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Abstract. For numerical simulation of one-dimensional diffraction gratings both in TE
and TM polarization, an enhanced adaptive finite element method is proposed in this
paper. A modified perfectly matched layer (PML) formulation is proposed for the trun-
cation of the unbounded domain, which results in a homogeneous Dirichlet boundary
condition and the corresponding error estimate is greatly simplified. The a posteriori
error estimates for the adaptive finite element method are provided. Moreover, a lower
bound is obtained to demonstrate that the error estimates obtained are sharp.
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1 Introduction

Due to its wide applications in micro-optics, diffraction gratings have recently received
considerable attentions in both engineering and computational sciences [1,2,14]. There
are various methods for the numerical simulation of diffraction gratings; among which
the finite element method is one of the most popular approaches due to its capability in
handling complicated geometries and boundary conditions. There are two challenges in
applying the finite element method to diffraction grating simulation. One is to truncate
the unbounded domain into a bounded one with some adequate approximation accuracy,
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and the other is to resolve the solution singularity caused by the discontinuity of the
dielectric coefficient. To address these two issues, the perfectly matched layer (PML) [7]
technique combined with a posterior error estimate based adaptive finite element method
have been applied [4,16].

Since the pioneering work of Babuska and Rheinboldt [6], the adaptive finite element
methods based on a posteriori error estimates have become a central theme in scien-
tific and engineering computations. For appropriately designed adaptive finite element
procedures, the meshes and the associated numerical complexity are quasi-optimal, see,
e.g., [4,9,11-13,15,16]. This makes the adaptive finite element method attractive for grat-
ing problems, which is often combined with the PML technique. In [16], Chen and Wu
introduced an adaptive linear finite element algorithm with PML for domain truncation.
A posteriori error estimate is derived to determine the PML thickness parameters auto-
matically. Moreover, an exponential decay factor is introduced so that the a posteriori
error estimate decays exponentially with respect to the distance to the computational do-
main, which makes the computational cost insensitive to the thickness of the absorbing
layer. Later in [4], a second-order adaptive finite element method with error control was
developed by Bao et al. for one-dimensional grating problems. The method has been ap-
plied to solve problems such as the 2D acoustic problem [17] and the 3D electromagnetic
scattering problem [8].

Based on the work of Chen and Wu [16], several important improvements on the
PML-based adaptive finite element method will be made in this paper:

(a) The PML formulation in [16] is modified by subtracting an auxiliary function from
the electric field variable which satisfies the Helmholtz equation. The modification results
in a homogeneous Dirichlet condition for all the boundaries, while in [16], the boundary
condition on the upper boundary is not homogeneous. As a consequence, the exponential
decay factor used for the error estimation in [16] is deleted here and accordingly the error
analysis and practical implementation of the PML algorithm are greatly simplified.

(b) Furthermore, the error estimate for the PML is improved on the situation where
the imaginary part of dilectric coefficient is small and positive, and the error bound is
much better than that in [16]. The derived error estimate also implies that the solution of
the PML problem converges exponentially to the solution of the grating problem when
either the thickness of the PML layers or the PML medium parameters approaches infin-
ity.

(c) A posteriori error estimates between the solution of the grating problem and the
finite element approximation of the PML problem are derived. Since the modification
of PML formulation results in a homogeneous Dirichlet boundary condition, both the
estimations and proving are much simpler than that in [16]. And a lower bound of the
a posterior error estimates is obtained, which is missed in [16]. The lower bound is not
used in the practical adaptive finite element procedure, however it illustrates that the
derived error estimates are sharp.

The remainder of this paper is organized as follows. In Section 2 the 1D diffraction
gratings model is presented. In Section 3 the modified PML formulation is introduced



292 J. Chen, D. S. Wang and H. ]. Wu / Commun. Comput. Phys., 6 (2009), pp. 290-318

first, and then the finite element discretization with the error analysis are given. In Sec-
tion 4 a sharp a posteriori error estimate which lays down the basis for the adaptive
method is provided. A lower bound of the error between the PML solution and its finite
element approximation is also derived. In Section 5 the results on the TM polarization
are presented. The adaptive algorithm is outlined in Section 6 and a numerical example
is included as well. Finally the conclusion and future work are contained in Section 7.

2 The 1D diffraction gratings model

The diffraction grating problem that arises when an electromagnetic wave is incident on
a periodic structure is considered. The time harmonic Maxwell equations can be written
as

VXE—iwpH=0, (2.1)
V xH+iweE=0. (2.2)

Here E and H are the electric and magnetic field vectors, and ¢(x) represents the dielectric
coefficient, where x = (x1,x2,x3). We will consider only the one-dimensional (1D) grating
problem in which the medium and the grating structure are assumed to be constant in
the x, direction. The dielectric coefficient ¢(x) =¢(x1,x3) is assumed to be periodic in the
x1 direction with the period L > 0:

e(x1+nL,x3)=¢(xq,x3) Vx1,x3€R, ninteger.

The dielectric coefficient €(x) can be complex. And it is assumed that Ime(x) >0 and
Ree(x) >0 when Ime(x) =0. Also ¢ is supposed to be constant away from the region
{(x1,x3) : b2 < x3 <Dy} (see Fig. 1) in the sense that there exist constants ¢; and ¢, which
satisfies

e(xq,x3)=¢1 in O ={(x1,x3):x3>b1},
e(xq,x3)=¢2 in Qp={(x1,x3):x3<bp}.

In a practical application, we have &1 >0, but £, may be complex depending on prop-
erty of the substrate material used in (). Based on the direction and polarization of
the incident plane wave, the Maxwell equations can be simplified by considering two
fundamental polarizations: the transverse electric (TE) polarization and the transverse
magnetic (TM) polarization. In the TE case, the electric field E is parallel to the x, axis:
E=(0,u,0)T € R3, where u=u(x1,x3) satisfies the Helmholtz equation

Au+K*(x)u=0 in R> (2.3)
Here k?(x) = w?e(x)u is the magnitude of the wave vector. Similarly, in the TM case, the

magnetic field H is parallel to the x; axis: H= (0,u,0)" € R?, where u = u(x,x3) satisfies
the equation

. 1 Ca 2
dlv(WVu>+u—0 in R% (2.4)
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Figure 1: Geometry of the grating problem.

3 The modified PML formulation and the discrete problem

3.1 The modified PML formulation

Modified variational formulations for the grating problem (2.3) and (2.4) using PML
techniques are proposed in this section. As the techniques for both the TE and TM polar-
ization are similar, we shall concentrate on the TE polarization in this section, and then
state the main results for the TM polarization in section 5.

Before introducing the absorbing PML layers, some definitions and results about the
variational formulation with transparent boundary conditions are presented. For a more
general discussion, please refer to [4,16].

Let uj = ¢®1~1F% be the incoming plane wave which is incident upon the grating
surface from the top, where a =k;sinf,  =kjcosf, and —7r/2 <0 < /2. Here 0 is the
incident angle. We are concerned about a quasi-periodic solution u of (2.3) in the sense
that u, = ue~*" and it is periodic in x; with a period L > 0.

Let T';={(x1,x3):0<x1 <L,x3=b;},j=1,2. Then the domain of the problem is reduced
to

Q={(x1,x3):0<x1 <L, bp<x3<by}.

For each integer n, let a, =27n /L. As u, is periodic in the x; direction, it has a Fourier
series expansion

. 1L
g (21,35) = Y ! (x3)e u&”)zz/o uge ¥y,

nez

Thus we have the expansion

u(xl,x3) :uaeiaxl — Z u&n)<x3)ei(“”+“)xl_
nez



294 J. Chen, D. S. Wang and H. ]. Wu / Commun. Comput. Phys., 6 (2009), pp. 290-318

For any integerncZ and j=1,2, ,37 is defined as
(B! =k —(an+a)®>,  Imp!>0,

where k]z- =w?¢p, and k]z- #(an+a)?, Vnez.

Substituting the above expansion into the Helmholtz equation (2.3) and noticing that
the radiation condition for the diffraction problem implies that u is composed of bounded
outgoing plane waves in (); (and (),), the following Rayleigh expansion can be obtained
in Qli

u=u+)y Allianta)ntipix, xe).

nez

Similarly, the following Rayleigh expansion can be obtained in ();:

U= E Agei(zx,,ﬁx)x]fiﬁg’x% xe QZ~

nez

Usually, the grating structure is not very close to the upper boundary I'; of the domain Q).
Thus it follows that there exists a constant § >0 such that the grating structure is located
in {(x1,x3):0<x1 <L, bp <x3<by—6}. Furthermore, a new variable is introduced by
assuming

0(x1,x3) =u(x1,X3) —w(x3)ur. (3.1)

Here w(x3) € C2(R) is chosen as:

1 if b1SX3,
1
w(x3) = p(g(xg;—bl—l-é)) if bi—8<x3<by,
0 if x3<b—9,

where p(7) =67° —15t* +107%, v=u—uj in Oy and v=u in ). We require p(7) satisfies
p(0)=0, p(1) =1 and p € C?[0,1]. For simpleness, we choose it as a polynomial.
For any quasi-periodic function f with an expansion

f: Ef(n)ei(oc,,+oc)x1’

nez

the following Dirichlet to Neumann operator T; is introduced in [3]:

(Tif)(x1) = Y i} fMelntom, 0<xy <L, j=1,2

nez
With the above notations, the Rayleigh expansion of u shows that v satisfies

o0v v
E—Tlv:O on I7y, E—Tzv:O on I, (3.2)
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where v stands for the unit outer normal to Q). And the above two equations are similar
to transparent boundary conditions used in [4]. To define a variational formulation for
the 1D grating problem (2.3) with the boundary conditions (3.2), the following subspace
of H'(Q) is introduced, which includes all the quasi-periodic functions:

X(Q)={ucHY(Q):u(0,x3) =e " u(L,x3) forby<x3<b;}.

Define the sesquilinear form b: X(Q) x X(Q)) — C as follows:
b(o9)= [ (VoVi—R(x)gf)dx—). [ (Tip)fdx. (3.3)
j=17Tj

Since the equation of u in the domain () is the original Helmholtz equation Au+k?(x)u=
0, it follows that

Av+K (x)v=—g, in Q,
where
o AMw(xz)uy) R (x)w(xz)up if  by—06<x3<by, (3.4)
871 0 otherwise. :

Thus the weak formulation of the 1D grating problem in the TE polarization reads as
follows: Given an incoming plane wave u; =¢**1 =% geek v € X(Q) such that

b(o,p) = /Q fodx  YypeX(Q). (3.5)

The existence of a unique solution v to (3.5) is proved for all but a sequence of count-
able frequencies w; with [w}| — +c0. The existence issue is not going to be elaborated here
and we just assume that (3.5) has a unique solution. And the general theory in Babugka
and Aziz [5, Chapter 5] implies that there exists a constant y > 0 such that the following
inf-sup condition holds:

b(o,
sup 2PN 50y veex(). (36)
ozpern(a) ¥l m @)

Now we turn to the introduction of absorbing PML layers. The computational do-
main () is surrounded by two PML layers with thickness J; and 4 in (1 and (), respec-
tively. Let s(x3) =s1(x3) +isz2(x3) be the model medium property and it satisfies

s1,2€C(R), s1>1,5>0, and s(x3)=1 for by <x3<b;. (3.7)

Here we remark that, in contrast to the original PML condition which takes sy =1 in
the PML region, a variable s; is used here to attenuate both the outgoing and evanescent
waves. The advantage of this extension makes our method insensitive to the distance
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of the PML region from the structure. Following the general idea in designing PML
absorbing layers, we introduce the PML regions

OMML— £(x1,x3):0<x; <L and by <x3<by+6,},
OPME— {(x1,x3):0<x; <L and by—8, <x3<b>},

and the PML differential operator

L= 8871 <S(x3)8871> —1—8873 (@%) K% (x)s(x3).

Then the PML equation assumes the form (see [4,16])
L(—u;)=0  in OIME,
Li=0  in QMM
where 1 satisfies the Helmholtz equation Al +k%*1 =0 in (). Assume
0(x1,x3) =1(x1,x3) —w(x3)uy, (3.8)

and let D={(x1,x3):0<x1 <L,bp—6, <x3<b;+1}. Applying (3.7), we can formulate a
modified PML model:
Lo=—g in D, (3.9)

with a quasi-periodic boundary condition in x; direction:
6(0,x3) = €_i“LZ7(L,X3) for by—dy<xz3<bi+dq,
and a Dirichlet boundary condition:

6=0 on TME={(x;,x3):0<x;<L,x3=by+61},

=0 on TPMM—={(x;,x3):0<x;<L,x3=br—6},
where the source function g is defined in (3.4). For any G C D, define
X(G)={u€ H'(G):u, =ue *is periodic in x; with period L},
and the sesquilinear form 4. : X(G) x X(G) — C can be introduced as

1 a_q)ﬂ — ks
s(x3) dx3 0x3

“c(ﬁorlP):/C;(S(%)aa%aa—z—i- (x3)py)dx.

Define X (D)={ueX(D),u=00onTTMLUTIML}. Then the weak formulation of the PML
model reads as follows: Find 9 € X (D) such that

aD(ﬁ,¢):/]Dg¢dx vyeX (D). (3.10)
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Our next objective is to prove the existence and uniqueness of the above problem and
derive the error estimate between ¢ and v=u—w(x3)u;. Here we remind that v—9=u—1
is the error between the solutions of the original PML problem and the 1D grating prob-
lem. To achieve the goal, we first find an equivalent formulation of (3.10) in the domain
Q). Similar to the derivation of the variational formulation with transparent boundary
condition, we get the following:

where
{1 (x3)=exp (—iﬁ’f /blwls(r)dT) —exp (1,8’11 /xbﬁéls(r)dr),
) =exp =iy [ s(rar) —exp(ipy [

by—6;

For any quasi-periodic function f having the expansion

f= Y feitntom,

nez
the Dirichlet to Neumann operator T]-PML is defined as:

(TPMEf) (1) = ) ipjcoth(—ipfoy) felletel, 0 < <L, j=1,2,

nez

where coth(7)=(e"+e77)/(e"—e 7) and

bi1+61 by
o= s(t)dr, %53 :/ s(T)drt. (3.11)
by by—d,
Then it follows that
00 00
B_z_ fML@ZO on Ij, a—z— ;MLﬁ:O on Ib.

This motivates us to introduce the sesquilinear form b"L: X(Q) x X(Q)) —C,
2
b"™M(g,) = /Q (VoV—K (x)pp)dx— Z% /r ]_ (TP ) pdxy, (3.12)
]:

and introduce the following variational problem: Find ¢ € X(Q)) such that

pPML(9,1) = /Q pdx  Vpex(Q), (3.13)
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where ¢ is defined in (3.4).

The following lemma [16] establishes the relation between the variational problem

(3.4) and the modified PML model problem (3.10).

Lemma 3.1. Any solution ¥ of the problem (3.10) restricted to Q) is a solution of (3.13). Con-
versely, any solution ¥ of the problem (3.13) can be uniquely extended to the whole domain D to

be a solution of (3.10).
Let

1/2
_ ‘Re(ka) - (ocn—l-oc)z‘ , Uj={n:Re(K) > (wy+a)?}, j=12,
A;:min{A;?:nEUj}, A]- =min{A}:n ¢ U;}.
The following lemma plays a key role in the subsequent analysis.

Lemma 3.2. Forany ¢, € X(Q), we have

[ (T 1oy

j

and M; :min(M;’,Mjb), where

< Mjll@ll 2 191l 2r)

] .
+00 otherwise,

28 24 if AT >1and jA; >1,
M}.J: max exp(ZU}A;)fl’exp(ZajﬁA;r)fl o and o,
400 otherwise,
2|k;| .
M.b{ exp(20NImk;) 1 if Ime; >0,

I

and (TJ-R,U'-I are the real and imaginary parts of o; defined in (3.11), that is, o; :ajR +io;.

J
Proof. For any ¢, € X(Q), their traces on I'; have the following expansions:

xl/ Z (Ptx an-‘r(X) xl/ Z l/)DL (XH—HX /

nez nez
where q),&") and 1/),,(4") are the Fourier coefficients of the periodic functions

Pa(x1,b)) = @(x1,b7)e 7™, o (x1,b)) = p(x1,by)e ™,
respectively. The orthogonality property of the Fourier series yields

911 z2(r) = 1 pallizr, =

nez

ll32ry = IalFary =L L [

nez

(3.14)
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and
/ (To=TMg)pdr=L T if} (1—coth(—igjo) " (b)Pu" (). (15)
Define
En= %(Re(k]z-) —(an+a)?), = %Im<k]2.), (3.16)

and observe that (,87)2 =2(g,+in). Since Im(ka-) =w?Im(e;) i >0, we obtain that

Rep! = (\/G+n2+&)"2,  ImBl= (/G +n> =& (3.17)

Thus Re(—2ipj0;) = 2((T]RIm,B}1 —I-chI Rep?) > 2(T]leﬁ’7, which implies that

28"
‘1,87 (1—coth(—igjc;)) ‘ = ‘ %
o] avag e

> eza]ﬂlmﬁ;’ 1 eZUJR( [ —E)2 ) .
For the sake of convenience, we make the following notations:

2_|_ 2\1/4
g(énrﬂ):: ) R(EE;TWZ—) 172 ’
e aj nTl] g") _1

P(& 1) =i} (1—coth(=iB]e;)) | <2v/28(En,1)-

Simple differential computation gives

2 | p2)=3/4g2 (VG +P =8
8nt) _(ut ) 2 [(1—3*20}?(\/%*@)1/2);1/2

9Cn (2 Va8 1y
B+ (@2 -8 20,

which shows that g(¢,,%) increases with respect to &,. As &, < %Rek]z-, it can be verified
thatforneZ

2[kj|
eZUJRImk]' _ 1

P(&u,1) SZ\/Eg(%RekJZ,n) = ,if Ime;>0. (3.18)
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For n ¢ U;, we have

o7 N (EZ%R(\/C%JrWZ*é‘n)”Z_l)z
—\/C%JrnchJR/(\/C%Jrnz—Cn)”z}
R(./ 2 \1/2
(@A) T VIR (1_0R\Cn!1/2).
- (EZUJR(\/é‘%JrﬂZ—én)”Z_l)z

R(. /&2 2_g 172
9g(Eu,) _ (@ +n?) 242 VE TS [(1—6*20?(@%»”2)1/2

277 /2

A
1/2>

h
It is easy to see that || 5,80 g(Cn,1) decreases with respect to 77 >0, provided that

URA;“ >1. Thus we get

+
N A

P(&,n) < . ifeRAatT>1. 3.19
(Cn 17)— ez\/ia]R'gn‘]/z_l — gZU}RA;_l ] i = ( )

In the above deduction, we have used the fact that when x >0 the function x/ (e —1)
decreases with respect to x, where a > 0.
Similarly, for n € Uj, it follows that

Re(—2iB}0;) =2(cf Imp! +0/Rep}}) > 20/ Rep}.

Consequently,

2AG A 2V

P(Cu) < =
(Cnr11) L) T VISR
20- .
<o oAzl 20
e it —1

Combining (3.19) and (3.20) gives that, forn€Z,

ZA]‘+ ZA;
P(8n) < max (ezajRA; T2

> if a]RA]f >1, a} A7 >1. (3.21)

Applying (3.18),(3.21) and the Cauchy inequality in (3.15) leads to the completion of the
proof. O

Remark 3.1. The estimate between T; and T]PML is an improvement over the result in [16].
Our error bound is similar to that in [16] if (TJRA].Jr >1, (7]-1 AT >1 and Imej =0, and is not
larger than that in [16] if Ime ;>0. However, when Ime i>0 and Ime j is small, our estimate
is much better if A].+ and A].’ are not small.
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The following trace inequality is from [16] and the proof is omitted.

Lemma 3.3. For any ¢ € X(Q)), we have
12y <Ny <ClYllm q)

with C=+/1+ bz—bl Herelfl/) x1,b ) Znez% ( ) i, +a)xg Onr

) 1/2
sy = (L S0+ ot 2 o e[ )

nez
Theorem 3.1. Let v >0 be the constant in the inf-sup condition (3.6) and assume that (M +
My)C? <. Then the modified PML variational problem has a unique solution o. Moreover, we
have the following error estimate:

R b(v—17, 2 R
llo-tllas=_ sup ’Mﬁ LM 19l 62

Remark 3.2. From the definition of v and 9 we obtain the error estimate between the
solution of the grating problem u and the PML solution i:

[[u—=alla=[lo+w(xs)um—0—w(xs)url|la=|[lv—7|l|a-

We remark that the error estimate (3.22) is a posteriori in nature as it depends on the
modified PML solution 9. This makes a posteriori error control possible (see Section 3
for details). The proof for the theorem is similar to that employed in [16] and here it is
omitted.

3.2 The discrete problem

In this section the finite element method for the modified PML problem (3.10) is pre-
sented. Let M), be a regular triangulation of the domain D and remember that any el-
ement T € M, is considered as closed. Let V(D) C X(D) be the n-th order Lagrange

finite element space and XO/h(D)f V(D) ﬂ}o((D), and denote the standard finite element
interpolation operator by I,: C(D) — V},(D). Then the finite element approximation to

the modified PML problem (3.10) is defined as: Find ), € XO/h (D) such that
0, (O, ) = /D gP,dx Vi, € Vy(D). (3.23)

Assume that the discrete problem (3.23) has a unique solution 9, € Vj,(D), and let

A 0 s(x3) 0
() L)

s(x3)
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Then the definition of £ and a,, can be rewritten as

L=div(A(x)V)+B(x),
0,(99) = [ (A(X)VoVH—B(x)gf)dx.

For any T € M;,, we denote its diameter by hr.
Let B;, denote the set of all sides that do not lie on F}?ML, j=1,2, and h, stand for its
length for any e € B, and for any T € M),. We introduce the residual

Rr:=Loy|r+g]|T. (3.24)

For any interior side e € B;, which is the common side of T; and T, € M}, we define the
jump residual across e as
]e:(AVﬁh’Tl —AV@h‘TZ)-Ve, (325)

where the unit normal vector v, of e points from T to T;. Also we define I = {(x1,x3):
x1=0,by—dr < x3 <b1—|—51} and I‘right:{(xl,x3) x1=L,by—0p<x3<bq +51}. If e=T}NOT
for some element T € M}, and ¢’ is the corresponding side on [ight which is also a side of
some element T’, then the jump residual can be defined as

J A —in d PN
]€:A11 [E(Uh’]")—e L.a—m<vh‘T/):|’

3 3 (3.26)
_ ol Y (s — = (D]
Jo= et @ul1) = 5 ().
For any T € M}, we denote the local error estimator by 77 of the following form:
1
e =max|s(e)] | [Rellary (5 L el 2] (3.27)
xeT eCT

where T is the union of all elements in M, that have nonempty intersection with T€ M.
With the above definitions and notations, we present the main result of this paper.

Theorem 3.2. There exists a constant C >0, depending only on the minimum angle of the mesh
My, such that the following a posteriori error estimate holds:

2 1/2
llo=0ulllo < Y- CM; 104l 2y +CO+C1+C) (X nh)
j=1 TeM,;
where the constants M; (j=1,2), C,Cj are defined in Lemmas 3.2, 3.3 and 4.3, respectively.
The proof of this theorem will be given in Section 4.
Remark 3.3. From the definition of v, it follows that
[[[o="3nlla=Il[u—(0n+w(x3)ur)l|la,

which implies that 9, +w(x3)u; can be used to approximate u.
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4 Error analysis

In this section the a posteriori error estimates in Theorem 3.2 is proved and the lower
bound of || —9;,|| is obtained.

4.1 Error representation formula

For any ¢ € X(Q)), it can be extended to X (D) as follows:

) wGi(x)
Pl = 2 )

wa(cn)(bj)ei(an-&-a)xl in Q})ML,]':LZ 4.1)

where 7; ; (x3) is the conjugation of 7 (x3), and tp,x ( ;) are the Fourier coefficients of the
function ¢, = e~ on T}, and

xl/ Z lI)IX tXn+Dé . (42)

nez
It is easy to see that ) =y on T; and £$:0 in Q}?ML.

Lemma 4.1 (16]). Let v; be the unit outer normal to Q™" Then for any ¢, € X(Q2) we have

/ TPML o Gdx, = / qo—dxl 4.3)

With no confusion of notations, we shall write § as ¢ in Q})ML in what follows.

Lemma 4.2 (Error representation formula). For any ¢ € X(Q), which is extended to X(D)
according to (4.1), and , € V;,(D), we have

2
b(v—ﬁh,lP)I/Dg(llf—lPh)dx—%(@h,llf—ll?h)+J§/rj(7}—T]PML)@hldel- (4.4)

Proof. Firstby (3.5), Lemma 3.1, (3.3) and (3.12), we have

b(v—04, ) =b(v—10,) +b(0— 0y, 1)
—bPML (5, 9) —b(5,9) + ™ML (6— by, ) +b(6— By, ) —bPML (65—, )
2

2
=y /r (Tj— T )0 doey +6™H (0 -0y, ) = ) /r (Tj—T™") (0—0,)pdx
J=170 =174

2
=) /r (T]-—T].I’ML)zshwdxl+bPML(@—@h,¢).
i=174j
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Next, (3.12) and Lemma 4.1 together give

j=17T;
=aqn(0—10 ¢)+ZZ:/ (0—10 )ﬁdx
=aq hs = h av; 1

Since L =0 in Q})ML according to (4.1) and (4.2), the Green formula shows that

aQ;ML(@—@h,lp):/QPML [S<x3)a<6—6h)8_1/)+ 1 3(0—0,) 0P

dx;  dx1  s(x3) OJxz 0x3

Therefore, by using (3.10) and (3.23), we conclude that
O (90— 0n,p) =ap (0= 01, )
= [ s@=h)dx—a, (@ p—1).
This completes the proof. O

4.2 Estimates for the extension

Lemma 4.3. For any € X(Q), let 1 be extended to the whole domain D according to (4.1).
Then we have the following estimates, for j=1,2:

HS_lVVJ )SC]'HlPHHl(Q)/

LZ(QPML
]
with C; :min(C]”?,C]’?), where

A 2ﬁ|kj|5}/2 Z(ij‘+5jRe(k]2.)+1)1/2 - -
Ca{ Cmax(lexp(mﬂ;), T—exp(—2A7 ") if A; and A >0,

]
400 otherwise,

~ 2[max (L, |K;|) (1426 (lmk; + [k, ))]/2
C]l?: ¢ 1iexp(—2]£7]RIm;<j) I if Ime; >0,
+oo otherwise.
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Proof. We define
b1+ X3
r1(x3) :/ s(t)dr, r2(x3) :/ s(t)dr.
X3 527(52

Then it follows that {7 (x3) = e Fritxa) _ini(xs) ang consequently

dé = SN

] J— 1D0:.71; —16.71;

daxs 1ﬁ (—1)/5(x3) e BiTi(x) !5,7,(x3)]‘
By direct calculation, we deduce from (4.1) that

/ IV Pdxy =L Y oy +alPle” P02 —Pmit) 210 () =2 ") (b)) ]

nez

+L Y |BI R (x) [Ple ) P10 1217 (1)) 2 ") () 1

nezZ

We denote (by1,b1+061), (ba—d2,b2) by I and I, respectively. Then

2 L
L2( QPML :/ ’S<x3)‘_2/ \Vl/)(xl,x3)\2dx1dx3

<L/ Zmax]e 1ﬁ T x3):|:elﬁ"r] x3) ’ Mn( )’ Z‘ll)a < )‘ % Hlxn—I-a’Z—i-‘,B?’Z]dX3, (4.5)

JneZ

Hs‘lvq)

where
eRe(*iﬁ}'Vj(M))+€Re(iﬁ77j(x3)) 2

Re(flﬁ;lr](bj)) _eRe(lﬁ]an(b]))
For n € U;, we have Re,B}1 > A;7 > A]-_, Imﬁ;? >(0; and thus

(4.6)

e BIGS) BT 2 ey 2 <

Re(—iﬁ?r]-(m)) Re,B (xg)—l-Imﬁ (x3)>Reﬁ ( 3),
R I

where r7,r; are the real and imaginary parts of 7/, i.e., 1= r +1r Then the right-hand
side of (4.6) is bounded as

R0 1 REWAICD 12 e ip(rxs) —ri(ey))

14 ¢2Re(if]7(x3)) ‘2

Re(—3p7;()) _ ReGBj(6)) | ¢ 1 2Re(iByr; b))
462Re‘3;’(71)j f;?Sz(T)dT 4 o
< — < — if A7 >0.
(1_6—2Reﬁ,-r,-(bj))2 (1—e 2892 ]

Similarly, for n ¢ Uj, we have Reﬁ;? >0, and Im,B}1 > A? > A;r ; and thus

Re(—iﬁ;?rj(x3)) ZImlB}?r]R(x3).
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Then the right-hand side of (4.6) is bounded as

Re(—ipjri(xs)) 4 Re(ifrj(xs)) |2
Re(—ipjrj(bj)) _eRe(i,B;’rj(bj))
4(62hnﬁ7cflﬂfé3“(7)d7) o~ 2P| vs b

< if A].+>0.

<
(1_6—211‘1’1‘377’}-{(%))2 - (1_8—2A/-+(7/.R)2

We have used the fact that s1(7) >1 in the above deduction.
Consequently, it follows that

Hs-lw ’

2 (QEML)

<L/{n€u —2A gl) ‘ll)lx < )‘2(‘an+a‘2+"3}1’2)

4 —2Imp} |3 —bj] ) ) )
Y —)w» ') (ot 1) bt

ngU; (1—e

Moreover, it is easy to get the following estimate:

~2mB 53 1 < myin (65—
/Ije x3_m1n< ]’Zlmﬁ}?)'

Substituting the above estimate into (4.7) yields

_1V 2
HS v LZ(QPML)
<Y ﬁm (b)) 2(leen + a2 +18]?)
neu 1 )
4Lm1n(5]-,ﬁ)
+y — |9 () P+ a2+ BY2)
ngl; (1—e 77%1%)2

=I41IL

If n e U;, then |a, +a|?+ |B] 2 <2|k ‘2. Consequently,

I<(CH2E2L Y [l (b))

neu]'

(4.7)
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If n¢ U;, using (3.16) and (3.17) yields

ot o>+ |BY* = on+ o +21/E2 412

= |ay+af+2[(ImB})* +&,] =2(ImB} )*+Re (k)
<2Imp;- V2(&2 -1-172)% +Re(k]2-)

<2Imp [(Re(k]z) — \an+a12)2+(lm(k§))2} %-l-Re(k]Z)

1
<2Imp! [\ocn+a\4+ \k]-ﬂ "+ Re(k?) <20mpB} (s +a|+|kj|) +Re(k2).

Therefore,
2 1
(|£tn—|—1x|2_|_ 137 )mm((SJ,W)
J
§|ocn+oc|+|kj‘+5jRe(k]2)
1
<( |kl +dRe(2)+1) (1+]an+al*),
which yields
< (CPCL Y (1 a+af) 2" (5)
néu]-
Thus, applying Lemma 3.3 we get
-1
HS Vi [2(QPML) SC]L'lHl/)HI'p(Q)'
Finally, from [16], we have
[s7vy <Cl i -
L2 (o) = H(Q)
This completes our proof. O

4.3 Proof of Theorem 3.2

To interpolate non-smooth functions which satisfies quasi-periodic boundary conditions,
we resort to an interpolation operator

o o

Hh:X<D) —>Vh(D)

of Scott and Zhang in [10].
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Let N; = {a;}, be the set of all nodes of M, and {¢;}", be the corresponding
nodal basis of V(D). For any interior node 4; in D, we use 0; to denote an edge e which
contains 4; as its vertex. And for any node 4; that is in the interior of the left boundary of
the domain, i.e. a;=(0,z;) for some z; € (bp —2,b1+61), we also use 0; to denote an edge
on the left boundary with 4; as its vertex. Similar denotations can be used for the case of
right boundary. Finally, in the case that a; lies on TTMEUTIME any side on ITME or THME
containing 4; as a vertex can be used.

Let a;1 =a; and {ai,j}]z-zl be the set of nodal points in ¢; with nodal basis {471‘,]'}]2-:1-
Define {¢; ; }]2:1 to be the L2(0;) dual basis:

/_ll’i,j(x)<l>i,k(x)d5=5jk, jk=12,

where 6 is the Kronecker delta, and let ; = ;1. Then the interpolation operator 11T} :
H'(D) — W,,(D) (the confirming linear finite element space) is defined by

Z

,p(x)=)_¢i(x) | $ilx)g(x)ds.

i=1

The operator ITj, enjoys the following estimates ( [10]):
lo=Th@ll (1) S ChrlIVollay, 0Tl <CRZ[Velpe, @8

where T and ¢ are the union of the elements in M}, which have nonempty intersection
with T € M), and the side ¢, respectively.

It remains to check whether I, keeps the boundary condition. It is clear that IT,¢ =0
on ITMLUTTME since for any a; e TYMLUTTME g C TPML or TEML and 9 =0 on TTMEUTIME,
Now let a; = (0,z;) € Tjefy and ax = (L,z;) € [right- Without loss of generality, we assume
oi={x€R?:x;=0,z;<x3<z;,1} and it follows that oy = {x€R?:x; =L,z;<x3<z;,1 }. The
nodal basis

¢i1=(zis1—x3)/(zit1—2i), $i2=(x3—2;)/(zix1—2) in g,

and simple calculation yields the dual basis
L U SO DUN SO,
4]1,1 - di 4)1,1 di 4)1,2/ 4]1,2 - di 4)1,1 di 4)1,2 ir
where d; =z;1 —2z;. Similar computation implies that

4 2
Pir(L,x3) =1;(0,x3) = d_i(Pi,l (x3)— d_i47i,2<x3)-
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Thus for any ¢ € X(D), ¢(0,x3) =e *Lp(L,x3), we have

IT,¢(a; /1,01 (0,x3)9(0,x3)dx3
—¢ oL l[Jk(L x3)@(L,x3)dx3

wcLth)(ak),

which shows that IT,¢ € V(D) if p € X(D).
Now we prove Theorem 3.2.

Proof of Theorem 3.2. We choose iy, to be IT,ip € V(D) in the error representation formula
(4.4) and it follows that

(o= 9) = [ (F—TTp)dx—a, (01,9~ Ty
+ Z/ TPML vhgbdxl
=II+IV+V. (4.9)

Performing integration by parts and applying (3.24)-(3.26) we obtain

M4+ 1V = (/RT P—IL,¢)dx+ Y /]e - thp)ds)
TeM,;,

eC E)T

Combining (4.8) with Lemma 4.3 gives

+1v|<c Y ’7TH
TeMy

1/2

TeM,;,

Lemmas 3.2 and 3.3 together show that

N

2
IVI< Y Mil1owll oy 191 ey < 3 CEM I0m |2y 1911 - (4.11)

j=1 j=1

Combining (4.9)-(4.11), we obtain the desired estimate. O
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4.4 The lower bound of || —7;||

In this section a lower bound of ||d—9},|| is given which illustrates the a posteriori error
estimate is a sharp one.

For any side e € B, which is an edge of an element T;, define w, =T UT,. If e is an
interior edge, then T is the other element sharing ¢; if ¢ € Ity OF Trjght, then T; is the
element whose one edge is ¢/, where ¢’ is the corresponding edge of e on T right OF I'left. For
any T € M, wr is used to denote the domain which consists of all elements sharing at
least one side with T, i.e., wr =U,cyrw, and R} €P,,_1(T) is the Lz—projection of Rt onto
P,_1(T), the space of polynomials with degree<n—1 over T. Here n is the order of the

finite element space V). And we define the oscillation on the element T € M, by

oscy(T):=hr |[Rr—R7| 12(7)- (4.12)
For a subset w C D, we have
oscy(w)?:= Y osc,(T)™
TEMh,TC(U

Theorem 4.1 (lower bound). There exist constants C3 and Cy, depending on the minimum
angle of M, and the given data, such that

U%§C3||Z7—T§h|‘%_11(wﬂ+C4OSCh<aJT)2 VTEM;Z. (4.13)

Proof. Applying (3.10) and performing integration by parts give
0y (0= )= Y / (Rip+(Rr—ROP)dx+ Y [fds  YpeX(D).  (4.14)
TeM, T ecB3,” ¢

As in [9], we proceed in three steps.

Step 1. Interior residual. For T € M, let ¢ € }O((D) be a bubble function on element T
with the form:
Pr=27MA2A3,

where A; are the barycentric coordinates on element T, and ¢ satisfies 0 < ¢ <1 and
vanishes on 9T, i.e., supp¢r C T. Since R €P,,_1(T), we have

CIIRHF2r) < [ prIRGdx= [ R4@rRT)dx.

Since ¢7R% vanishes outside T (and in particular on all e € B,), it follows that

CIIRIf2r) <, (6=B,¢rRY) + [ (R§—Rr)grR dx

<C(hz ' [[0=0ull g1 ) +IIRT = RE[| 20 IR 27
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which is based on the following inverse inequality for ¢1R%:
lrRE || 1 () < Chip  ITRE |2y < Chi | R[],
By the triangle inequality, we get the estimate
HE(|R 122y < CUI0—0ull7p () + T | R = RE [ 72(r)- (4.15)
Step 2. Jump residual. Let e€ 3;, be an interior 51de, and T, T, € M,, be the two elements
sharing e. Let ¢, € X(D) be a bubble function in w, with the form:
Pe=4A112,

where A; are the barycentric coordinates corresponding to the vertexes of e, and ¢, satis-
fies 0 <¢, <1 and vanishes on dw,, i.e., supp ¢, C w,.

Since 9y, is continuous, [V, := Vo, |1, — Vy |1, is parallel to v,, i.e., [V ] = jeve.
Moreover, the coefficient matrix A(x) being continuous implies

Jo=A(X)[VOp]le-ve=je A(x)Ve-ve =a(x)j,
where a(x) = A(x)ve v, and a(x) satisfies 0<a, < |a(x)| <7, with

a,=min— L a, =max|s|.
xee |s| x€e
Consequently,
Il <a? [ i Pds<Ca? [1jiPouds=CaE [Firshds, (416

where the second inequality follows from the fact that j, is a polynomlal.

We point out that j, can be extended to w, in the following manner: first it is mapped
to the reference element, then it is extended constantly along the normal to & which is the
corresponding side of e in the reference element, and finally we map it back to w,. The

resulting Ej,(j) is a piecewise polynomial in w, so that ¢.Ej(j.) € X (D), which satisfies
e En(ie) ll 12y < Che”? el 2(e)

Since =¢.E,(j.)/a(x) is an admissible test function in (4.14) which vanishes on all sides
of B}, but ¢, we arrive at

/]eqbe € )]eds a,(0—"9y, /RTlgbdx /Rngbdx

scuﬁ—@hum(we)HwHHW{HRn iy Wiz

<C< S12)5— Ol 1t () -I-hl/zZHRTHLZ )HjeHLz(e). (4.17)
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Therefore,
2
2 A A2 2
e lJellZ2(e < € (1900l + 1 I Ry ) (4.18)
i=1

If e CTert OF Tright, let ¢’ be the corresponding edge on I' right OF I'eft. By noticing that
1Jellz2e) =lJerll 2(ry and using a similar argument as above, it can be shown that (4.18)
holds too.

Step 3. Final estimate. To remove the interior residual from the right-hand side of
(4.18), we obtain from (4.15) that

2
hellJellF2(e) < C (10— 0ulFn o+ 1 | R, = R, o )- (4.19)
i=1

Combining (4.15) with (4.19) gives the estimate for 77:

2
1
= {rpgls(xs)l {thlRTllemﬂg ZherHiZ(e))l/z} }

eCT

< c(hZT IRT[|72(7)+ Y he !!JeHiz<e))
eCT

<Gsl0-tulln (cwop) T Ca0scy (wr)?,

where the constants C3 and C4 depend only on the minimum angle of M, and s(x). O

5 TM polarization

In this section the main results of error estimates for the grating problem (2.4) in TM po-
larization are presented; whose proofs are omitted as they are similar to those employed
in the case of TE polarization.

The sesquilinear form b, : X(Q) x X(Q)) — C is defined as:

b (Lo epdr-Y [ L (Te)pd 5.1
TM<€0rlP)—/Q(W PVP—o¢ x_]g/rjk_]z.( j¢)pdx;. (6.1)

Then the variational form for the 1D grating problem in the TM polarization reads as
follows: Given an incoming plane wave u; =¢*1 % geek v™ € X (Q) such that

b (0™ )= [ gndx  VPEX(Q), 62)

where g, =g/k3.
Assume that the above variational problem has a unique solution. Then it follows
that there exists a constant 7., > 0 satisfying

by (@,
sup Lol ol gex(@) 63
svemmioy Wiy
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Moreover, the sesquilinear form a.,,:X (D) x X(D) —C associated with the PML problem
is defined as

any (9, 9) = /

D

(o) 22 20 L L 200

k2 (x) oxy 0x1  K2(x) s(x3) dx3 0x3

Accordingly, the weak formulation of the modified PML model reads as: Find 9™ E)O( (D)
such that

a

(@™ 9)= [ gnFdr YpeX(D). 64

We now present the theorem for the error estimate of the PML problem, which is an
analogue of Theorem 3.1.

Theorem 5.1. Let 7y, >0 be the constant in the inf-sup condition (5.3) and
: A2 /12
ZM]C /k] <’)’TM.
j=1

Then the modified PML variational problem (5.4) has a unique solution 9. Moreover, we have
the following error estimate:

UTM _ ﬁTM lP

b
Mg s Ll

I[o”
0£peH(Q) Hl/)HHl(

191l 2(r, (55

2
<Cy -
j=1

M;
2
]

The finite element approximation to the TM polarization problem (5.4) is defined as:
Find ;M € V},(D) such that

(01 ) = [ g ¥y € V(D). 56
Let
Ay () =AR)/I(x), Byy(x)=B(x)/R(x), Ly =div(Ayy,(x)V)+ By (x):
Then we have the following theorem analogous to Theorem 3.2.

Theorem 5.2. There exists a constant C >0, depending only on the minimum angle of the mesh
My, such that the following a posteriori error estimate is valid:

~TM

2 M-
o™ M| < Y- 2 o
=10

2 1/2
rj)—l—C(l—l—Cl—l-Cz)( YR

LZ( TeM,;,

where the constants M; (j=1,2), C,Cj are defined in Lemmas 3.2, 3.3 and 4.3, respectively; 1, is
defined similar to that in (3.27), with A,L,g, and 0y, being replaced by A,,, L and 0} M,
respectively.

™7 TM’gTM’
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6 Adaptive algorithm and a simple numerical example

In this section an adaptive finite element algorithm is proposed, which is a modification
of the algorithm in [4]. A simple numerical example will be presented to demonstrate the
effectiveness of the proposed algorithm.

6.1 Adaptive algorithm

We use the a posteriori error estimate in Theorem 3.2 to determine the PML parameters.
The PML medium property s(x3) is chosen as the power function

x3—by

&
bz—1X3

1+0{"( )m if x3> by,

s(x3)=

1+0§"( )m if x3 <by,

where m>1, (7]?”, j=1,2 are medium parameters. Thus we have

Rec™ Imo?™
aﬁ:<1+ ]>5]-, ol L6 6.1)

m+1 I w1

If follows that we only need to specify the thickness ¢; of the layers and the medium
parameters ¢7". Recall from Theorem 3.2, we know that the a posteriori error estimate
consists of two parts: the PML error Eppp, and the finite element discretization error Eppwm,
where

2

Eon= ) M;llnl r) (62)
=1
1/2
5FEM=( ) 17%) : (6.3)
TeM,;,

Hence, Epmr, and Eppm should be changed accordingly in the TM case. In our implemen-
tation we first choose 6; and U]T” such that M le/ 2<10-8, which makes the PML error neg-
ligible compared with the finite element discretization errors. Once the PML region and
the medium property are fixed, the standard finite element adaptive strategy is utilized
to modify the mesh according to the a posteriori error estimate (6.3). For any T € M}, we
define the local a posteriori error estimator as 77,. The estimators are employed to make
local mesh modifications by refinement to equidistribute the approximation errors and,
as a consequence, to equidistribute the computational load. This naturally leads to the
adaptation loop of the form

Solve — Estimate — Mark — Refine.

Now a modified adaptive algorithm goes as follows.
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Algorithm 6.1:

Given a tolerance TOL >0. Let m=2.
e Choose 61,85, and (7]7” such that M]'Ll/2 <1078 (j=1,2);
e Generate an initial mesh M, over D;

e While €FEM>TOL do
— Choose a set of elements M\h C My, such that

(x ) sor( X )"

TeM, TeM,

then refine the elements in Mj,, and denote the new mesh by M,
— solve the discrete problem (3.23) on M,
— compute error estimators on M,

end while.

6.2 Numerical example

A simple structure, namely a lamellar grating as shown in Fig. 2, is considered here.
Assume that a plane wave u =¢l*¥17#% is incident on the grating, which separates two
homogeneous media whose dielectric coefficients are €; and &, respectively.

s total efficiency.

08t i 08-
efficiency of zeroth order reflected mode

o
>

Efficiency

021 T 041

0.2

. . . . . . . . . i i i . i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 1000 2000 3000 4000 5000
1 Number of nodal points

Figure 2: Grating structure. Figure 3: Grating efficiency.

In this experiment, the parameters are chosen as ¢; =1, g = (0.22+6.71i)2, 0=rm/6,
w =7, L=1 and the TM polarization is concerned. There are two reflected outgoing
waves whose grating efficiency as well as the total grating efficiency are displayed in
Fig. 3.

Fig. 4 shows the mesh after 100 adaptive iterations, which has 2822 elements and
the a posteriori error estimate on the mesh is 0.0474383. It is obvious that the proposed
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15

0.5

0 0.5 1

Figure 4. The adaptive mesh.

algorithm is able to capture the singularities of the problem. The meshes near the upper
PML boundary are rather coarse even though we omit the exponential decay factor in the
process of deducing the a posteriori error estimator. This phenomena illustrates that the
property of exponential decay is equipped by the problem itself. Finally the amplitude
of the associated solution is shown in Fig. 5.

Figure 5: The surface of the amplitude of the associated solution.
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7 Conclusion and future work

The adaptive finite element method with a PML for one-dimensional diffraction gratings
both in TE and TM polarization is improved. A modified PML formulation is introduced,
which renders simplified error analysis and easier numerical implementations. An im-
proved PML error estimate on the situation Ime; > 0 is presented which results better
error bound when Ime; is small and positive. A lower bound of the error between the
PML solution and the finite element approximation is derived, which shows that the a
posteriori error estimates we obtained in this paper are sharp.

Further numerical experiments based on our analysis are the focus of future research
and the proposed algorithm will be extended to three-dimensional problems, i.e., 2D
grating problems, for more realistic applications.
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