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1 Introduction

Fractional calculus, both of theoretical and practical importance, is an important tool be-
ing used to investigate fractal functions and curves. Fractional calculus, such as Riemann-
Liouvile fractional integrals, can be effective applied to certain fractals like the Weier-
strass function [1]. With the help of the K-dimension, Yao [8,9], Su, and Zhou [11] proved
that there exist some linear connection between the order of fractional calculus and the
Box dimension, K-dimension, and Packing dimension of graphs of the Weierstrass func-
tion. A natural problem is, does this connection still hold for the Hausdorff dimension
which is very important in fractal theory? Firstly, we recall the definition of Riemann-
Liouvile fractional integral.

Definition 1.1 (see [5]). Let f be a function piecewisely continuous on (0,∞) and inte-
grable on any finite subinterval of (0,∞). Then we call

D−v f (t)=
1

Γ(v)

∫ t

0
(t−x)v−1 f (x)dx.
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Riemann-Liouvile fractional integral of f of order v for t>0 and Re(v)>0.

This paper considers the Weierstrass function with random phase added to each term,
i.e.,

fΘ(x)=
∞

∑
n=0

λ−αn sin(2π(λnx+θn)), x∈ I, (1.1)

where λ > 1, 0 < α < 1, I = [0,1], Θ = {θ0,θ1,θ2,···}. More details about the type of the
Weierstrass function can be found in [1, 7].

Definition 1.2. Denote Riemann-Liouvile fractional integral of sin(2π(λnx+θn)) and
cos(2π(λnx+θn)) of order v as following

St(v,λ,θ)=D−vsin(λnx+θn)=
1

Γ(v)

∫ t

0
(t−ξ)v−1 sin(2π(λnξ+θn)),

Ct(v,λ,θ)=D−vcos(λnx+θn)=
1

Γ(v)

∫ t

0
(t−ξ)v−1 cos(2π(λnξ+θn)).

Then define

Fθ(x)=D−v( fθ(x))=
∞

∑
n=0

λ−αnSt(v,λ,θ) (1.2)

be R-L fractional integral of fθ(x) of order v.

Definition 1.3 (see [2]). Let a Borel set F ∈Rn be given as follows. For s≥ 0 and δ> 0,
define

H
s

δ (F)= inf
{ ∞

∑
i=1

|Ui|
s :{Ui} is a δ-cover of F

}
,

where |U|= sup{|x−y| : x,y ∈ U} denotes the diameter of a nonempty set U and the
infimum is taken over all countable collections {Ui} of sets for which F ⊂

⋃∞
i=1Ui and

0< |Ui|≤δ. As δ decreases, H s
δ (F) cannot decrease, and therefore it has a limit (possibly

infinite) as δ→0, define
H

s(F)= lim
δ→0

H
s

δ (F).

The quantity H s(F) is known as s-dimensional Hausdorff measure of F. For a given
F there is a value dimH(F) for which H s(F) = ∞ for s < dimH(F) and H s(F) = 0 for
s>dimH(F). Hausdorff dimension dimH(F) is defined to be this value, that is:

dimH(F)= inf{s :H s(F)=0}=sup{s :H s(F)=∞}.

For simplicity, let

S̃t(v,λ,θ)=Γ(v)St(v,λ,θ),

C̃t(v,λ,θ)=Γ(v)Ct(v,λ,θ),

Cα(I)={ f (x) : | f (x)− f (y)|≤ c|x−y|α ,∀x,y∈ I}.
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Let H = [0,1]∞, endowed with the uniform probability measure,and let Θ = {θ0,θ1,···}
denote a point in H. Let Graph( f ,[a,b])={(x, f (x))|a≤ x≤ b, f : [a,b]→R

2} be the graph
of f .

The remainder of this paper is arranged as follows, in Section 2, we give some
lemmas which are important for the proof of the linear relationship. In Section 3,
there are two theorems discussed for the relationship between dimH Graph(FΘ , I) and
dimH Graph( fΘ , I).

2 Lemmmas

To prove the main theorems about the linear relationship, we need the following lemmas.
We first derive some simple but widely applicable estimation for Hausdorff dimension
of continuous functions.

Lemma 2.1 (see [2]). Let f : [0,1]→R be a continuous function. If

| f (t)− f (u)|≤ c|t−u|2−s , (2.1)

where 0≤ t,u≤1, c>0, 1< s<2, then we have H sGraph( f , I)<∞ and dimH Graph( f , I)≤ s.

Lemma 2.2. Let Z(Θ)= FΘ(x)−FΘ(y), the variance of function ZΘ(x) has a bounded density
function.

Proof. Let πλnt=u, we have

Z(Θ)=
∞

∑
n=o

λ−αn 1

Γ(v)

(∫ x

0

sin(2π(λn(x−t)+θn)

t1−v
dt−

∫ y

0

sin(2π(λn(y−t)+θn)

t1−v
dt
)

=
∞

∑
n=o

λ−αn 1

Γ(v)

(∫ πλnx

0

sin(2πλnx−2u+2πθn)

(πλn)vt1−v
dt−

∫ πλny

0

sin(2πλny−2u+2πθn)

(πλn)vt1−v
dt
)

=
∞

∑
n=o

π−vλ−(α+v)n 1

Γ(v)

(∫ πλnx

0

sin(2πλnx−2u+2πθn)

u1−v
dt−

∫ πλny

0

sin(2πλny−2u+2πθn)

u1−v
dt
)

=
∞

∑
n=o

π−vλ−(α+v)n 1

Γ(v)

(∫ πλnx

0

sin(2πλnx−2u)cos(2πθn)+cos(2πλnx−2u)sin(2πθn)

u1−v
du

−
∫ πλny

0

sin(2πλny−2u)cos(2πθn)+cos(2πλny−2u)sin(2πθn)

u1−v
du

)

=
∞

∑
n=o

π−vλ−(α+v)n 1

Γ(v)

(∫ πλnx

0

sin(2πλnx−2u)

u1−v
ducos(2πθn)

+
∫ πλnx

0

cos(2πλnx−2u)

u1−v
dusin(2πθn)−

∫ πλny

0

sin(2πλny−2u)

u1−v
ducos(2πθn)

−
∫ πλny

0

cos(2πλny−2u)

u1−v
dusin(2πθn)

)
.
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Let

A=
∫ πλnx

0

sin(2πλnx−2u)

u1−v
du, B=

∫ πλnx

0

cos(2πλnx−2u)

u1−v
du,

C=
∫ πλny

0

sin(2πλny−2u)

u1−v
du, D=

∫ πλny

0

cos(2πλny−2u)

u1−v
du.

We have
Z(Θ)=Qn sin(2πθn+ϕn), (2.2)

where

tanϕn =
A−C

B−D
,

Qn =
∞

∑
n=o

π−vλ−(α+v)n 1

Γ(v)
((A−C)2+(B−D)2)

1
2 .

Since z1,z2,··· , are independent random variables with density functions

hn(θn)=





1

π(Q2
n−Z2

n)
1
2

, |Zn|< |Qn|,

0, |Zn|≥ |Qn|.

For z= z0+z1+z2+··· , we get

h(z)=h0∗h1∗h2∗··· .

Because the maximum value of a probability density can not increase under convolution
with another probability density, any upper bound we obtain on a finite convolution
hj∗···∗hk is an upper bound on hn(θn) as well.

Notice that

A=
∫ b

0

sin(2πλnx−2u)

u1−v
du+

∫ πλnx

b

sin(2πλnx−2u)

u1−v
du

= : Σ1+Σ2,

here 0<b<πλnx.
By Cauchy’s test we get Σ1 is absolute convergence. At the same time Σ2 is conver-

gence too by Dirichlet test. Thus A is convergence. In a similar way B, C, D is conver-
gence too,

((A−C)2+(B−D)2)
1
2 = L.

Let integer K>2 satisfy λ−(K+1)
< |x−y|<λK . We have

|Qn|>π−vλ−(α+v)n 1

Γ(v)
L>π−v 1

Γ(v)
L|x−y|α+v. (2.3)
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It holds that |Qn|> M1|x−y|α+v. Now let ‖•‖p denote the Lp norm. obviously hn ∈ Lp

(0< p<2), so

‖hn(Zn)‖ 3
2
=M1|qn|

− 1
3 ≤M2|x−y|

v+α
3 .

Here M, M1, M2 are constants independent of x, y. By Young’s inequality

‖hk−1∗hk‖3≤‖hk−1‖ 3
2
∗‖hk‖ 3

2
,

and Holder inequality

‖hk−2∗hk−1∗hk‖3≤‖hk−2‖ 3
2
‖hk−1∗hk‖3 ≤‖hk−2‖ 3

2
‖hk−1‖ 3

2
‖hk‖ 3

2
≤M3

2|x−y|v+α.

It follows that

h(z)≤M3
2 |x−y|v+α. (2.4)

Thus, we complete the proof.

3 Theorems

In this section, we will prove the main theorems.

Theorem 3.1. For 0<v<1, λ>1, 0<α+v<1, we have dimH Graph(FΘ , I)≤2−α−v.

Proof. For x,y∈ I, let x>y. By Lemma 2.2, we have

|FΘ(x)−FΘ(y)|≤
∞

∑
n=0

λ−αn 1

Γ(v)

∣∣∣
∫ x

0

sin(λn(x−t)+θn)

t1−v
−
∫ y

0

sin(λn(y−t)+θn)

t1−v

∣∣∣

=
m−1

∑
n=0

λ−αn 1

Γ(v)

∣∣∣
∫ x

0

sin(λn(x−t)+θn)

t1−v
−
∫ y

0

sin(λn(y−t)+θn)

t1−v

∣∣∣

+
∞

∑
n=m

λ−αn 1

Γ(v)

∣∣∣
∫ x

0

sin(λn(x−t)+θn)

t1−v
−
∫ y

0

sin(λn(y−t)+θn)

t1−v

∣∣∣

= : Σ1+Σ2.

For all m>0, if |x−y|≤1. let m be the positive integer with

λ−m
< |x−y|<λ−(m−1).
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For Σ1, let λn+ m
v t=u, then we have

Σ1=
m−1

∑
n=0

λ−(α+v)n 1

Γ(v)
λ−m

∣∣∣
∫ λn+ m

v x

0

sin(λnx−λ− m
v u+θn)

u1−v
du

−
∫ λn+ m

v y

0

sin(λny−λ− m
v u+θn)

u1−v
du

∣∣∣

≤
m−1

∑
n=0

|x−y|λ−(α+v)n 1

Γ(v)
2K

=
1−λ[1−(α+v)]m

1−λ1−(α+v)
|x−y|

1

Γ(v)
2K

≤
λ[1−(α+v)]m

λ1−(α+v)−1
|x−y|

1

Γ(v)
2K

≤
2K

Γ(v)[λ1−(α+v)−1]
|x−y|α+v

≤C1|x−y|α+v.

For Σ2, let λnt=u, we have

Σ2=
∞

∑
n=m

λ−(α+v)n 1

Γ(v)

∣∣∣
∫ λnx

0

sin(λnx−u+θn)

u1−v
du−

∫ λny

0

sin(λny−u+θn)

u1−v
du

∣∣∣

≤
∞

∑
n=m

λ−(α+v)n 1

Γ(v)
2K=

λ−(α+v)m

1−λ−(α+v)

2K

Γ(v)

≤
2K

Γ(v)(1−λ−(α+v))
|x−y|α+v

=C2|x−y|α+v.

Then, we get
|FΘ(x)−FΘ(y)|≤C|x−y|α+v, (3.1)

where C1, C2, C is a constant. By Lemma 2.1, we get

dimH Graph(FΘ , I)≤2−α−v. (3.2)

Thus, we complete the proof.

Theorem 3.2. If 0<v<1, λ>1, 0<α+v<1, we have

dimH Graph(FΘ , I)≥2−α−v.

Proof. By Theorem 3.1, we only need to show dimH Graph(FΘ , I)≥2−α−v. Let µΘ be the
measure supported on graph of FΘ that is induced by Lebesgue measure u on interval
I=[0,1]. That is, for S⊂R

2,

µΘ(S)=ν({x∈ I : (x,FΘ(x))∈S}).
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Then the t-energy of µΘ is

It(µΘ)=
∫∫

Graph(FΘ,I)

dµΘ(x)dµΘ(y)

[(x−y)2+(FΘ(x)−FΘ(y))2]t/2

=
∫

I

∫

I

dxdy

[(x−y)2+(FΘ(x)−FΘ(y))2]t/2
.

Fix t∈ (1,2−α−v), let

Et=
∫

H
It(µΘ)dΘ, (3.3)

then by Tonelli theorem,

Et=
∫

I

∫

I

∫

H

dΘ

[(x−y)2+(FΘ(x)−FΘ(y))2]t/2
dxdy. (3.4)

By Lemma 2.2, we have h(Z)≤C1|x−y|−(v+α) for certain positive constant C that is
independent of x and y. It follows that

∫

H

dΘ

[(x−y)2+(FΘ(x)−FΘ(y))2]t/2

=
∫ ∞

−∞

h(Z)

[(x−y)2+Z2]t/2
dZ

=
∫ ∞

−∞

h(|x−y|W)|x−y|

|x−y|t(1+W2)t/2
dW

≤suph(Z)|x−y|1−t
∫ ∞

−∞

dW

(1+W2)t/2

≤C2|x−y|2−α−v−t−1.

Since t<2−α−v, it holds that Et<∞. Thus we have proven for t<2−α−v that It(µΘ) is
finite for almost every Θ∈H, which implies that the Hausdorff dimension of the graph of
FΘ is at least t. Choosing a sequence of values of t approaching t<2−α−v, we conclude
that for almost every Θ∈ H, the Hausdorff dimension of the graph of FΘ is at least t<
2−α−v. That is

dimH Graph(FΘ , I)≥2−α−v.

Thus, we complete the proof.

From Theorem 3.1 and Theorem 3.2, we get the result that

dimH Graph(FΘ , I)=2−α−v.
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4 Conclusions

This paper mainly studies the fractal dimension of a certain fractional function and
proves that there exists some linear connection between the order of Riemann-Liouvile
fractional integrals and the Hausdorff dimension of a fractal function. However, the con-
clusion is only true for some special fractal functions, we believe the linear connection
holds for general fractal functions all the time.
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