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Abstract. This paper is concerned with the relaxation limit of a three-dimen-
sional quasi-linear hyperbolic-parabolic chemotaxis system modeling vasculo-
genesis when the initial data are prescribed around a constant ground state.
When the relaxation time tends to zero (i.e. the damping is strong), we show
that the strong-weak limit of the cell density and chemoattractant concentration
satisfies a parabolic-elliptic Keller-Segel type chemotaxis system in the sense of
distribution.
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1 Introduction

In this paper, we are concerned with the following quasi-linear hyperbolic-para-
bolic chemotaxis system modeling vasculogenesis — the vitro formation of new
blood vessels, proposed by Gamba et al. [11]:
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dp+V - (pu)=0, (1.1a)
at(pu)+v-(pu®u)+VP(p):—%pquptchp, (1.1b)
01p=DAPp+ap—be. (1.1¢)

Here the unknowns p=p(x,t) and u=u(x,t) €R? denote the density and velocity
of the endothelial cell, respectively, and ¢ = ¢(x,t) the chemoattractant concen-
tration, at t >0 and x € R?. The density-dependent quantity P is the pressure
function which is smooth and satisfies P’'(p) >0 for p>0. D,a and b are positive
constants representing the diffusion coefficient, production rate and degradation
rate of the chemoattractant, || with u€R\ {0} is the cell response intensity to the
chemoattractant. 0 <7 <1 is a relaxation time. The initial data are given by

[0,1u,9]]1=0=[po,uo,Po](x) — (p,0,§) as [x] — oo (1.2)

with constants p >0 and ¢ > 0. When the initial value [pg,uo,¢o] € H*(RY),
s>d/2+1,is a small perturbation of the constant ground state (i.e. equilibrium)
0,0,¢] with p> 0 sufficiently small, the global existence and stability of solutions
to (1.1) without vacuum converging to [g,0,¢$] was established in [7,8]. By adding
a viscous term Au to the Eq. (1.1b), the linear stability of the constant ground state
[0,0,¢] was obtained in [17] under the condition

bP'(p) —aup >0. (1.3)

The stationary solutions of (1.1) with vacuum (bump solutions) in a bounded
interval with zero-flux boundary condition were constructed in [1,2]. Recently
the stability of transition layer solutions of (1.1) on R, = [0,00) was established
in [13] and the convergence to diffusion waves for solutions of (1.1) was obtained
in [20] for x € R3.

As T — 0 (strong damping), it was formally derived in [4] by the asymp-
totic analysis that the solution of (1.1) converges to the well-known Keller-Segel
model. In [6], the authors considered different dissipation relaxation limits of
model (1.1), and proved in LP (p > 1) space that the convergence limit is the
parabolic-elliptic Keller-Segel model by the energy methods and compensated
compactness tools. An interesting question is whether the relaxation limit prob-
lem of (1.1) can be proved in a stronger sense, such as in H® (s > 3) space. For
the isothermal compressible Euler equations, namely P(p) =kp for some constant
k>0, by using a stream function, Junca and Rascle [15] showed that the solu-
tions to the damped isothermal Euler equations converge to those of the heat
equation for large BV initial data. Later, Coulombel and Goudon [5] studied the
global existence of smooth solutions and the convergence to the heat equation as
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the relaxation time tends to zero. For the multidimensional damped isentropic
Euler equations, Lin and Coulombel [19] showed that the asymptotic behavior
of the global smooth solutions is governed by the porous media equation as the
relaxation time tends to zero. We further refer to [3,25,26] for other interesting
research in this topic. For some other types of hyperbolic or hyperbolic-parabolic
chemotaxis models, we refer to [10,12,18,22,23] and references therein.

The aim of this paper is to construct global smooth solutions to (1.1), and to
show that, in an appropriate time scaling, as T tends to 0, the solution compo-
nent (p,¢) of (1.1) converges to the solution of the following Keller-Segel type
chemotaxis model:

010" =V - (VP(0%) = up'V¢°) =
A(PO'i'a,OO_bCPO —

which is well-known as, if P(p) = p, the parabolic-elliptic minimal Keller-Segel
system (cf. [16,21]) extensively studied in the literature [14,23], where the chemo-
taxis is called “attractive” if >0 and repulsive if u <0.

Throughout this paper, we assume that

bP'(p) —aup >0. (1.4)

As will be seen later, the strict positivity of bP'(p) —apup plays an important role
in our analysis in ensuring the dissipation of the system. However, the condition
(1.4) is free when p <0.

Our first result on the existence of global solutions of (1.1)-(1.2) is given below.

Theorem 1.1. For any p>0and ¢=(a/b)p, if P(-) is smooth on (0,00) and satisfies the
condition (1.4) for given p>0, there exists a constant € >0 such that for any T < (0,1], if

lo0 =0, 10,0 =1 | v s T I Vol v sy <€ (1.5)
with N >3, then the Cauchy problem (1.1)-(1.2) admits a unique global solution with
lo(x,) —pu(x, 1), (x,) — §, Vp(x,1)] € C([0,00);HN (R))
satisfying
[0 90 =670 gy + 5 19 s o

t
v (uvm-,s)uHNleHW s+ 1619 )
< Col|[oo—0,10,0—,V o] H?—IN(]R3)’

where Cy >0 is a constant independent of T and t.
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The next theorem asserts the convergence of solutions as T—0. For the conve-
nience of statement, we denote the solution obtained in Theorem 1.1 by (p%u%, ¢7).
Then our second main result is given in the following theorem.

Theorem 1.2. Let (o, u",$") be the unique global solution obtained in Theorem 1.1. Set
s=Tt and define

T

T T
(0%,m%,¢7)(x,5):= <pr(x,t)lp (x,1)u™(x,t) ,(,bT(x,t)) '
Then under the assumptions in Theorem 1.1, the solutions (¢, m",¢") satisfy that

[107(5)~0,97(6) =BT 05 vy + 22O sy + [ 176 s o
+/ ||VQ ( )”HN 1(R3) +||v§0 ( )”HN (R3) +THas(P 5 HHN(]RB))dSSCI

where C is a constant independent of T. Thus, for any 0 < T,R < 400, extracting a sub-
sequence if necessary, it follows that as T —0

o — o° stronglyin C([0,T);H"(B(R))),
" — ¢° weaklyin L*([0,T);HN(B(R))),

where N—1<m <N and B(R) =:{x €R3:|x| <R}. Moreover, (0°,¢°) satisfies, in the
sense of distributions, the following Keller-Segel type chemotaxis system:

950" = V- (VP(0") —uo"Vg°) =
Ag®+a0’ —bo® =
°[s=0=po.

2 Uniform estimates

We proceed by mentioning some notations frequently used in the paper.

Notation. Throughout this paper, C denotes a generic positive constant (gener-
ally large) and A denotes some positive constant (generally small), where both C
and A may take different values in different places. For two quantities a2 and
b,a~b means ca<b<a/c for a generic constant 0 <c <1. For any integer m >0,
we use H™ to denote the usual Sobolev space H"(R%). For simplicity, the norm
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of H™ is denoted by ||- ||, with ||-||=]|-|lo- We use (-,-) to denote the inner product
of the Hilbert space L?(IR%), i.e.

(f.8)= | f(x)g(x)dx, Vfgel*(R),
For a multi-index [ = (I3,15,13), we denote o' = 8?18?28?3 and the length of [ is
\I| =11+ I2+13. For simplicity, we denote
I[A,Bll[x = Allx+ 1Bl x

for some Sobolev space X.

In this section, we will construct global smooth solutions to (1.1) with initial
data (1.2) satisfying (1.5). First, we present the following Sobolev inequality for
the L? estimate on products of derivatives of two functions (cf. [9]).

Lemma 2.1. Let 0= (01,---,0,) and 5= (111, -+ ,11n) be two multi-indices with |0| =k;,
\n| =ky and set k=kq+ky. Then, for 1 <p,q,r <co with1/p=1/q+1/r, we have

Haeulaﬂuz HLP(]Rn) < C (“1/[1 ||L‘7(]R”) Vkuz HL*(]R”) + ||u2 ||L‘7(]R”) Vkul HL*(]R”)) ’ (21)
where C is a positive constant.
The well-known Aubin-Lions-Simon lemma [24] is cited below for later use.

Lemma 2.2 (Aubin-Lions-Simon Lemma). Let X, X, X1 be three Banach spaces with
Xo € X C Xy. Suppose that X is compactly embedded in X and that X is continuously
embedded in X;. For 1 <p,q<oo, let

W={feLP((0,T];Xo) | a:f €L([0,T):Xy)}.

(i) If p < oo, then the embedding of W into LP([0,T);X) is compact (that is W is
relatively compact in LP([0,T];X)).

(ii) If p=o0 and q>1, then the embedding of W into C([0,T|;X) is compact.

2.1 Reformulation of the problem

Before constructing the global smooth solutions to (1.1), we first rewrite (1.1)
around the constant state [p,0,¢] with ¢ = (a/b)p. By writing g =p—p,ii =u—0,
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$=¢p—¢, we reformulate the Cauchy problem (1.1)-(1.2) as

01 +pV-il=g, (2.2a)
o+ Pl;_p_)Vﬁ—F%ﬁ—yV(ﬁ:gz, (2.2b)
31— DAG—ap+bp=0 (2.2¢)
with initial data given by
(0,7, li=0 = [P0, o, o] = [0 —p, 10,0 — P]- 2.3)

Here g1,$» are defined as follows:

g1=—V-(pil), o
gzz_ﬁ,w_(P(p+p)_P(p))vﬁ.

p+p o

Next we shall focus on the reformulated problem (2.2)-(2.3) and explore the
global existence of solutions. Without confusion, in the rest of this section, we
still use [p,u,¢] to denote [g,iI,¢], correspondingly, [po,0,¢o0] to denote [y, o, Po]
for simplicity unless otherwise stated. The main result of this section about the
global existence of solutions to the reformulated Cauchy problem (2.2)-(2.3) with
small smooth initial data are stated as follows.

Proposition 2.1. Given p>0and N >3. Let p=(a/b)p and P(-) be smooth on (0,00)
with bP'(p) —aup > 0. If ||[po,uo,¢o] |3+ | Vo |3, is small enough, then the Cauchy
problem (2.2)-(2.3) admits a unique global solution U = [p,u,¢| satisfying

UeC([0,00);HN(R®)), V¢eC([0,00);HN(R?)),

and
2 t 1
o) IV ol+ [ (1B 1 el Vol 1+ Tl ) as

<C([lLeouo. gl |3+ 19 90ll1%).

where C >0 is independent of T and t.

The existence of local-in-time solutions of (2.2)-(2.3) can be readily established
by the standard iteration method and details are omitted for brevity. Then to
prove Proposition 2.1, it suffices to derive the a priori estimates in the following
lemma.
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Lemma 2.3 (A Priori Estimates). Assume that the conditions in Proposition 2.1 hold.
Let
U= [p,u,¢]€C([0,T);H"(R?))

be a solution to the system (2.2)-(2.3) with
el +IVelF <1
forany 0<t<T. Then

d P(p+p) 1 12 / V1512
d'p|*d d'ul>d
dfz;N{/W orp |9pldxt | (p+p)ldul dx

b D
2@ dlp) + L+ 2 v

d
txro ¥ {200,0'Vp)+ Lo v} +xac Vol
dt 1N a

o 21
e VIR Ll + Ll <o,
where A >0 and 0 < x < 1 are constants.

Proof. Our proof is motivated by the work [20] and consists of three steps.

Step 1. We first claim that

1d ll(p .U_) 112 / \173l,,12
~ ———10 1Y dx—+ p-l—p do'ul“dx

b D
2@ dlp) + L+ 2 [V
+ Ll + Sl
<Ctlllo.upllI% (IVIe,w @l + I VIIR)- 24)

In fact, it is convenient to start from the following reformulated form of (2.2):

Aup+(p+p)V-u=—u-Vp, (252)
i
E)ﬂ&%;p)Vp—l—%u—ngb:—u-Vu, (2.5b)

31— DAP—ap+bp=0. (2.5¢)
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Applying 9’ to the Eq. (2.5a) for 0 <|I| < N, multiplying the result by P’(o+p)
x (0+p) 190 and taking integration in x give

li/ﬂv (p+p)|alp|2dx+<Pl(p+p)alv u alp>

2dt p+p
/ —
:%<<P (PJF_P)) > ch<al K(o+p)a"V -u, (PJF_P)azp>
p+p t k<l p+p
P'(p+p) - > k< I~k ko . P (o+p) >
—(u-0'Vp,—E 9l N Y k(o Ry of v, TGl N (2.6)
< P orp OF ,;l l oo °F

Applying 9’ to the Eq. (2.5b) for 0 < |I| < N, multiplying it by (0+p)d'u, and
integrating the resulting equation with respect to x, we get

ld =\12l,,12 / N i 1 1Al 12
55/3(p+p)la ul dx+<P (0+p)0'Vp,d u>+;/ﬂi3(p+p)|a u2dx

1<(p+p 31, ') ch<az k<Pl(p+_p)>8kVp,(p+p)alu>

k<l ptp
—{(u-3'Vu, (p+p)o'u)— Y CF("*u-o*Vu, (p+p)o'u)
k<l
+p(0'V, (p+p)'u). 27)

With integration by parts and (2.5a), we can update the last term in (2.7) as fol-
lows:

@'V, (p+p)du)
= —p(0'9, (0+p)0'V 1) — p(0'¢, Vpo'u)

— 1219, pr) - (0,0 (- vm>+y<al Yol (ot p)a"vu>—y<al¢,walu>
k<l

d
=—1(0'p,0'0) — (91, 0'p) + (09, u-0' Vo) — (99, Vpd'u)

+y<al¢ Y crol p+p)akv-u>+y<al¢,ZC§<al—ku-akvp>.
k<l k<l

Applying 9’ to the Eq. (2.5¢) for 0 <|I| < N, multiplying it by (u#/a)d'¢;, and
integrating the resultant equation with respect to x, we have

d (b
{2+ Vel + Bt @) 28)
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It follows from (2.6)-(2.8) and the integration by parts that

d (1 "(0+p0) |~ 2 / 12
dt<2/R3 S Py | (o p)duldy

@ p )+ o 19l 5 10l

1 Al 20 Hal 2
= [ orpldlulax Ly

=L()+) Cili, (1)
k<l
where
_ 1/ (P (p+p)
{()=(P"(p+p)Vpd'p,d'u +—<( =29 2>
)= (P o+p)Vedpdu)+5( | — 55 ) 1op

+1<(p+p)t,|alu|2>+% <v. (u%) ,|alp|2>

+5 <V( u(p+p)),10'ul*) — (o' Ve,ud'p)
—#<31¢,V-u31p — (3¢, Vpd'u),

) I
I (1) = <al “(p+p)d*V-u, (p+p)alp>—<al—"u-akVp,f)PT;p>al

—<a < (p+p))8kVp,(p+p )o'u > (0" *u-0"Vu, (0+p)0'u)

p+p

p+p
+1(0'p, 0" (0+p)0"V -u) + (9 9,0'Fu-0Vp).

(2.9)

/)

Next, we estimate I!(¢) and Ili,l (t) term by term. The key part is to get a uniform
bound independent of T. When |I| =0, by the Cauchy-Schwarz and Gagliardo-

Nirenberg inequalities, I} (t) can be estimated as

B <CIVelllplsllulls+CIV-ull (lollelloll s+ el ol )
+ClIVoll (lllellols + lull s llell 1) +CIV @l 2l ol s

+Cllllra IV ullr2llol s +ClIVoll 2l @l s |l 5
< 8% el +Clllo w11V o],

(2.10)

where we have used the facts ||[p,u,¢]||n <1 and 9;p+(p+0)V-u=—u-Vp. When

|I| >1, it follows from the Cauchy-Schwarz inequality that
L] <CIVplle=[1"ol18ul|+C V-l = (1190l + 0" |?)
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+Cllulles | Vplls (1012 +[8'u][2) +Clluls o]V |
+C|[V-ull = [Dp 8]l +C |Vl 3] [ |
< Elluld+celllpal R (1910l R+ 199 13),

which along with (2.10) yields for any /,
(1) < LNl +Cellloa gl (19wl s+ V9 1R)- (2.11)

For deq‘[}(’l(t), we have

Zcm,l(o' <Y CH@pllla(p+p)a*V -ul| + Y- CFlla'o 9 Fu-a- V|

k<l k<l k<l
/ —
ot o (2 (’”_P))akvPH+Zcf||aluu\|al—ku-akwu
k<l p+p k<l
+Y_CHlo'glllIo'*(o+p)a" vV -ull+ Y CF[[a'¢ll[[o"*u-a"Vpl|
k<l k<l
6
=) Ji 2.12)
i=1

For J1, noticing that |/ —k| > 1, there exists some multiple index s with |s| =1. We
have from (2.1) that

nl< Y clli@lpllla!**3pa" v -u|
k<l
<Cllo'oll (1ol IVH =1V -ul| + [ V- ul| = V=10 )
< lul+cellolR Vol (2.13)

Similarly, we can estimate J,-Js as

6 ~
YUl < =l +Collo, gl 1RV o, 911 . (2.14)
i=2

Plugging (2.13) and (2.14) into (2.12), we see

Zcflli,lm\sS%Hun%wcﬂcn[p,u,¢1||%v||wp,u,¢1||%V_1- (2.15)
k<l



Q. Liu, H. Peng and Z.A. Wang / Commun. Math. Anal. Appl., 3 (2024), pp. 1-18 11

Substituting (2.11) and (2.15) into (2.9), one has
d (1 Po+p) 4 2, 1 a2
b D
@ p o)+ g+ 1051
1 Al 20 Bial e 2
[ lo+pldlulax+E g
< Elulf+crllowdl R (IVIouglhoi+1V913).  @16)

Taking the summation of (2.16) over |/| <N and using the fact p+p >3p/4, we
have

1d P'(p+p) 1 1 / (a2
—— — 2 |9'pldx+ +0)|o d
zdtl§<N'{/u<3 g 10l | () lo'u

b D 0
—2y<al4>,alp>+7”||al¢u2+”7ualwu2}+2%||uu%v+§||¢f||%v

<Ctlllo,u ]I (IVIo g7+ VPIR),
which leads to (2.4).

Step 2. We claim that

d

v ¥ {@wd Vo) + L 19wl b+ A Vol + ATl Vol

I[<N-1
C

S;Ilull%ﬁc’fll[P/M]Il?vllv[f)/u]||%v_1- (2.17)

Let 0<|/| < N—1. Applying o' to the (2.2b), multiplying it by 79'Vp, taking

integration in x, using integration by parts, and replacing 9;p from (2.2a), one has

]/ =
e @00 Vo) + LTI e @9 )

=p7||V-0'ul|>—7(V-0'u,d'g1) — (8'u, Vo' p) +1(d'g2, Vd'p). (2.18)

Applying 8'V to (2.2c) we multiply the arising equation by (t3/a)d' V¢ and in-
tegrate the result in x, thus obtaining

d

TuD bt
5o 11"Vl L= 012 |2 (21,0 Vo) S [ Vg =0 219)
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Adding (2.18) to (2.19) yields

e { @'V L gl L a2

{8V, Vo) + T v P+ ”Dfualv%uz

—o7||V-0'u||?—1(V-0'u,d'g)) — <alu,valp> +1(9'g2,V'p). (2.20)
Since bP’(p) —aup >0, the following matrix:
P'(p)
0
—H

b (2.21)
a

is positive definite, which yields a positive constant C; >0 such that

P'(p b

E I 2 V0V + [Tl 2 Cu 19T+ [V ).
This together with (2.20) gives

d
2 { (01,9'Vp)+ 29"V 2 [ +Cie 9/ V|

+Crtd Vgl P+ g

—=o7||V-0'ul? —T<V-E)lu,alg1> —(0'u,Vo'p) +1(d gy, Vd'p). (2.22)
Then, it follows from the Cauchy-Schwarz inequality that

TCl

d o L iaivel? o 112
v { @', Vp)+ 2110Vl +S1 9 Vpl

”DTnalvchnz

+7C1[|' V2 +
C
S;(Ilv-alu||2+||alu|| J+CT([|9'g1)*+119'g2112), (2.23)

where we have used the fact 0 <7 <1<1/7. Noticing that g1, ¢» are quadratically
nonlinear, one has from (2.1) that

19111+ 11982112 < Cll o, ul I} 1V [, 1] 1 -
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Substituting this into (2.23) and taking the summation over |I| <N —1, we have

d
v ¥ {@ud Vo) + LoVl }+ AT (VoI + I VellR)
dt|l|§N—1 2a
C
S;||u||%\z+CT||[qu]||12v||V[P/M]||%\z_1r
where A=min{C;/2,uD/a}. This completes the proof of (2.17).

Step 3. Multiplying (2.17) by « and adding the resulting inequality to (2.4), we
have

ld {/ P'(p+p) 21 12 a2
e S AP dx+/ +0)[0"u2dx
Zd’fz;w o orp (OPlaxt [ (p+p)ldul

b D
2@ dlp) + L g+ 2 [V

a 1. Al Mo 2

+xT ) {(8 1,0 Vp>+2a||8 V<p||}
ATVl +xAT] VoI + LR+l

Cx

< = llulk+Crlllow gl 1R 1V 0,111+ VoI1).

By choosing « and ||[p,u,¢]||n small enough, we can obtain that

1d P'(p+p) 1 12 / il 12
—— — 2|9l dx+ +0)|o d
deEN{/W 15 [ePdxt | (o+0)l0uldx

b D
2@ i) + L1+ 2 [V

d 1l oo 2] KAT 2
e Y {(@wd'Vo)+ L1 Ve 2+ 255 Vel
1|<N-1
KAT 0
+ 1 VelR+ Ll + Sl <o. (2.24)

This completes the proof of Lemma 2.3. O
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Proof of Proposition 2.1. We denote Ex(U(t)) by

_ "(0+0) 1 12 [N
z:N(uu))—l;N{ [ 2 )

_ﬂ 1112 ~1al.,12
10l [ (o)

D
vl ¥ 2@uavpy+LiaveR),  @2s)
a 1|<N-1 a

and rewrite [P’ (0+p)/(p+p)[0'p|*dx as
(0+0) o1 25 PIP) oo <<P'(P+ﬁ) (P)) ! z>
aloPdx =P yatonz 4 ! oo,  (226)
IR L L.
which updates (2.25) to

En(u(n) = ¥ {ﬂnalmﬂ ~2u@ g o)+ L9l [ (4o louPx

I|<N

P
<<Pl Pl(
|l|<N p

+xT ) {Z(Buale)
I|<N—1

Do)+ 12 Vel
N
a

10'velP}

with constant 0 <x <1. By the fact that the matrix (2.21) is positive definite, along
with the smallness of x and ||p||n, we have that

En(U) ~IllpwelIX+IVelR-

This together with (2.24) leads to
Er1
o+ 199+ [ (14Tl -+l Tl + el ) ds

< C(Illeosuo gl I3+ V90l I ). (2.27)

This a priori estimate combined with the local existence theorem completes the
proof of Proposition 2.1, and thus Theorem 1.1. O
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3 Convergence to the Keller-Segel model

In this section, we are going to prove Theorem 1.2.

Proof of Theorem 1.2. We have shown that the Cauchy problem (1.1) admits a uni-
que global solution (p%,u",$"). Next, we will adapt the compactness argument
developed in [5] and justify the convergence of (p*,u",¢") to the solution of the
Keller-Segel model as T — 0. To this end, we introduce the rescaled time variable
s=T1t and define

(@) )= (7 ) £, e ).

The system (1.1) turns into
9:0"+V -m" =0, (3.1a)
29,m" + 12V - <mT@;mT> +VP(o")=—m"+uo*Ve-, (3.1b)
059" =DA@"+a0" —bg". (3.1c)

Thus, we have from (2.27) that

(") =p,07(5) =,V " @[3+ T )3+ [ o)z
+ [ (Ve @ R+ IV @+l @]} )ds<c,  G2)

where C is a constant independent of 7.

From (3.2), we have that ¢° is bounded from below and above by positive
constants, Tm® and ¢ —@ are bounded in L®([0,00),L2(R3)), and m*@mT/o" is
bounded in L' ([0,00),L!(R?)). Hence, as T goes to 0, we can pass the limit in the
Eq. (3.1b) in the sense of distributions as following;:

—m"=VP(¢")+ue" Vo' — 0,
DA¢T+ag® —be*® — 0 in D'(RT xRR?),

which together with the Eq. (3.1a) yields

050"+ V- (10*Ve™=VP(¢")) — 0 in D'(RTxR3),
DA¢T+ag® —be® — 0 in D'(RT xR3).



16 Q. Liu, H. Peng and Z.A. Wang / Commun. Math. Anal. Appl., 3 (2024), pp. 1-18

It follows from (3.1), (3.2) that (¢* —p) is bounded in L*([0,00); HN (IR%)) and
Vo© is bounded in L?(]0,00); HN~1(R3)). Furthermore, we obtain that 50" is
bounded in L?([0,00); HN1(IR?)). This shows that (¢*—p) is bounded in the
space HY([0,T); HN=1(IR?)) for any T > 0. Thus, there exist a subsequence T, and
a function ¢ such that

0" —p — ¢°—p weaklyin H'([0,T);HY 1(R?)).

It means that ¢°—p € C([0,T); HN~1(IR3)), which along with o™ |s—o = pg for all n
leads that 0°|s—o= po.

Now, we have that 950%™ is bounded in L?([0,00); HN=1(IR3)), and moreover
0™ is bounded in L*([0,00); HN(IR%)). By the Aubin-Lions-Simon lemma, we can
extract a new subsequence, still denoted by T, such that the following conver-
gence holds:

0™ — ¢° stronglyin C([0,T);H"(B(R))),

where N—1<m<N,R>0 and B(R) denotes the ball {x€R?:|x| <R}. Lastly, we
can get the convergence properties to ¢™ from (3.2)

(PTn N qpo weakly in L2([O,T)}HN(B(R)))'

The proof of Theorem 1.2 is complete. O
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