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Abstract. In this paper, we will discuss the behavior of a class of rough fractional inte-
gral operators on variable exponent Lebesgue spaces,and establish their boundedness from
)7410) (R") to LP20)(R").
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1 Introduction and Main Results

In 1931, the variable exponent Lebesgue space has been first proposed in [1] by Polish
mathematician Orlicz. In the last years the space has attracted more and more attention, see
for example [1-5]. The main motivation for studying the space is applications to models of
elasticity theory, fluid mechanics and differential equation with non-standard growth, see for
example [6-8].

Let §"~! denote the unit sphere in the Euclidean n-dimensional space R”. Suppose that
Qels (), s> —

operator Tg o with a rough kernel is defined by

Towf(x) = / Qx—y)

R [x—y [

, 1s homogeneous of degree zero on R". Then the fractional integral

f(y)dy,
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and in the case Q =1, T o is the fractional integral operator (or Riesz potential operator)

_ SO
f()= [

The corresponding fractional maximal operator with a rough kernel is defined by
Moaf () = sup g 100|109 | v
0>x ‘

In fact,we can easily see that when Q = 1, Mg q is just the fractional maximal operator

My, :
) = sup g L1500 1y

especially in the limiting case o = 0, the fractional maximal operator reduces to the Hardy-
Littlewood maximal operator.

It is well known that Calderén and Zygmund® have proven the fractional integral operator
Tq,q with a rough kernel is bounded on L”. It turns out that such kind of operators are much
more closely related to elliptic partial differential of second order with variable coefficients. For
0 < a < n,Muchenhoupt and Wheeden!!” proved the boundedness of Tq,q with power weights
from L? to L9. In [11] Ding, Chen and Fan gave the boundedness properties of Tg o on Hardy
Spaces. However, the corresponding results for T o have not been proven on variable expo-
nent Lebesgue spaces. Similarly,Diening? discovered the Hardy-littlewood maximal operator
is bounded on L”()(R"), and Cruz-Uribel! investigated the boundedness of M, on L) (R™), but
the boundedness of Mg o has not been studied.

Before stating our main results, let us recall some notations and definitions.

Definition 1. Suppose p(-) : R" — [1,00) is a measurable function for some A > 0, then the

variable exponent Lebesgue space LP(") (R") is defined by

LP(')(RH) = {f is measurable :/R (| f(x) | /QL) )dx < oo},
with the norm
Il ey = inf{2 > 0: [ (1) | /2)ar <1},

We denote

p— =essinf{p(x) : x € R"}, p+ =esssup{p(x) : x € R"}.

Using this notation we define a class of variable exponent

P(R") ={p(:) : R" = [l,e0), p_ > 1, pi <eo}.
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The exponent p/(-) means the conjugate of p(-), namely 1/p(x)+ 1/p’(x)=1 holds.
Definition 2. Let f € L. .(R"), then the Hardy-Littlewood maximal function of f is defined
by

1
= sup — dy.
M f(x) §1615|Q|/Q!f(y)\ y

It is well known that the boundedness of the Hardy-Littlewood maximal operator on Lebe-
suge spaces plays a key role in analysis. So does it on the variable exponent Lebesgue spaces.Let
B(R") be the set of p(-) € ®(R”) such that M is bounded on LP()(R™). In this paper we state
some properties of variable exponents belonging to the the class B(R"). Finally, we point out
that C will denote positive constants whose value may change at different places.

Proposition 1. If p(-) € ®(R") satisfies

—-C
| p(x)—p(y) I< ozl x—y )’ |x—y|<1/2, (1)
| p() = ) |[€ —————, |y |>] x| 2)
~log(e+[x|)” 7 T

then we have p(-) € B(R").

Recently, Mitsuo Izuki has proved the boundedness of the fractional integral operator I, as
below.

Theorem A, Suppose that p(-) € ®(R") satisfies conditions (1) and (2) in Proposition
1. Let 0 < oo < n/(p1)+, and define the variable exponent p;(-) by

Then we have for all f € LP'U)(R"),

HlafHLm(-)(Rn) < CHfHU’l(')(R")'

Now we are to popularize Theorem A in some conditions. In this paper, we will discuss the
boundednedness of Tg o and Mg ¢ on variable exponent Lebesgue spaces. We can get Tg o and
Mg ¢ are bounded from L7 ()(R") to LP20)(R™).

We have the following results.
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Theorem 1.  Suppose that p,(-) € ®(R") satisfies the conditions (1) and (2) in Proposition
1. Let 0 < oo < n/(p1)+, and define the variable exponent p;(-) by

—_—
—_—

~—
S
[\S)
—
=
~—
=

Pl(x

Then we have that for all f € LP'()(R"),

1Mo.afll a0 ey < IS o e

Theorem 2. Suppose that p,(-) € ®(R") satisfies the conditions (1) and (2) in Proposition
1. Let 0 < ot < n/(p1)+, and define the variable exponent ps(-) by

[um—
[um—

~—
S
o
—~
=
~—
S |

pi(x

Then we have that for all f € LP'()(R"),

HTQOCfHLpz(-)(Rn) < CHfHLm(-)(Rn)-

2 Some Lemmas and proof of Theorems

Lemmal. Given0O<a<n,l<s <n/a, Q¢cL(S"") is homogeneous of degree zero
onR" If1/s+1/s' =1, then

| Mo (9) 1= €@ sty (M (| £ 1))

Proof of Lemma 1. By Holder’s inequality, we have

M) 1= sup i [ 100 | =) |y

Bx‘

/s 1/s
sz ([ 1amPar) x( [ 17601 o)
QS)C|Q|1

1/s
S CHQHLS(Sﬂfl)Supﬁ </ | f X — y |S dy>
0>x ‘ 0 ’

= Cl QI 51y (Mas | ("))
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Lemma 28!, Suppose that p(-) € ®(R") satisfies the conditions (1) and (2) in Proposition
1. Let 0 < o < n/(p1)+, and define the variable exponent p,(-) by

Then we have for all f € LP'1)(R™),

HMOtfHLpz<-)(Rn) < CHf”un(d(Rn)-

Lemma 3. Given p(-) : R" — [1,00) such that p, < oo, then ANl o ey < Ch if and only
if |f] O®Y) < Cy. In particularif either of the constants C,C, equals 1 we can take the other
equal to 1 as well.

Remark.  We denote | f|;»0)gn) = /R ) | F(y) |P) dy.

Lemma 42

constant C = C(a,n,€), such that for all f € L. (R") and x € R",

loc

Given a, 0 < a<n, fixg, 0 < & <min(et,n — ). Then there exists a

(ST

‘ TQaf(x) |< CMq,g—ef(x)] : Moo ref(x)]2.

Lemma 5. Given p(-) : R" — [1,0), we have that for all functions f and g,

S 10800 4 < Ul oy I8y

Next we will prove our main results.
Proof of Theorem 1. By Lemma 1 ,we have

/

X s p2(x)/s
[ (Moot n o (Mar (IO
n 2, - R" )L )

Since
1 1
pi(x)  pax) '
we can get
s s B as’
pi(x) palx)  n’
and

/ (x)/s'
M p2(x) , K} P2
{7L>O: <Q—vaf) dx<l}2 A>0:C (M) de<1y,
R)l Rn
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such that

p2(x) / J p2(x)/s'
inf{7L>O: <MQ’°‘f) dxgl}ginf A>0:C (M) <1l
R” R~

A
hence by Lemma 2,we have
||MQ,(xf||U’2(-)(Rn) < CHMas’(| S |S/)||Ufz<~)/s’(Rn)
<CIF T Mmooy

< CHfHLm(-)(Rn)-
Proof of Theorem 2.  Fix f € LP')(R"), without loss of generality we may assume || f|| L ORY) =
1.Since (p2)+ < oo, by Lemma 3 it is sufficient to prove that |To, o f|1 gy < C.
Fix €, 0 < € < min(o,n — &) such that
2
! 3)
grJy 4
n
and define r(-) : R" — [1,4o0) by

2
r(x) = -
8£2+1

Then by (3) we have r_ > 1. Moreover, by elementary algebra, for all x € R",

1 o— &

pi() Lt T e )
1 1 o+ &€

pilx)  Zpld o )

so that by Lemma 4

/Rn | To.of (x) |P2(X) dx < C/Rn [Mgﬂ,gf(x)]m(x)/z[Mg7a+gf(x)]p2(x>/2dx.

By Lemma 5 ,then

(%)

1] 1G]
/R" | Ta,of(x) ’pz(x) dr < Cl|[Mo,a—ef(x)] HL’('>(R")H[MQOC-&-SJ[(X)] : ”Lr/<->(Rn)-
Without loss of generality, we may assume that each term is greater than 1, since otherwise

there is nothing to prove. In the case, by the definition of each norm we may assume that the
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infimum is taken over values of A greater than 1. But then, since for all x € R" and A > 1,

A2/pa(x) > 12/(!’2%’ we have

) r(x) r(x X
/ Mo.o—ef(x)] 2 G / Mo ef(x)\ P )/2dx
n A o n A2/p2(x)
_ / Moo ef (x) V(X)pz(X)/de.
- n 2’2/(]72)+
Therefore, by (4) and Theorem 1, we have
LU 2 2
[Mo,a—ef(X)] 2 ([0 @ < [Ma,a—ef(x )H’L’f(tﬁz /2 (g Cllf\lﬁi.*/ <C.
In the same way, we have
) r'(x) ' (x)pa(x
/ Mogeef @)\ [ (Moest e
n A o n A2/p2(x)
_ / Mo gref (x) r(X)pz(X)/zdx.
- n 2’2/(]72)+
Therefore, by (5) and Theorem 1, we have
LU 2 2
1Mo.aref () e oy < IMoare S O oy < CUAEE gy <€

Hence
ITa.af|rm®r) :/R | To.af(x) W dy < C.

This completes the proof.
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