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Abstract. In this paper, we address the problem of exact computation of the Hausdorff
measure of a class of Sierpinski carpets E— the self-similar sets generating in a unit regular
pentagon on the plane. Under some conditions, we show the natural covering is the best
one, and the Hausdorff measures of those sets are euqal to |E|*, where s = dimpE.
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1 Introduction

The Hausdorff measure and dimension are the most important concepts in fractal geometry,
and their computation is very difficult. Recently, in order to study deeply the Hausdorff measure,
the reference [1] gave the notions “best covering" and “natural covering", and posed eight open
problems and six conjectures on Hausdorff measure. Using the notion upper convex density of a
class of self-similar sets, the reference [2] studied a class of self-similar sets-generating in a unit
square on the plane, proved that the natural covering is the best one and the Hausdorff measures

of those sets are euqgal to V2. In this paper, we address the problem of the exact computation
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of the Hausdorff measure of a class self similar sets-generating in a unit regular pentagon on the
plane.
For convenience, we first present some notions that will be used in the rest part of the paper.
Definition 1.  Suppose E C R2, s R, s> 0and § > 0, the Hausdorff measure of the set E

is defined as

HY(E) = (%in})inf{z \Ui|*: |Ui| < 8,E C UU,}
- i=1
where {U;} , is arbitrary covering of the set E; and the Hausdorff dimension of E (denoted by
dimgyFE) is defined as

dimyE = sup{s: H*(E) = oo} =inf{s: H*(E) =0}.

Definition2. Letd >0, s> 0, E C R%, x € E. Moreover, for a convex set U, containing x,

the upper convex density of E at x is defined as

H(ENU
D¢(E,x) = lim sup (7Sx) .
8=00<|U,|<5 Uy |

The properties of the upper convex density are discussed in the reference [5].
Definition 3. (See Fig. 1) Let E( be an unit regular pentagon AjAA3A4A5 on the plane R?,
E be the attractor generated by the iterated function system (IFS) {f;|i = 1,2,3,4,5}, where

f,-(x) =Aix+b;,0< A <1,i=1,2,3,4,5x = (x1,x2) € Ep
(( 1)sin 18°,0)

(( 2)(sin18° +1),0)

((1=23)(2sin18°+1),(1 — A3)cos 18°)

((

=(0

-2
1-4

1 —A4)cos 18°, (1 — Ay)(sin 18° +cos 18°))
, (1 —2As)cos 18°)

Then the self-similar set E is called a Sierpinski carpet generating in a unit regular pentagon,

5
where s =dimyE satisfies ) A’ = 1.
i=1

2 Two Lemmas

In this section, we present two lemmas which will be used in the proof of the main result of

this paper.
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Fig. 1

From the definition 3, it is easy to see that

5 5
U f(E)) cEy and UAE)=E.
i=1

i=1

Let u be the unique probability measure satisfying the self-similar relation and

5
p=Y Auf,
i=1

then E is the support of it and p is a mass distribution on E.
For i =1,2,3,4,5, let E;F; be parallel to the opposite side of vertex A; in an unit regular
pentagon and intersect f;(E), let d; = dist(A;, E;F;) be the distance between point A; and line

E;F;. Denote
d;
fi= =,
cos 18°
if
7-25
9
and 0 < d; < (/5 +1)A;, then the line E;F; doesn’t intersect fi(E) fori,j e {1,2,3,4,5} and

i # j. Assume that u(#;) is the measure of the triangle AA,E;F;. Moreover, we use the notations:

O<li<

du) =2 g0 it faun)}i=1,2,3,45

(7T D gin 540

M, = {(i, )|AiA; is the diagonal of Ey,i,j = 1,2,3,4,5}
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and
M, = {(i,j)|AiAj is the side of Ey,i, j = 1,2,3,4,5}.
That is
My ={(1,3),(3,1),(1,4),(4,1),(2,4),(4,2),(2,5),(5,2),(3,5),(5,3)}
and

M, = {(1,2),(2, 1),(2,3),(3,2),(3,4),(4,3),(4,5),(5,4),(1,5),(5,1)}.

Lemmad4. Let
7-2/5
0</1,-<T\[, 0<s<l1, i=1,234,5.

Assume that K is a nonnegative integer. Then d(,1;) attains its infimum dr(ri?n only at the follow-
ing values of t;:
1-2
(1) ti = Af 2= (i,p) € My, or
2sin 18°
(2)t; =AX min {2sin18°(1—A,)},(i,q) € Ma.
i#4,p7q
Proof. Since E is self-similar, then we need only prove that the result is true when 24, sin54° <

t; <2sin54° for i = 1. Denote

r1 = A1 8in54°, 1, = min{2(1 — A)sin 18°,2(1 — As) sin 18° },
ry = 2sin54° —min{2(1 — A2)sin 18°,2(1 — A5) sin 18°},
r3 = 2sin 54° — max{223 sin54°, 214 sin54° }.

Case 1. d(u,t;) attains its infimum dlglli)n at the interval (r,r3]. In this case, the line E|F;
intersects f>(E) or fs(E). Therefore

t
d(»uvtl) = @
1
A At —2(1—2p)sin18%) 4 u(ty —2(1 — As) sin 18°)

(n+t—r)s
- A+ max{u(t; —2(1—A2)sin18°), u(t; —2(1 — As)sin18°)}
- (nth—r)
- A+ max{u(t; — (1 —22)2sin18°), u(t; — (1 — A5)2sin18°)}
- ri—i—(t] —rz)s

: {lf T }
>ming —, ———— ¢,
ry (t—n)
where
T =max{u(t; — (1 —2A2)2sin 18°), u(r; — (1 — A5)2sin 18°) }.
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This contradicts the assumption that d(u,#,) attains its infimum dl(nli)n at the interval (ry, r3].

Case 2. d(u,t;) attains its infimum dr(nli)n at (r4,2sin54°]. In this case, the line E; F} inter-

sects f3(E) or f4(E), then

d(u,t) = %ﬁl)
A A+ A+ max{u(t —2A35in54°), 1t — 2A45in 54°)
(ra+1t1 —ra)’
- A+ A5+ A +max{p(t; —2A3sin18°), u(r; —2A48in 18°)
- (ra+t —r4)
- A+ A5+ A5+ max{u(fy —2A3sin18°), pu(t; — 2A4sin 18°)

rj+(t1—r4)s
smin{ M 24T
- rary o (=) )

where T = max{u(r; —2A3sin54°), u(r; —2A4sin 18°)}.
Case 3. d(u,r) attains its infimum dlglli)n at (2A; sin54°, r,]. In this case, we have

AL A
d(p,t)=-L>"2

This means that t; = 2(1 — A,)sin18° or t; = 2(1 — A5)sin 18°, and K = 0.
Case 4. d(u,rn) attains its infimum dlglli)n at the interval(r3, r4]. We have
N S N N S N
) = MR WA AR
f o

Therefore,

A/S—*— S+A«S

() = AR
4

1-A 1—-A
This means that t; = — 3 ort] = — 4 ,and K = 0.
2sin 18° 2sin 18°

Similarly, if K >0 and 24" sin54° < #; < AFsin54° , we can prove that d(i, ;) attains its
. ! 1—2A3 1— A4 oo oo
infimum dlgli)n only att; = Alk2sin18°’ Mc2sin o 2AF(1 — A,) sin 18° and 2Af (1 — A5) sin 18°.
LetO< o <1, p<po, a>agy>Ax* If

Lemma 58/,
2\ e
O<x§(a0—) ,
Po
then Py < =
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3 The Main Result

7—2v5
Theorem 6. Let E be a self-similar set defined by Definition 3, 0 < A; < 9\/—
1,2,3,4,5), s =dimy (E) and 0 < s < 1. Moreover, assume the following two conditions
A+ l} 1
< .
(1—1,'—1]')5 — \ 2sin54°
(2) 2(Ai+A;)sin54° < min{2d") sin54°,24'7) sin54°} 75
for (i,j) € My

(i =

> ,fOl’ (la]) EMZ;

are satisfied. Then for any x € E, if the closed convex set U, containing x is the closure Ey of E,

then

_ HS(ENU,) HS(ENEj)
DS E p— p— p—
c(E,) Sup{ AR } (25in54°)°

0<|Uy|

Proof. LetV C R*>,VNE # @ and V C Ey(if not, replacing V by V (" Ep). Denote

B o = sup{d(V).V C Byl

d(V) ==
’V‘S 0<|v|

where ( is the mass distribution of E defined as above. We now prove that if V = Ej then

uv) _ p(Eo)

VR B

dmax

Case 1. VN fi(E) # @ for all i (See Fig. 2). In this case, we can select fine tangent

160y
1401
1201
1001

150

lines of V, denoted by E;F;, such that E;F; is parallel to the opposite side of the vertex A; for

i=1,2,3,4,5. Moreover, denote
d;

f= ——
" cos18°’
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where d; is the distance between the vertex A; and E;F;, then

|V| > 2sin54° —t; —t;, for (i, ]) € My;
5

V)<Y A —p(n) =1-Y u(n)
i=1

Therefore

5
1— t;
kV) _ 2@ o 1= (u) +p@)
|V|S o (2sin54°—t,'—tj)s o (23in54°—t,'—tj)5'

Replacing o by s, a and ag by 2sin54°, p and pg by 1, respectively, in Lemma 5, employing

Lemma 4, we have

W) +uy) o p) +u) {u(t,-) u(tj)}
UR R P

: @O 41 a
> mm{dniin,dnfin} 22

Notice the condition (2), we have

e
248, sin54°,2d1) sins54° |

2sin 54°
oy e [ ) ) LT

= [(25in54°)*] ™ min {dmin,dmin}

. N L +
S[(2sin54°)]l%smin{d(’) cz“)}“:(M) _

min’ “‘min
Po

min{
0<7Li+lj§

This means that the conditions of Lemma 5 are satisfied. Denote w = A; + A j» then

y=0(6)+u(ty) = A +15) = A(ti+1))" = Aw.

Therefore,
uv) o _poy 1
VI$ = (a—w)* ~ (2sin54°)s
That is B
g V) p(E)
TVE Bl

Case 2. There exist only four of five sets f;(E) such that V| f;(E) # &. For convenience,
let fi(E), f2(E), f3(E) and f4(E) be these four sets. Then

‘V’ > 2sin54° — 1 — 13,
‘V’ > 2sin 54° — 1 — 1,
|V| > 2sin54° — 1) — ta,;



34 C.Y. Zengetal : Hausdorff Measure of Sierpinski Carpets Basing on Regular Pentagon

and
p(V) <1—p(h)—u(ts),
p(V) <1—u(t) — pla),
p(V) <1—p(t) — pults)
So,

|V| 22sin54o—ti—tj
,fOI' (la]) € M,

pu(V) <1—p(t)— puy)

where M3 = M \{(2,5),(5,2),(3,5),(5,3)}.
Therefore,
pOV) 1= (u) +p()
V|s = (2sin54° —1; —1;)*’

(17]) GM:;.

Employing Lemma 5, we get
pv) o 1
[V]$ — (2sin54°)s"

That means that the result is still true.
Case 3. There exist only three of five sets f;(E) such that V() f;(E) # @. In this case, there
exists (ig, jo) € M) such that

V() fio(E) # @ and V() fj,(E)
Similar to the proof of Case 2, we deduce that

[J(V) < 1_(“ Z,O)-i-,u t]o)
VI$ — (2sin54° —t;, — tj,)*

This combining with Lemma follows that

plv) _ 1
[V]s — (2sin54°)s

Case 4. There exist only two of five sets f;(E) such that V() f;(E) # @. Therefore, we

can assume that there exists (i, j) such that

V(O fi(E)#£@and V(\fi(E) # 2

If (i, j) € M,, then we get the required result by Case 3. If (i, j) € M», and assume (i, j) = (1,2),
then

pV) <A +A4 —u(t) —u) <A +A4
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and J J
1 2

Vi>1-— — >1-4—A.

= cos54°  cosS54° — : 2

From the condition (1), we have

pOV) - A+A
VI = (1= —A)® = (2sin54°)

Case 5. There exists only one of five sets fj(E) such that V) fi(E) # @, for example,
VN fi(E) # @. Notice the function of amplification of f,~ ! and

RVNAE) _ pUH(VNAE))

VNAAE)P ACIVNAE)L

Denote V' = £, (VN fi(E)), we can assume

VHE) # 2.V HE) #2

for some (i, j) and the density is invariant, if not, then take f; '(V') as V'. Similar to the proof
of above case, we get the required result.

Therefore, ~
#(V) _ H(Eo)
Vs ol

dmax -

we finish the proof.

By the definition of probability measure, we know that there exists a constant C such that

1L =CH". So
_ H(ENU.
Dee) = sup { UL
0<uty| |UX|

attains the supremum at the set E.

Combining Theorem 2.3 in reference [3] and Proposition 2 in reference [4], we get

HS(EmUx)} _ H'(ENEy)

D(E,x) = = —
c(E.x) SuP{ U (25in54°)"

0<Juty|

Employing Theorem 6, we have the following corollary.
Corollary 7. If the assumptions in Theorem 6 are satisfied, then E is the “best covering"
of E. That is
H(E) = |Eo|* = (25in54°)*,

where s =dimy (E) satisfies

S
Y a=1
i=1
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4 Examples

1 1
Example 8. LetA, =A== =As= 35 then s = 5 Moreover, we have

h A2 gost0< = 07862, for (i) € Mo
( (l—li—lj)s_23rv ' =\ 2sin54° ] — , for (i, j) € Ma;

(2) for(i, j) € My,2sin54°(A; 4 A;) ~ 0.1294,

5 (2sin54°\*
) = (%) ~ 0.2596,

1
min {2sin54° -} 25in54°-dl)) 1

1

(2sin54°) 1\ T
< 24s

Hence, the assumptions of Theorem 6 are satisfied. Therefore,

H’(E) = (2sin54°)° ~ 1.272.

1

1
Example 9. Let A} = A3 = As = a5 M=M= 35 Ai =1, then 2(21_5)S+

5
Since
i=1

1)* 1
3 (6—;5)5 = 1. Denote x = <E> ,then 3x> +2x— 1 = and s = Elogs 3. Then,

1logs 3
1 s 1 5 1085
(1) (7> = <7> =0.7862, and for (i, j) € M>,

2sin 54° 2sin 54°
s s 1\% 1\%
A+ (55) +(s)
- = ; - ~ (0.6859,
(1 Ai Aj) (I_E_ﬁ
s s 1)\*% 1\¢
or KA () + (e ~ 0.4768
K 1 1 ~ )
(I=A=24)  (1—5—53
s s 1 \¢ s
or A +)Lj = (@) +(&) ~ 0.2225
(1=24—A) (1—ge—ZL)s 7

(1- 625~ 625
(2) for (i,j) € My,2sin54°(A; 4+ A4;) ~ 0.0337 or 0.0052,

. ° llog3
2 S
dV —g® _ 4 _ (231“54 > ~0.1309,

min min min 624
. ° 1 log 3
(2 (4 2sin54 27785 ~
dmizl = dmizl = <T - 039827

1
min {2d{), sin54°, 240, sin54° |
— ((25in54°)-0.1300) 5 = 0.0944,
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So the assumptions of Theorem 6 are satisfied. Therefore,

logs‘/g

H’(E) = (2sin54°)" = (2sin54°) ~ 1.183.
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