1, Vt >0}

be the set of all allowable pricing policies. With an initial inventory of x € R units (i.e.
Xop=x) and a price function p € Pk, the cumulative revenue generated until all items are
sold out (i.e. before 1) is

J(x,p):= /0 Tae*"spsst, (2.4)

where p > 0 is the discount rate. In contrast to the traditional revenue management lit-
erature (see, e.g. [18,38]), as the product is assumed to be nonperishable, we consider
an infinite-horizon stochastic control problem with the exit time 7, (see, e.g. [3,22, 37])
rather than a fixed finite horizon. The stopping time 7, implies that the firm would not
stop selling the product until it is completely sold out.

It must also be noted that if the firm has an initial inventory of zero units, then it
obviously cannot sell anything and so its revenue is zero, formulated thusly

J(0,p)=0, VpePk. (2.5)

The firm’s optimal pricing problem is to find an allowable pricing policy p* € Pk (if it ex-
ists) that maximizes the total revenue J(x,p) over p € Px. In other words, this p* satisfies
that, for the initial inventory units of x€ R,

To
V(x)=](x,p*)=sup J(x,p)=sup | e psdD;. (2.6)
pEPK pGPK

The boundary condition of the value function from (2.5) is given as V(0) =0.
Using the dynamic programming principle, we formally obtain the HJB equation sat-
isfied by the value function V

sup[—AV'(x)+r(A)]=pV(x), x€R; (2.7)
Aelk

with the boundary condition V(0) =0. Here, r(A) := Ap(A) is defined as revenue rate.
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The next lemma can help us characterize the value function and optimal policy.

Lemma 2.1. Under Assumption 2.1, the value function V€ C'(R;)NC(R) is a unique clas-
sical solution of the HJB equation (2.7), where R :=[0,00). There exists a measurable function
ARy — Ik such that

Ha (A% (x)) =supH(x;A):=sup[—AV'(x)+r(A)], x€R,.
A€l A€l

Moreover, if A — H1(x;A) is concave, then A* is unique.

To the extent of our reading, the traditional literature (e.g. [7, 18, 38]) focuses on the
Poisson-demand model where optimal price drops as initial inventory increases. The fol-
lowing proposition shows that under some minimal assumption regarding the revenue
rate function A —r(A), our continuous demand model yields a similar result.

Proposition 2.1. Let Assumption 2.1 hold. Assume that the revenue rate function r(-) € C! (Ig)
is strictly concave. Then, under the continuous demand model (2.1), the value function V is
concave on R, and the optimal price p* (x) decreases in the initial inventory level x.

The linear demand rate function is rather common in the literature on dynamic pric-
ing (see, e.g. [1,13,20]). For our purposes, it will help us to obtain qualitative insights
without too much analytical complexity. The linear demand rate function considered in
this section assumes the following form:

AMp)=M-mp, pe[0,K(e)], (2.8)

where M > 0 denotes the demand rate when the price p is zero, with a higher value
of M representing a higher overall potential for demand, while m >0 represents the price
sensitivity of the demand rate ([28]). Here, K(€) := (M —e¢)/m is the price ceiling with
e€[0,M].

For the continuous linear demand model, the resulting H]B equation from (2.7) be-
comes that

sup —AV’(x)—i—M

A€le,M]

=pV(x). (2.9)

It follows from Lemma 2.1 that the corresponding Hamiltonian is read in the following
manner: M)A

Hi(xA)=—AV'(x)+ % (x,A) Ry x Ix.
It is clear here that A — #;(x;A) is concave and this yields the unique optimal (feedback)

demand rate

/\*(x):%(M—mV’(x))VG, xeR,. (2.10)

From Assumption 2.1, the optimal (feedback) price is accordingly given as

p*(x) = %(M%—mV’(x)) AK(e), xER,. (2.11)
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Note that both of the optimal price and demand depend on the solution of Eq. (2.9). By
solving Eq. (2.9) in terms of (2.10) (or (2.11)), we obtain the following result.

Lemma 2.2. Under the continuous demand model with the linear demand rate (2.8), the optimal
price and demand rate are given by, respectively

M—e .
o 0<x<x¥,
POSAM v
N T e (2.12)
€, 0<x<x?,
A (x)=
\/pmV (x), x> x*,

where the critical inventory level x* is given as

€ M—e
-1 , €€(0,M/2),

= p BM—2¢ (0,M/2) (2.13)
o, ec[M/2,M].

The value function satisfies

V(X)ZK(;)G(l—e_gx), x€(0,x7],

V’(x):M— M, x> "
m m

Moreover, for any € € (0,M/2), the optimal price p*(x)} M/ (2m), as the initial inventory level
x — 00, and the corresponding demand rate A*(x) 1T M/2.

Lemma 2.2 provides a closed-form representation (via the value function V) of the
product’s optimal price and demand rate. Lemma 2.2 also indicates that a static price
is asymptotically optimal [30] when the initial inventory level increases to infinity (see
Fig. 1 for an illustration).

16
60F [—m=a| s - — M=t
-=M8| =T 141\ - = M=8 ||
....... Mo12 - "\ remneeM12
L " j \, ——e
. 50 |=e==M=16 ,_,/ 12f N M=16| |
40 o A S
'g 4 8 SN T ———
2 4 e 2 gl .. T
S30r / - e
o J/ - e N T,
% '/ o =] 6F N o Ty
>20F [ O S~ o
Ill.,"‘ —————————————— 4 T T e e e - m -y
L -
04 -7 2 S~—
/54
0 \ ) X X 0 . . . X
0 5 10 15 20 0 5 10 15 20

Figure 1: Left panel: Value function x— V(x). Right panel: Optimal price x — p*(x). Parameters are set to
be m=1,p=1, and e=1.
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We also note that for the case with € € [M/2,M], the firm always sets the ceiling price
K(e) as the optimal price and has no need to adjust its price strategy during the selling
season.

3 Continuous-surging demand

In this section, we extend the continuous demand model by describing the cumulative
demand process D = (Dy)> as the following controlled jump process:

t t
Di= [ Apdds + [ [a(psr X )N(dv,ds). (3.1)

continuous demand surging demand

The second term in (3.1) represents the surging demand, whose arrival process is a Pois-
son point process N=(N(t,7);y €T);>o with an intensity measure y on a Borel set I' with
#(T) <oo. The set I'is called mark space, which records the locations where the rare event
occurs. This notion is very versatile, as it can represent the longitude and latitude of a lo-
cation [36] when it is continuous (e.g. I' =1IR3), or even represent different locations when
itis discrete (e.g. T={71,...,7x})- Given a location 7y €T, the function a(p,7,x) €[0,x] rep-
resents the magnitude of surging demand for the product price pc I=[0,K] and inventory
level x> 0.

Assumption 3.1. For (p,7) €I xT, x —a(p,7,x) is 1-Lipschitz continuous on R, that is
a(pv,x)—a(pry)<[x—yl, YVryeR,.

Fig. 2 displays an arbitrary sample path of the cumulative demand process t — D; and
the corresponding inventory process t — X;, when N = (N;)> is a Poisson process with

D(ryJ+a X(ry)

T Ty Ts o t

Figure 2: Left panel: Sample path of the cumulative demand process t — D; with a linear surging demand
a(p,v,x)=wapx (ag€[0,1]). Right panel: Sample path of the inventory level t — X;. Parameters are set to be
u()=0.15,00=0.2,A(p) =10—p, pr =10—0.3t, and X, =80.
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a constant intensity p >0 and a(x) =aox (with ag €[0,1]) is proportionate to the inventory
level via the Monte-Carlo simulation. This can be seen as a special case of the continuous-
surging demand model (3.1), which may help us illustrate the model intuitively.

Under the surging demand model (3.1), we rewrite the firm’s pricing problem as

To
V(x)=sup J(x,p)=sup E {/ e PpsdDs
pE€Px rePx 0

X(0) :x} , (32)

where Pk denotes the set of all allowable pricing policies. In other words
Px={p=(pt)i=0; p is a predictable process such that p; € I, Vt>0,a.s.}. (3.3)

Next, we formulate the HJB equation based on the dynamic pricing problem (3.2) using
the dynamic programming principle. In terms of the surging demand model (3.1), the
value function V(x) formally satisfies the following HJB equation:

sup LAV (x)+r(A) +¢(p(A),x)] =pV(x), xR, (3.4)

with boundary condition V(0) =0. Here, £* is an integro-differential operator defined
by, for all f €CH{(R),

L f(x)i==Af () + [ {Fx=a(p), 1) =0} u(@r), (AERxRy (33

The function ¢(p,x) for (p,x) € I xRy measures surging revenue over all the locations
where rare events occur, that is

#(px):=p [ alpyn(d). 6)

Note that if we take a(-) =0 in the HJB equation (3.4), then it returns to the case of the
continuous demand model.

3.1 The optimal price and well-posedness of the HJB equation

In this section, we focus on the well-posedness (i.e. the existence and uniqueness) of
the HJB equation (3.4) in the classical sense, which is crucial for the following discussion
on structural properties of optimal price. In the traditional literature on dynamic pric-
ing, particularly studies that consider the Poisson-demand model where inventory level
takes only integral values, the proof of well-posedness of their HJB equations is straight-
forward (see, e.g. [3,18]). Our model, however, is continuous not only in terms of time,
but also in terms of initial inventory level. Taking into account that the surging demand
yields an integro-differential HJB equation to which it is difficult to apply a unique clas-
sical solution, we overcome this challenge by utilizing the viscosity solution technique.



150 L. Bo and Y.J. Huang / CSIAM Trans. Appl. Math., 5 (2024), pp. 142-181

3.1.1 The optimal price

In this section, we propose a characterization on the optimal (feedback) price implied by
the HJB equation.

Lemma 3.1. Let Assumptions 2.1 and 3.1 hold. If value function V under demand model (3.1) is
a classical solution of the integro-differential HJB equation (3.4), there exists a measurable func-
tion A*: Ry — Ig such that

Ho (A (x)) :iu}ﬂ-[(x;)x) ::iu}) LAV (x)+Ap(M)+¢(p(A),x)], x€R:, (3.7)

where the operator L is defined by (3.5). Moreover, if A—Ha(x;A) is concave, then A* is unique.

We can apply Lemma 3.1 to characterize the optimal demand rate, and with it the
optimal price, if the prior result of the value function is indeed a classical solution to
the HJB equation. We then study the viscosity solution of the HJB equation (3.4), whose
well-posedness under the continuous demand model can be followed simply. To achieve
this, we prove certain structural properties satisfied by the value function under the
continuous-surging demand model (3.1).

Lemma 3.2. Under Assumptions 2.1 and 3.1, the value function V defined by (3.2) under the
continuous-surging demand model satisfies that

(i) x— V(x) increases on R,
(if) x— V(x) satisfies the linear growth condition on R,
(iii) x— V(x) is right continuous at x =0.

Lemma 3.2(i) indicates that the firm’s optimal revenue increases as the initial inven-
tory level also does. More specifically, when the firm has more inventory units at the
initial time, then it can sell more item units and earn more profit. Lemma 3.2(ii) proves
that the optimal cumulative revenue can be dominated by a nonnegative linear profit
function in the initial inventory level, while Lemma 3.2(iii) establishes the continuity of
the value function at the vanishing (initial) inventory level. This property plays an im-
portant role in the proof of the existence and uniqueness of viscosity solutions to the
integro-differential HJB equation (3.4).

3.1.2 The well-posedness of the HJB equation (3.4)

In this section, we investigate the existence and uniqueness of classical solutions to the
integro-differential HJB equation (3.4). To do so, we rewrite the HJB equation (3.4) in the
following equivalent abstract form:

F(x,V,V')=0, x>0,
{ (xV, V') * (3.8)

V(x):O, x:O/
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where the functional F, for any u € C! (IR ), is defined as

F(x,u,u’"):=pu(x) —iulp [—Au' (x)+d"(x,A)], x€R.. (3.9)

In (3.9), the non-local term d"(x,A) for any measurable function u on R is defined as,
for (x,A) e Ry x I,

#(x,2)= [ {u(x=a(p(0),7,%) —u(0) p(@)+Ap(A) +9(p(A)x).  (.10)

Our main strategy for studying classical solutions to the integro-differential HJB equa-
tion (3.4) consists of two key steps:

(i) We prove that the value function V(x) for x € R defined as (3.2) is indeed the
viscosity solution to the abstract equation (3.8) (for the definition of viscosity solutions,
one may refer to [14-16]).

(ii) Given value function V, we formulate Eq. (3.8) as a degenerate elliptic equation
and prove that this has a unique classical solution.

For the first step, we obtain the following main result.

Lemma 3.3. Let Assumptions 2.1 and 3.1 hold. Then, for a sufficiently large discount factor
p>0, the value function V defined as (3.2) under the continuous-demand model (3.1) is a viscosity
solution that satisfies the linear growth to the abstract equation (3.8).

In the sequel, we will improve the smoothness of the viscosity solution (i.e. the value
function V defined by (3.2) under the demand model (3.1) equipped with Lemma 3.3) of
the HJB equation (3.8). More precisely, given value function V defined by (3.2) under the
demand model (3.1), we define the following functional, for any u € C' (R} ):

FV(x,u,u'):=pu(x)—sup [—Au'(x)+d" (x,A)], x€ER,, (3.11)
Aelk

where d¥ (x,A) is given as (3.10) with u replaced by value function V. We consider the
following abstract equation given as

FV 1 adad ! :OI O/
{ (x,u,u’) x> (3.12)

u=0, x=0.
Then, we have lemma.

Lemma 3.4. Let assumptions of Lemma 3.3 hold. The value function V defined by (3.2) under
demand model (3.1) is a unique viscosity solution that satisfies the linear growth to the abstract
equation (3.12). Moreover, it is continuous, that is, V.€ C(R4.).
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We then transform the abstract equation (3.12) into a standard elliptic one by utilizing
the assumption A(K) > 0. We define the following function as

HY (x,m) ::sup% [—pm+d"(x,A)], (x,m)ER; xR. (3.13)
Aelg

Then, Eq. (3.12) above is equivalent to the following standard elliptic equation:

[t a0, 20

Proposition 3.1. Let assumptions of Lemma 3.3 hold. Given value function V defined by (3.2)
under demand model (3.1), the elliptic equation (3.14) has a solution u € C*(R)NC(R,.) that
satisfies the linear growth condition.

For value function V defined by (3.2) under demand model (3.1), let u € CY(Ry)N
C(R. ) be the classical solution of Eq. (3.14) in lieu of Proposition 3.1. Then, it is obvious
that this u is also a viscosity solution of Eq. (3.14) (or equivalently Eq. (3.12)). Hence, it
follows from Lemma 3.4 that

V=u on R,. (3.15)

This leads to the main result of this section on the well-posedness of classical solutions to
the abstract equation (3.8).

Theorem 3.1. Let assumptions of Lemma 3.3 hold. Then, the value function V € CH{R;)N
C(Ry) is a unique classical solution to the abstract equation (3.8).

3.2 Example: Optimal price with linear demand

This section analyzes the HJB equation (3.4) with linear demand rate (2.8). We provide
interesting insights on the optimal (feedback) price implied by the HJB equation.

In order to analyze the case with the continuous-surging demand model (3.1), we
consider the following surging demand function:

x, x<A,
a(x)= - 3.16
(x) {A, N (3.16)

where the constant A > 0 represents the potential demand caused by the occurrence of
rare events. In this case, the actual surging demand increases with respect to the initial
inventory when x <A, yet when initial inventory level x exceeds A, the surging demand
has reached its saturation point and will remain constant at A.

Remark 3.1. For the generality of the model, the magnitude of surging demand «(p, v, x)
is assumed to be dependent on the product price p, the location 7y and the inventory
level x in the continuous/surging demand model (3.1). However, in reality, sometimes
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the occurrence of rare event leads to a surge in demand and in turn the strain supply on
many kinds of products. In such a case, the price factor often has little impact on demand.
For example, due to the shortage of masks at the beginning of the COVID-19 epidemic,
although the price of some masks is much higher than usual (see [24]), people would still
buy them without hesitation. Furthermore, in this section we focus on the situation of
product sales in just one location (e.g. a state or a city). Then the mark space is a single
point and the location variable < can also be ignored. Hence, one can see that we study
the surging demand function (3.16) from not only the tractability but also the practice.

The resulting HJB equation from (3.4) then becomes that

(M=MA  Apa(x) n uMu(x)

sup |—AV/(x)+ - - -

A€Ele,M]
+uV(x—a(x))—(o+p)V(x)=0. (3.17)
In view of Theorem 3.1, the corresponding Hamiltonian is read as

Hﬂxm):—AV%m+ﬁh£;UA—Aﬂﬁk% (x,A) €R, x Ix.

Note that A — H,(x;A) is concave. It follows from Lemma 3.1 that the unique optimal
(feedback) demand rate is

/\*(x):%{M—mV’(x)—y(x(x)}\/e, x€R,. (3.18)
The optimal (feedback) price from Assumption 2.1 is given by
p*(x):%{M—f—mV’(x)—i—yuc(x)}/\K, reR;. (3.19)

Note that both the optimal price and demand depend on the solution of Eq. (3.17). By
solving Eq. (3.17) in terms of (3.18) (or (3.19)), we obtain the following lemma.

Lemma 3.5. Under the continuous surging demand model (3.1), with linear demand rate func-
tion (2.8), the optimal price and demand rate are given respectively as

M—e¢

o xeO,
pr(x)= M+a(x)u+mV'(x)
2m

c
, XEO (3.20)

€, xeO,
A(x)={ M—a(x)p—mV'(x) o
2 7 7

where the set O is defined as

(’)::{XER+;%(M—ya(x)—mV'(x))§€}. (3.21)
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The value function V(x) for x € R solves the following equation:

e on O,
ey s (M0 epnl) | puMa(x)
m m m
+uVx—a(x)]—(o+pn)V(x)=0, (3.22)
e on OF,

Py 1 (@)= M)V () eV r—a ()]

a(x)?p*  a(x)pM  M?*
4dm + 2m +4m_

—(p+u)V(x)+ 0. (3.23)

The boundary condition is V (0) =0.

We do not expect to obtain an analytical solution to Eq. (3.17), so we instead solve it
numerically for analyzing structural properties satisfied by the optimal price strategy. By
solving Eq. (3.17) numerically, both the resulting value function and optimal price with
respect to initial inventory level under different values of surging demand size A are
displayed in Figs. 3 and 4, respectively.

Our first observation is that under certain cases, the static price strategy is optimal. It
follows from Lemma 3.2(i) that the value function V(x) is increasing in x €R .. In view of
(3.20), if the maximal normal demand rate is smaller than the expected surging demand
size (i.e. M < puA), then optimal demand rate is given by €. The optimal price, therefore,
is always the ceiling price K(e) = (M —e)/m when the initial inventory level x > A (see
Figs. 3 and 4 for an illustration). This indicates that under such conditions, there is no
need for the firm to adjust its price when initial inventory level is sufficiently large, since
the static price strategy is always optimal. Here, the firm with a sizable initial inventory
can save significantly on administrative costs associated with price changes. In contrast,
for the firm with a low initial inventory level, the flexibility to change the price becomes
crucial.
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Figure 3: Left panel: Value function x— V(x). Right panel: Optimal price x — p*(x). Parameters are set to
be M=4,m=1,p=1,u=1, and e=1.
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In another contrast, the optimal price may fail to be monotone in the initial inventory
level (Fig. 4), indicating that the optimal price first decreases, then increases to the ceiling
price as the initial inventory also increases. Our reading of the existing literature on the
dynamic price-based revenue management problem in the absence surging demand has
always shown decreasing optimal price with respect to initial inventory level (see, e.g.
[11,18,38]). To fill this gap in the literature, we find in our case of surging demand caused
by the occurrence of rare events that if the maximal normal demand rate is smaller than
the expected surging demand size, the optimal price indeed increases at a certain interval
belonging to which the initial inventory level belongs. This finding is summarized in the
following proposition.

Proposition 3.2. For the sufficiently small floor of the demand rate € >0, if the maximal demand
rate is smaller than the expected surging demand size (i.e. M <pu/\), then there exists a nonempty
interval ] CIR, such that the optimal price x — p*(x) is strictly increasing for x € J.

Fig. 4 displays the existence of the abnormal interval | for variously surging demand
size A. As we analyzed in the previous subsection, there does not exist an abnormal
interval | in cases without surging demand (i.e. A =0), meaning that the optimal price
function x — p*(x) always decreases. In an exception, however, when A is away from
zero, there appears at least one interval | in which x — p*(x) shows increase, because
when rare events occur, initial inventory level plays a crucial role in helping improve
sales. In fact, when initial inventory level is x <A, the surging demand function a(x) =x
increases with respect to initial inventory level x, implying that higher initial inventory
level may lead to higher demand rate. Sometimes the revenue generated by the surging
demand exceeds that generated through price reduction and the corresponding increase
in demand rate. In such a case as is indicated by Proposition 3.2, the firm must adopt
an opposite price adjustment strategy compared to the one followed in cases of normal
demand. We call this strategy as “sell slow to sell fast” strategy, i.e. using a high price to
sell slow at regular time but sell fast during demand surges.

50 : : : . : 9.5
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Figure 4: Left panel: Value function x— V(x). Right panel: Optimal price x — p*(x). Parameters are set to
be M=10,m=1,p=5,u=1, and e=1.
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4 Model extension with random fluctuations

Thus far, we have introduced the continuous demand model and used a marked point
process to describe the surge in demand. A more realistic dynamic demand model is
needed, however, to consider the random fluctuations that are not captured by the model
(e.g. [12]).

The primary focus in this section is to extend the continuous/surging demand model
(3.1) by taking into account Brownian random fluctuations, which leads to the following
generalized surging demand model as a controlled jump-diffusion process:

surging demand model (3.1)

Dy = Atk(Ps)ds +/Ot/;0<(Ps,'r,Xs—)N(d%dS)+/0t0(/\(Ps))dWs' (4.1)

continuous demand surging demand random fluctuations

Here, W= (W;);>0 is a Brownian motion that is independent of the marked point process
N(dv,dt), while o(A) measures the variability of demand (or demand random fluctua-
tions) when the demand rate is A. In order to highlight the path behavior of the surging
demand process with Brownian random fluctuations compared with that of the surging
demand model (3.1), we provide a simulation illustration in Fig. 5.

We impose the following assumption on the variance of the demand forecast.

Assumption 4.1. The (standard) variance function A — ¢ (A) is continuous on Ix. More-
over, there exists a constant 0y >0 such that c(A) > oy for all A € Ig.

The (standard) variance function o(-) here is assumed to have a strictly (positive)
lower boundary, in what we refer to the non-degenerate case. If this condition is vi-
olated, then we refer to it as the degenerate case. For example, both the continuous
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Figure 5: Left panel: Sample path of the cumulative demand process t — D; with a linear surging demand
a(p,v,x)=wapx (ag€[0,1]). Right panel: Sample path of the inventory level t — X;. Parameters are set to be
w()=0.15,0(A)=1,a0=0.2,A(p)=10—p, pr =10—0.3t, and X =80.
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demand model (2.1) and the continuous surging demand model (3.1) (corresponding to
o(-) =0) result in degenerate models. When we study the well-posedness of HJB equa-
tions raised by these models, the degeneracy and non-degeneracy of the demand models
would lead to different proofs of the well-posedness of the corresponding HJB equations
(see Section 3.1).

In this extended demand model with surging demand, the corresponding value func-
tion V defined by (3.2) has the following structural properties.

Proposition 4.1. Let Assumptions 2.1, 3.1 and 4.1 hold. Then, the value function V defined by
(3.2) under the demand model (4.1) satisfies that

(i) x— V(x) is increasing on R,
(i) x— V(x) satisfies the linear growth condition on R,
(iii) x— V(x) is right continuous at x=0.

The above structural properties satisfied by the value function in the extended model
are similar to those of Lemma 3.2 in the degenerate demand case. For item (iii), however,
the proofis rather different and more challenging for the appearance of Brownian forecast
errors. Equipped with surging demand model (4.1) with Brownian forecast errors and
using the dynamic program, the value function V defined by (3.2) formally satisfies the
following integro-differential HJB equation:

sup [LAV(x)+r(A)+¢(p(A),x)] =pV(x), xER, (4.2)

with the boundary condition V' (0)=0. Here, LA isan integro-differential operator defined
as, for (A, x) € [k xRy,

()= 3N (W =AF (0 + [ {F (r=a(p)3,) @) @)

for f€C?(IRy).

The following lemma helps to characterize the optimal demand rate (and, hence, the
optimal price) if the value function is truly a classical solution to the HJB equation, which
we prove in the next section.

Lemma 4.1. Let Assumptions 2.1, 3.1 and 4.1 hold. If the value function V under the demand
model (4.1) is a classical solution of the integro-differential H]B equation (4.2), there exists a mea-
surable function A*: Ry — Ik, so that

Hz(x;A%(x)) :ilel})/)"[(x;/\) :zitellp LAV (x)+Ap(\)+¢(p(A),x)], xERy, (4.4)

where the operator L is defined by (4.3). Moreover, if A—Hjz(x;A) is concave, then A* is unique.



158 L. Bo and Y.J. Huang / CSIAM Trans. Appl. Math., 5 (2024), pp. 142-181

4.1 The well-posedness of the integro-differential HJB equation

This section establishes the well-posedness, in a classical sense, of the integro-differential
HJB equation (4.2). The strategy for studying Eq. (4.2) is similar to that of the degenerate
case in that it consists of two key steps:

(i) We prove that the value function V(x) for x € Ry defined by (3.2) is indeed the
unique viscosity solution to a non-degenerate abstract equation (c.f. Eq. (4.5) below).

(if) With the given value function V, we formulate Eq. (4.5) as a non-degenerate elliptic
equation (c.f. Eq. (4.8)) that we prove has a unique classical solution.

Here, we emphasize that property (iii), satisfied by the value function documented in
Proposition 4.1 above, plays a key role in the study of the well-posedness of the equation.
We rewrite the H]B equation (4.2) in the following equivalent abstract form:

F(x,V,V', V") =
(x,V,V,V")=0, x>0, (45)
u(x)=0, x=0,
where the functional F for any u € C2(R; ) is defined as
F(x,u,u’ ,u"):=pu(x)—sup BUZ(/\)u”(x)—Au’(x)+d”(x,/\) , x€ER,. (4.6)
Aelk

In (4.6), the non-local term d“(x,A) is given by (3.10). For the first step, we then have the
following result.

Lemma 4.2. Let Assumptions 2.1, 3.1 and 4.1 hold. If there is a sufficiently large discount factor
p >0, then the value function V defined by (3.2) under the demand model (4.1) is a viscosity
solution satisfying the linear growth to the abstract equation (4.5).

As the second step, we next improve the smoothness of the viscosity solution the
value function V of the non-degenerate HJB equation (4.2). To do this, for (x,A) e R x I,
let dV(x,A) be defined as (3.10) but with u replaced by the value function V under the
demand model (4.1). Then, for any u € C*(IR..), let us define the following functional
depending on the value function V:

FY (x,u,u’,u") := pu(x) —sup { —Au'(x)+ %UZ(A)u”(x) +d¥(x,A) } , xeRy. (47)
Aelg
Consider the following abstract equation given as

(4.8)

FV(x,uu’,u")=0, x>0,
u=0, x=0.

Then, we have lemma.
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Lemma 4.3. Let Assumptions 2.1, 3.1 and 4.1 hold. If there is a sufficiently large discount
factor p > 0 then the value function V defined by (3.2) under the demand model (4.1) is the
unique viscosity solution satisfying the linear growth of the abstract equation (4.8). It is moreover
continuous, that is, V€ C(R.).

We next transform the abstract equation (4.8) into a standard one. To achieve this, we
define the following function as

1
HY (x,m,q):=sup 200 [—pm—Aq+d" (x,A)], (x,m)ER;xR. (4.9)
Aelk

Then, Eq. (4.8) above is equivalent to

{u”(x)—HV(x,u(x),u’(x)):0, x>0,

u(x)=0, x=0. (4.10)

Observe that in Egs. (4.9), (4.10), given the value function V, the standard equation (4.10)
is of a class of non-degenerate HJB equations without the nonlocal (integral) term. Given
value function V defined by (3.2) in the demand model (4.1), the following proposition
indicates that Eq. (4.10) has the unique classical solution.

Proposition 4.2. Under Assumptions 2.1, 3.1 and 4.1, the value function V defined by (3.2) in
the demand model (4.1), Eq. (4.10) admits a solution u € C?(R;)NC(R4).

For the value function V defined by (3.2) in the demand model (4.1), let u be a classical
solution of Eq. (4.8) whose existence can be guaranteed by Proposition 4.2. Then, it is ob-
vious that this u is also a viscosity solution of (4.8). Therefore, it follows from Lemma 4.3
that

V=u on R,. (4.11)

This yields the main result of this section.

Theorem 4.1. Let Assumptions 2.1, 3.1 and 4.1 hold, then the value function V € C2(R4)N
C(Ry) is a unique classical solution of the H]B equation (4.2) that satisfies the linear growth.

4.2 Example: Optimal price with linear demand and random fluctuations

We provide an illustrative example with Brownian forecast errors for the linear demand
rate p— A(p) defined in (2.8), and surging demand function x — a(x) as defined in Sec-
tion 2. We also assume that the random fluctuations of demand ¢(-) does not depend
on the control variable, or ¢(-) =0 > 0. Then, for the surging demand model (4.1) with
Brownian forecast errors, the resulting HJB equation from (4.2) becomes that

2 _
U_v//(x)+ Sup _Avl(x)+(M A)A_A‘u“(x)
2 A€[e,M] m m

+7”M:;<x> +uV (x—a(x)) = (p+p)V(x)=0. (4.12)
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In view of Theorem 4.1, the corresponding Hamiltonian is read in the following manner:

n (M;A)A_M;(X),

Hz(x;A)=—AV'(x) (x,A) R, x Ig.

Note that A — H3(x;A) is concave. It follows from Lemma 4.1 that the unique optimal
(feedback) demand rate is

/\*(x):%{M—mV’(x)—y(x(x)}\/e, Y€R,, 4.13)
and so the unique optimal (feedback) price from Assumption 2.1 is given by
1
p*(x):%{M—l—mv’(x)—k;ux(x)}AK, reR;. (4.14)

We then have furthermore the following lemma.

Lemma 4.4. Under the surging demand model (4.1) with Brownian random fluctuations and
linear demand rate (2.8), the optimal price and demand rate are given as, respectively

Mm—e xeO,
pr(x)= Mta(ptmV'(x) oo
2m (4.15)
€, x€Q,
A()=4 pm— —mV
M uc(x);; mV (x), xe O
where the set O is defined as
O::{xE]Rg%(M—;ux(x)—mV’(x))§€}. (4.16)
The value function V (x) for x € R solves the following equation:
e on O,
2
U_ 1" _ (M_e)e_el’“x(x)
2V (x)—eV'(x)+ p p»
M
+VTM+yV[x—a(x)]—(p+y)V(x) =0, (4.17)
e on O,

o? m
TV )+ 2V (0243 (@)= M)V (1) 4V [x—a ()]

4 2
a(0)?u?  w(x)uM  M?2
—(p+pu)V(x)+ <47)ﬂ” + <2Zl + o =0 (4.18)

The boundary condition is given by V(0) =0.
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Next, we show that for this surging demand model with Brownian random fluctua-
tions, in an analogue to Proposition 3.2 in Section 3.2, optimal price may also fail to be
monotone at the initial inventory level.

Proposition 4.3. For a sufficiently large surging demand size A >0 and a sufficiently small floor
of the demand rate € > 0, there exists a nonempty interval | C R, such that the optimal price
x+— p*(x) is strictly increasing for x € J.

Together with the abnormal interval ], the value function and optimal price with
respect to the initial inventory level under different demand models are displayed in
Fig. 6. We find that the firm always reduces the price with respect to the initial inventory
level under the normal demand model, while sometimes it raises the price when there is
surging demand.

We also note that the firm can earn higher expected revenue under surging demand
since it increases suddenly, as compared to the a case of normal demand. This implies
that surging demand is a critical factor in enabling the firm to formulate an optimal price
strategy and thus increase its expected revenue. It should be kept in mind, however,
that the demand variability (or random fluctuations of demand) may decrease the to-
tal expected maximum profit. Because of this, the firm must thoughtfully consider the
possible random fluctuations of demand rates when devising an optimal price strategy.

Fig. 7 illustrates the impact of the variability of demand ¢ on the value function, in-
dicating that a large enough demand forecast error can reduce the firm’s total expected
maximum profit.

Note that for € € [M/2,M] and AT +oo (i.e. the surging demand function a(x)=x for
all x>0), the region O = (0,00), hence, the HJB equation (4.12) becomes that

u(M—e) ot (M—¢)e

x>0.

%azv%x)—ev'(x) (o) V(x)+ 0, 4.19)
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Figure 6: Left panel: Value function x — V(x). Right panel: Optimal price x — p*(x). Parameters are set to
be c=10,A=10,M=5m=1,p=1,u=1, and €=0.01.
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By matching the boundary condition V (0)=0, the above equation has the unique solution
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Figure 7: Left panel: Value function x — V(x). Right panel: Optimal price x — p*(x). Parameters are set to

(4.20)

I
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( )Smé\ﬁ—_F;)z [ep+y(y+p)x—epexp (—%ﬂxﬂ, Vx>0.

Note that the right side of the above equation shows precisely the expected optimal profit
without random fluctuations (i.e. o(-) =0). This supports our conclusions regarding the

negative effects of demand random fluctuations on expected maximum profits, and is

also consistent with our previous numerical analysis.

In the previous sections, we have studied the structural properties of optimal price
strategy and value function under three different demand models. From these, our anal-
ysis reveals the following insights. First, the static price strategy is optimal in certain
cases, because it can help the firm save the substantial effort involved in monitoring in-

ventory levels and cost of price adjustments. Second, the firm that ignores the demand

random fluctuations always overestimates its expected revenue. We find, in fact, that the
Brownian random fluctuations usually has a negative effect on revenue. Lastly, it is usual
that the firm with higher initial inventory level might reduce the price of the product, yet

under the surging demand model, optimal price may increase with respect to the initial
inventory level. This suggests that the firm ought to embrace the surging demand caused

by rare events and be more cautious in making price decisions.
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5 Conclusion

This paper studies the impact and implications of surging demand in the context of a dy-
namic pricing problem. A surge in demand may occur due to rare events, whose “arri-
val” and “place occurred” are jointly modelled by a marked point process. We derive the
fully nonlinear integro-differential HJB equation for the dynamic pricing problem formu-
lated as a stochastic control problem with an exit time. In general, it is difficult to verify
that the value function is sufficiently smooth to satisfy the HJB equation in the classical
sense. Inspired by the viscosity solution technique, we prove that the value function is
the unique classical solution to the HJB equation. We assume that the firm is familiar
with the initial demand environment — that is, it is aware of the demand rate function.
When the demand rate is linear on the price variable, we make a comparison of the op-
timal price and the value function between the case with and without surging demand.
We find that the resulting optimal price decreases as the initial inventory level increases
in the absence of surging demand, which is consistent with the findings in the existing
literature (e.g. [11,18,38]). Interestingly, in the case of surging demand, the optimal price
may increase with respect to the inventory level, which provides the insight into how
the firm should adjust its pricing strategy should rare events occur in order to make its
maximal expected profit. From this, several topics emerge that are worthy of further re-
search. For one, it would be interesting to consider surging demand functions different
from (3.16). It could also be beneficial to explore whether our dynamic pricing problem
can be extended to cases of holding cost and replenishment.

Appendix A. Proofs and auxiliary lemmas

This appendix collects the proofs of all results in the previous sections, except Lemmas 4.2
and 4.3 (see Appendix B).

Proof of Lemma 2.1. Note that the continuous demand model is a special case of the surg-
ing demand model by taking «(-) =0. Then, this lemma can be immediately followed by
applying Theorem 3.1 and Lemma 4.1. O

Proof of Proposition 2.1. We prove the proposition inspired by the viscosity solution tech-
nique. To do it, we first define V(x):= —V(x) for x € Ry. It follows from (2.7) that V
obeys that
E(x,uu’)=0, x>0,
(A1)
u=0, x=0,

where, for any u € C}(Ry),

F(x,u,u’):=pu(x) +i1€1¥){)»u’(x) +r(A)}
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with x > 0. Then, we can show that V is the unique classical solution to the abstract
equation (A.1) (c.f. the proof of Theorem 3.1). In addition, we introduce the convex
envelope V.. of V — that is, the largest convex function below V [2]

V**( _mf{k1V X1 +k2V(X2) x=kix1+kyxo,x1,%0 € R+,k1 +ko=1,ky,ko > 0} (A 2
Note that the value function x — V(x) is bounded. In fact, Assumption 2.1 yields that

_K\0)
=

V(x)=sup Oe’psps}\(ps)dsg/ “PPKA(0)ds <
pGPK 0

In the sequel, we show that x — V/(x) is a concave function. It suffices to prove that, for
all xR, there exist x1,x; €Ry and kq,k, >0 such that

ki+ko=1, x=kix1+koxs, V**(x) :k1V<X1) —|—k2‘7(3€2). (A.3)
Since x — V(x) = —V(x) is bounded, the convex envelope x — V,.(x) is hence well-

defined. We fix x > 0. In light of (A.2), there exist

(XT)nzll (xg)@lCﬁJr' (k711)n21' (kn)n>l R+

such that
Kivkl =1, x=Kixl+kixj, m4@+%>wVQﬂ+wv()2V(y (A.4)

Without loss of generality, we may assume that x} < x7 for all n € N. Therefore,
0<xf <xand xj > x. There exists a subsequence of (x{,x3,k],k}),>1 (still denoted by
(2, x3, Kk, kS )n>1) such that (x},k},k}) converges to (x1,k1,k2) €Ry x [0,1]%, as n— oo.

o If k» > 0, there exists an N; € IN such that kj > 0 for all n > Nj. It follows from
xi = (x—kjx}')/k; that xJ also converges to some x, >0 as n — co. Taking 1 — oo on
both sides of (A.4), and using the continuity of x — V(x), we arrive at

Vs (x) =k V(x1) —|—k2‘7(3€2).

e If ko =0, it follows from k' +k% =1 for all n €N that k; =1. Letting n — oo on both
sides of (A.4) again. Then, the boundedness of x — V(x) yields that

V(x)>Vi(x)=V(x1).

Note that V() is strictly decreasing in x. Then, we obtain x; > x, which implies that
x1 =x. Thus, we can take x1 =x,x, =x,k; =1 and k, =0, which yields (A.3).
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We next apply (A.3) to show V,.€LSC(IR ). In fact, for fixed x>0, consider a sequence
(xn)n>1CR 4 satisfying x, — x, as n—o0. For each n>1, there exist x7, xj €R. and ki, k5 >0
such that

Ki4+ky =1, xy,=Kx{+khxi, Vi(x,)=KV(x})+k3V(x3).

Since x is the convex combination of the limit point (x1,x2,k1,k2) of a converging subse-
quence (x?l,xgl,k’f/,kgl), we deduce that
lgging**(xn/) =liminf (KEV () KV (65) >k V (x) ko V (x2) > Vi ().

This easily gives that V.. € LSC(IRy). Then, by [2, Proposition 2], V.. is also a viscosity
supersolution of Eq. (A.1). It follows from the comparison theorem of the viscosity solu-
tion (c.f. the proof of Lemma 4.3) with V(0) = V...(0) =0 that V,..(x) > V(x) for all x>0.
On the other hand, by (A.2), we have that Vs (x)< V(x) for all x >0. Therefore, V=V,,,
which yields that x — V(x) = —V(x) is a concave function.

Lastly, by applying Lemma 2.1 and r€ C!(Ik), the unique optimal (feedback) demand
rate A*(x) is given by

A (x)= (") TH(V'(x)) VA(K),

where (r')71(-) represents the inverse function of /(-). Thus, by Assumption 2.1, the
concavity of x— V(x) and A —r(A), the optimal price p*(x) decreases with respect to the
initial inventory level x. We complete the proof of the proposition. O

Proof of Lemma 2.2. We introduce the following set given by
(’)::{xER+;%(M—mV’(x))<€}. (A5)

On the set O. In view of (2.10), the optimal (feedback) demand rate and price are, re-
spectively, given by

A (x)=E, p*(x):K(e):%, VxeO. (A.6)
Plugging them into (2.9), and it results in the following equation on O:
—eV'(x)—pV(x)+K(e)e=0, VxeO. (A7)

Hence, with the initial condition V(0) =0, Eq. (A.7) has the following closed-form solu-
tion:

L (1-e ), xe0. (A.8)

In turn, by substituting (A.8) into (M—mV’(x))/2<e, we obtain that O ={x€Ry; 0<
x <x*}, where x* is given by (2.13).
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On the set O°. On the set O° = {x € Ry; x > x*}, the optimal demand rate is A*(x) =
(M—mV'(x))/2. Accordingly, the optimal price is

N /
p() =5 (MmV'(x))
for x € O°. This yields that the HJB equation (2.9) on O becomes that

V’(x):M— M, x> (A.9)
m m
with the boundary condition (continuous fit) V(x*) =¢€2/(mp). Then, in view of (2.6), it
follows that, for all xe R,

=su K Pr(Ag)ds= su K P ps(M—mps)ds < PS——d <—2
Vix)= e Pr 5= e m S e S .
< ) psepli 0 ( S) psepli 0 S( S) _/o 4m? ~ 4mp

On the other hand, since e€(0,M/2), we have K(e)>M/(2m). Then, we take the constant
price strategy p;=M/ (2m)€[0,K(€e)]. Hence, the corresponding selling period with initial
inventory level x is given by 7, =2x/M. Thus, for all x € R,

That s,

This yields that lim,_, V (x) = M2/ (4mp). By Eq. (A.9), we have that

p*(x):%— meﬂ, x> x*.
Together with Proposition 2.1, we obtain p*(x) | M/ (2m),A*(x) T M/2, as x — co. 0
Proof of Lemma 3.1. The proof is similar to the proof of Lemma 4.1. O
Proof of Lemma 3.2. The proof is similar to the proof of Proposition 4.1. O
Proof of Lemma 3.3. The proof is similar to the proof of Lemma 4.2. O

Proof of Lemma 3.4. The proof is similar to the proof of Lemma 4.3. O
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Proof of Proposition 3.1. We apply [31, Lemma 4] to establish the existence of classical so-
lutions to Eq. (3.14). To this end, recall that H V(x,m) which is defined by (3.13), i.e.

HY (x,m) :sup%{—pm—l—dv(x,}\)}, (x,m)ER; xR. (A.10)
A€l

We next verify that the furlction H V(x,m) satisfies the conditions of [31, Lemma 4]: for
any compact subset X’ of R, there exist constants M; and M, such that, for all (x,m),
(x,m) e X xR,

(@) [H(x,m)[ <My (1+][m]),
(i) |H(x,m)—H(x,m)|<My|lm—iu]|,
(iii) H is continuous in x € X" for each m.

First of all, it follows from the linear growth of x — V(x) (c.f. Lemma 3.2) that there exists
a constant C >0 such that V(x) <C(1+x) for all x> 0. Therefore, for all (x,A) € Ry x I,

@Y (x,0)| = \ JAV (x=a(p(0),7,)) =V (x) }uld) + 2p0) + 9 (p(A), )
< [V (x=a(p(0)7,%)) [ + ROV @]+ 2P0 +9(p(A), )
<M {1+ [ (ra(p0),7,0) () |2+ ML) £ Ap(0)-+ M
<M(1+x*)+A(0)K+Mx, (A.11)

where M >0 is a generic constant (independent of (x,A)) which may be different from
line to line. For any compact subset X of R, using Assumptions 2.1 and 3.1, there exists
a constant M= M (X') >0, such that |d” (x,A)| <M forall (x,A) EX x Ix. As a consequence,
by the assumption A(K) >0, it holds that

(A.12)

v (x,)) ' M

< .
P =2

(x,/\) eX x Ik
Then, it follows from (A.12) that, for all m € R,
M+p

|Hv(xfm)\ﬁm{1+\m!}-

This yields the condition (i). On the other hand, it is easy to check that

|HY (x,m)—H" (x,i)| < %]m—ﬁﬂ, V(x,m),(x,m)€X xR,
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which verifies the validity of the condition (ii). For any m € R, using Assumptions 2.1
and 3.1, the function

h(mx ) ::%{—pm+dv(x,)\)}

is jointly continuous in (x,A) € X x Ix. From the Berge’s maximum theorem (see, e.g. [31,
Proposition 8]), it follows that HY (x,m)=sup, . 1, 1(m;x,A) is continuous in x€ X' for each
m € R. This implies that (iii) holds.

It remains to show that the solution u satisfies the linear growth condition. We finish
this proof by using the comparison theorem (c.f. [33, Theorem ILIX]). In fact, in view of
Assumptions 2.1 and 3.1, there exists a constant M >0 such that |d"(x,A)| < M(1+x) for
all (x,A) ER; x Ix. Then, we let C:=A(0)M/(A(K)p), and define the following function
given by

w1 (x)=C(1+x), wy(x)=—C(1+x), Vx>0.

Thus, we can obtain that, for all x >0,
wi(x)—HY (x,w(x))

1
=w)(x)—sup { —%wl (x)+ de(x,)\) }
Aelk

Iy M
2C+WC(1+x)—m(1+x)>O.

Then, by the comparison theorem, u(x) <w; (x)=C(14x) for all x>0. In a similar fashion,
for all x>0, it holds that

wh(x)—HY (x,h(x))

1
=wj(x)—sup { —sz(x) +—d" (x,M) }
A€lk A A
o M
<-Cc--t_ S .
<-C A0) C<1+x)+}\([<) (I+x)<0
Hence, using the comparison theorem again, it follows that u(x) > w,(x) = —C(1+x) for
all x> 0. This yields that |u(x)| <C(1+x) for all x>0, i.e. u satisfies the linear growth
condition. Thus, the proof of the proposition is complete. O
Proof of Lemma 3.5. The proof is similar to the proof of Lemma 2.2. O

Before the proof of Proposition 3.2, we have the following observation. If e [M /2, M],
since the value function x — V(x) is increasing, it holds that

(M—mV'(x)—pa(x)) <e, Yx>0.

N~
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Hence, the set O = (0,0), i.e. the optimal price p*(x) = K(e) for x >0. Then, the HJB
equation (3.17) becomes that

—eV'(x)+ (M;)e—e’“;fx) +"M2(x) UV (x—a(x) — (o+1)V(x)=0.  (A13)

In this case, we can actually get the analytical solution to Eq. (A.13). Note that, for x <A,
a(x)=x, by solving Eq. (A.13) on [0,A] with the initial condition V(0) =0, we obtain that

V(x)= % [ep—l—pl(pl—f—p)x—epexp <J‘T+pxﬂ , x€e[0,Al (A.14)

For x> A, a(x) = A, the solution to (A.13) on [A,0) is

V(x)=exp (_Pl_—f-Px>

€
) [—/xexp<‘u+py> VMA—eyA+(M—€)€+P‘V(x_A)dy+c}, (A.15)
0

€ €

Here C € R is a constant which can be determined by the continuity of V(x) at x = A.
Then, by (A.14) and (A.15), we can get the exact expression of the value function V(x) on
[A,2A]. Similarly, by using the expression of the value function V(x) on [A,2A], we can
solve Eq. (A.13) explicitly again on [2A,3A], then so do on [3A,4A],[4A,54],....

Next, by applying Lemma 3.5 and the discussion above, we give the proof of Propo-
sition 3.2.

Proof of Proposition 3.2. We note that, the condition M < uA gives that

/
M—pux(x;—mV (x) <0, x> M

1

Then, the optimal price p*(x) = (M—e¢)/m (that is, the ceiling price) for all x > M/ pu.
Hence, it is sufficient to prove O° # @. Next, we prove it by contradiction. Suppose
O°=Q@,i.e. O=(0,00). It follows from (A.14) that

o _ !/
A(x)::M yxsz (x)_e
:%{M—yx—% [;H—pexp (—yeﬂxﬂ }—e, Vx <A
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Let A’(x) =0, we then obtain that

Xo= € lnp(M_e) )
ptp ue
Note that for the sufficiently small normal demand rate € >0, we have 0 <xp <A, hence,
the following estimate holds:

1
A(xp)= 5 (M—yxo—ﬁM> —€

:1< P pp— H€ lnp(M_€)>—e — P M>0 as e = 0.
utp utp pe pp

This means that, if the normal demand rate € >0 small enough, then A (xg)>0. This results
in a contradiction with O = (0,c0). Thus, we complete the proof of the proposition. [

Proof of Proposition 4.1. We first prove the conclusion (i). To this purpose, let x,;y>0 satisfy
x>1y. For p=(pi)i>0 € P, denote by X*? = (X;"¥);>¢ the inventory process with the
initial inventory level Xy =x and the control p. It follows from [25, Theorem 3.1] that, for
all t>0, X} > Xty ,IP-a.s. Moreover, let 7,(x, p) be the stopping time defined by (2.3) with X;
replaced by X; 7. Therefore, we obtain that 7, (x,p) >, (y,p),P-a.s. By the Assumption 3.1
and the nonnegativity of yi(-), we get that, for any p € Pk,

E[ /0T0<x,p>e—pS{ (ps) + (pe X2 )}ds]

Z]E{/Ora(ylr’)e ps{r —i—gl)(pS,Xyp)}ds]

Thus, together with (3.2), it results in V(x) >V (y) when x>y >0. In other words, x—V (x)
is increasing on R ;.. This shows the validity of the claim (i).

Next, we prove the conclusion (ii). For any x > 0, it follows from (3.1) that, for all
pe Pk,

t
X; P yer ()= { / Aps)ds— / (ps))aw; // N<d%ds)}1t<%(x'p)

<x—|—'/ dWS, t>0.

Then, by the Burkholder-Davis-Gundy inequality, we have that

E [Xf,pltgro(x,p)] <x+ M\/g
for some constant M >0, which is independent of (¢,x,p). This immediately yields that,
for all (,x) Eﬁi,

sup E {Xf’pltgra(x,p)] <x+MVt. (A.16)
pePx
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In the sequel, we let M >0 be a generic positive constant independent of (t,x,p), which
may be different from line to line. Then, it follows from (A.16), Assumptions 2.1 and 3.1
that

V(x)<supE [/ e_PSr(pS)ds} +supE
pePx  L/O pePk

/0 e_ps(rb(pS/X;C’ ) s<17,(x, )dS

M (o]
<—+4+M /| e supE [Xg'plsga(x,p)] ds
Y 0 pePx

< %+M/Ooe_"s(x+M\/§)ds
0

:%(1+x)+M2+M2/ e P\/sds
0

M M?
<—(14+x)+—5 <M(1+x).

p p?
That is, x — V/(x) satisfies the linear growth condition. Toward this end, we prove the
validity of the conclusion (iii). To do it, note that V(0—) =0, let (x,),>1 with x, >0
satisfying x, —0 as n — oco. Then, by (2.5), it is enough to show that V(x,) — V(0) =0 as

n— o0. In fact, first of all, we note that, for any (t,x,p) € le X Pk,

ot

<Y (8) i< () (A.17)
Here, we defined that
t
Y ::x—/ o(A(ps))dWs, (t,x,p) ER2 x Py
0
Furthermore, we introduce that
T (x,p):=inf{t>0;Y;"" <0}. (A.18)

As a consequence, for all (x,p) € R x Pk, it holds that 7,(x,p) > 1,(x,p), P-a.s. It follows
from (A.17), Assumption 3.1 and Holder inequality that

—supJEU Licr ()€ {7<Ps)+4’(Ps/X§'p)}ds}

pGPK
<M/ e ™ supE S<Ta(x,p)(1—|—X§’p)]ds
pGPK

SM/ e s sup]E{ S<fa(x,p)(1—|—Yf’p)]ds
0 pGPK N

< M/.Ooe"’s sup \/ﬂ’(fo(x,p) >5)E[(1+Y:)]ds. (A.19)
0 pEPK
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Using the BDG inequality with Assumption 4.1, it is not difficult to show that
E|(1+7)] <2{B[|["[*| +1} <4(2+ MPt+1). (A.20)

On the other hand, in light of the definition (A.18) of %,(x,p), this results in that

T (x,p) :inf{tzo; /Ota(/\(ps))dws Zx}.

This yields that for all (x,p) € R x Pk,
t
IP (7, (x,p) >s) <P ( sup | o(A(po))dW, < x> .
te[0,5]70

Note that there exists a standard Brownian motion B= (B;);>o such that
ot ot
/ U(A(pv))dWUiB (/ o’ (A(pﬁ)dv) , t>0,
0 0
where “£” denotes the equality in law. Then, using Assumption 4.1, it follows that, IP-a.s.

t
sup B </ o? (A(pv))m)) > sup By =0y sup B, (A.21)

te0,5] 0 te[0,] t€[0,02s]

where Bf" = ng_t /og for t >0 is also a standard Brownian motion. For any a >0, let us
define the stopping time given by

T;O::inf{tZO; Bta‘):a}.

Then, from [23, Remark 8.3, Chapter 2], it follows that, 77° admits the following closed-
form probability density given by

P(t edt) =

a a?
NorTs exp| — > 1;~0dt.

Consequently, we obtain from (A.21) that

P (% (x,p) >s) §1P< sup Bfofgz(/\(p(s)))dsgx> §1P< sup Bz, §x>

te[0,s]

=P (ao sup B*< x) =P <T@ > Ugs)
te[0,03s] 0

+o00 2
x—) dt. (A22)

X
= ————exp|( —
as oV 23 p( a3t
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It follows from (A.19), (A.20) and (A.22) that, for all n>1,

00 400 xZ 2
0<V <M/ 5 4 (2 + M2s+1 ( )dt} ds.  (A23
V()M [Te falx 1) [, e s (A23)

By noting that x,, — 0 with x, >0 as n — oo, there exists N >1 such that |x,| <1 for all
n> N. Therefore, for all £ >0,

Xp < 2 > 1
—F—=exp| —55; | < ,
ooV 2mt3 2045t ooV 2mt3

It follows from the dominated convergence theorem (DCT) that, for all s >0,

Vn>N.

0 x2 0 x2
lim dt= im ——— dt=0
n—e Jy2g (70./ ( > UOS”H‘X’(TO\/ < >
For all s >0, it holds that

o3s oV 2713 p 20‘5‘t —Jo gpV 273 p 20’51? '
As a consequence, for all n> N,

Lex <_ % )}2<2€_75(2+M25)%
ogs o) 27113 P 20’3t - '

Using DCT again, it follows that

e {4(x +M?s+1)

00 ) 2 2
lim e P A(x2+ M3s+1 Y ex <—i> dt} ds=0.
n—eo Jg { ( " ) 03s 0 27113 P 20’8‘t
Then, the desired result follows from (A.23). O

Proof of Lemma 4.1. Using Assumptions 2.1, 3.1 and 4.1, and the continuity of x — V(x), it
follows that, for any x>0, the function H3(x;A) is continuous in A € Ix. Note that the set Ix
is a compact set. Then, by [19, Proposition D.5], there exists a measurable A* =A*(x) € Ix
such that H3(x;A*) =sup,.; Hz(x;A). Thus, we complete the proof of the lemma. O

Proof of Proposition 4.2. We apply [31, Proposition 1] to prove the desired result. To do it, it
is enough to verify that the function H V defined by (4.9) satisfies the following conditions:

I. For any compact subset X of R, there exist constants M;, M, such that, for all
(x,m,q),(x,1,4) € X xR?,
(@) [H(x,m,q)| <Mi{1+|m|+|q[},
(©) |H(x,m,q)—H(x,,3)| < Ma{[m— 1| +1q— 4},
(c) H is continuous in x € X for each (m,q).
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II. Forall (x,q) € Ry xR, m— H(x,m,q) is non-increasing.
III. For any K >0, there exist constants K7, K, >K such that, for all xeﬁJr and ec{—1,1},

H(x,K1+Kpx,eKy) <0, H(x,—K;—Kpx,eKy) >0.

We first verify that H V satisfies the condition I. First of all, we have from Assump-
tions 2.1 and 4.1 that

20 _2A(0) 20 _2p
< <= . .
F S E S ek (A.24)

Moreover, it follows from the linear growth of x — V() that there exists a constant C >0
such that V(x) <C(1+x) for all x > 0. Then, by the similar argument in the proof of
Proposition 3.1, using Assumptions 2.1, 3.1 and 4.1, there exists a constant M=M (X)>0
such that |d¥ (x,A)| < M for all (x,A) € X x Ix. As a consequence

dv(x,A)| M
=y ‘ <2 (A.25)

su
p =%

(x,/\)GXXIK

Then, it follows from (4.9), (A.24) and (A.25) that, for all (m,9) € R?,

[H (x,m,q)] < My {1+[m|+]q[}

Mlzzmax{%,w,z—g}.

2
oo 0’0 0'0

This yields I(a). Moreover, by (4.9) and Assumption 4.1, it holds that, for all (x,m,q),
(x,17,4) € X xR?,

with

1Y (x,m,q)—H" (x,m,7)]
2A . 2p N }
<supq 5~ |M—1|+ 51—
up{ a1+ 2t =
< Ma{|m—t|+|q—4l}
with My =max{2A(0) /03,2p/03}. This shows property I(b). Analogously to the proof of
Proposition 3.1, for any (m,q) € R?, by Assumptions 2.1, 3.1, and 4.1, the function
- 14
h(m/q;x/A) = 0'2<A) { _pm—Aq—i—d (x,/\)}

is jointly continuousin (x,A)€X x Ix. Then, from Berge’s maximum theorem (see, e.g. [31,
Proposition 8]), it follows that H" (x,m,q) =sup, ., h(m,g;x,A) is continuous in x € X’ for
each (m,q) € R2. This yields I(c).
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In view of the expression (4.9) of H Vit is not difficult to see that m — H (x,m,q) is
non-increasing since v > 0. Hence, the condition II is satisfied by H". Finally, by As-
sumptions 2.1, 3.1 and 4.1, there exists a constant C >0 such that d” (x,A) < C(1+x) for
all (x,A) R4 x Ig. For any K >0, let us define that

Kzzmax{g,f}—i—l, K1:max{wl<z+g,?}+l. (A.26)
P P P
Then, we arrive from Assumptions 4.1 and 3.1 at

HY (x, K1—|—K2x —K>)

supaz( {- pK1+K2x)+/\K2+C(1+x)}
A€l

2 A C C ~
<sup——~4 —p| =K +—+1+<—+1>x> +AK+C(1+x }
Aeitﬂ(?\){ p<p e o ey

2p
f >
M ey < V20

In a similar fashion, we also have that, for all x>0,

2
HY (x,— Ky — Kox,—K2) > sup —— = {p Ky +Kox) +AKy — C(142)} > sup —F— >0,

Aelg Aelk o (/\)
Consequently, the condition III is satisfied by H. Thus, the desired result follows from
[31, Proposition 1]. Then, the proof of the proposition is complete. O
Proof of Lemma 4.4. The proof is similar to the proof of Lemma 2.2. O

Proof of Proposition 4.3. For x> M/, it follows from M < uA that
M—pa(x)—mV'(x)
2

Then, the optimal price p*(x) = (M—e€)/m for all x> M/u, and hence it is sufficient to
prove O° # @. We next prove it by contradiction. Suppose O° =@, i.e. O =(0,00). The
value function V (x) satisfies the following equation:

%UZVH(X) —eV'(x)+ (M;e)e — eyr;(x)

MO v e o)~ (p 4V () =0 (A27)

<0.

with boundary condition V(0)=0. For x <A, the surging demand function a(x)=x, then
Eq. (A.27) reduces to

M— —
e)x+ (M—e¢)e
m m

%UZVH(X)—GV/(JC)—({H—,H)V(X)—FM( =0,



176 L. Bo and Y.J. Huang / CSIAM Trans. Appl. Math., 5 (2024), pp. 142-181

whose solution is given by

X _‘u(M_€>X €<M_€)p ex X ex X
V( )_m(ﬁp) +m(y+p)2+cl p(Ax)+Crexp(Bx). (A.28)

Here Cy,C; are constants to be determined, while the constants A, B are defined by

2 2 _.Je2 2
€ +22(P1+P)‘7 | p._eovetr2utp)e (A.29)
The boundary condition V(0) =0 gives
e(M—e)p
——= +C;+C=0.
m{prp)?
As D—00,C;—0and C; — (e(M—¢€)p)/ (m(p+p)?). It follows from (A.28) that
M—e)
V()= EM=€) | )¢ exp(Ax) + BCaexp(Bx).
(x) o) +ACiexp(Ax)+BCyexp(Bx)

Then, we have that
M—pa(x)—mV'(x)

—€
= M= pia(x) _ p(M=e) —|—1AC1exp(Ax)—|—1BC2exp(Bx)—e
2 2(u+p) 2 2
M u(M—e) Be(M—e)p
2 2(ptp)  2m(ptp)?

—€ as D — oo, x — 0,

M _p(M-o) 1 Mgy
2 2utp) e+ \/e2+2(u+p)o? m(p+p)
M uM oM

—_—— = >0 as € — 0.
2 2(u+p) 2(ptp)

This means that, for a sufficiently large surging demand size A >0 and a sufficiently small
floor of the normal demand rate € >0, there exist a sufficiently small x* >0 such that

M —pa(x*)—mV' (x*)
2

>e€.

This results in a contradiction with O = (0,00). O

Appendix B. Proof of Lemmas 4.2 and 4.3

Proof of Lemma 4.2. To get the existence of viscosity solution, it is enough to prove that
the value function V defined by (3.2) is a viscosity solution of the abstract equation (4.5).
This result follows from a standard argument, hence we omit the proof here. O
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Proof of Lemma 4.3. In view of Proposition 3.2, Lemma 4.2, and [29, Proposition 5.4], we
can see that the value function V defined by (3.2) is a viscosity solution of the abstract
equation (4.8). To get uniqueness, it is sufficient to prove the following comparison prin-
ciple: Let u€ USC(IR ;) (respectively v€LSC(IR.)) be a viscosity subsolution (respectively
supersolution) satisfying the linear growth of Eq. (4.8). Then, u# <v on R. We show it
by contradiction, and assume that there exists X € R, u(X) —v(x) >26 >0 with 6 > 0. It
follows from u(0) <0 and v(0) >0 that X > 0. Define

¥(x,y):=u(x)—o(y) —p(xy), (vy)eRL,

where

Pp(xy) =klx—y[* +e(x*+)
with (k&) € Ry x (0,1]. Moreover, define My := supx,yzo‘l’(x,y). Since u,v satisfy the
linear growth condition, by the upper semi-continuity of ¥, we have that My < oo, and
there exists (xx,yx) Eﬁi such that My =" (xt,yx). As a consequence

M > u(xX) —0(X) —(%,%) > 26 — 26X

This yields that there exists g € (0,6/(2%%)) such that M > for all € € (0,¢9]. Using
Y (0,0) <¥(xx,yx) and the linear growth of u,v, it follows that

k|xk—yk|2+s(x%+y%)

<u(0) = 0(0) +u(xx) —y (vx)
<u(0)=0(0) +2C {1+ |xi | +[yx| } (B.1)

for some C>0. Therefore, we can find a positive constant C, >0 such that |xi|, [yx| < C; for
all k> 1. By this, there exists a subsequence, still denoted by (x,yx), which converges to

some (X¢, V) € Fi. Hence, the estimate (B.1) also yields the following estimate given by
k| —yx? <2C(142Ce) +u(0) —v(0),

from which we can conclude that x; —y;, — 0 as k — oo, and hence x, =y,. On the other
hand, it follows from ¥ (x¢,y) <Y (x,yx) for all k> 1, we obtain that

Kl —yil* <ulxp) —u(xe) +0(yi) —v(ye) +e(xF +y2) —e(xi +7)-
By the semi-continuity of u,v, we can get
klxi—yx> — 0 as k — oo. (B.2)

We next prove that, for all ¢ > 0, there exists € € (0,¢;] such that x, =y, >0. We also
show it by contradiction, and assume that there exists £; >0 such that x, =y, =0 for any
e € (0,€1]. Since My >4, it holds that

u(xx) —o(xk) —k|xk—yk|2—8(X£+y%) >6>0.
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Letting k — co and by (B.2), it results in liminf . (#(xx) —v(xx)) > 6. Moreover, by the
semi-continuity of u,v, it follows that

lilgii)\f (u(xp)—v(x)) < liinsup (u(x)—v(xx))
<limsup (u(x)—v(x)) <u(0)—v(0) <O0.

x—0
Thus, we get a contradiction, which means that x, =y, > 0 for some ¢ € (0,¢;]. Con-
sequently, we may choose a sequence (g,)$_; C (0,&] such that e, — 0 as n — oo and

Xe, =VYe, > 0. Then, for any ¢, there exists a N, > 1 such that x; >0,y >0 for all k> N,,.
By [14, Theorem 1] and [26, Lemma 4.4.5], there exist q’f,q’é such that

7 0 1 -1 4((k+en)?+k%) 1 0

[01 _qé]ﬁzk[_l 1]+{ 5 +2e, [0 1], (B.3)
iuf{%‘fz(/\)qlf—/\[%(xk —}/k)+2€nxk]+d”(xk/7\)} > yu(xg), (B.4)
sup { %UZ(A)LIE—APk(xk —Vk) = 2en¥i] +d”<yk,7\)} <70(Wk)- (B.5)

Subtract (B.5) from (B.4), we have that

v (u(xx) —v(yx)) < sup { %UZ(A)QII — A2k (2 — yi) +2€n 2] +d" (x1,A) }
A€l

1
—iu}o { 5‘72(7\)4'5 — M2k (X —yi) —2enyi] +d° (Y, A) } :
€lk

Note that y(u(xx) —v(yx)) >y My >3 > 0. Therefore,

1
76 <sup { 502 (A) (9 —42) +2en A i =y + (d" (xiA) = (v, 1)) } . (B
)\GIK

Using (B.3), it yields that

4((k+e,)*+k)
i<t 5 +25.

By the definition of Mj and Assumption 3.1, it holds that
a" (xg,A)—d°(yx,A)
= [ (@(A,0) =91, 7,9 () (D) ((x)=0(0)

+/r (# (= (p(V),700)) =0 (= (p(A),1.9)) ) ()
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SC’xk_]/kH’/r<Mk+l/’(xk_“(P(/\>I'erk)/yk_‘X(PO\)/%yk))>V<d'Y)
— 1 (T) (My+9(xx,vx))
=C!xk—yk!+sn/F | (xe=a(p(A), 7,0 =xt+ (ve—a(pA), 1)) —vE| w(ay)

+k/r. [(xk—w(r)(A)mxk))Z—x,%Jr (yk—uc(p(/\),fy,yk))z—yi]

—2(xe—a(p(A),7,%)) (e —a(p(A),7,9%) ) i (dy)
< Clag—yg|

for some constant C >0 which is independent of (xg,yy). It follows from Assumption 4.1
that, there exists a positive constant M >0, such that

. 1 u v
limsupsup { SO0 (¢ 5) + 2602 v — el + (4" (A~ (3, 1)) } <M%,. (B)
k—oo A€k

Using (B.6) and (B.7), it results in 0 < 76 < M?e,. Letting n — oo, we get the desired
contradiction, and hence the comparison principle holds. Let u,v be viscosity solutions
of Eq. (4.8), which satisfy the linear growth condition. Then, we have u* <v* and v* <u,
on R.. Note that v, <v<v* and u, <u <u* on R, . Therefore, u =v=0v" =v, =u* =u,.
This shows that the viscosity solution is unique and continuous on Ry. O
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