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Abstract. In this note, we prove that the Toeplitz-type Operator Θb
α generated by the gen-

eralized fractional integral, Calderón-Zygmund operator and VMO funtion is bounded from

Lp,λ (Rn) to Lq,µ(Rn) . We also show that under some conditions Θb
α f ∈ VLq,µ(BR) , the

vanishing-Morrey space.
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1 Introduction and Main Result

Suppose that L is a linear operator on L2(Rn), which generates an analytic semigroup e−tL

with a kernel pt(x,y) satisfying a Gaussian kernel bound, that is,

|pt(x,y)| ≤
C

t
n
2

e−c
|x−y|2

t , (1.1)

for x,y ∈ Rn and all t > 0.

For 0 < α < n, the generalized fractional integral L−α/2 generated by the operator L is

defined by

L−α/2 f (x) =
1

Γ(α/2)

∫ ∞

0
e−tL( f )

dt

t−α/2+1
(x). (1.2)
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When L = △ is the Laplacian operator on Rn, L−α/2 is the classical fractional integral Iα ,

for example see [1], which is given by

Iα f (x) =
Γ((n−α)/2)

πn/22α Γ(α/2)

∫

Rn

f (y)

|x− y|n−α
dy.

In 1982, S. Chanillo[2] showed that for all 0 < α < n and b ∈ BMO(Rn), the commutator

[b, Iα ] is bounded from Lp(Rn) to Lq(Rn) with 1 < p < n/α ,1/q = 1/p−α/n. In 2004, Duong

and Yan [3] proved that for all 0 < α < n and b∈BMO, both L−α/2 and the commutator [b,L−α/2]

are bounded from Lp(Rn) to Lq(Rn), where 1 < p < n/α , 1/q = 1/p−α/n. If b ∈ BMO(Rn),

the commutator T b f = bT f −T (b f ) , T is a Calderón-Zygmund operator with a standard kernel

K , we know that T b is (Lp,Lp)-boundedness for 1 < p < ∞.

In fact, since the kernel of L−α/2 is Kα(x,y) and the kernel of e−tL is pt(x,y), which satisfies

(1.1), we have

L−α/2 f (x) =

∫

Rn
Kα(x,y) f (y)dy,

thus

Kα(x,y) =
1

Γ(α/2)

∫ ∞

0
pt(x,y)

dt

t−α/2+1
. (1.3)

And using(1.1),

|Kα(x,y)| ≤C
Γ(n/2−α/2)

Γ(α/2)

1

|x− y|n−α
, (1.4)

for x 6= y and if |x− z| ≥ 2|y− z|,

|Kα(x,y)−Kα(x,z)|+ |Kα(y,x)−Kα(z,x)| ≤C
Γ(n/2−α/2)

Γ(α/2)

|y− z|

|x− z|
|x− z|α−n. (1.5)

Let B = B(x,ρ) be a ball in Rn of radius ρ at the point x.

Definition 1.1. Given f ∈ L1
loc(R

n) , let us set

M f (x) = sup
x∈B

1

|B|

∫

B
| f (y)|dy, f or a. e. x ∈ Rn.

M is the Hardy-Littlewood maximal operator.

Define the Sharp maximal function by

f ♯(x) = sup
x∈B

1

|B|

∫

B
| f (y)− fB|dy, f or a. e. x ∈ Rn.

Definition 1.2. Let f ∈ L1
loc(R

n) and 0 < η < 1, we set

Mη f (x) = sup
x∈B

1

|B|1−η

∫

B
| f (y)|dy, f or a. e. x ∈ Rn.
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Definition 1.3. Let 1 ≤ p < ∞ , 0 ≤ λ < n. A measurable function f ∈ Lp(Rn) belongs to

the Morry space Lp,λ (Rn) if

‖ f‖p

Lp,λ (Rn)
= sup

x∈Rn,ρ>0

1

ρλ

∫

B(x,ρ)
| f (y)|pdy < ∞.

For simplieity, we will denote by ‖ f‖ρ,λ = ‖ f‖ =Lρ,λ (Rn).

Definition 1.4. Let 1 ≤ p < ∞ , 0 ≤ λ < n . We say that f ∈ Lp,λ (Rn) belongs to the

Vanshing-Morry space V Lp,λ (Rn) if the function

ζ p(r) = sup
x∈Rn,ρ≤r

1

ρλ

∫

B(x,ρ)
| f (y)|pdx,

satisfies

lim
r→0

ζ (r) = 0.

In a similar way we obtain the definition of V Lp,λ (X), X ⊂ Rn an open set with sufficiently

smooth boundary, replacing Rn by X and the ball B(x,ρ) by B(x,ρ)∩X .

Definition 1.5. Let f be a locally integral function defined on Rn. We say that f is in the

space BMO(Rn) if

‖ f‖∗ = sup
x0∈Rn,ρ>0

1

|B(x0,ρ)|

∫

B(x0,ρ)
| f (y)− fB|dy < ∞,

where B = B(x0,ρ), fB =
1

|B|

∫

B
f (y)dy.

Let f ∈BMO(Rn+1) and r > 0. We define the VMO modulus of f by the rule

η(r) = sup
ρ≤r

1

|Bρ |

∫

Bρ

| f (y)− fBρ |dy,

where Bρ is a generic ball having radius ρ .

BMO is a Banach space with the norm ‖ f‖∗ = sup
r>0

η(r).

Definition 1.6. We say that a function f ∈BMO(Rn) is in the Sarason class VMO(Rn) if

lim
r→0

η(r) = 0.

Next we examine an important class of operators in analysis, Calderón-Zygmund operators.

We say that a function K(x,y) defined away from the diagonal of Rn ×Rn is of standard kernel,

if it satisfies the size condition

|K(x,y)| ≤C|x− y|−n, (1.6)
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and the regularity condition

|K(x,y+ h)−K(x,y)|+ |K(x+ h,y)−K(x,y)| ≤C
|h|δ

|x− y|n+δ
, (1.7)

for some 0 < δ ≤ 1, whenever |x− y| ≥ 2|h|.

Definition 1.7. An operator T is a Calderón-Zygmund operator, if T is bounded on Lq(Rn)

for some 1 < q < ∞ and is associated with a standard kernel K(x,y), in the sense that

T f (x) =
∫

Rn
K(x,y) f (y)dy,

whenever f ∈ Lq(Rn) has compact support and x is not in the support of f .

Some of the main examples of Calderón-Zygmund operators are ones that are given as con-

volution, K(x,y) = K(x − y), where k is locally integrable away from zero and satisfies the

corresponding estimates (1.6) and (1.7).

Moreover, let b∈VMO(Rn), Mb a multiplication operator, Tj,1 a Calderón-Zygmund operator[4]

with a standard kernel K or Tj,1 = I, Tj,3 = ±I, Tj,2 and Tj,4 linear operators bounded on

Lp,λ (Rn)(1 < p < ∞, 0 < λ < n), where j = 1,2, · · · ,m and I is the identity operator. Define

the Toeplitz-type operator related to the generalized fractional integral L−α/2 and Calderon-

Zygmund operator with a standard kernel by

Θb
α f =

m

∑
j=1

(Tj,1MbL−α/2Tj,2 + Tj,3L−α/2MbTj,4).

It is easy to see that when m = 1, Tj,1 = Tj,2 = −Tj,3 = Tj,4 = I, Θb
α f = [b,L−α/2] f . We will

discuss the boundedness of Toeplitz-type Operator on Morrey spaces and that on vanishing-

Morrey spaces.

We can formulate our results as follows:

Theorem 1.1. Assume that the condition (1.1) hods. Let b∈VMO(Rn) , Tj,i( j = 1,2, · · · ,m, i =

1,2,3,4) and Θb
α f be defined as above. If for any f ∈ Lp,λ (Rn) (1 < p < ∞,0 < λ < n) , we

have Θ1
α f = 0 , then there exists a constant c > 0 such that

‖Θb
α f‖Lq,µ (Rn) ≤ c‖L−α/2‖

((

m

∑
j=1

‖Tj,1‖

)(

m

∑
j=1

‖Tj,2‖

)

+
m

∑
j=1

‖Tj,4‖

)

‖b‖∗‖ f‖Lp,λ (Rn),

where 0 < β < n, 1 < p < n
β

, 0 < λ < n−
√

nβ p , q > 0 , 1
q

= 1
p
− β

n−λ
and

µ =
λ (n−λ )

n−λ −β p
(i. e.

λ

p
=

µ

q
).
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Theorem 1.2. Let 0 < β < n, 1 < p <
n

β
, 0 < λ < n−

√

nβ p , q > 0,
1

q
=

1

p
−

β

n−λ

and µ =
λ (n−λ )

n−λ −β p
(i. e.

λ

p
= µ

q
). Suppose b is in VMO(Rn), if for any f ∈ Lp,λ (Rn) , we have

Θ1
α f = 0.

Then ∃ρ0 > 0, ∀R < ρ0, we have Θb
α f ∈V Lq,µ(BR) .

2 Proof of Theorems

To prove our theorems, we need the following lemmas.

Lemma 2.1[5]. For 0 < α < n, let L−α/2 and Iα be defined as above, then there exists a

constant C > 0 such that

|L−α/2 f | ≤Cα Iα(| f |)(x).

Lemma 2.2. Let 1 < p < ∞ and 0 ≤ λ < n. Then there exists a constant c > 0 independent

of f , such that

‖M f‖p,λ ≤ c‖ f ♯‖p,λ ,

for every f ∈ Lp,λ (Rn).

Lemma 2.3(John-Nirenberg)[6]. For 1 ≤ p < ∞, f ∈ Lloc(R
n), let

‖ f‖p,∗ = sup
B

(

1

|B|

∫

B
| f (y)− fB|

p
dy

) 1
p

,

then ‖ f‖∗ and ‖ f‖p,∗ are equivalent.

Lemma 2.4[7]. Let 0 < β < n, 1 < p < n
β , 0 < λ < n− β p . Set 1

q
= 1

p
− β

n−λ and µ =
λ(n−λ)

n−λ−β p
(i. e. λ

p
= µ

q
). Then there exists a constant c > 0 independent of f such that

‖I βn

n−λ

‖q,µ ≤ c‖ f‖p,λ , ∀ f ∈ Lp,λ (Rn).

Lemma 2.5[7]. Let 0 < β < n, 1 < p < +∞, 0 < λ < n−β p , then for 1
q

= 1
p
− β

n−λ
and

µ = λ ·q
p

, there exists c > 0 independent on f such that

‖M β
n−λ

f‖q,µ ≤ c‖ f‖p,λ , ∀ f ∈ Lp,λ (Rn).

Proof of Theorem 1.1. We first prove Theorem 1.1 , for 0 < α < n, choose 1 < st,s1t1,γ ,γ1 <

p . We will prove that there exists a constant c > 0 such that for all x ∈ Rn and for all x ∈ B,

(Θb
α f )♯(x) ≤ c

m

∑
j=1

‖b‖∗

(

M|L−α/2Tj,2 f |st
) 1

st

(x)+ c
m

∑
j=1

‖b‖∗

(

Mαs1t1
n
|Tj,4 f |s1t1

) 1
s1t1 (x)

+c
m

∑
j=1

‖b‖∗

(

M|L−α/2Tj,2 f |γ
) 1

γ
(x)+ c

m

∑
j=1

‖b‖∗

(

Mαγ1
n
|Tj,4 f |γ1

) 1
γ1 (x).
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(2.1)

By Lemma 2.2, we have

‖Θb
α f‖q,µ ≤ ‖M(Θb

α f )‖q,µ ≤C‖(Θb
α f )♯‖q,µ .

Therefore, in order to prove Theorem 1.1 , we only need to establish the (Lp,λ ,Lq,µ) bound-

edness of (Θb
α f )♯. We now prove (2.1) , for any x ∈ Rn, choose B = B(x,r) such that x ∈ B.

Let χ1 = χ2B and χ2 = 1− χ1. For any f ∈ Lp,λ (Rn), where 1 < p < ∞ and 0 < λ < n, since

Θ1
α f = 0, then ΘbB

α f = 0. We write

Θb
α f = Θ

(b−bB)
α f = Θ

(b−bB)χ1

α f + Θ
(b−bB)χ2

α f = f1 + f2,

where

f1 =
m

∑
j=1

Tj,1(b−bB)χ1L−α/2Tj,2 f +
m

∑
j=1

Tj,3L−α/2(b−bB)χ1Tj,4 f = f11 + f12,

f2 =
m

∑
j=1

Tj,1(b−bB)χ2L−α/2Tj,2 f +
m

∑
j=1

Tj,3L−α/2(b−bB)χ2Tj,4 f = f21 + f22.

First we estimate f11, taking 1 < s < p < ∞, 1 < t < ∞ such that 1 < st < p , by Hölder’s

inequality , the Ls(Rn)-boundedness of Tj,1 and Lemma 2.3 we have

(

1

|B|

∫

B
| f11(y)|

sdy

) 1
s

≤
m

∑
j=1

|B|−1/s

(

∫

B
|Tj,1(b(y)−bB)χ1L−α/2Tj,2 f (y)|sdy

) 1
s

≤
m

∑
j=1

|B|−1/s

(

∫

2B
|(b(y)−bB)|s|L−α/2Tj,2 f (y)|sdy

) 1
s

≤ c
m

∑
j=1

(

1

|2B|

∫

2B
|b(y)−bB|

st ′dy

)
1

st′
(

1

|2B|

∫

2B
|L−α/2Tj,2 f (y)|stdy

)
1
st

≤ c
m

∑
j=1

‖b‖∗

(

M|L−α/2Tj,2 f |st
) 1

st

(x).

Therefore

1

|B|

∫

B
| f11(y)|dy ≤

(

1

|B|

∫

B
| f11(y)|

sdy

) 1
s

≤ c
m

∑
j=1

‖b‖∗

(

M|L−α/2Tj,2 f |st
) 1

st

(x). (2.2)

Let us now estimate f12. Taking 1 < s1 < n/α and 1 < t1 < ∞ such that 1/s0 = 1/s1 −α/n

and 1 < s1t1 < p < ∞ , by Hölder’s inequality, the (Ls1 ,Ls0)-boundedness of L−α/2 and Lemma
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2.3, we have

(

1

|B|

∫

B
| f12(y)|

s0 dy

) 1
s0

≤
m

∑
j=1

|B|
− 1

s0

(

∫

B
|L−α/2(b(y)−bB)χ1Tj,4 f (y)|s0 dy

) 1
s0

≤
m

∑
j=1

|B|
− 1

s0

(

∫

2B
|(b(y)−bB)Tj,4 f (y)|s1 dy

) 1
s1

≤
m

∑
j=1

(

1

|2B|

∫

2B
|b(y)−bB|

s1t ′1 dy

) 1

s1t′
1

(

1

|2B|1−
αs1t1

n

∫

2B
|Tj,4 f (y)|s1t1 dy

) 1
s1t1

≤ c
m

∑
j=1

‖b‖∗

(

Mαs1t1
n

|Tj,4 f |s1t1
) 1

s1t1 (x).

Thus

1

|B|

∫

B
| f12(y)|dy ≤

(

1

|B|

∫

B
| f12(y)|

s0 dy

) 1
s0

≤ c
m

∑
j=1

‖b‖∗

(

Mαs1t1
n
|Tj,4 f |s1t1

) 1
s1t1 (x). (2.3)

Next we deal with f21 , f22 respectively. Let T be a Calderón-Zygmund operator[8] with a

standard kernel K, then when y ∈ B(x,r), for any 1 < γ < p we have

|T [(b−bB)χ2 f ](y)−T [(b−bB)χ2 f ](x)| ≤ c‖b‖∗ (M| f |γ)
1
γ (x). (2.4)

In fact,

|T [(b−bB)χ2 f ](y)−T [(b−bB)χ2 f ](x)|

=

∣

∣

∣

∣

∫

Rn
(b(z)−bB) f (z)χ2(z)(K(y,z)−K(x,z))dz

∣

∣

∣

∣

≤

∫

Rn\2B
|b(z)−bB|| f (z)||K(y,z)−K(x,z)|dz

≤ c
∞

∑
j=1

∫

2 j+1B\2 jB

|y− x|δ

|x− z|n+δ
|b(z)−bB|| f (z)|dz

≤ c
∞

∑
j=1

2− jδ 1

|2 j+1B|

∫

2 j+1B
|b(z)−bB|| f (z)|dz

≤ c
∞

∑
j=1

2− jδ

(

1

|2 j+1B|

∫

2 j+1B
|b(z)−bB|

γ ′dz

) 1
γ′
(

1

|2 j+1B|

∫

2 j+1B
| f (z)|γ dz

) 1
γ

≤ c
∞

∑
j=1

2− jδ j‖b‖∗ (M| f |γ)
1
γ (x)

≤ c‖b‖∗ (M| f |γ)
1
γ (x).

Thus the estimates complete the proof of (2.4).
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Let us get back to the proof of Theorem . Let Tj,1( j = 1,2, · · · ,m) be the identity operator.

Since y ∈ B(x,r), then χ2(y) = 0, so we have

Tj,1(b−bB)χ2L−α/2Tj,2 f (y) = 0.

Since Tj,1( j = 1,2, · · · ,m) is a Calderón-Zygmund operator with a standard kernel K, and

1

|B|

∫

B
| f21(y)− ( f21)B|dy ≤

2

|B|

∫

B
| f21(y)− f21(x)|dy,

for any 1 < γ < p , we obtain by (2.4)

1

|B|

∫

B
| f21(y)− ( f21)B|dy ≤ c

m

∑
j=1

‖b‖∗

(

M|L−α/2Tj,2 f |γ
) 1

γ
(x). (2.5)

We have showed that whether Tj,1( j = 1,2, · · · ,m) is the identity operator or the C-Z operator

with a standard kernel K , the estimates on f21 complete the proof of (2.5).

To estimate f22 , we need the following lemma.

Lemma 2.6. Let L−α/2 be the generalized fractional integral, then when y ∈ B(x,r),

|L−α/2[(b−bB)χ2g](y)−L−α/2[(b−bB)χ2g](x)| ≤ c‖b‖∗

(

Mαγ
n
|g|γ
) 1

γ
(x), (2.6)

where 0 < αγ < n and 1 < γ < p.

Proof.

|L−α/2(b−bB)χ2g](y)−L−α/2[(b−bB)χ2g](x)|

=

∣

∣

∣

∣

∫

Rn
(b(z)−bB)g(z)χ2(z)(Kα(y,z)−Kα(x,z))dz

∣

∣

∣

∣

≤
∫

Rn\2B
|b(z)−bB||g(z)||Kα (y,z)−Kα(x,z)|dz

≤
∞

∑
j=1

∫

2 j+1B\2 jB
|b(z)−bB||g(z)||Kα (y,z)−Kα(x,z)|dz

≤ c
∞

∑
j=1

∫

2 j+1B\2 jB

1

|x− z|n−α

|y− x|

|x− z|
|b(z)−bB||g(z)|dz

≤ c
∞

∑
j=1

2− j 1

|2 j+1B|1−
α
n

∫

2 j+1B
|b(z)−bB||g(z)|dz

≤ c
∞

∑
j=1

2− j

(

1

|2 j+1B|

∫

2 j+1B
|b(z)−bB|

γ ′dz

) 1
γ′

(

1

|2 j+1B|1−
αγ
n

∫

2 j+1B
|g(z)|γ dz

) 1
γ

≤ c
∞

∑
j=1

2− j j‖b‖∗

(

Mαγ
n
|g|γ
) 1

γ
(x)

≤ c‖b‖∗

(

Mαγ
n
|g|γ
) 1

γ
(x).
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Then we complete the proof of Lemma 2.6.

We obtain by Lemma 2.6

1

|B|

∫

B
| f22(y)− ( f22)B|dy ≤

2

|B|

∫

B
| f22(y)− f22(x)|dy

≤ c
m

∑
j=1

‖b‖∗
1

|B|

∫

B

(

Mαγ1
n
|Tj,4 f |γ1

) 1
γ1 (x)dy

≤ c
m

∑
j=1

‖b‖∗

(

Mαγ1
n
|Tj,4 f |γ1

) 1
γ1 (x),

(2.7)

where 0 < αγ1 < n and 1 < γ1 < p.

Combining (2.2), (2.3), (2.5) and (2.7), there exists 1 < s,s0,s1, t, t1,γ ,γ1 < ∞, such that

1/s0 = 1/s1 −α/n, 1 < s1t1 < p < n/α , 1 < st < p, 0 < αγ1 < n and 1 < γ1,γ < p, we obtain

(2.1).

For α = βn

n−λ , 1 < st,s1t1 < p and 1 < γ ,γ1 < min(p, n−λ
β ), we have

‖(Θb
α f )♯‖q,µ ≤ c

m

∑
j=1

‖b‖∗‖

(

M|L
− βn

2(n−λ) Tj,2 f |st
) 1

st

‖q,µ + c
m

∑
j=1

‖b‖∗‖

(

M βs1t1
n−λ

|Tj,4 f |s1t1

) 1
s1t1

‖q,µ

+c
m

∑
j=1

‖b‖∗‖

(

M|L
− βn

2(n−λ) Tj,2 f |γ
) 1

γ

‖q,µ + c
m

∑
j=1

‖b‖∗‖

(

M βγ1
n−λ

|Tj,4 f |γ1

) 1
γ1

‖q,µ .

So, from Lemma 1.1, Lemma 2.4 and Lemma 2.5, by the (Lp,λ ,Lq,µ)-boundedness of L−α/2

and the Lp,λ (Rn)-boundedness of Tj,2 and Tj,4, we get the desired result. Then we complete the

proof of Theorem 1.1.

Proof of Theorem 1.2. Let B be a generic ball in Rn, for α = βn

n−λ
, from Theorem 1.1 it

follows that






sup

x∈B,ρ>0

1

ρ µ

∫

B(x,ρ)∩B

|Θb
α f (y)|qdy







1
q

≤






sup

x∈Rn,ρ>0

1

ρ µ

∫

B(x,ρ)

|Θb
α f (y)|qdy







1
q

= ‖Θb
α f‖Lq,µ (Rn) ≤ c‖b‖∗‖ f‖Lp,λ RRn).

For all B, we also have

‖Θb
α f‖Lq,µ (B) ≤ c‖b‖∗‖ f‖LP,λ (Rn).
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We observe, likewise Theorem 2.13 in [9], that for any ε > 0, ∃ρ0 > 0 such that for any

generic ball BR = B(x,R) with radius R, such that 0 < R < ρ0,

‖Θb
α f‖Lq,µ (BR) ≤ c · ε · ‖ f‖LP,λ (Rn),

then

sup
x∈BR,0<ρ<diamBR

1

ρ µ

∫

B(x,ρ)∩BR

|Θb
α f (y)|qdy ≤ c · ε , ∀ε > 0.

Since we are interested in limr→0 ζ (r), let us now consider only r < diamBR, then

ζ q(r) = sup
x∈BR,ρ<r

1

ρ µ

∫

B(x,ρ)∩BR

|Θb
α f (y)|qdy

≤ sup
x∈BR,0<ρ<diamBR

1

ρ µ

∫

B(x,ρ)∩BR

|Θb
α f (y)|qdy

≤ c · ε , ∀ε > 0.

It follows that

ζ q(r) ≤ c · ε ,∀r < diam BR, ∀ε > 0,

then

lim
r→0

ζ (r) = 0.

We have prove that

Θb
α f ∈V Lq,µ(BR), ∀R < ρ0.

Then we complete the proof of Theorem 1.2.
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