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Abstract. We characterize polynomial growth of cosine functions in terms of the resolvent
of its generator and give a necessary and sufficient condition for a cosine function with an

infinitesimal generator which is polynomially bounded.
Key words: cosine functions, resolvent, polynomially bounded

AMS (2010) subject classification: 47D09

1 Introduction

It is well known that the semigroup theory is a useful tool to deal with the first order Cauchy
problems. As an important component of semigroup theory, cosine functions play a similar role
for the second order Cauchy problem. Since M.Sova introduces the concept of cosine function
in 1966, many mathematicians have studied in this field, and many valuable results have been
obtained (see [1-4]).

A classical problem in semigroup theory is to characterize the boundedness of a strongly
continuous semigroup. Recently,(see [5-6])bounded and polynomially bounded semigroups and
groups have been characterized by using only the first and the second power of resolvent of the

generator. In this paper we characterize the polynomial growth of cosine functions in terms of
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the resolvent of its generator and give a necessary and sufficient condition for a cosine function
with an infinitesimal generator which is polynomially bounded.

Definition 1.1. A strongly continuous family {7'(z)};>¢ is called a cosine function, if
{T (1) };>0 satisfies T(0) =1 and 2T (S)T (1) =T(S+T)+T(S—T).

Definition 1.2. Assume that A is closed,A> € p(A) and the resolvent of A satisfies

b
R()LZ,A):l‘l/ e M (1)dx

then A is called the generator of {7'(7)},>0.

We denote by so(A) := inf{a € R : R(A?,A) that is bouned on {ReA > a}} the pseudo-
spectral bound of A.

Definition 1.3. A strongly continuous family {7 () },> is called polynomially bounded if
|7 (2)|| < C(1+1%) for some constant C,d >0 and all ¢ > 0.

In this paper we assume the following conditions hold:

(1) /w (a+is)R((a+ is)?, A)x||Pds < oo, for all x € X,

2) / |(a+is)R((a+is)?,A)y||%ds < oo, for all y € X'

1 1
where a,b > so(A),1 < p,g <oo,—+—=1.
P 4
Definition 1.4. A Banach space is called of Fourier type p if the Fourier transform extends

to a bounded linear operator from L”(R,X) to L(R,X "), where

11
—o =1
P oq

2 Characterization of Polyniomail Growth

Lemma 2.1. Let a be densely defined on a Banach space X, then for every a > so(A) and
x€X, AR(A?,A)x — 0,|A| — oo, ReA > a.

Proof. Leta > so(A).Then there exists a constant M > 0 such that |[R(A2,A)|| < M for all
ReA > a. Let now x € X and ReA > a, then

1
e+ R(A%,A)Ax|| < W(HXH +M||Ax]))

1

AR(A? A)x| =
ARG A =

and therefore we have AR(A% A)x — 0,|A| — oo,ReA > a for all x € D(A).Since D(A) is dense
in X and the resolvent of A is uniformly bouned on ReA > a,this is true for all x € X.
Theorem 2.1. Let a densely defined and closed operator A be the generator of a cosine
function {T (t)};>0. It satisfies the conditions (1) and (2).Assume that ReA > 0 is contained in
the resolvent set of A and there exist ag > 0 and M > 0 such that the following conditions hold:
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(a) |[R(A2%,A)| < %for all A with 0 < Re(A) < ag and for some d > 0.
(b) ||R(A%,A)|| < M for all A with ReAd > ag.
Then
IT@) <N +272)

hold for some constant N > 0 and all t > 0.

Conversely,if {T(t)};>0 is a cosine function on a Banach space with ||T(t)|| < K(1+1¢7)
for every ay > 0,there exists a constant M > O ,such that the resolvent of the generator satisfies
conditions (a) and (b) above for d = y+ 2.

Proof. The idea of the proof of the first part is based on the inverse Laplace transform of
the cosine function. From the condition (a) and (b) we obtained that so(A) < 0. By the condition

(1) and the uniform bounded principle there exists a constant My > 0 such that
I(a+i)R((a+ i), A)xll o x) < Mollx]| (3)
hold for all x € X.Similarly,one obtains by (2) the dual reslut, i.e.,
b+ )R((b+i) A o rxry < MoV, (4)

hold for all y € X'
Let 0 < r < ag,r > a. By the resolvent equality we have

IR((r+i)* A)x|| = [I +a* = 2 [[R((r + i), A) IR ((a + iw)*, A)x]

and hence
IR((r+i@)*A)x| < [1+]|(r+i0)* - (a+io)’[|R((r+i©)*,A)[|[R((a+io)* A)x]
l(a+io)+ (r+io)] M R
< |1 — R )", A
< Dl B IR (et i), A
M .
< [1+2|a—r|]HW]||R((a+za))2,A)xH
. : 1
[1+2’a—rHHW]H(GJFW’)R((%LI@)Z,A)XH’a+iw’
1
. . \2
< [1+2|a—r|m]”(a+lw)R((a+lw) ,A)XHH
M/
< K[l+W]H(a+ia))R((a+ia))2,A)x||,
where we have used (a).Combining this with the estimate (3) ,we find that
- M 1
IR((r =+ ), A)xllr(r x) < MoK[1+ G ]Il < Mi[1+ = Jllx]. (5)
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Similarly,we find that

. ’ / 1
IR+, Ay < M3+~ (6)
and
|(r + i@)R((r + i®)*,A)x|
< [1+|(r+io)* = (a+i0)*|[R((r+io)*A)|][|(r+ i@)R((a+iw)*, A)x|
[(a+io)+ (r+io) M _ Y r+io
< _
< [tla— R e @ 0)R (@t i) AN [
M . .\ r
< R ) _
< [+ 2=l o+ )R ((a i) A |
M ) .
< [1+2‘a V‘W”(a‘f—lw)R((a+lw)2,A)XH
M _ .
< K[+ gllla+io)R((a+io)"A)x|
hence )
. . / M 1
I+ R+ ), Al o) < MoK [+ ]l < Maft 4+ ]l (7)
Similarly
. . / / 1
[(r =+ )R((r+ )% AV | oy < Mol1+ =1l (8)

By the estimates (5),(6), (7),(8)and Cauchy-Schwarz inequality we obtain

/:o|((r—|—ia))zR((r+ia))2,A)2xa)’>|dw
= | Ko+ i@R((r+ 0 A)x, (r+ i@)R((r-+ i0)%,4)y) do
:/_Z’<(r+iw)R((r+iw)2,A)x, (r+io)R((r+io)*,A")y)|do ®)
< |[(r+i@)R((r+i0)* A o (g |+ i@)R((r+ i), ANy e
< MM, &Iy [0+ )

We define
1

- At 2
- /R MARGA AL, (10)

T(t):=

On one hand ,integrate by parts gives

_ At 2 _L/ 2 At
T = o /R L MAROEAAL = [ 2RQ2 A
1
- [AR(AQ MMtz /R  MRIPR(AAP - R(2A)AL
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By Lemma2.1 we obtain

B 1
- 2wt

T(1) /M:re’“[27L2R(7L2,A)2 —R(A?,A)]dA]. (11)

By (5) and (9) the integral of (10) and (11) converge.

On the other hand, by Fubini theorem and Cauchy integral theorem we can easily obtain:

/ e MT(H)dr = E/ e_)”/ (a+iw)e”“T'R((a+iw)?,A)dod:
O 0 —00

+°° e .
— 1 / [/ e*lte*(a+ls)fdt](a+iw)R((a+iw)2’A)dw

21 ) o
1t )R i), A
_ _/ (at+io)R((a+i0)74) | 2r(a2,4).
27 J oo A—(a+io)
By (5) and (9),
| .2 N2 A2
Ty = — | " [((r+io)R((r+iw)”,A)%x,y)|do
o [T R((r+i0)%,4)%x, ) ldo (12)
< e MM XY+ 12 4 gme Ma 1+ =]y

< CE L+ =Pyl
Since this holds for 0 < r < ap, we may choose r = % for t large enough and deduce

(T (D)xy)| < C; el VL + 2712 < ML+ el -
From the representation R(A2,A) = A~ / ; ¢ MT(t)dr, we can obtained the second part of
the theorem easily. "
Corollary 2.1. Let A generate a cosine function {7'(¢)},>0 on the Banach space that has
the Fourier type p. If A satisfies the conditions (a) and (b) of Theorem 2.1 for some d > 0 and
ao > 0 then there exists N > 0 such that ||T ()| < N(142=2) fort > 0.
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