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Existence and Multiplicity of Solutions for a
Biharmonic Kirchhoff Equation in R®*

Ziging Yuan®' and Sheng Liu?

Abstract We consider the biharmonic equation A%u—(a + b [5s |Vu|*dz) Au
+ V(z)u = f(u), where V(x) and f(u) are continuous functions. By using a
perturbation approach and the symmetric mountain pass theorem, the ex-
istence and multiplicity of solutions for this equation are obtained, and the
power-type case f(u) = |u[P~2u is extended to p € (2,10), where it was as-
sumed p € (4, 10) in many papers.
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1. Introduction

We consider the existence and multiplicity of solutions for the following biharmonic
equation

A2y — (a + b/ |Vu|2dx) Au+V(x)u = f(u),
RS

u(@) = u(|z]) € H*(R®),

(1.1)

where V € C(R® R), f € C(R,R). Biharmonic equations appear in many areas, for
example, some of these problems arise from different areas of applied mathematics
and physics such as surface diffusion on solids, Mircro Electro-Mechanical systems,
and flow in Hele-Shaw cells (see [7]). Also, this kind of equations can describe the
static deflection of an elastic plate in a fluid and the study of traveling waves in
suspension bridges [6,15]. These equations have been discussed by many authors.
Indeed, if we replace f(u) by f(x,u) and set V(z) = 0, and a domain  C R3,
problem (1.1) becomes the following biharmonic elliptic equation of Kirchhoff type

APy — (a—l—b/ Vu|2da?> Au = f(z,u) in Q,
R5

u=Vu=0 on 09,

(1.2)

T Corresponding author.
Email address:junjyuan@sina.com(Z. Yuan), nmamtfo88@163.com (S. Liu).
1Department of Mathematics, Shaoyang University, Shaoyang, Hunan 422000,
China
2Big Data College, Tongren University, Tongren, Guizhou 554300, China
*The authors were supported by the Natural Science Foundation of Hunan
Province (Grant No. 2023JJ30559), Guizhou Technology Plan Project(Grant
No. [2020]1Y004) and National Natural Science Foundation of China (Grant
No. 11901126).


http://dx.doi.org/10.12150/jnma.2024.71

72 Z. Yuan & S. Liu

which is related to the general form of the following stationary analogue of the
equation

uge + A%u — <a—|— b/ |Vu|2d;v> Au = f(z,u), €. (1.3)
R5

Equation (1.3) is used to describe some phenomena appearing in different engineer-
ing, physical, and other scientific fields, because it is regarded as a good approxima-
tion for describing nonlinear vibrations of beams or plates [2,4]. For example, on
bounded domains, Zhang and Wei [19] used the mountain pass theorem and linking
theorem to obtain the existence and multiplicity of results for the following problem

{A2u+aA“_ Aul =20 + f(a,u) in Q, (1.4)

u=Vu=0 on 9N,

where Q2 C RY is a smooth bounded domain, a is a constant, f € C(Q x R,R) and
1< g<2 If A\=0, An and Liu [1] obtained the existence of solutions of (1.4).
By using critical theorems, the multiple results of (1.4) were proved in [9]. Some
related results can be found in [8,10,16] and the references therein.

As the presence of term [, |Vu|?, problem (1.1) is no longer a pointwise identity
and therefore, this equation is viewed as an elliptic equation coupled with non-
local terms. The competing effect of the non-local term brings some mathematical
challenges to the analysis, and also makes the study of such problems particularly
interesting. Another difficulty lies in proving the boundedness of PS-sequences,
which is very important to use variational methods. In many papers, in order to
get the boundedness of PS-sequences, such as in [11], the authors need to assume
p > 4 in (H2) and the famous AR-condition. While in our paper, we relax p > 2
and drop the AR-condition.

In order to state our main results, we give the following hypotheses.

HO0) V(z) = V(|x]) for any x € R?, and inf,cps V(z) := Vo > 0;
H1) fe CR,R) and lim;_ () =0;

@)

H2) limsupy| o0 fip=r L < oo for some p € (2,10);

(
(H1)
(H2)
(H3) For a € (3,2), t£0, f(t)t > (2+5a)F(t) > 0, where F(t) = [5s f(
(H4) ()] < crlt] + colt]*™Y, s € (2,10);

(H5) F(—t)=F(t), Vt € R.

H5

Note that if b = 0 in problem (1.1), and it transforms into the following bihar-
monic equation
Ay — alAu+ V(z)u = f(u), (1.5)

which does not depend on the nonlocal term fR5 |Vu|? any more. In contrast to
problem (1.5), the nonlocal term makes problem (1.1) more complex in finding
sign-changing solutions. The main difficulties are as follows:

(1) We don’t have the following decomposition
[(u) = [(u) + I(u™), (I'(w),u®) = (I'(u*),u*),
where I is the energy functional of (1.5) given by

I(u):%/Rs(\Au\Q—FMVUP—FV(JU)uQ)—/ Flu).

R5
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3.

Then, we use the method of invariant sets of a descending flow to seek sign-
changing solutions of problem (1.1).

Since the nonlinear term can be written as f(u) = |u[P~2u with p € (2,4),
it becomes apparent that the associated energy functional lacks a linking
structure. This implies that the direct use of the minimax argument is not
viable. Hence, we must employ a perturbation method by introducing a higher
order term, denoted by j|u|9~2u, to restore the linking structure.

Without the coercive condition of V' and if 2 + 5« in (H3) is smaller than 4,
the method described in [13] is unable to demonstrate the boundedness of PS-
sequences. To address this challenge, we propose introducing an additional
perturbation term A||u||3%u on the left side of the equation.

Our main results are the following.

Theorem 1.1. If (HO) — (H4) hold, then problem (1.1) has at least one radially
symmetric ground state sign-changing solution.

Theorem 1.2. If (HO)— (H5) hold, then problem (1.1) has an unbounded sequence
of radially symmetric solutions.

This paper is organized as follows. In Section 2, we present an auxiliary problem
and some necessary preliminary knowledge. We prove our main results in Section

Throughout this paper, we denote by cy,cs,... different positive constants in
different places.

2. Existence

In order to discuss this problem, we define the following Hilbert space

E = {u € HXR®): [ V(x)u® < oo}

R5

with the inner product

(u,v) = /RE) (AulAv + aVuVov + V(z)uv)

and the norm

1
2

full = V] = [ 1802+ a9u + Vi

The associated energy functional I : E — R of problem (1.1) is given by

I(w) = %/}RSUAuF FalVul? 4 V) + (/R |w2)2 - /R F(u),

from which we derive that I is a well-defined C! functional in E, and its derivative

1S

(I'(u),v) = (u,v) + b - |Vu|2/]RS VuVo — . fuwv, YveE.
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We now begin to show the existence of ground state sign-changing solutions to
problem (1.1). The lack of the AM-condition makes it is very difficult to prove the
boundedness of PS-sequences of problem (1.1). In order to prove Theorem 1.1, we

need to introduce a perturbed problem, which is used to overcome this difficulty.

Setting « € [, 2), A\, € (0,1] and ¢ € (max{p,6},10), we consider the following

modified problem

A2y — <a b vu2dx> Au+V(@)u = frau(u),

- (2.1)

u € Fl,

where fxa,.(u) = f(u) + plul?2u — X ([ uz)a u. It is obvious that I , is a well
defined functional in E, and its derivative is given by

(I§ s 0) = I'(w)v + A (/ u2> / w —p [ |u|??uw, Yu,v e E.
’ RS R5 RS

From [18] we introduce a Pohozaev identity for problem (2.1), which will be used
later.

Lemma 2.1. Let u be a critical point of I, in E for (A, ) € (0,1] x (0,1]. Then,
1 3 ) 1
5 L8P+ 50 [ wup sl [ V@l + g [ V.o
2 R5 2 R5 2 R5 2 R5
1+«

+ gb (/R Vu|2) - 5/}1{5 (F(u) + Z|uq) =0.

For each u € E, we can see that the following equation

A%y — (a + b/ |Vu|2) Av+V(z)v+ )\(/ u2>av = f(u) + plu|?%u  (2.2)
RS RS

has a unique weak solution. In order to construct the descending flow for I ,, we
give an auxiliary operator Hy , : u € E, where v = Hy ,(u) is the unique weak
solution of problem (2.1). It is evident that demonstrating a solution u for problem
(2.1) is tantamount to proving u as a fixed point of Hy ,.

Lemma 2.2. The operator Hy , is well defined and continuous.

Proof Suppose that {u,} is a sequence in E converging to u as n — co. Let us
define v = H) ,,(u) and v, = Hy ,(u,). Then

/ (Av, Aw + aVv,Vw + V(z)v,w) + b/ |Vun|2/ Vv, Vw
RS RS RS

o (2.3)
+ )\(/ u%) / vpw= [ flup)w+p [ |ua?2upw, Yw € E,
RS RS RS RS

and

/ (AvAw + aVoVw + V(z)vw) + b/ |Vul|? VoVw + A (/ u2> / vw
RS RS RS RS RS

:/ f(u)w—|—,u/ lu|fuw, Yw € E.
RS RS
(2.4)
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We need to prove that |jv, —v|| = 0 as n — oo. (H1) and (H2) deduce that for
any € > 0, there is ¢, > 0 such that

[F(O] < elt] + e[t~ (2.5)

Putting w = v, in (2.3), one has

ol + b / Vit ? / T2 4 Ay 27 /
RS RS RS
< / (elun] + celtnP)oa] + 1 / i o,
RS RS

which means that from Hoélder inequality, {v,} is bounded in E. Assuming that
vp, — vp in F and v, — vp in L"(R®) for r € (2, 10) after extracting a subsequence,
by (2.3), we derive

/ (AvgAw + aVugVw + V (z)vow) + b/ |Vu|? [ VveVw
RS RS RS

+ )\(/ u2> / vow = fw+p [ |u/??uw, Yw € E.
RS RS RS RS

Thus, vy is a weak solution of equation (2.2), implying that v = vg due to its
uniqueness. Additionally, by testing with w = v, — v in equations (2.3) and (2.4),
and then subtracting, we obtain the following expression:

(2.6)

Jon = ol +5 [ 190 [ 19600 =)+ Ml [ Jon = ol
R5 R5 R5
= [ (Vua = [9uP) [ V090, =)+ A 7 = [l [ vt =)

) = 5@ =)+ [l = )= ),

(2.7)
which follows from Sobolev’s embedding inequality that v,, — v in E as n — oo.
Thus, Hy,, is continuous.

Lemma 2.3. (i) I} ,(u)(u— Hxu(u)) > [lu— Hy ,(u)||? for allu € E,

(i) (13 ()] < flu — Hx pn(u)[[(1 + c1|ul|? + cal|ul|?®) for all u € E, where ¢1 and
co are two positive constants.

Proof Noting that H) , is a solution of (2.1), we derive
[ (AL 0V = Hy ) + 0V )V = H ()
V@)= @) +b [Vl [ V@
b [Tl = Hyw) + Ml [ H @) = Hy ()

— [ Fu)u— Hyp(w) + p / =20 — Hy (),
RE} RE)
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and

Iy (u)(u = Hy u(w)) = . Aul(u = Hy (1)) + aVuVuV(u — Hy ,(u))

+ V(z)u(u — Hx ,(u)) er/o |Vu|2/Rs VuV(u— Hy ,(u))
Al [ utu =) = [ ) )

[l Hy ()

= = H @l b [ (9uP [ 9 Hy)F

Al [ utu =00,
which means that I} ,(u)(u — Hx ,(u)) > |lu — Hy ,(u)|]? for all u € E.
Notice that for any ¢

B = [ 1A= () Ag -+ ¥ (0 = H (1) Vo V(o) = Hy )

0 [ 19 [ 9= ) Ve Ml [ (=)
Then 114, )| < — Huu(w)l (1 + ealull + ealful).

Lemma 2.4. For fized (A, p) € (0,1] x (0,1] and for ¢ < d and 7 > 0, there exists
d > 0 (which depends on A and () such that |lu—H) ,(u)|| > 6 ifu € E, I, € [c,d]
and ||I§\M(u)|| > 7.

Proof Fixing n € (4,q), then for u € E, we have

A,u<u>—}]<u,u—m,u<u>>=—|| all? + / Va2 / (V= VHy, ,(u)Vu
77 2(1 +Oé) U 2a wlu — u
AT e+ Sl [ = ()

+/R5 (:]f(u)u_F(u)) + 774774b</]R |vu|2>2 + %/R luf?.

Noting [f(t)] < e[t| + cc[t["~",
1 n—2
Iy u(u)] + —|lu||fJu — Hx u(u ><—ec> ul?
()| £l au(w)] o [l
b
+—/ |Vul® [ (Vu— VHy ,(u)Vu
n 5 R5

2
—4 —
Mb( / |w) Al Y
4n qn RS

M 2042
A (T o) [[ull2

—edullp+ SHulB® | utu— Hyuw),
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Then,

2
P+ ([ 1902) -+ slly + Ml = el
A
<elltnl + ulllu = Hyll+ 21l [ fulla = il 29

b
+5/ \Vu\z/ |[Vu — VHy ,(u)||Vul).

It follows from Sobolev’s inequality and Holder’s inequality that

b
b / Vu? / |Vu—VuHA,#|w|<c( / |Vu|2)|u||||u—HA,ﬂ<u>,
77 R5 5 RS

and \
;HUII? /Rs Jullu — Hx p(u)| < ellull 3 ullllu — Hx p(w)]]. (2.9)

From (2.8), (2.9) and Young’s inequality, we have

2
ull® + b IVul* )+ pllulld + M3 = cel|ullp
R5

< e(| Dl + lullllw = Hapu ()] + Jul* (e = Hx (@)l + lul3*)).-

(2.10)

Proceeding by contradiction, assume that there exists {u,} C E with Iy ,(u,) €
[c,d] and [|I} || > 7 such that [[u — H ,(u)|| — 0 as n — oco. Then, for sufficiently
large n, we deduce that

2
Jull 46 [ 190R) o pllly - Al = el < 1+ ). 211

Now, we assert that {u,} is a bounded sequence in E. Otherwise, for |u,| — oo,
from (2.11), one has

2
ol +o( [ 902) sl Al = cdulp <. (12)

It should be noted that, for any ¢; > 0, there exists a corresponding value of ¢y > 0
such that the inequality t'7® > ¢t — ¢ holds. By applying this inequality to the
equation t = ||u,||3 in (2.12), we can derive the following result:

2
lun* + b(/ |VUn|2> +/ (ulun|? + Aerun? = cclunlP) — ey < e (2.13)
RS RS

Noting that 2 < p < ¢, we can select a sufficiently large ¢; such that the inequality
et [t2+plt]” —ce|t|P > 0 holds for any ¢t € R. Consequently, (2.13) leads to a contra-
diction. Hence, our claim stands true, indicating that the sequence {u,,} is bounded
in E for any fixed (A, u) € (0,1] x (0,1]. Combining this claim with Lemma 2.3,
we can conclude that [|I] | (un)|| — 0asn — oo, which presents a contradiction. [J

In order to obtain sign-changing solutions, we begin by defining the positive and
negative cones as follows: PT:={u € E:u >0} and P~ := {u € E : u < 0}.Next,
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for any ¢ > 0, we define P as the set of elements in E whose distance to P

is less than e. Similarly, P is the set of elements in E whose distance to P~ is

less than e. Here, the distance between an element u and a set p* is given by
dist(u,pT) = inf,cp+ |[u—v]||. Importantly, it should be noted that P~ = — P .Let
us denote W = P N P~. We can easily observe that W is a symmetric and open
subset of F, and F \ W contains only sign-changing functions. Furthermore, we
define the critical points of Iy , as K = {u € E': I} ,(u) = 0}, and we let Ey denote
the set obtained by removing these critical points from E. For any ¢ € R, we define
Ke={ueE: I ,(u)=cl, (u)=0}and I ,(u) ={u € E: I ,(u) <c}
In the following, we aim to show that for sufficiently small ¢, any sign-changing

solution of (2.1) lies within the set E'\ W.
Lemma 2.5. There exists eg > 0 such that for e € (0,¢),

(i) Hxu(OP7) C P and every nontrivial solution u € P is negative;

(i) Hxu(0PF) C Pt and every nontrivial solution u € P is positive.

€

Proof We only need to prove that Hy , (0P, ) C P, , and the other case is similar.
For u € E, define v := H) ,(u). Since dist(v, P~) < [[v*]|, by Sobolev’s inequality
and (f1) — (f2), for any € > 0, there exists ¢, > 0 such that

dist(v, P7) o[l < o] = (v,0™)

<[ fluot—b \Vu\Q/ VUVUJr—i-/ Ju| T2 uv™
RS RS RS RS

BRI / oot
RS

< f(u+)v++/ ‘u+|q72u+v+
R5 R5

< /r(aﬁer + c€|u+|p71v+) + , |u+|q72u+v+

< cflidist(u, P+ cedist(u,P_)prl + dist(u, P7)1 v,
which means that

dist(v, P7) < cledist(u, P™) + cedist(u, P7)P~! + dist(u, P7)771].
Remember that there exists €y > 0 such that for ¢ € (0, ¢), and then
dist(Hy ,(u), P™) = dist(v,P™) < e.
Therefore, Hy ,(u) € P, forany v e P-. 0O
Since H) , may not be locally Lipschitz continuous, it needs to construct a

locally Lipschitz continuous vector field which inherits its properties. Using the
proof of Lemma 2.1 in [3], we obtain the following lemma.

Lemma 2.6. There exists a locally Lipschitz continuous operator Ty, : E — E
such that

(i) (H3,(w),u—Txpu) > 5llu—Hyul?;
(i) $llu—Taull?® < llu— Hyull? < 2)lu— T 1%
(iii) H ,(0PF) C PE, Ve € (0,€0);
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(iv) if In,, is even, then T, is odd.
In the following, we claim that the functional I, , satisfies the (P.S)-condition.

Lemma 2.7. Assume that there exist {u,} C E and c € R, such that I ,(u,) — 0
for any fixed (A, 1) € (0,1] x (0,1] as n — oo. Then, there exists a convergent
sequence {u,}, denoted as {u,} for simplicity, such that u, — u in E, with u € E.

Proof For n € (4,p), we derive
DI g 24 (Un) — (I3 s Un)

2
n—2  bn—4) 2 n—2(1+a) 2(1+a)
= T E— n A————— n

q-n .
+ [ G = aF @)+ n [ e

As argued in the proof of Lemma 2.4, {u,} is bounded in E. Passing to a sub-
sequence, suppose that there exists u € E such that u, — v in E, and u,, — u
strongly in L"(R%) for r € (2, 10).

Since
(T4 (un) = I s u

—||un—uH2—|—b/ |vu,,\2/ IV (ury —

b Yu,|? — Vu 2) VuV(u, —u
o [vup= [ wur) [ uvtu, -
= [ ) = £ = )+ Ml [ (= w2
R> R5
20 2c _
A 7 = [l [ aen =)
— it [ (" = ), = ),

the boundedness of {u,} in E deduces that

b(/ |Vun\2—/ |Vu2)/ VuV (u, —u) = 0,
R5 R5 R5
Ml 87 = Jul®) |l =) 0

as n — oo. Similary,
,u/ (|t | 2y — [u|92u) (up — 1) — 0 as n — oo,
RS

from which u,, = v in F as n — oo.
Now, we give a deformation lemma to functional I, whose proof is similar
o [13, Lemma 3.6].

Lemma 2.8. (Deformation lemma) Let S C E and ¢ € R such that Vu € I ([c—
260, c+2€0]) NS5, |15 ,(u)l| > €0, where g is given in Lemma 2.5 and Sas := {u €
S, dist(u,S) < 28}. Then for €1 € (0,€) there exists v € C([0,1] x E, E) such that

(i) y(t,u) =u if t=0 or ifu ¢I):11L([c—261,c+261]);
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(i) (1 I°+610S) If\;l;

v(t, PX) C P, y(t,P-) C P, Yt € [0,1];
(v) if f is odd, then y(t,-) is odd, ¥Vt € [0, 1].

)
(iii) Ixu(v(-,w)) is not increasing for all u € E;
(iv)

)

In the following we introduce a critical point theorem. Let P, C E be open
sets, M =PNQ,0=0PNIQ and W =PUQ.

Definition 2.1( [14]){P, @} is called an admissible family of invariant sets with
respect to J at level ¢, provided that the following deformation property holds: if
K.\ W = 0, then there exists ¢y > 0 such that for any € € (0,¢), there exists
n € C(E, E) satisfying

(i) 7(P) = P,~4(Q) = Q;
(ii) v
(iif) y(JeFE\W) € Je.

Je—2e = Zd,

Theorem 2.1. ( [14]) Assume that {P,Q} is an admissible family of invariant
sets with respect to J at any level ¢ > ¢, := infyco J(u), and there exists a map
Yo : A — E satisfying

(1) ¥o(01A) C P and o(A) C Q,
(il) o(hrA)NM =0,
(ili) supy,ey,(an) J(u) < cs,

where A = {(tl,tg) € R2 : tl,tg > O,tl +t2 S 1}, 81A = {0} X [0,1], agA =
[0,1] x {0} and 9oA = {(t1,t2) € R? : t1,ts > 0,t; +ta = 1}. Define ¢ =
infyer sup,epanw J(u), where I' == {¢p € C(AE) : ¢(0:1A) C Pp(dA) C
Q,V|ooa = Yolo,a}. Then ¢ > ¢ and K.\ W # 0.

In order to employ Theorem 2.1 to prove the existence of sign-changing solutions
to problem (2.1), setting P = P*, Q@ = P~ and J = I, ,, we need to show that
{P, P} is an admissible family of invariance sets for the functional I, , at any
level ¢ € R. Since K. C E, if K.\ W = (), the functional I , satisfies the (PS)-

condition and K, is compact, one has 20 := dist(K.,0W) > 0.

Lemma 2.9. For any r € [2,10], there exists m > 0 independent of € such that
|ully < me forue M =PrnP-.

Lemma 2.10. If € > 0 is sufficiently small, then I ,(u) > % for allu € © =
8P€+ NOP ", i.e., ¢y > %.

The proof of the above two lemmas are similar to that in [12]. Here, we omit
their proofs.

Proof of Theorem 1.1. We use Theorem 2.1 to prove the existence of sign-
changing solutions to problem (2.1). Set X = E, P=PF, Q=P ,and J =1, .
Choose S = E\W in Lemma 2.8, then we can obtain that {p€+ P} is an admissible
family of invariant sets for the functional I , at any level ¢ € R. Now, we divide it
into three steps.
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Step 1. Choose @1, p2 € C§°(B1(0)) such that supp(v1) N supp(p2) = O and
01 < 0, p2 > 0, where B,.(0) = {x € R® : |z| < r}. For (¢,5) € A, define
@(t, s) = R2[tp1(R-) + sp2(R-)], where R > 0 will be determined later. It is easy to
see that for ¢, s € [0,1], $(0,5)(-) = R%spo(R:) € PF and ¢(t,0) = R*tp1(R) € P
By virtue of Lemma 2.10, for small € > 0,

I u(u) > 6Zfor small u € © = APT NAP-, (A, ) € (0,1] x (0,1].
Thus, ¢, = infyeco Iy, (uw) > % for any (A, p) € (0,1] x (0,1]. Let uz = ¢(t,1 — ),
for ¢t € [0,1]. Note that
p=min{|[te1 + (1 —t)pall2: 0 <t <1} > 0.

pR™! for u € p(0pA). Tt follows from Lemma 2.10 that ¢(9pAN) N
direct computation shows that

Then ||u¢||3
PrnpP- =

>

0. A

[Vl =R [ (P90 + (1= 02eaP) = RE (),
8wl =B [ (@A + (1= 0700 = BB,

/ V(@)lu> < R™' max V(z )/ (le1]? + (1 = 1)|paf*) = R™'Bs(1),
RS x€B1(0) R5

[t = e / (ta]? 4 (1= 1)) al?) = B0 B, (1),

14+« (1+0‘)
([ouk) = [ @arra-ofen) = s,

/ ‘ut‘2+5a — R5a—1/ <t2+5a|<p1|2+5a + (1 _ t)2+5a|802|2+5a>
RS RS

= R50‘*132+5a(t),
where ¢ € (max{p,6},10). Since F(t) > c1]t|*T>% — ¢y for any ¢ € R,

I(ut)—;/ (Awl? + a| V|2 + V(2) (/ |Vut|2> / Flu)

1 1+a) / q
+ ol e

R3 aR b, 1
< = - i
< 5 Ba(t) + 2Bl(t)+2RB()+ “R2B2(t) +

—BlJra t

SR W

,uR2q_5
q

— 1 RP* ' By 54(t) + ccaR® — By (t)
— —00 as R — +o0
for any fixed (a, p) € (0,1] x (0, 1], we can choose R large enough such that

sup Iy ,(u) <c.:=inf I ,(u).
wEG(FpA) ueO

Since I, satisfies the assumptions of Theorem 2.1, the number

exp = inf  sup I ,(w)
Pl uecp(A)\W
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is a critical value of I , satisfying ¢y, > c.. Therefore, there exists uy , € \(P.: U
P7) such that Iy, (ux ) = cxpu and 1§ (uy ) = 0 for (A, p) € (0,1] x (0, 1].

Step 2. Passing to the limit as A — 0 and g — 0, according to the definition of
¢, we know that for any (X, p) € (0,1] x (0,1],

exp <cri= sup Ijo(u) < oo, (2.14)
u€EP(A)

where cp is independent of (A, u) € (0,1] x (0,1]. Without loss of generality, let
A = p. Take a sequence {\,} satisfying A,, — 0%, then there exists a sequence of
sign-changing critical points {uy,} of I, .., which is still denoted by itself, and
I, u, (Un) = ¢, p,- Now, we prove that {u,} is bounded in E. According to the
definition of I ,, one has

1 b 2
e =y [ (8 alVu + V@) + 1 ([ 190)
, (2.15)
- F n PN n 1+a) H/ n
[ Pln) + 5l SR
1 1
L au + 2a / Vun? + 2 / V(@) unl? + 2 / (VV (2), 2)un 2
2 RS 2 RS 2 5 2 RS
(2.16)

3b > 5A e
([, )2 () rtrs i o
RS RS RS q

Multiplying (2.15), (2.14) and (2.16) by 2,-1, and « respectively and adding them
up

o
2

A (1+a) / 2
+<1+ ) 13+ 5 [ (V)0

¥ (320“ - ;) (/R |Vun|2)2 + /R [f (un)un = (2 + 50) F(un)]
A

By condition (H3), we have

7 5
1OCR > */ |Aun|2 + 7/ ‘Vun|27
2 R5 2 R5

|Au,|? < ¢, / |Vu, | < c. (2.17)
RS RS

205, 1, =

3a da
|Vun|2+?a Vun|? + 2/rV(gg)|un|2

from which

On the other hand, from (2.14), (2.15) and hypotheses (HO0), (H1) and (H2),
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we infer that for all small £ > 0 such that

1 a
cR>§/ |Aun\2+§/ [Vun|* + /V )unl* + /( F(un) = Juy|1)
RS 4
L[ ot [
5 RS q JRrs

1-¢ ¥
58 [ vt s ([ 1auP) <2 [ e
R5 RS q 5
(2.18)

From interpolation inequation, Holder’s inequality and Young’s inequality, we ob-
tain that for £ > 0, there is ¢ > 0 such that

-§+3 - (4-1)
L (L) (L)
—15+3% 2o (3-1)
<e </ |Vun|2> +ce </ 2*) (2.19)
RS RS

_1G+% 5/ q %(%_1)
<e ( |Vun|2) +ceS1(E7Y (/ Aun|2*> :
RS RS

Combining (2.17), (2.18) and (2.19), we immediately derive that {u,} is bounded
in E. In view of (2.14) and Lemma 2.10, we infer that

300 + E2 / lunl">
) | q Jrs

lim I(u,)= hm <I>\7M(un) )

= llll =c" > *62
1 C =C .
n Ansthn ]

Furthermore, for any v € C§°(R),

n— oo

lim I(u)e) = lim (Igmﬂn(un)w = 2 / ) + i / unq—2un¢> _o,
n— 00 RS RS

which means that {u, } is a bounded PS-sequence for I at level ¢*. Thus, there exists
u* € E such that u,, — u* in L"(R®) for r € (2,2,). The similar argument of Lemma
2.7 leads to I'(u*) = 0 and u,, — u* in E as n — oo. Hence, u,, € E\ (PX UP7),
and then u* is a sign-changing solution of (2.1).

Step 3. Define

¢:= ;Ienng(u), Q:={uc E\{0},I'(u) = 0,u* #0}.

Based on Step 2, we have  # () and ¢ < c¢*, where c* is given in Step 2. From the
definition of ¢, there is {u,} C F such that I(u,) — ¢ and I’(u,) = 0. Using the
earlier arguments, we can obtain that {u,} is bounded in E. Arguing as in Lemma
2.7, there exists a nontrivial u € E such that I(u) = ¢ and I'(u) = 0. Furthermore,
we deduce from (I’ (u,),u;) = 0 that for any e > 0 there exists c. > 0 such that

+ + + + +\,,+
(M [ we) < wte [ st = [ o

<o f furP e [ kP <+ et
R5 R5
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which together with the boundedness of {u,} in E, implies that |ju;||, > c. Hence

|lu|| > ¢, and then u is a ground state solution to problem (1.1). Thus, the proof
is complete.

3. Multiplicity

In this section, we show that problem (1.1) has an unbounded sequence of critical
values. In order to obtain infinitely many solutions, we introduce the symmetric
mountain pass theorem [17].

Lemma 3.1. Let E be a real Banach space and I € C1(E, R) with I even. Suppose
I(0) = 0 and I satisfies (PS)-condition and

(i) there ewist constants p,a > 0 such that I|pp, > a;

(ii) for all finite dimensional subspaces E C E, there exists an R = R(E) such
that I(u) <0 for u € E'\ By ).

Then I possesses an unbounded sequence of critical values.

Proof of Theorem 1.2. Since F is a reflexive and separable Banach space, there
exist e; C E and ef C E* such that

E =span{e;|i =1,2,....,}, E* =span{efli=1,2,..,},

X 1, i =J,
<€Z- ) ej> = . .
0, i J.
For the sake of convenience, we set E; = span{e;}, i = @le E; and 7, =
@B;2 . E;. 1t is easy to see that I ,(0) =0, and I ,, is even. From (H1) and (H4),
we derive

and

€
[F()] < 5 lul* + clul*.

Hence,

1 a 1 A o
I > = Aul2 + & 2 ,/ 2 / 2
au(u) 2 Q/RJ ul® + 2/Rs Vul™+ 3 - V@)lul™+ 21+ a) \Ups "

b S ,u
e v 2 = 2_ / 5_7/ q
+4(/RS| u|) R Ny A

1
> (5~ 5¢) Il = llul®* = el

Since 2 < s and 2 < ¢, there exists pg > 0 such that for all 0 < p < pg we derive
inf{I ,(u) : [|ul]| = p} > 0. We now assert that I , = —oco as ||u|| = 400, Yu € Yy.
By virtue of hypothesis (H3), we have

) " 1 \ 14+«
Iy, (u) :5/]RS |Au|2 + 5 /]R' |Vu|2 + 5 /R' V(a:)|u|2 + m </}R5 u2>
2

+ - Vu F(u)— = ul|?
t(Lvar) [ orw -2 [

1 A 2(14a) b a M
<l + gy el + Z19ulls - ellul355 - el
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Since Y}, is a finite-dimensional space, all norms of Y} are equivalent. Given ¢q >
2+5a and ¢ > 4, it follows that I ,(u) — —o0 as |lu|| = +00. Notably, I ,(0) =0
and Iy, is an even function. By considering V = Y3 (dim Y = k) and ¥ = E
(codim Y = 0), as well as utilizing the symmetric mountain pass theorem and
Lemma 2.7, we can deduce that for any fixed u € (0,1] and j > 2, there exists a
sequence {uy, C E} such that I] L) =2, I)\H(u/\ . =0, and c\ A 00
Following a similar approach to the proof of Theorem 1.1, for any fixed j > 2, the
sequence {u)\’ #} A,ue(0,1] 18 bounded in F, which implies the existence of a constant

c>0 independent of A and p such that ||u§\ .|l < c. Without loss of generality, let
us assume that uA — ) in E as p— 0. Since I ,(u) < I10(u), we can further
assume that c7 — Co o as A, u — 07, Consequently, we can show that u/\ = ul
in E as \, u — 0“‘7 where u satisfies I’ (u*) =0 and I(u*) = c070. We claim that
cé o —> 00 as j — oo.

Claim: There holds cf) o — 00 as j — oo.

Hypotheses (H1) and (H2) deduce that

D =5 [jauk g [ vl g [ v - [ Fa-1 [ e
25 [ s [ vy [ veoue- [ (e

2] <2 [ e
q q

1
>3 [ (8uR + aVul + V@)l = £ [ Jul =

where V(z) := V(z) — % and cy,,c > 0 are constants. Note that the bounded-
ness of PS-sequence is not hard to verify for energy functionals which satisfy the
famous AR~condition. As a result, with some suitable modification, the methods of
functional I ,, are still valid for H. Without any perturbation, this means that the
functional H satisfies all conditions of Lemma 3.1, and has an unbounded sequence
of critical values denoted by d’, i.e., &/ — +o0 as j — oo. Since c’ > d7, taking

A, — 07, we immediately obtain c7 > dl — 400 as j — +oo. Thus problem
(1.1) has infinitely many sequence of crltlcal values, which completes the proof.
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