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Abstract. In this paper, based on the multi-symplecticity of concatenating symplec-
tic Runge-Kutta-Nystrom (SRKN) methods and symplectic Runge-Kutta-type meth-
ods for numerically solving Hamiltonian PDEs, explicit multi-symplectic schemes are
constructed and investigated, where the nonlinear wave equation is taken as a model
problem. Numerical comparisons are made to illustrate the effectiveness of our newly
derived explicit multi-symplectic integrators.
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1 Introduction

Consider the following Hamiltonian partial differential equation (PDE),
Koiz+Loyz=V,S(z), (1.1)

where z € R", S:R" — R is some smooth function and K,L are two skew-symmetric
constant 7 xn matrices. It is well-known that system (1.1) is multi-symplectic, i.e., its
phase flow gives rise to the multi-symplectic conservation law

0iw+0,k =0, (1.2)
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with
w=dzN\Kdz, Kx=dzALdz.

The local invariant (1.2) implies that symplecticity can vary over the spatial domain from
time to time. But this variation is not arbitrary as the changes in time are exactly com-
pensated by changes in space (see [9,12], and references therein). Some very important
PDEs can be rewritten in this form, particularly, including various wave equations (see,
e.g., [2,8,9,14] and references therein).

More recently, there has been growing interest in multi-symplectic integration for
Hamiltonian PDEs (1.1), i.e., numerical integrators whose numerical flow gives rise to
certain preservation of the local invariant (1.2). Now, for our study, we introduce a uni-
form grid {x;,t;} € R* with mesh length & in the x-direction and mesh length 7 in the
t-direction, which will be used throughout the paper. According to the definition in [2],
a numerical discretization for (1.1), i.e.,

Kalf’]zf(—l—Lal;lzf{: <VZS<Z;());(, zi%z(xk,tl), (1.3)

where alf’l and 8’,‘{1 are discretizations of the derivatives d; and 9y, respectively, is called
multi-symplectic, if it satisfies a discrete version of the multi-symplectic conservation
law:

oy wi+0% k], =0, (14)

where
[ ! I _ .1 !
wy=dz; NKdz, K =dz, ANLdz,
and dz! satisfies the discrete variational equation
KM dzl + Lok dzl = S (2L ) dzL. (1.5)

Some progress has been made on multi-symplectic integration for various Hamiltonian
PDEs (see, e.g., [1,5,6,9,11,14] and references therein). In particular, as one of the most im-
portant classes of multi-symplecitic integrators, the concatenation of symplectic Runge-
Kutta (SRK) methods and symplectic partitioned Runge-Kutta (SPRK) methods is inten-
sively studied in [5,6,11,14]. However, since both SRK methods and SPRK methods are
implicit (this means that in the numerical implementation some iteration methods must
be utilized for the nonlinear case) with only a very few exceptional cases of lower or-
der methods [15], multi-symplectic integrators constructed in this way are usually fully
implicit (see, e.g., [11]). Clearly, this brings numerous difficulties for practical imple-
mentations due to the massive computational costs and for this reason, we are led to
the challenging problem of systematically constructing efficient explicit multi-symplectic
integrators.

As mentioned before, both SRK and SPRK are implicit, and concatenations of implicit
methods inevitably produce implicit methods for numerically solving PDEs. Therefore,
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for our investigation, we naturally resort to another notable class of numerical methods,
namely, Runge-Kutta Nystrom (RKN) method (see [4, 7, 10, 15]), since which has been
shown to be able to derive explicit symplectic integration algorithms for a wide class of
Hamiltonian ODEs (see [13]). It has been known in [4] that if we use a SRKIN method for
one directional discretization [17] and a SRKN/SRK/SPRK method for the other, then
we will obtain a multi-symplectic integrator. But unfortunately, it then turns out that
even if we use explicit SRKN methods for both directional discretizations, the resulting
multi-symplectic schemes are not necessarily explicit. Nonetheless, taking advantage of
the fact that more types of methods are allowed for concatenation, and the explicitness
of SRKN methods, we eventually achieve a class of explicit multi-symplectic schemes for
the nonlinear scalar wave equation. In detail, the new methods are derived by means
of concatenating symplectic Euler method and explicit SRKN methods of arbitrary order
larger than 2. The results obtained are readily extended to some Hamiltonian PDEs other
than nonlinear scalar wave equation.

As an example, we study in detail a two-parameter family of explicit multi-symplectic
SRKN-SRK methods. It is first shown that the explicit schemes are conditionally sta-
ble, which is known to be crucial when numerically solving wave equations with ex-
plicit schemes. Then, we perform some numerical experiments with four different ex-
plicit schemes to test the effectiveness of our newly derived multi-symplectic integrators.
Through comparisons, it is illustrated that the superiority of our novel integrators lies not
only in the capability of long-time scale computation, but also in the good preservation
of local/global energy.

The plan of the paper is as follows. In the next section, we present some prelimi-
nary knowledge on explicit SRKN methods and explicit SRKN methods of orders one
through four are collected for the subsequent use. Section 3 provides the general frame-
work based on which our multi-symplectic integration algorithms are constructed. In
section 4, a two-parameter family of explicit multi-symplectic integrators is constructed
and investigated. Section 5 is devoted to the numerical experiments.

2 Symplectic Runge-Kutta Nystrom methods
Consider the Hamiltonian system
q=T'p, p=-VqU(q), pxqeR"xR, 2.1)

where T € R"*" is a symmetric positive definite matrix. This system is equivalent to a
second-order differential equation

d=f(q), flq)=—T 'VqU(q). (2.2)
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An r-stage Runge-Kutta-Nystrom method for (2.2) is read as

Qi=qx+cihqe+h? gﬂij,ﬂQj);
j=

Qi1 =k +hae+hY_Bif(Qi), (2.3)
i=1

Ars1=qe+h ) _bif(Qi),
i=1

where q; and ¢ are the approximations to q(kk) and q(kh), respectively, and Q;
(i=1,---,r) are the internal stage values. In the sequel, we denote an r-stage RKN

method (2.3) by the tetrad N, = (A,b,c,B) with A= (@)} 1, b= (bi)i_y, c=(ci)i_; and

B=(Bi)i_;. N, is said to be symplectic if dqy+1 Adqx+1 =dqx Adqx, which leads to
Proposition 2.1. (Suris [18]) If the coefficients of N, satisfies the conditions

lBi:bi(l_ci)l izl/"'/r/ (24)
biﬁj—bjﬂjj:bjﬁi—b]’llﬁ, i/jzll"'/r/ (25)
then it is symplectic.

It is observed from (2.3) that, if
a;;=0, for j>i,
then NV, is explicit and the symplectic conditions (2.4)-(2.5) reduce to

i=bi(l1—c;), i=1,---,r,

Bi=bi(1—c;) e (2.6)

bia,‘j = bib]‘<ci —C]'), 1<1, 1= 1,---,r.
If we require b;#0 (i=1,---,r), then the second condition in (2.6) can be further simplified
to

El,‘j:b]'(C,‘—C]'), j<i, i=1,---,7,

and the SRKN method N, in this case can be formulated by the following Butcher’s
tableau:

€1 0 0 0 0

C2 bl(Cz—Cl) 0 0 0

C3 bl(C3—Cl) bz(C3—C2) 0 0

Cr b1<cr_C1) b2<cr_02) brfl(cr_crfl) 0
bl(l—cl) bz(l—Cz) br—l<1_cr—l) br<1_cr)

by by b1 b,
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From the above tableau, it can be seen that b; and c;, i=1,---,r, are the only free parameters
for an explicit SRKN method. Furthermore, one can also see that if c;=c¢;_1 (i=2,---,7) or
bij=0 (i=1,---,r), then the ith stage is redundant, i.e., the method is reducible. Therefore,
for the explicit SRKN methods given below, we would require that ¢; #c¢;_1 (i=2,---,r)
and b; #0 (i=1,---,r).

In the following, we listed some explicit SRKN methods of order one through four for
the subsequent use (see [13]).

1. 1-stage explicit SRKN methods:

1— C1
1
where c; is a free parameter to be chosen arbitrarily. If c; #1/2, then the method
is of order 1. If c; =1/2, then the method becomes a 1-stage explicit SRKN method
of order 2, which is equivalent to the well-known Stormer-Verlet method (see, e.g.,
[15]).

2. 2-stage explicit SRKN methods of order 2:

Tta 0 0

3+ B 0
G- 72(G-p)

E o

where « and B(w#p) are two free parameters. For subsequent reference, we call this
method SRKN(&,8). It can be shown that SRKN,(—1/2,1/2) is also equivalent to
the Stormer-Verlet method. We remark that there are no real « and B such that
SRKNj>(&,pB) is of order 3.

3. 3-stage explicit SRKN methods:

3+ 0 0 0
1
148 ?fff 0 0
| B — 2 0
(581G (F+and-B) (H+aBG—7)
F00-0 w0 (-a1-P
ﬁ"r,B’Y _ Ty ﬁ"r(X,B
(B—a)(7—a) (B—a)(r—B) (y—a)(r—P)

where «,B,7 are three parameters to be chosen different from each other. It can
be verified that the method is of order 3. In the sequel, we refer to this method
as SRKN3(a,B,7). Furthermore, one can check that SRKN3(—p,0,1) is of order 4
(see [3] and [13]) if u is chosen to be the real zero of p(x)=48x> —24x>+1, i.e.

1
H=15(2- V/4—/16) ~ —0.1756035959798288. 2.7)
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3 Multi-symplectic integration for Hamiltonian wave equations

In this section, we discuss the multi-symplectic integration for Hamiltonian PDEs (1.1)
through concatenation of SRKN methods and SRK/SPRK methods. Throughout, we take
the nonlinear scalar wave equation as a model problem, which is given by

O =0y u—G'(u), (x,t) €cQCR?, (3.1)

where G is some smooth function in u. Introduce v=0;u and w =9,u, then a first order
PDE system of the abstract form (1.1) equivalent to (3.1) is given by taking z = (u,0,w)”

(see, e.g., [14]),
0 -1 0 0 01
K= ( 1 0 0 ), L= ( 0 0O ),
0 0 O -1 0 0

S(z):%(vz—wz)—i—G(u).

and the Hamiltonian

By (1.2), through straightforward calculation, the corresponding multi-symplectic con-
servation law for (3.1) is
o[duNdv] — 9y [du Ndw] =0. (3.2)

Now, we are ready to derive the multi-symplectic integrator for (3.1). Henceforth, we

customarily refer to an s-stage RK method by the triple Rs= (4, b,¢), where A= (aA]A)A]A Y

b= (bﬂ) and 0= (¢;)_, are, respectively, the coefficient matrix, weights and abscissae.
Asis well known, R is symplectic if it satisfies (see [15])

A~

BA+ATB—bb" =0, B=diag[b]. (3.3)

We firstly apply an r-stage RKN method N, for the temporal discretization and an s-stage
RK method R for the spatial discretization, and get the following fully-discrete scheme
for (3.1),

.
Li_ 1 ] 2 3 Lj ' 7
Us=t -+ eiTo -+ T Z;al]attuk,’iv 1<i<r, 1<i<s, (3.4)
]:
I+1 Li 7
ukl' =u A—i—Tv T Zﬁiattuk"?, 1<i<s, (3.5)
1=
I+1 . Li 7
Z)kt =7 A+72biaﬁuk'f? 1<i<s, (3.6)

u’i_uk —|—hZaUWlZ 1<i<r, 1<i<s, (3.7)
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. . S o~ .
wly =u+hY bW, 1<i<r, (3.8)
le ’
! I - i =+
ij%—wkz +hZ”?}axxuk'} 1<i<r, 1<i<s, (3.9)
j=1
. . S o~ .
wyhy =wy +hY)_bau Ut 1<i<r, (3.10)
i=1 ’
Il i =0 U= G'(U%), 1<i<r, 1<i<s, (3.11)

where we have used the following notations:
Li g & Li I~ &
Uk’%Nu(karcﬂi,tH—ciT), uy' (X b +ci1), uk’?wu(xk—i—ci%,tl), etc.

By a standard proof (see [4] and [16]) we have the following conditions which character-
ize the multi-symplecticity of above the RKN-RK method (3.4)-(3.11).

Proposition 3.1. If the method (3.4)-(3.11) satisfies the following coefficients conditions

EZ.}: Aﬁ?j@r@j}; (3.12)
Bi=bi(1—-c;), (3.13)
bi(Bj—aij) =b;(Bi—aji), (3.14)

for all zA, f: 1,---,s, and i, j=1,---,r, then it is multi-symplectic and gives rise to the
following discrete multi-symplectic conservation law:

r . . . . S —~
Ty b |y Adawll,y —duy Adwoy' | —h Y b |dult Adolt —dul Adol | =0, (315)
Z LM A LSS

Remark 3.1. Proposition 3.1 shows that concatenation of the SRKN method and SRK
method, applied respectively to the temporal and spatial discretizations, yields a multi-
symplectic integrator for the wave equation (3.1). For the discretization, we can alterna-
tively apply an SRK method in time and an SRKN method in space, and the obtained
scheme can also be shown to be multi-symplectic in a similar way as above.

Remark 3.2. For the above concatenation, instead of the RK method R, one can also use
an s-stage PRK method Rgl) — R§2), whose coefficients are assumed to satisfy

v =p@ .=}, (3.16)

The resulting scheme is the same as (3.4)-(3.11), but with equations (3.7)-(3.10) replaced
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by
U=y’ +hZaM Wy, i< 1<iss,
] 1
uyt =ulf +h2b w’l 1<i<r,
i=1
W=y’ +h2 uy, 1<i<r 1<i<s,
wkH—wk —|—th 1<i<r.

i=1
It can be proved similarly that if the RKN-PRK method satisfies the coefficients conditions

pVp? — e L @50
i i JI
Bi=bi(1—ci),

bi(Bj—aij) =b;(Bi—aji),

for all zA, 7: 1,---,s,and i, j=1,---,r, together with the assumption (3.16), then it is multi-
symplectic and preserves the discrete multi-symplectic conservation law (3.15). That is,
concatenation of the SPRK method and SRKN method also produces a multi-symplectic
integrator. Here, for our discussion in the sequel, we remark that if we utilize the sym-
plectic Euler method (which is a first-order SPRK method) for the spatial discretization,
and eliminate the introduced variable W]i%, we till get the second-order central difference

for uyy.

Remark 3.3. We emphasize that concatenation of SRK/SPRK methods with SRKN meth-
ods can also be used to derive multi-symplectic integrators for other kinds of Hamilto-
nian PDEs.

Next, we apply RKN methods for both directional discretizations of equation (3.1),
i.e., a RKN method N, = (A,b,c,B) in t-direction and a RKN method N; = (A,b,¢,B) in
x-direction, and get the following scheme:

U=} ;+cT0 4T Zaqatt 2, 1<i<r, 1<i<s, (3.17)
’k+.1_ukl+rv;,;+rzz;ﬁiattu,i;;, 1<i<s, (3.18)
1=

’
1,i :
Ull(:gl = Ui’;+T2;biatfuk’§, 1<i<s, (319)
1=
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ulz—uk +Chuwy +h22a,]axxul§, 1<i<r, 1<i<s, (3.20)
=1 E
S — .
' =uy +hwy +h2_2ﬁ;8xxull(’3, 1<i<r, (3.21)
Wy =w —|-th axxul'é 1<i<r, (3.22)
aﬁul,_axxuli—c(u“) 1<i<r, 1<i<s. (3.23)

The multi-symplecticity of the above RKN-RKN method is stated as follows.

Proposition 3.2. ([16]) If the method (3.17)-(3.22) satisfies the coefficient conditions

Bi=bi(1—ci), (3.24)
biBj—biaij=b;p;—Dbjaj;, (3.25)
Bi=b;(1-¢)), (3.26)
by(B;—77) =b;(B;—77), (3.27)

foralli, j=1,---,r,and i 7: 1,---,s, then it is multi-symplectic and gives rise to the discrete
multi-symplectic conservation law

r ) . 5 _
Ty b [y Al —duy ndwy | Y b [dult Adoft —dul ndol | 0. (328)
i=1 i=1 ’ ’ ’ ’

Remark 3.4. Proposition 3.2 shows that concatenation of SRKN-type methods can pro-
duce a multi-symplectic integrator for Hamiltonian wave equations. It is remarked that
the above conclusion applies equally to other Hamiltonian PDEs. For example, consider
the beam equation

U+ Uxxxx = V/(u)/ (3.29)

where V(1) is some smooth function in #, which is shown to be a multi-symplectic PDE of
form (1.1) in [8]. Now, we apply an SRKN method N, to the temporal discretization and
an SRKN method N; to the spatial discretization, and get the following multi-symplectic
scheme:

LI]’-—u —i—cratu +T Za,]attll- 1<i<r, 1<i<s,

41 _ I 2% @ g7 -
e —ukz-l—rafuk’;-l—r Z:l,fslaﬁukj, 1<i<s,
=
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' = atuiﬁribiattu};}, 1<i<s,
Ull-—uk +¢;ho, u —I—hZZaZ]W“ 1<i<r, 1<i<s,
uiﬁrl—uk +hoy u —I—hZZﬁ WlZ 1<i<r,
sty | =0, u“+h2b W, 1<i<r,

Wt =w' +chacwy +h22a1]8xxW“ 1<i<r, 1<i<s,
j=1

S
I 2y"3 Li '
wi, , =wy +hoywy +h Y BouWi,  1<i<r,
i=1

0 w,l(fH—a wll—l—th axxw,j;, 1<i<r,
i=1 ’

Uyt = = WiV (U1), 1<i<r, 1<i<s.

4 A two-parameter family of explicit multi-symplectic integra-
tion algorithms

Clearly, based on the general framework provided in Section 3, a large number of novel
multi-symplectic schemes can be constructed and more members are added to the known
class of multi-symplectic integrators. Besides, as has been mentioned in Section 2, SRKN
methods can be used to derive explicit symplectic schemes, one naturally expects that
concatenation of explicit SRKN methods may produce explicit multi-symplectic schemes.
But unfortunately, by straightforward calculations, it can be shown that this is not always
the case; that is, even if we use explicit SRKN methods for both directional discretiza-
tions, the resulting multi-symplectic scheme is not necessarily explicit. Nevertheless, it
is found that if in one direction, we apply the symplectic Euler method, which finally
gives the second-order central difference (see Remark 3.2), and in the other direction,
we apply an explicit SRKN method given in section 2, then the resulting scheme is ex-
plicit (here, “explicit” means that we don’t utilize the fixed point iteration), which is also
multi-symplectic according to Remark 3.2. As is widely recognized, it is not easy to con-
struct explicit schemes for numerically solving PDEs, and the case will become more
complicated when turn to the structure-preserving numerical integrators. Noting that
the explicit SRKN methods utilized for the concatenation can reach order even higher
than 4, those obtained schemes are of significant interests since they are high-order (at
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least in one direction) explicit and multi-symplectic methods. This is in sharp contrast to
the multi-symplectic Runge-Kutta-type methods, where the methods are always fully im-
plicit, especially in the high-order case (see [5,6,11,14]). Next, as an example, we present a
two-parameter family explicit multi-symplectic scheme for wave equation (3.1). In space,
we apply the symplectic Euler method and in time, we apply the method SRKN>(«, ).
The resulting multi-symplectic scheme is formulated as follows:

1
U,l(’l :u,](—i— <§ —|—oc> Tv,’(,
11 _ Tk+1 k k—1
(axxu)k - 4 hz ’

1
U2 =ul+ <§ +/3) oL+ 1B ) — G (U],

(axxu)]l(,ZZ k+1 k k—1

2 '

1/2— , 1/2— /
i = o 42 EO2 0 ﬁ_a"‘) [outn) ¢ (U] -2 2022 ﬁ_aﬁ) (Onl)? -G ()],
oit! :vfgrrﬁ% [@u)y =G ()] —Tﬁf—“ [@ul)?-c'(up)].

In the sequel, we refer to the above scheme as MSIAy(«a,B). It is easily seen that
MSIA, (a,B) advances explicitly from (u},0}) to (u™, ;™). The method can be verified
directly to be of order 2 in both space and time. For the concatenation, one can alterna-
tively utilize method SRKN3(«,,7) for the temporal discretization and would achieve a
three-parameter explicit multi-symplectic scheme MSIA3(«, B,), which is of order 3 in
time (here if we choose a=—pu, =0, y=u with y given in (2.7), then it will be of order 4 in
time). It is emphasized that all the above arguments apply equally to the case where the
role of x and t is exchanged; i.e., we can use the symplectic Euler method for the temporal
discretization while explicit SRKIN methods for the spatial discretization. Now, it is clear
that with different free parameters to be fixed, we can obtain a large number of novel nu-
merical integrators, and most significantly, they are both explicit and multi-symplectic.
In the rest of this section, we turn to another crucial issue for those constructed schemes
above, namely, the stability. Asis known, the attractiveness of explicit schemes obviously
relies on the efficiency, but such efficiency is always at the cost of stability. Using the well-
known Fourier method (see [7]), we now make some linear stability analyses for those
explicit multi-symplectic schemes, and where we only take MSIA(«,8) as an example.
Results show that our newly derived integrators possess good stability properties which
ensure their practicality.

Set ul =i'exp{i¢kh}, vl =90 exp{i¢kh}, Ul = exp{ickh}, Ll,l{’2 =U"exp{ickh} etc.,
where { € R and i= v/—1 and we also let 8 = 7/h be the ratio of step-sizes. Next, sub-
stituting the above expressions into scheme MSIA;(«, ) with nonlinear terms removed
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and after straightforward calculations, we get
N E P
2 7
uf\l_l_ (1+’B> Tﬁl—i-Tz,Bal'l [ei;‘h _2+efi€fh],
a1 —pl +Tﬁl+72‘8(1‘8/2‘x ‘X) ull[ ich 2—|—€71§h] 2 (1‘;2“ .B) ulz[ ich _ 24e 1Ch]

ﬁH_l—U _,’_Tﬁlg ull[ ich 2+e—i§h]_T'B“aa],Z[eigh_z_i_e—lgh].

al,l

N

ul,Z

Then, by getting rid of U"! and U"?, we further obtain

(G )=cen( %),

where G(¢,7) = (G;;)? =1 is the amplification matrix with

D D

Gu=1- 29251n252h+16a‘8(§%/2)64 452h,

G12:T—T(1+4aﬁ)925in2%—|—16 ‘8(1/2—;“)‘5‘[3 1/2) 4%,
2 Gh ap 0% 4 Ch

G21——4ism > _16,5 <7 —sin EX

Gop—1—20sin? % 1P/ 2t a) gy a Ch

B—u 27
The eigenvalues of G({,7) satisfy the equation
A2 — (G114 G22) A+ (G11G2 — G21G12) =0, (4.1)
where it can be easily verified that G11 G2 — G12G21 =1, and hence equation (4.1) becomes
A?—(G11+Gp)A+1=0. (4.2)

Obviously, the roots A; (i=1,2) of equation (4.2) satisfy |A;| <1 (i=1,2) iff |Gy1+ G| <2
and the method satisfies the von Neumann condition, which is known to be a necessary
condition of stability (see [7]). Then, one can solve the above inequality for specific « and
B to find the conditions satisfied by 6, which gives the necessary condition of stability,
and then from which one can further deduce the sufficient conditions of stability by re-
fining. Next, we take the method MSIA,(—1/4,1/4) as an example and the subsequent
arguments apply equally to other « and B. The amplification matrix then becomes

1 3 1
1—29251n ~ +=0*sin* = 47 T—T—(i)zsinzz-i-l'—f)‘*sin‘lg
G(o,7):=G(&1)= 2 2 2 4 2 8 2

1o.o 1,4 .40 2. 020 1 4. 40
4h9 sin? 2—1—2h9 sm2 1—26°sin 2—1—29 sm2
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where we have set 0 =¢h. From |G11 + G| <2, we get

‘2—462sinzz+94sin4g‘ <2

2
which is equivalent to

‘Bsing ‘ <2. 4.3)

Clearly, if we choose 0 < 6 <2, then the inequality (4.3) is satisfied. Now, we show that
it also gives a sufficient condition for the stability of MSIA,(—1/4,1/4). In fact, it can be
seen that when 0 < 0 <2 and ¢ # 2n7t with n being an arbitrary integer, G(c,7) has two
different eigenvalues and when o =2n,

G(U’,T)I( (1) I >:I—|—O(T),

and therefore we know that when 0 < 6 < 2, the method MSIA;(—1/4,1/4) is linearly
stable. It is emphasized that we can argue similarly for MSIA3(a,,7), but we will not
explore more details here.

5 Numerical experiments

In order to test the effectiveness of the newly derived explicit multi-symplectic integra-
tors, we perform some numerical experiments. For the numerics, we are mainly con-
cerned about the long-time behaviors and preservation of local/global energy, which are
known to be the eminent properties of multi-symplectic integrators.

The local energy conservation law of the Hamiltonian PDE (1.1) is (see, e.g., [5,14])

0:E(z)+0+F(z)=0, (5.1)

with . .
E(z)=5(z)—52'Losz,  F(z)=52"Lag,

and for the wave equation (3.1) we have

-

Integrating (5.1) over the (k,1)-cell gives

X, t
/k+1/l+1<aE aF)dtd x=0,
t

E(z)=

which further implies

[ o) ~Eealdes [ IFE ) P =0 62

k
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For the multi-symplectic RKN-RK scheme (3.4)-(3.11), we define
s r
7 1+1 1 I, L
(B =n b (B ~EL) +TZ;b (R R,
i=1 =

to be an approximation to the above integral (5.2), where we have made use of the obvi-
ous abbreviations

EIIC/?: ; < —|—w ) +Glu ( ), F,i’i: —vfgiwli’i.

We refer to [14] for a similar definition for multi-symplectic Gauss-Legendre RK methods.
Clearly, we still need to introduce some compatible auxiliary systems to replenish the
missing values of w, Aand v ', and which can be conducted in a similar manner as having

been done in [14]. Next we defme

oy (Erki
(Bl ="

to denote the discretization error of the local energy conservation law (LECL) (5.1), and
let
(Errore )y =max|(Ej )i (5.3)

to be the error of LECL depending only on the time-steps.

The spatial interval to be considered is [-L/2,L/2] with L=120, and we always as-
sume the periodic boundary condition u(—L/2,t) =u(L/2,t) to exclude the boundary
effects. Then, it is easy to deduce from (5.2) that

d L2
—5< ):= dt/L/ZE(x,t)dx:O.

We define £(t), being some constant, as the global energy and let

&l =hY Y BE

k i=1

be the discrete global energy at some fixed time-step t;, which is obviously an approxi-
mation to the integral

S(tl)::/L/z E(x,4))dx.

—L/2

Now, define
(Erroree); :é'ﬂ—é’g, (5.4)

it depicts the error propagation of the conservation of global energy.
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We also use
(errory,);= max itk —ul| (5.5)

to represent the maximum error of the scheme at the time-step #;. Here, i and u! are the
exact solution and numerical solution at (xy,t;), respectively.

In the following, we take in (3.1) the potential function G(u) =1—cosu, which gives
the well-known Sine-Gordon equation

Ut = Uy —SINU. (5.6)

We only consider the so-called breather solution for (5.6),

u(x,t)=—4tan"? [ (5.7)

m sin(t\/l—mz—l—cz)}

1—m2 cosh(mx+cy)

where we take m=0.2, ¢c; =0, c; = —10v/1—m?. The initial conditions employed are

(5.8)

u(x,O):—4tan1[ e sin(cz) },

V1 —m2 cosh(mx+cy)

and

v(x,0)= %{ —4tan™! [ : (5.9)

—m2 cosh(mx+cq)

m sin(tm—l-cz)]} ‘
t=0

For comparisons, we implement four different schemes for the experiment, which are
referred to as scheme I, II, III & IV and described as follows:

(i). Scheme Iis the well-known leap-frog scheme for the wave equation

41 ol 11 1 ol ]
W 2wty Uiy 2”k+”k—1_G/( 3

2
which is also known to be multi-symplectic (see, e.g., [8] and [11]).

(ii). Scheme II is the multi-symplectic SRKN-SRK method MSIA;(«,B) constructed in
Section 3.

(iii). Scheme III is given by

141
Uy

1
:ui-l—rvf(—i-—rz

2 h?

I I 1
u, . —2u, +u
k+1 k k—1 _Gl(uli)] ,

2 1
Uy —uk—l-irvk,

12 12 4412
U —2U 7+,
2

't =vl+1

G/(u]]{,Z)

7
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Table 1: Numerical results for scheme I, Il & IV.

t\h  scheme |  (errory); (Errory); (Erroree);
7=0.01 I 500 1.30e-5 2.56e-3 -3.33e-3
h=0.2 I 500 2.51e-5 9.14e-3 3.13e-7
v 500 1.62e-4 2.63e-3 -3.22e-3
7=0.02 I 250 1.19e-5 5.06e-3 -6.72e-3
h=0.2 I 250 6.37e-5 1.82e-2 4.15e-6
v 250 1.51e-4 5.12e-3 -6.61e-3
7=0.02 I 250 9.82e-6 5.05e-3 -3.36e-3
h=0.1 I 250  5.40e-5 7.29e-2 2.07e-6
v 250 3.75e-5 5.07e-3 -3.35e-3
7=0.01 I 500 9.84e-6 2.55e-3 -1.67e-3
h=0.1 I 500 1.50e-5 3.65e-2 1.57e-7
v 500 4.09e-5 2.57e-3 -1.65e-3

which is a method-of-line, and can be obtained by using the second-order central
difference for the Laplace operator and the following 2nd order RK method in time,

00 o0
1/2[1/2 0
0 1

Since the RK method utilized is not symplectic, scheme III is not multi-symplectic.

(iv). Scheme IV is a modified leap-frog scheme:

141 o 0 -1 1 ol ] I !
W 2wt U 2ty _o [ M e
T2 a h? 2 '

We note that all of the above schemes are explicit, conditionally stable and of second
order in both space and time. We run those different schemes on the same computer. The
first result is on the maximum error of the numerical solution, the error of LECL and the
error of global energy after | time-steps. Data given in Tables 1 and 2 show the averagely
superiority of scheme II. Particularly, scheme II preserves the LECL prominently better
than the other three.

Next, we plot the maximum error (error, );, the error of LECL (Errory,); and the error
of global energy (Errory.); as functions of the time-step. These results are given in Figs. 1-
3, respectively, and are all obtained by using T=0.01 and /= 0.2. From Fig. 1, it can be
seen that there is no evident difference in maximum solution error for scheme I, scheme II
and scheme III, but scheme IV displays a quick amplification of error. And they all show
the process of accumulation of global errors and reasonable oscillations.

Fig. 2 shows the numerical error of LECL as a function of the time-step. The multi-
symplectic RKN-RK method, i.e., scheme Il is better than the other three. In fact, the error
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Table 2: Numerical results for scheme Il (MSIA;(«,B)).

T\h a, B 1 (errory); (Errory); (Erroree);
=001 —+/2/4,/2/4 500 1.64e-5 1.01e-4 2.67e-6
h=0.2 —1/4,1/4 500 1.20e-5 1.00e-4 -3.08e-6

—1/8,1/8 500 1.23e-5 9.95e-5  -8.5le-6
—1/8,3/8 500 1.09e-5  9.99¢-5  -5.38e-6
T=0.02 —v2/4,v2/4 250 250e-5  1.04e-4 1.07e-5
h=0.2 —1/4,1/4 250 1.29¢-5 1.0le-4  -1.23e-5
~1/8,1/8 250 232e-5 9.84e-5  -3.4le-5
—1/8,3/8 250 1.63e-5  1.00e-4  -2.15e-5
T=0.02 —+2/4,v2/4 250 1.52e-5  5.32¢-5 5.34e-6
h=0.1 1/4,1/4 250 6.64e-6  5.02e-5  -6.15e-6
—1/8,1/8 250 1.76e-5  4.72¢-5  -1.70e-5
—1/8,3/8 250 1.0le-5  4.89¢-5  -1.07e-5
=001 —v2/4,v2/4 500 6.3le-6  5.09e-5 1.33e-6
h=0.1 —1/4,1/4 500 3.30e-6  5.02e-5  -1.54e-6
—1/8,1/8 500 5.89¢-6  4.95¢-5  -4.26e-6
—1/8,3/8 500 4.15e-6  4.99e-5 = -2.69e-6

of scheme II is not of the same magnitude than that of the others, which is approximately
second-order in T.

Fig. 3 exhibits the numerical error of the global energy, i.e., (Errorse);. For scheme I,
scheme II and scheme IV, the errors do not show numerical amplifications. But the errors
of scheme I and scheme IV only reach the magnitude of 1073, while for scheme I, it is
10-°. Though the error of scheme Il is in the scale of 102, it exhibits an obvious linear
growth process.

We also run the scheme MSIA,(—1/4,1/4) with different spatial and temporal step-
sizes. Fig. 4 is for the numerical error of LECL with different step-sizes. One can see
that the change of error has less relation to the change of temporal step-size T and stays
reasonable oscillation for a long time. Fig. 5 is for the maximum solution error, which is
seen to be consistent with the theoretical analysis that the method is of accuracy O(t%+
h?). Moreover, Fig. 6 is about the error of global energy, which can be seen to be of order
721, for when the spatial step-size & increases two times, the error also increases two
times, and if the temporal step-size T increases two times, the error goes up four times.

Finally, we apply the multi-symplectic SRKN-SRK method MSIA3(—u,0, 1) with y=
(2— Va— \3/%) /12 for the breather solution. Here, we still take T=0.01 and #=0.2. The
numerical result is plotted in Fig. 7, which is shown to give a good simulation.

All the numerical phenomena in this section reveal that the superiority of the explicit
multi-symplectic RKN-RK method lies not only in the conservation of multi-symplectic
geometric structure, but also in the good preservation of some crucial conservative prop-
erties in physics.
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Figure 1: Maximum solution error (error,); as a
function of the time-step f; for different schemes:
Top is for scheme |; second is for scheme Il with
x=—1/4, B=1/4; third is for scheme IlI; bottom
is for scheme 1V.
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a function of the time-step t; for different schemes:
Top is for scheme I; second is for scheme Il with
a=—1/4, p=1/4; third is for scheme IlI; bottom

is for scheme IV.
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h=0.1; middle is for T=0.04 and h=0.2; bottom is  h=0.1; middle is for T=0.04 and h=0.1; bottom is
for t=0.08 and h=0.4. for t=0.04 and h=0.2.

6 Conclusions

The present paper considers the systematic construction of explicit multi-symplectic in-
tegration algorithms by means of concatenating symplectic Runge-Kutta-Nystrém meth-
ods and symplectic Runge-Kutta-type methods. Based on a general framework provided
in this paper, we construct a class of high-order explicit multi-symplectic schemes for
the nonlinear scalar wave equation. Clearly, our results are readily extended to some
other Hamiltonian PDEs. Furthermore, the newly derived explicit methods are shown
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Figure 7: The breather solution of MSIA3(—,0,4) with p=(2—~/4—+/16)/12.

to possess good stability properties which ensures their practicality. Through numerical
comparisons, it is illustrated that the superiority of the newly derived integrators lies not
only in the capability of long-time scale computation, but also in the good preservation
of local/global energy. We believe that more efficient multi-symplectic integrators can be
constructed based on the general framework present in this paper, since it allows more
types of methods for concatenation, including SRK methods, SPRK methods and SRKN
methods. Further research will be conducted on this aspect, and pertinent results will be
reported elsewhere in the future.
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