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1 Introduction

We will work on Rn, n ≥ 2. Let Ω be homogeneous of degree zero, integrable on the unit

sphere Sn−1 and have mean value zero. Define the singular integral operator T by

T f (x) = p.v.

∫

Rn

Ω(x− y)

|x− y|n
f (y)dy (1.1)

and the corresponding maximal operator T ∗ by

T ∗ f (x) = sup
0<ε<N<∞

|Tε ,N f (x)|, (1.2)

where Tε ,N f (x) is the truncated operator defined by

Tε ,N f (x) =

∫

ε<|x−y|≤N

Ω(x− y)

|x− y|n
f (y)dy. (1.3)

Definition 1. The space BLO(Rn) consists of all f ∈ L1
Loc(R

n) such that

‖ f‖BLO(Rn) = sup
B

(mB( f )− inf
x∈B

f (x)) < ∞,
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where the supremum is taken over all balls B and mB( f ) denotes the mean value of f on the ball

B, that is, mB( f ) =
1

|B|

∫

B
f (x)dx.

Definition 2. Let Ω ∈ L1(Sn−1), define the L1 modulus of continuity of Ω as

ω(δ ) = sup
|ρ|≤δ

∫

Sn−1
|Ω(ρx)−Ω(x)|dσ(x),

where |ρ | denotes the distance of ρ from the identity rotation, and the supremum is taken over

all rotations on the unit sphere with |ρ | ≤ δ .

Definition 3. As usual, a function A : [0,∞)→ [0,∞) is a Young function if it is continuous,

conex and increasing satisfying A(0) = 0 and A(t) → ∞ as t → ∞. We define the A-average of a

function f over a ball B by means of the following Luxemburg norm

‖ f‖A,B = inf{λ > 0 :
1

|B|

∫

B
A

(

| f (y)|

λ

)

dy ≤ 1}. (1.4)

The following generalized Hölder’s inequality holds:

1

|B|

∫

B
| f (y)g(y)|dy ≤ ‖ f‖A,B‖g‖A1,B, (1.5)

where A1 is the complementary function associated to A (see[4][5]).

Definition 4. For a suitable Young function A and its complementary function A1, we say

f satisfies A
q
1-condition if it satisfies

1

|B|

∫

B
A1

(

| f (y)−mB( f )|q

C

)

dy ≤C1,

where q ≥ 1, C and C1 are positive constants.

For a Young function A(t) = t log(2 + t), its complementary function A1(t) ≈ exp t, Hu

Guoen and Zhang Qihui[2] proved the following theorem:

Theorem A. Let T ∗ be the maximal singular integrable operator defined by (1.2), Ω be

homogeneous of degree zero, integrable on the unit sphere Sn−1 and have mean value zero.

Suppose that for some q > 2, Ω ∈ L(log L)q(Sn−1), namely,
∫

Sn−1
|Ω| logq(2+ |Ω|)dσ(x) < ∞,

and the L1 modulus of continuity of Ω satisfies

∫ 1

0
ω(δ ) log(2+

1

δ
)
dδ

δ
< ∞.

Then for any f ∈BMO(Rn), T ∗ f (x) is either infinite everywhere or finite almost everywhere.

More precise, if f ∈BMO(Rn) such that T ∗ f (x0) < ∞ for some x0 ∈ Rn, then T ∗ f (x) is finite

almost everywhere, and

‖T ∗ f‖BLO(Rn) ≤C‖ f‖BMO(Rn).
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In this paper, we consider the general case and q > 1. Our main result is stated as follows.

Theorem. Let A(t) be a Young function and A1(t) be its complementary function. Suppose

that

∫

Sn−1
A(|Ω(x)|)dσ(x) < ∞ and the L1 modulus of continuity of Ω satisfies

∫ 1

0
ω(δ ) logp(2+

1

δ
)
dδ

δ
< ∞.

If f ∈ BMO(Rn) and f satisfies A
q
1-condition such that T ∗ f (x0) < ∞ for some x0 ∈ Rn, then

T ∗ f (x) is finite almost everywhere, and

‖T ∗ f‖BLO(Rn) ≤C‖ f‖BMO(Rn),

where p,q > 1 and
1

p
+

1

q
= 1.

Remark 1. et us compare the above theorem with Theorem A. We consider the case where

q > 1 and the pair (A(t),A1(t)) is a general complementary pair of Young functions. In Theorem

A, the power q > 2 and (A(t),A1(t)) is a special pair of Young complement. But the assumption

on ω(t) in our theorem is a little bit stronger than that of Theorem A. The following are two

examples pairs of Young complements:

Example 1. A(t) = t(1+ ln+ t)α , α > 0. The complement of A(t) is A1(t) ≈ et1/α
.

Example 2. A(t) = t ln ln(100+ t). The complement of A(t) is A1(t) ≈ eet

.

2 Proof of Theorem

We begin with some preliminary lemmas.

Lemma 1. Let p,q > 1 and
1

p
+

1

q
= 1, b,m > 0. Then we have

b ≤ mp + m−qbq.

Lemma 2[3][5]. Let A(t) be a Young function and A1(t) be its complementary function. Then

for any 0 ≤ t1, t2 < ∞,

t1t2 ≤ A(t1)+ A1(t2).

Lemma 3. Suppose Ω is homogeneous of degree zero, and satisfies

∫

Sn−1
A(|Ω(x)|)dσ(x) <

∞. Then there is a positive constant C such that for any f ∈ BMO(Rn), f satisfies A
q
1-condition

and r > 0,

sup
R≥2r

∫

R−r≤|x−y|<R

|Ω(x− y)|

|x− y|n
| f (y)−mB(x,r)

( f )|dy ≤C‖ f‖BMO.

Proof. Without loss of generality, we may assume that ‖ f‖BMO = 1. For each fixed R ≥ 2r,

write
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∫

R−r≤|x−y|<R

|Ω(x− y)|

|x− y|n
| f (y)−mB(x,r)

( f )|dy

≤

∫

R−r≤|x−y|<R

|Ω(x− y)|

|x− y|n
| f (y)−mB(x,R)

( f )|dy

+|mB(x,R)
( f )−mB(x,r)

( f )|

∫

R−r≤|x−y|<R

|Ω(x− y)|

|x− y|n
dy

= B1 + B2.

Recall that |mB(x,R)
( f )−mB(x,r)

( f )| ≤C log R
r
, where C is a positive constant. Thus,

B2 ≤C
1

(R− r)n

∫

R−r≤|x−y|<R
|Ω(x− y)|dy log

R

r
≤C

Rn−1r

(R− r)n
log

R

r
≤C.

To estimate B1, Lemma 2 gives that for R ≥ 2r,

B1 ≤
C

(R− r)n

∫

|x−y|<R
A1

(

| f (y)−mB(x,R)
( f )|

C1

)

dy

+
C

(R− r)n

∫

|x−y|<R
A(|Ω(x− y)|)dy

≤C
(R)n

(R− r)n
≤C.

This completes the proof of the lemma.

Proof of Theorem. It suffices to show that there is a positive constant C such that for any

ball B,
1

|B|

∫

B
T ∗ f (x)dx ≤C‖ f‖BMO(Rn) + inf

y∈B
T ∗ f (y). (2.6)

We now prove (1.6). Let f ∈BMO(Rn), without loss of generality, we may assume that

‖ f‖BMO(Rn) = 1. For each fixed ball B = B(x0,r), set

f1(x) = ( f (x)−mB( f ))χ6B(x), f2(x) = ( f (x)−mB( f ))χRn\6B(x).

The vanishing moment of Ω implies the following pointwise inequality

T ∗ f (x) ≤ T ∗ f1(x)+ T ∗ f2(x).

The L2(Rn) boundedness of T ∗ via the Hölder’s inequality tells us that

1

|B|

∫

B
T ∗ f1(x)dx ≤C

(

1

|B|

∫

(T ∗ f1(x))
2dx

)
1
2

≤C

(

1

|B|

∫

B
| f (x)−mB( f )|2dx

)
1
2

≤C.
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It remains to deal with T ∗ f2(x). Set

Tε ,∞ f (x) =

∫

|x−y|>ε

Ω(x− y)

|x− y|n
f (y)dy.

Note that for y ∈ B,

T ∗ f2(y) = sup
0<ε<N<∞

|Tε ,N f2(y)|

≤ sup
ε≤r

0<ε<N<∞

|Tε ,N f2(y)|+ sup
ε>r

0<ε<N<∞

|Tε ,N f2(y)|

and

sup
ε≤r

0<ε<N<∞

|Tε ,N f2(y)| = max

{

sup
0<ε≤r<N<∞

|Tε ,N f2(y)|, sup
0<ε<N≤r

|Tε ,N f2(y)|

}

.

An easy computation shows that for y ∈ B,

sup
0<ε≤r<N<∞

|Tε ,N f2(y)| ≤ sup
0<ε≤r<N<∞

∣

∣

∣

∣

∫

ε<|x−y|≤r

Ω(y− z)

|y− z|n
f2(z)dz

∣

∣

∣

∣

+ sup
0<ε≤r<N<∞

∣

∣

∣

∣

∫

r<|y−z|≤N

Ω(y− z)

|y− z|n
f2(z)dz

∣

∣

∣

∣

= sup
0<N<∞

|Tr,N f2(y)|,

and if 0 < ε < N ≤ r, Tε ,N f2(y) = 0. Therefore for any y ∈ B,

sup
ε≤r

0<ε<N<∞

|Tε ,N f2(y)| ≤ sup
0<N<∞

|Tr,N f2(y)|.

Then,

T ∗ f2(y) ≤ sup
r≤ε<N<∞

|Tε ,N f2(y)|

≤ sup
r≤ε<N<∞

|Tε ,N f (y)|+ sup
r≤ε<N<∞

|Tε ,N f1(y)|

+ sup
r≤ε<N<∞

∣

∣

∣

∣

∫

ε<|y−z|≤N

Ω(y− z)

|y− z|n
mB( f )dz

∣

∣

∣

∣

≤ T ∗ f (y)+ sup
r≤ε<N<∞

|Tε ,N f1(y)|

≤ T ∗ f (y)+ 2sup
ε≥r

|Tε ,∞ f1(y)|.
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For each ε with r ≤ ε < ∞ and y ∈ B, an application of Lemma 2 and the increasing of Young

function shows that

|Tε ,∞ f1(y)| ≤

∫

r≤|y−z|<8r

|Ω(y− z)|

|y− z|n
| f (z)−mB(y,8r)

( f )|dz

+|mB(y,8r)
( f )−mB( f )|

∫

r≤|y−z|<8r

|Ω(y− z)|

|y− z|n
dz

≤
C

rn

∫

|y−z|<8r
A(|Ω(y− z)|)dz

+
C

rn

∫

|y−z|<8r
A1

(

| f (z)−mB(y,R)
( f )|

C1

)

dz

≤
C

rn

∫

|y−z|<8r
max

{

A1

(

| f (y)−mB(y,R)
( f )|q

C1

)

,A1

(

1

C1

)

}

dz

+C ≤C.

We thus obtain that for y ∈ B,

T ∗ f2(y) ≤ T ∗ f (y)+C. (2.7)

The proof of the inequality (1.6) is now reduced to proving that for any x,y ∈ B,

|T ∗ f2(x)−T ∗ f2(y)| ≤C. (2.8)

To prove (1.8), note that

sup
ε>0

|Tε ,∞ f2(x)−Tε ,∞ f2(y)| ≤ sup
ε>0

∫

|x−z|≥ε

∣

∣

∣

∣

Ω(x− z)

|x− z|n
−

Ω(y− z)

|y− z|n

∣

∣

∣

∣

| f2(z)|dz

+sup
ε>0

∫

|x−z|≤ε ,|y−z|>ε

|Ω(y− z)|

|y− z|n
| f2(z)|dz

+sup
ε>0

∫

|x−z|>ε ,|y−z|≤ε

|Ω(y− z)|

|y− z|n
| f2(z)|dz

= D1 + D2 + D3
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It follows from Lemma 3 that for x,y ∈ B,

D3 ≤ sup
ε≥5r

∫

ε−2r<|y−z|≤ε

|Ω(y− z)|

|y− z|n
| f (z)−mB( f )|dz

≤ sup
ε≥4r

∫

ε−2r<|y−z|≤ε

|Ω(y− z)|

|y− z|n
| f (z)−mB(y,2r)

( f )|dz

+|mB(y,2r)
( f )−mB( f )| sup

ε≥4r

∫

ε−2r<|y−z|≤ε

|Ω(y− z)|

|y− z|n
dz

≤C.

Similarly, for any x,y ∈ B,

D2 ≤ sup
ε≥5r

∫

ε<|y−z|≤ε+2r

|Ω(y− z)|

|y− z|n
| f (z)−mB( f )|dz

= sup
ε≥7r

∫

ε−2r<|y−z|≤ε

|Ω(y− z)|

|y− z|n
| f (z)−mB( f )|dz ≤C.

Observing that for any x,y ∈ B, we can write

D1 ≤
∫

|x−z|≥5r

∣

∣

∣

∣

Ω(x− z)

|x− z|n
−

Ω(y− z)

|y− z|n

∣

∣

∣

∣

| f2(z)|dz

≤
∫

|x−z|≥2r

|Ω(x− z)−Ω(y− z)|

|x− z|n
| f2(z)|dz

+C

∫

|x−z|≥2r

|x− y|

|x− z|n+1
|Ω(x− z) f2(z)|dz

= D11 + D12.

The term D12 is easy to deal with. In fact,

D12 ≤Cr
∞

∑
k=1

∫

2kr≤|x−z|<2k+1r

|Ω(x− z)|

|x− z|n+1
| f (z)−mB

(x,2k+1r)
( f )|dz

+Cr
∞

∑
k=1

|mB
(x,2k+1r)

( f )−mB( f )|

∫

2kr≤|x−z|<2k+1r

|Ω(x− z)|

|x− z|n+1
dz

≤C.
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On the other hand, invoking Lemma 1, a straightforward computation gives that for any x,y ∈ B

and some q > 1,

D11 ≤
∞

∑
k=1

∫

2kr≤|x−z|<2k+1r

|Ω(x− z)−Ω(y− z)|

|x− z|n
| f (z)−mB

(x,2k+1r)
( f )|dz

+
∞

∑
k=1

|mB
(x,2k+1r)

( f )−mB( f )|
∫

2kr≤|x−z|<2k+1r

|Ω(x− z)−Ω(y− z)|

|x− z|n
dz

≤C
∞

∑
k=1

kq

∫

2kr≤|x−z|<2k+1r

|Ω(x− z)−Ω(y− z)|

|x− z|n
dz

+
∞

∑
k=1

k−q

∫

2kr≤|x−z|<2k+1r

|Ω(x− z)|

|x− z|n
| f (z)−mB

(x,2k+1r)
( f )|qdz

+
∞

∑
k=1

k−q

∫

2kr≤|x−z|<2k+1r

|Ω(y− z)|

|x− z|n
| f (z)−mB

(x,2k+1r)
( f )|qdz

= E + F + G.

Note that by the same argument as used in [1], there is a positive constant D depending only on

n such that for any x,y ∈ B,

∫

2k+1nB\2knB
|Ω(x− z)−Ω(y− z)|dz ≤C|2kB|

∫

D2−k−1<δ<D2−k
ω(δ )

dδ

δ
.

This in turn implies that

E ≤C
∞

∑
k=1

kp

∫

D2−k−1<δ<D2−k
ω(δ )

dδ

δ

≤C
∞

∑
k=1

∫

D2−k−1<δ<D2−k
ω(δ ) logp(2+ δ−1)

dδ

δ
≤C.

Applying the generalized Hölder’s inequality (1.5) we deduce that for x ∈ B and q > 1,

F ≤
∞

∑
k=1

k−q

(2kr)n

∫

|x−z|<2k+1r
|Ω(x− z)|| f (z)−mB

(x,2k+1r)
( f )|qdz

≤C
∞

∑
k=1

k−q‖Ω(x−·)‖A,2k+1B‖( f (z)−mB
(x,2k+1r)

( f ))q‖A1,2k+1B ≤C.

Similarly, we have G ≤C and then D1 ≤C. Combining the estimates for D1, D2 and D3 yields

the inequality (1.6), and finishes the proof of Theorem.

Acknowledgment. The authors are grateful to the referee for his suggestions which made

the paper more readable.



Anal. Theory Appl., Vol. 27, No.3 (2011) 219

References

[1] Calderón, A.P., Weiss, M. and Zygmund, A., On the Existence of Singular Integrals, Proc. Symp. Pure Math.,

1976, 10:56-73.

[2] Hu, G. E. and Zhang, Q.H., A BLO Estimates for Maximal Singular Integral Operator, Advances in Math.,

36:1(2007).

[3] Hardy, G. H., Littlewood, J.E. and Pólya, G., Inequalities, Second Edition. Cambridge, 1952.

[4] Pérez, C., Endpoint Estimates for Commutators of Singular Integral Operators, Journal of functional analysis,

128:1(1995), 163-185.

[5] Zygmund, A., Trigonometric Series, Third Edition. Cambridge, 2002.

College of Mathematics and Computer Science

Hunan Normal University

Changsha, 410081

P. R. China

Q. Q. Fang

E-mail: fendiu@yahoo.com

X. L. Shi

E-mail: xianliangshi@yahoo.com


