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Abstract. Let Q € L>(S"~!) be homogeneous function of degree zero and b be BMO
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1 Introduction

The theory of function spaces with variable exponent has extensively studied by re-
searchers since the work of Kovac¢ik and Rékosnik [7] appeared in 1991. In [9] and [10],
the authors proved the boundedness of some Littlewood-Paley operators on variable L?
spaces, respectively.

Given an open set ECIR", and a measurable function p(-):E—[1,00), LP)(E) denotes
the set of measurable functions f on E such that for some A >0,

(L) o

This set becomes a Banach function space when equipped with the Luxemburg-Nakano

o Lf ()P
. x) [\ P
Hf’|m<->(5)=1nf{)\>0:/ (T> dxgl}.
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These spaces are referred to as variable L spaces, since they generalized the standard L?
spaces: if p(x) =p is constant, then LP()(E) is isometrically isomorphic to L? (E).

The space L; O(C)( Q) is defined by

IOC ( ):={f:feLPU)(E)forallcompactsubsets E C }.
Define P°(E) to be set of p(-): E — (0,00) such that
p~ =essinf{p(x):x€E} >0, pT =esssup{p(x):x€E} <co.
Define P(E) to be set of p(+): E —[1,00) such that
p~ =essinf{p(x):x€E}>1, pT =esssup{p(x):x€E} <co.

Denote p'(x) = p(x) /(p(x) —1).
Let fe Ll (IR"), the Hardy-Littlewood maximal operator is defined by

Mf(x)=sup—— / y)|dy,
r>0 ’B |
where B,(x) ={y € R": |[x—y| <r}. Let B(IR") be the set of p(-) € P(R") such that the
Hardy-Littlewood maximal operator M is bounded on L?(*)(R"). In addition, we denote
the Lebesgue measure and the characteristic function of a measurable set A CR" by |A|
and x4 respectively. The notation f ~ ¢ means that there exist constants C;,C> > 0 such
that C1g < f <Cpg.
In variable L? spaces there are some important lemmas as follows.

Lemma 1.1. If p(-) € P(R") and satisfies

C
— R —y|<1/2, 1.1
P& =pWIS o=y FvIsY (L.1)
and
P —p) < o, 2] (1.2)
~ log(|x|+e)’ — )

then p(-) € B(IR™), that is the Hardy-Littlewood maximal operator M is bounded on LP() (R™).

Lemma 1.2 (see [7]). Let p(-) €P(R™). If feLPC) (R") and g€ LP' () (R"), then fg is integrable
on R" and

[ L0l <yl s 18l s ey

where
rp=14+1/p~—=1/p".
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This inequality is named the generalized Holder inequality with respect to the vari-
able L? spaces.

Lemma 1.3 (see [5]). Let q(-) € B(R"). Then there exists a positive constant C such that for all
balls B in R" and all measurable subsets S C B,

. n . n 51 /(- n 52
X8l Lo0) (e - @, x5 1l o) ey —c <ﬂ> o 125l Lo (rey §C<ﬂ>
Xl ooy = 1SI" Bl ae) ) B 1o B

where 61, 0 are constants with 0 <y, 6, < 1.
Throughout this paper d1, J; is the same as in Lemma 1.3.

Lemma 1.4 (see [5]). Suppose q(-) € B(IR"). Then there exists a constant C >0 such that for all
balls B in R",

1
E HXB HUI(')(]R”) HXB HLq/(«)(]Rn) S C.

Next we recall the definition of the Herz-type spaces with variable exponent. Let
By={xc€R":|x| <25} and Ay = B;\Bi_; for k€ Z. Denote Z, and N as the sets of all
positive and non-negative integers, xy = x , for k€ Z, Yy =xr if k€ Z and Xo= x3,-

Definition 1.1 (see [5]). Leta € R, 0< p<oo and g(-) € P(R"). The homogeneous Herz
space with variable exponent K:g’) (R") is defined by

KNP (R = { fe LI (R"\ {0}) [ Fllger oy <e0},
where

_ k 1
7k o ={ L 21 g}

k=—o00

The non-homogeneous Herz space with variable exponent Kgf ) (R") is defined by

Ka(p) (]R”) {fE Lloc (IRH) : HfHK:f)(]Rn) < 00},

where

1/p
Il e {22"“’7fo [

Suppose that S" ! is the unit sphere of R" (1 >2) equipped with normalized Lebesgue
measure. Let Q) € L' (IR"), be homogeneous function of degree zero and

/HQ( "do(x') =0, (1.3)
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where x' =x/|x| for any x #0. The Littlewood-Paley area integral y s and g} function
p; are defined by
—2)

Hos(f [7 yzkdy A”l

i} /\n Q(y—z) 2dydt\1/2
Hoalf //IR"“ t+|x y! /y arly—zp 1 F )

where I'(x)={(y,t) ER"": |x—y| <t} and A > 1.
For an integer m > 1, let b be a locally integrable function on R”, the higher-order
commutators [b",jiq s| and [b™,u}] are defined by

(", 1as( / /

0" 1,21 () (%)

(e Gr)”

Motivated by [8, 9], we will study the boundedness for the Littlewood-Paley operators
and their commutators on the Herz space with variable exponent, where Q € L?(S"1).

Ay=2) g ‘ngfgf)l/z

and

DU=2) (b(x) —ba)) " f2)az| W)

y—zl<t ly—z[" T

and

JR e R O e
ly

—z|<t [y—z|*1

2 Estimate for the Littlewood-Paley operators

In this section we will prove the boundedness of the Littlewood-Paley area integral yq s
and g} function y, , on Herz spaces with variable exponent.

A nonnegative locally integrable function w on IR" is said to belong to A, (1<p <o),
if there is a constant C > 0 such that

1

P—
su dx / 1 pdx < o0,
i !Q!/ !Q!

where p’=p/(p—1), Q denotes a cube in R" with its sides parallel to the coordinate axes
and |Q| denotes the Lebesgue measure of Q.

The weighted (L?,L”) boundedness of y s and ug, , have been proved by Ding, Fan
and Pan [3]. '

Lemma 2.1 (see [3]). Suppose that Qe L(S" 1) (s>1) satisfying (1.3). If we A5, max{s’,2}=
B < p < oo, then there is a constant C, independent of f, such that

[ rasH@)Pe@dr<c [ [f(rods
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and

[ (@l wEdx<c [ f@lrox

Lemma 2.2 (see [2]). Given a family F and an open set E C R", assume that for some py,
0 < po < o0 and for every w € A,

/E Fx)Pw(x)dx < Cy /E 2()Pw(x)dx, (f,9)ET.

Given p(-) € P°(E) such that p(-) satisfies (1.1) and (1.2) in Lemma 1.1. Then for all (f,g) €F
such that f € LPC)(E),

HfHLp(«>(E) SCHgHLp(«>(E)-
Since Ap/p C Aw, by Lemma 2.1 and Lemma 2.2, it is easy to get the

(LPO(R™),LPC)(R™))-boundedness of the Littlewood-Paley area integral yns and g}
function pg, ).
Now we give the main theorem in this section.

Theorem 2.1. Suppose that A >2,0<p <o, q(-) € P(R") satisfies conditions (1.1) and (1.2)
in Lemma 1.1, Q€ L*(S"~) and —néy <a <néy. Then the Littlewood-Paley &} function pg, , is

bounded on K;Z’ : (R™) and K:g’) (R™).

Proof. We only prove homogeneous case. The non-homogeneous case can be proved in
the same way. We suppose 0 < p < oo, since the proof of the case p = cc is easier. Let

fe Kg(p) (R"). Denote f; = f; for each j € Z, then we have f(x) =17 _ fj(x). Then we
have

k=—00

oo 1/p
I ()l e —{ Y 2"“?luaA(fml;(.)(m}

0 k=2 py1/p
<C{ Z ka<12 |ﬂ6,A(fj)Xk|m(-)(Rn)> }

k=—o00 j=—00

00 k+1 py /P
+C{ Z 2kw< Z |V6,A(fj)7(k|m(-)(]gn)> }

k=—o0 j=k-1

o0 00 py1/p
+C{ 3 2"“P< y |ua,A<mxk|m<.>(W>> }

k=—o00 j=k+2
=:CL+ChL+CL. 2.1)

We first estimate I, by the (L70)(IR"),L1()(R"))-boundedness of the commutator Hoa
we have

o 1/p
IzSC{ ). Zk“prkHiq(-)(W)} =Cllf ey - (2.2)
k=—c0
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Now we estimate I;. By the Minkowski inequality we have

An 1/2

FaAU) (//w(tﬂ y) /\y <t ;(/2(2” V) ey fffi)
100 An 1/2

_<'/0 /” (m) /Iy z|<t |(y)(z|" )1f]( )z fnyf;)

fosen([], (i) )
i el \EF =yl ) y—2P7 7
foren([ ) o)
) yoedee =yl ) =22

An e 1/2
@I [ / < > Qly—2)[dydt) = (3
ezl ly—zl<e \EFx—y[ ) Jy—z[?n=2 gt

Note that z€ A; and |y—z| <t. So we know that [y—z|~|y|, then for Qe L*(S" ') we have

Q(y—2)[? / Qy)[?
BAY—2)1" 4 < d
/|y—z<t -z 2=y
t
g/o rlfndr/sﬂyo(y’)ﬁda( )< PO g0, (2.4)

For A >2, we take 0 <60 < (A—2)n. Since |[x—z| < |x—y|+|y—z| < |x—y|+t, by (2.4) we

have
/"“Z/ < t )A”I()(y—z)!2 dydt
0 ly—z|<t t—|—’x—y| |y_Z’2n—2 n+3
</|x—z/ I An—2n—0 1 Q(y—z)? dydt
< ly—z|<t \ t+]x—Y]| x— 22110 [y—z[2n-2 310
/|x z/ ’Q y— Z |2 dydt
|x Z|2n+9 ly—z|<t !y Z|2” 2 3—n—t

<HQHL2 gn-1) /|x Z‘te_ldt
’X Z’2n+9 0

<Clx—z|7", (2.5)

Similarly, noting that |y —z| ~|y|, by (2.4) we have

/. / ( : )*”m(y_z),zdydt
lx—z|JJy—z|<t \ t+|x—Y| [y—z[2n2 i3

/ / ]Q (y—2z)|? dydt
w2 ly—z|<t [y—z[?—2 £
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o
|x—2
<C|x—z|72", (2.6)

Note that x € Ay, z€ Aj and j <k—2. By (2.5), (2.6) and the generalized Holder inequality
we have

i (F) (1) <C |’ff( )|Ld < CZ M £l o I e )

By Lemma 1.3 and Lemma 1.4, we have

17002 (F) Xkl o) (e

§C2_kn Hf] HL@(‘)(IR“) H?Cj Hm%)(Rn) HXkHLq(-)(Rn)

<C27M|ll o (g || X3, L0 (o) 1Bl a0 (e
HXB Hm
<ClIfjll zoc (rn) Moo

<C2li-hme 151l o) (e -

Thus we obtain

o]

11§C{ ) 2’“"!’( Z 20— m”fj“y(-)(w))p}l/p

k=—00
ad TV py1/p
zc{ Z < Z jan (j=k)(ndz “)HfjHLq(->(1R")> } .
k=—o00 "j=—0c0
If 1<p<oo, take 1/p+1/p’ =1. Since nd, —a >0, by the Holder inequality we have

[ee]

n<c{ ¥ ( y 2P 1y gy 20790 0P72)

k=—o00 "j=—c0

(X 200 >}

j=—00

00 k—2

C{ Z ( Z zjzxpHfjHiq(_)(Rn)z(]'*k)(no“rac)P/z)}

k=—00 "j=—00

:C{ i 2jw’|fjHiq(.)( < Z A (j—K) (nér— ocp/2>}1/p

1/p

IN

j=—00 k=j+2
S jap p p

<c{ ¥ 210 |
j=—00

:C’|f’|1<3£f’)(1[<11)- (2.8)
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If 0< p <1, then we have

o k=2 ) . 1/p
o —k)(ndr—u
nsc{ . ¥ 2i-heaarnge o

k=—coj=—c0

[e5) . oS . . 1/p
= o (b
C{,Z, 2 prjHiMRn)(kz;zzo )(nd )p)}
]:_oo :]
<C||f||KZ(P>(]Rn) (29)

Let us now estimate I3. Note that x € Ay,y € A; and j > k+2, so we have |[y—z|~ |y|.
By (2.3)-(2.6) and the generalized Holder inequality we have

i@

R [Xx—2z|"

|V6A(f])(x)’ <C dZSCzijanjHLq(-)(]R")HXjHLq’(-)(]Rn)- (2-10)

By Lemma 1.3 and Lemma 1.4, we have
HP‘?),/\(fj)XkHLq(-)(Rn)
<c2™ Hf] Hmt)(w) H?CjHLq/(-)(Rn) HXkHLq(-)(]Rn)

<c2 1 fj Hmt)(w) HXBj Hm%)(Rn) 1 xB, Hmt)(mn)

1B | o) ()
SClilo ) e T em
]

<c2tim| | LI6)(R7)*

Thus we obtain

o] 00 ‘ ) 1/p
I3§C{k2 2k“p<‘;22(k])nélHﬁHth)(Rn)) }
o [t
[} ) ‘ ‘ ) 1/p
= {kz <';22]0<2(k])(n51+ac)||fj||m(_)(mn)) } .
=—00 j=k+

If 1<p<oo, take 1/p+1/p’ =1. Since nd;+a >0, by the Holder inequality we have

I3 Sc{kzz_oo (j_%zzj“p Hf] Hiq(-)(Rn)Z(k_j)("51+“)P/2)

X ( kilz 2(k—f)("51+vé)p’/2) p/p,}

j==eo

[ 0 o
Rl (k—j)(nér+a)p/2
Sc{k_ZOO(]._%zzfPimwmz D ndrap )}

1/p
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. j—2 . 1/p
:C{ > zmp'f‘f|iq<.>mn>< ) Z(k])(”‘sﬁ”‘)p/Z)}

j:—oo k=—o0

w0 1/p
' p
SC{'E 2/06p|f]-|Lq(A>(Rn)}

]:—OO

=Clllgzr gy 2.11)

If 0<p<1, then we have

0 ) ) ) 1/p
k— I
psc{ ¥y 2valilsrypye o

© =2 ) \p
:C{‘Z 2J prjHiQ(')(]R") (k; o (k=j)(né1+ )p>}

j=—00

<ClIf lgs (g (2.12)
q()

Therefore, by (2.1), (2.2), (2.8), (2.9), (2.11) and (2.12), we complete the proof of Theorem
2.1. O

Since pa,s(f)(x) <Capg (f)(x), we easily obtain the following theorem.

Theorem 2.2. Suppose that 0<p<oco, q(-) € P(IR") satisfies conditions (1.1) and (1.2) in Lemma
1.1, Q€ L2(S" 1) and —ndy < a <nb,. Then the Littlewood-Paley area integral uq s is bounded
on Kg’p (R") and K:’p (R™).

) Q
3 BMO estimate for the commutators of Littlewood-Paley
operators

Let us first recall that the space BMO(IR") consists of all locally integrable functions f
such that

1
] £~ foldx<eo,

where fo=1Q|7! [ of (y)dy, the supremum is taken over all cubes Q C IR" with sides
parallel to the coordinate axes and |Q| denotes the Lebesgue measure of Q.

Let b€ BMO(IR"). The weighted (L?,L?) boundedness of [b, 1] have been proved by
Ding, Lu and Yabuta [4].

Lemma 3.1 (see [4]). Suppose that Q€ L$(S"~1)(s>1) satisfying (1.3). For an integer m>1,
if b€ BMO(R") and w € A, /g, max{s’,2} = B < p < oo, then there is a constant C, independent
of f, such that

L " pasl (@) Peo@dx<C [ 17(x)Pa(x)ds
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and

I i () ) Paxdr < [ 7l

By Lemma 3.1 and Lemma 2.2, it is easy to get the (LP()(R"),LP()(R"))-boundedness
of the commutators [b™, 1 s] and [b™,ug, ,].

Next, we will give the corresponding result about the commutator [b,uq] on Herz-
type Hardy spaces with variable exponent.

Theorem 3.1. Suppose that b€ BMO(RR"), A >2, 0< p<oo, 4(-) € P(R") satisfies conditions
(1.1) and (1.2) in Lemma 1.1, Q € L2(S*~1) and —nd; <a <né,. Then [b™, 1y 1] is bounded on

K;‘E'f) (R") and K;‘f) (R™).
In the proof of Theorem 3.1, we also need the following lemma.

Lemma 3.2 (see [6]). Let p(-) € B(R"), m be a positive integer and B be a ball in R". Then we
have that for all b€ BMO(R") and all j,i € Z with j > i,

1 1
=|[b[[¥ <sup —————(b—b8)" xBl Ly0) ey < ClIBIIZ,
1P S0P 60 S I

1(0—=b8)" x8, || Loy ey < CG =)™ 1011 8, | Lo ()
where B;={x€R":|x|<2'} and Bj={x € R":|x| <2/},

Proof of Theorem 3.1. Similar to Theorem 2.1, we only prove homogeneous case and still
suppose 0 < p<oo. Let f € KZE,) (R"), and we write

f= % =Y F.
j=—o0 j=—o0
Then we have

(G P

oo 1/p
—{ )3 Zk“”l[bm,uaﬂ(fmqu<.)(w>}

k=—o0

0 k=2 py1/p
SC{ 3 2"“P< v Hbm,mm)mWm) }

) k+1 py1/p
+C{ Y. 2W<'Z |[me#B,A](fj)XHLq(-)(w)> }

k=—o0 j=k-1

[ 0 14 1/P
+C{ 2 2le;7< Z |[bmlnz’l;),/\Kfj)Xk'L@(‘)(]Rn)> }

k=—00 j=k+2
=:C/i+C+CJs. (3.1)
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Noting [b™,u, ,| is bounded on L1C)(IR™), so we have
1/p
IzSC{ z 2N il oy} =l e e (3.2)

Now we estimate J;. By the Minkowski inequality we have

0", 1o 2 () ()

) (fom/ " <Wt—yl>A /|yz<t%[bm—b(z>]m fi(z)dz zfnyf; )1/2
/ |b(x)—b(2)["|f;(2) </ /y » t+yx y|>M||(y)£yzy_2:)—’22fnyf§>1/2dz
/ |b(x)—b(z)|"|fi(z) </|x Z/y y t+|x y’>A” |’fy?£yz|—2i)yz2 fﬁ:)l/zdz
[ B -bII5E) ( ()" y’f;iyzﬁ)f?gf;)l/zdz‘ N

Note that x € Ay, z€ Aj and j<k—2. By (2.5), (2.6) and the generalized Holder inequality
we have

0", 1o, 1 (f7) (%)
i) |b(x)—b(z)|mdz

Ry [x—z|"

|fj(2) 1/ (2)
< o m
c<yb b|/|x i /| Z|n!B ()!d>
<C2" kn“fj”mﬁ)(w)(’b(x)_b3/| HXjHLq’U(Rn)*”H(bB,‘_ ('))Xj(‘)HLq/(»(Rn))- (3.4)
By Lemma 1.3, Lemma 1.4 and Lemma 3.2 we have

6™, ey Al () Xl L (e
Scszanme(-)(]R”) (||Xj”m’(-)(]R") |(b(+) _ij)ka(-) Hm(-)(]Rn)

<C

181218, | ) ey 1 g0 e
<C29| il s eny (=)™ B 1208, ey 136 ) ) e

1108, ) ey 8 00 o))
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<C2 M e )" B 5ot ey |05 | s g 1208 00
HXB Hm
<C(k— WWWWWRW?T_J
k Lfi

<C2U9m (k= )™ [[B112 | £l o -

Thus we obtain

) p 1/p
it SC{ Z 27‘“?’< 2 2 (j "52 =)™ IBIE il ac ]Rn> }
k=—o00 j=—00

) k=2 . . P 1/p
=C||b|T{ ). <Z 2’“2(1_k)("52_“)(k—]')m|fj|Lq(-)(w)> } :

k=—o00 \j=—00
If1<p<oo, take 1/p+1/p’ =1. Since nd, —a >0, by the Holder inequality we have

00 k=2

REClblr X (X 2P g 2000
k=—00 j=—c0
( Z 2 )(néy—u p/z(k_].)mp/)l’/rﬂ}l/ﬁ
j=—00
00 1/P
<C||b|l"{ Y < 2 2%| )17, j—F) (ndr— a)ﬁ/2>}
k=—o00 \j=—00

s p
=CIIbIT{ Y 217 e ( Y, 20D WZ)}

j=—00 k=j+2

o0 1/p
j p
<C{ Y 2]“p|fj|m<‘>(w)}

j=—eo

If 0 <p <1, then we have

o k=2 ) vr
11§C||b||T{ Yy ¥ 2]04}72(]—10(n&z—zx)l’(k_]')ml’||f].||iq(_)(]Rn)}

k=—coj=—c0

1/p
ZCIIbHT{ Y. 2PIAIT, ( Y, 207 (k—]')’”p>}

j=—00 k=j+2
SCHfHK‘W (R™)* (3.6)
q()

Let us now estimate J3. Note that x € Ay, y € A; and j > k+2, so we have |y—z| ~ [y|.
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Similar to (3.4), we get

0", 1) () ()]
<2 sty (19C0) =7 gy 10, =BG O o) B)

By Lemma 1.3, Lemma 1.4 and Lemma 3.2, we have
| [bm/P‘?),A] (fj)Xk Hmt)(w)
<C2 £l (NI 1 s ey s )l e
1, = b)) 08, ey 0 e )
SCZ_j”HJ?Hy(-)@n)(||b||1"||XB]-||Lq’<->(w)||XBk(')||m<->(uzn)
+ (=)™ 8112 8, o oy el Rn))
<C27 (k)" [ 1| fjll oo (e

| ) lxa IILq<-> R
<C(j—k)" b Ilﬁl|m<<><w>W
. Lq . RH

<C2E 8 k)™ 1 ill ot ey

XB;

(R ||XBk||Lq )(R7)

Thus we obtain

4 1/P
]3§C{ Z 2’“"!’( 2 9 (k= ]"51 —k)"(|b]|¥ ||f]HLq ]Rn> }

k=—c0 j=k+2

[ r l/p
:C|b||T{ Z (2 jan (k= ])(nz>1+0t)< k)™ ||f]|\m Rn)> } .

k=—o00 \j=k+2

If 1<p<oo, take 1/p+1/p’ =1. Since nd;+a >0, by the Holder inequality we have

I3§C||b|\*{ 2 ( 2 27 2 j><n51+a>p/z)
k=—oo0 \j=k+2
X( i 2(k*j)(n§1+a)p//2(]._k)mp/)p/p/}l/P
j=k+2
00 ) 1/P
<C||b|T{ Y < Y 2L 2 ]>(n51+a>p/z>}
k=—o00 \j=k+2

) 1/p
_ (k— /2
—cnbw{ I 1 R ( X 2D nertep )}

]——OO
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w0 /p
j P
SC{Z 2]ap|/[j|Lq(-)(]I{11)}

j=—00

:CHfHK;‘(p)(]Rn) (38)

If 0 <p <1, then we have

o oo 1/p
m japn (k—j)(né1+a)p(; 1 \m i
13<c|b|*{k_z_mj_§221 Ptk s p ) Pmmu(w)}

o j—2 o 1/p
—CIbIT{ )3 zf“P|ﬁ|iq<.>(Rn)< )3 2<’”><“‘>1+“>P<f—k>mp>}
] k=—o0

j=—00

<C|Ifl K (RY): (3.9)

Therefore, by (3.1), (3.2), (3.5), (3.6), (3.8), (3.9), we complete the proof of Theorem 3.1. [
Since [b™,1a,s](f)(x) <CA[b", 1y 2] (f) (%), we easily obtain the following theorem.

Theorem 3.2. Suppose that be BMO(IR"), 0< p<oo, q(-) € P(R") satisfies conditions (1.1) and
(1.2) in Lemma 1.1, Q€ L2(S" 1) and —néy <a<ndy. Then [b™,uq,s] is bounded on K;" (R™)

()
a,p n
and Kq(.)(lR ).
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