Anal. Theory Appl.
Vol. 27, No. 1 (2011), 1-9
DOI10.1007/s10496-011-0001-2

BMO SPACES ASSOCIATED
TO GENERALIZED PARABOLIC SECTIONS

Meng Qu
(Anhui Normal University, China)
Xinfeng Wu

(China University of Mining and Technology, China)

Received Oct. 4, 2008
(© Editorial Board of Analysis in Theory & Applications and Springer-Verlag Berlin Heidelberg 2011

Abstract. Parabolic sections were introduced by Huangm to study the parabolic Monge-
Ampere equation. In this note, we introduce the generalized parabolic sections P and define
BMO% spaces related to these sections. We then establish the John-Nirenberg type inequal-
ity and verify that all BMOg) are equivalent for g > 1.
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1 Introduction

In 1996, Caffarelli and Gutiérrez!! studied the real variable theory related to the Monge-
Ampere equation. They define sections to be a family of convex sets F = {S(x,7) :x € R" and 7 >
0} in R” satisfying certain axioms of affine invariance. In term of these sections, they set up a
variant of the Calderén-Zygmund decomposition by using the covering lemma and the doubling
condition of a Borel measure p; this decomposition is very important in studying the linearized
Monge-Ampére equation?. As an application, they defined BMO«#(R") and showed the John-
Nirenberg type inequality. Hardy space H}(R”) associated to sections was established by Ding
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and Lin*. They also showed that the dual space of H(R") is just the space BMO(R") defined
in [1] and the Monge-Ampere singular integral operator is bounded from H1(R") to L' (R").

On the other hand, to study the parabolic Monge-Ampere equation, Huang[s] defined the
parabolic sections and proved the Besicovitch type covering lemma and Caldrén-Zygmund de-
composition associated with these sections.

So a natural question arises: is there a theory of Hardy and BMO type spaces associated to
the parabolic sections? In the present note, we want to deal with this problem. More precisely,
we introduce the generalized parabolic sections P and define BMO% spaces associated to these
sections. We then establish the John-Nirenberg type inequality and verify that all BMO%D are
equivalent for ¢ > 1. We remark that Hardy spaces for the generalized parabolic sections have
been developed in [6].

Now we give the definition and basic properties of the generalized parabolic sections. Sup-
pose ¢(z) : [0,00) — [0,e0) is @ monotonic increasing function satisfying

(p(O) =0, limq)(t) =% (p(zt) < Cq)(t),

[—o0

where C is a constant depending only on ¢. Define the generalized parabolic sections by
Qop(z,r) = S(x,r) x (t — @(r)/2,t + ¢(r)/2), where S is the (elliptic) sections. Note that if
¢(t) =1, then this definition coincides with that used in [5]. Since we can choose @(¢) to be any
polynomial in # with nonnegative coefficients and without constant term, thus our definition of
parabolic sections are more general. Throughout this paper, we will work for a fixed function
¢ described as above. Thus we use Q(z,7) to denote the generalized parabolic section without
specifying ¢. The generalized parabolic sections have the following properties.

(A) There exist positive constants Kj, K>, K3, € and & with the following property: Given
two sections Q(zo,rp), Q(z,r) with r < rg and T, an affine transformation that normalizes
Q(z0,r0), if

Q(20,70) N Qz,r) # 0,

then there exists 7 = (¥',#') € B(0,K3) such that

B(kaGe) < (V=50 +5) < Teen)

C B(x’,Kl(é)g/l) X ([’_$71'+M>7

ro 2rg

(1.1)

and

1
T,z = (Tx,t') € B(xl’i Z(L)82> x {t'}.
ro
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(B) There exists 6 > 0 such that for a section Q(zo,r) and z ¢ Q(zo,r), if T, is an affine

transformation that normalizes Q(zo,r), then
K(T,(2),€%) N T,(Q(z0,(1—€)r)) = 0, for 0O<e<l.

(©) N=0Q(z,r) = {z} and Up=0Q(z,r) = R".
The measure M is defined by dM = du ® dt, where u is the Borel measure on R” used in
[5] and assumed to have the doubling property

1(S(x,2t)) <Cu(S(x,t)) for all section S(x,)
and satisfy p(R") = co. From this, we can easily see
M(Q(x,2r)) < C'M(Q(x,r)) and M(R"™) = oo, (1.2)

Now we are ready to give the definition of the space BM O?P. Below the generalized parabolic
sections are often called parabolic sections for simplicity. For 1 < g < oo, we say that f € BMO%;

if there exists a constant C > 0 such that

1 . 1/q
(W [ 17 fol dM<z>) <c (1.2)

for every parabolic section Q, where
fo=210)"" [ r@a().

The “Norm” of f in BMO%D is the smallest constant appearing in (1.3) , and it is denoted by
£ llg.«- When g =1, we use BMOp and || -||.. to denote BMOy, and || - [ . respectively.

Our first result is the following John-Nirenberg type inequality.

Theorem 1.1. There exist positive constants Cy, Cy which depend only on the measure M

such that for every f € BMO<9 and continuous we have

(@1l
M(Q)/er<cl 17T )dM(Z)SCZ

for every section Q.

Our second result is the equivalence of all BMO% spaces which is used in proving the dual
theorem in [6].

Theorem 1.2. Forany 1 < g < e, BMOL(R""!') = BMO»(R").

Finally, we would like to point out that the main idea used in this paper is taken from [3] and

[1].
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2 Proof of Theorem 1.1

We may assume that || f||. = 1. We shall show that there exist positive numbers € < 1 and

M depending only on the measure M such that

M{z€Q:[f(z) - fol > 1} <eoM{z € Q:[f(2) — fo| > 1 —M} (2.1)

for every parabolic section Q and every t > M. Let us fix a parabolic section Q and set

A={z€Q:[f(2) = fol > 1}, B={zcQ:|f(z) = fol >1—M}.

The following Calderén-Zygmund decomposition is showed in [1] for the sections, but the
argument also works for the generalized parabolic sections. Similar decomposition is also ob-
tained in [5] to prove the parabolic Harnack inequality.

Theorem 2.1.  Given a bounded open set O and 0 < A < 1, there exists a family of parabolic

sections P={Q(zx, 1) }5_, with the following properties:
o Nno
() o < M

1 1(QOx)
(b) O C UrOx.

(€) M(0) < oM(UrQx) where & = 6(6,C2) < 1 and C; is a constant depending only on
the parameters in (A), (B), (C) and dimension.
(d) If T > 0 is sufficiently small and Qf = Q(zx, (1 — 7)), then

< 6, C1 > 0 depending only on C in (A).

1
Z%Qm(l _eyr) (2) < Klog Pt
k

and

5 _MEino) o
o M)
where K is a constant depending only on the constants in (A) and (B) and ¢, depends only on
the doubling constant in (1.2).
Let 0 < 6 < 1 and {Q(zx,7%)};, be the decomposition of the set A given by Theorem 2.1.
We then have

(1) There exists C; > 0, depending only on the doubling constant of M such that

9] A
c1 M(Qx)
(2)AC U?;]Qk;
(3) For 0 < 7 sufficiently small the family Qf= Qi (z, (1 — 7)t), k = 1,2,--- , has bounded

overlaps; i.e.,

|
Y xo:(z) <Klog—,
% T



Anal. Theory Appl., Vol. 27, No.1 (2011)

and 5 M(QINA)
N

— <=k T <,

o TN

Pick € > 0 sufficiently small such that

8§min{£,£}<6§1—8.

Cc1 C
Then M(OF A
NA M
e < M@NA) MOINA) |

Qk Qk
We claim that M(OF )

NB £

AL S AN P Vk>1.
Qlﬂg > 27 iy

Denote g(z) = f(z) — fp and note that (2.2) is equivalent to

M(QFN{z€Q: s <t-M}) _e
o; -2

Suppose on the contrary that the claim is false. Then there exists m such that

MQLN{zeQ: gl <r—M}) &
0, 2

Note that for any parabolic section Q’, we have

82)—g, =)~ 1,
and consequently, ||g[[« < [[f]l« < 1.
Let

We have the following possible cases:

M
) l—jﬁfé’m\<t-

_ M
(3) |&m| >1.
4) |gm|<t—M.
In the first case we have
1
> Z) — &n|dM
os) /Q% 18(2) — 2nl
1
> e e
M(QF) Jognizeis(z)<i—
S MMQ;N{z€Q:g(x)| <t —M}) Me
T2 M(Qr) — 22

1 18 = [l [ax¢
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by (2.3). In the second case we have

1 -
- m/@z 8(2) = &m|dM = M(Qm)/m |18(z)] = || [dM

| MM(QENA) M
2 M(QF) 2

by the property (3) of the decomposition. In case (3), we have

_ —g,|dM
M0 /an 8(2) — &ml

1
— 18| ldM
M(QF) /anﬂ{zeQ:g(Z)lﬁt—M} Hg(z)\ & H
M@ N{zeQ:[g(@)| <t—M}) &

>M
- M(Q7) -2

by (2.3). Finally, in case (4) we have

1
1>
— M(Q7) Jo

18(2)~ nldM(2) > (QT)/Qmug@)\—\gmudw)c)

m

T
M(an)
obtained by the property (3) of the decomposition. Therefore, if M is large enough (depending

>Me

only on the size of €) we get a contradiction which proves the claim (2.2).

We now write
M(QENB) =M(Q;N{z € Q:1—M < |g(z)] <1}) + M(Q,,NA).
Hence, by (2.2) and the choice of € we obtain

(1= IM(Q) < M(QF N {z€ Qi1 =M <[g()] <1})+ (1 - €)M(Q}),

i.e.,
€
M(Qin{z e Q:1 =M <[g()| <1}) > (1 - 5)M(Q%)-
Summing the last inequality over k, using Theorem 2.1 and the bounded overlaps we obtain
1
Klog ~(M({z € Q:[g(0)| > 1 —M}) = M({z € Q:[g(z)| > 1}))
1
=Klog _M({z€ Q:1-M <|g(z)| <1})

2ZM(Q,ZO{ZE Q:1—M<|g(z)| <1})

> = ZMQk UQk> 51M()

2
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Hence,
M(A) < &M(B)
£ 1 -
with gy = <1 + 5 (80K log ;)—1

The inequality (2.1) implies that

M{z € Q:g(2)] > M+kM}) < eM({z € Q: |3(2)| > M}) < egM(Q) (2.4)

fork=0,1,---.

We write
[ exw(@lg@Dadt =a [ e M({ze 0 lg()] > 1}
0 0

M (oo}
-« /0 MM({z € Q: [g(2)] > 1})dr + /M M{z € Q: [g(z)] > 1})dr
= [+1I.

Clearly I < CM(Q). On the other hand,
1] — eaM/ e"M{z€Q:g(z)| >M+1})de
0
e (k+1)M
= Z /kM " M({z€0Q:|g(z)| >M+1})dt
=0

< MM Y HN({z € 0 Jgla)] > M+1})
k=0

< MethM Z eakMS(])(M(Q).
k=0

Since g < 1, g = e % with Ay > 0, by taking o < A the series converges and we obtain the

desired result.

3 Proof of Theorem 1.2

By Holder’s inequality, it is easy to see BMOZL(R™™) C BMUO»(R"™!). On the other hand,
we assume that f € BMOgp(R™!) with ||f|l. = 1. Then we can take positive numbers & < 1
and I depending only on the constant in (1.2) and the constants in the properties (A) and (B)
of the parabolic sections, such that, for any parabolic section Q € P and each k=0,1,2,---, by
(2.4)

M({z€ Q:1f(2) =mg(f)| > T +4T}) < egM({z € Q: |f(z) —mo(f)| > T}). (3.1)
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Thus
1
o) /Q 1£(2) — mo(f)|dM(2)
:@ /0 @™ M{z € Q: |f(2) —mo(f)] > a})dex
:@ /0 Lo Mz € 0 £(2) — mol)] > a})da
+ @ /F " M({z € Q: [f(2) —mo(f)| > a})dax

=0h+D.

‘We have

4 b . — o
Ilgm(Q)/Ooc do-M(Q) =T < oo,

On the other hand, by (3.1) and & < 1,

L= % /Ow(a+r)q—‘M({z € Q:|f(z) —mg(f)| > a+T})da
q v (KT q-1
:W;{)/ﬂ" (a+D)"" M({z€ Q:[f(z) —mo(f)| > a+T})da
= ME]Q) ,i;)((ﬂ DE+T)"M({z € Q: |f(z) —=mo(f)| > kT +T})-T
< M(QQ) ;<k+2)q—1[‘qggjv[({z €Q: ‘f(Z) _mQ(f)’ > F})
< gl Y (k+2) e < I,

T
(=)

Then by (3.2), we conclude that BMOZ(R""!) 5 BMOx(R"™!) and Theorem 1.2 follows.
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