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Abstract. A novel amplitude factorization method is applied to solve a discrete buoy-
ancy wave equation with arbitrary wind and temperature height distribution. The
solution is given in the form of a cumulative product of complex factors, which are
computed by a nonlinear, inhomogeneous, two-member recurrence formula, initiated
from a radiative condition on top. Singularities of the wave equation due to evanes-
cent winds are eliminated by turbulent friction. The method provides an estimation
of the minimal vertical resolution, required to attain a stable accurate solution. The
areas of application of the developed numerical scheme are high resolution modelling
of orographic waves for arbitrary orography in general atmospheric stratification con-
ditions, and testing of adiabatic kernels of numerical weather prediction models.
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1 Introduction

Models used for buoyancy wave studies can be divided into linear analytical [1-16] and
nonlinear numerical (finite difference) schemes [17-31].

Advantages of the linear analytical approach are the high spatial and temporal res-
olution, a possibility to study stationary and transient regimes in separation, and the
existence of analytical means for stability etc. analysis. The main disadvantage is the
restriction to the simplest (‘analytical’) flow regimes (like the linear shear or constant
stability).
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Benefits of finite difference schemes lie in base-state generality, which supports real-
istic experimental conditions. Their main disadvantages are the moderate spatial resolu-
tion and inability to treat the steady and transient regimes separately.

In this paper, a novel method for the solution of the linear buoyancy wave equation is
presented, combining the best of both approaches, being linear and (as much as possible)
analytical, and at the same time numerical, accepting arbitrary vertical distributions of
reference wind and temperature. The algorithm proves effective and fast, as it makes use
of the direct computation of the attenuation factors of the wave amplitude via a straight-
forward recurrence formula with the initial value specification from a wave radiation
condition on the top. The cumulative product of those factors from bottom to top yields
a solution for the omega-velocity within a constant factor precision, the value of which
is specified from bottom boundary condition. Thus, solution of the wave equation will
take very little effort and the major computational time goes to preparation of the equa-
tion coefficients and summation of the obtained orthogonal modes over wave numbers
to get the solution in ordinary physical coordinates. Also, the numerical solution has a
clear physical meaning, as the modulus of the complex attenuation factor represents the
actual decrease of the wave amplitude per single layer of the discrete model, whereas its
argument is the phase angle increment per layer.

As the model deals with variable winds, a problem arises inevitably with critical
wave-vectors and critical levels, corresponding to singularities of the wave equation.
This problem is solved in the current numerical approach with inclusion of turbulent
friction in forcing terms, yielding singularity removal. The use of turbulent viscosity for
wave-equation regularization was proposed already in [5,32,33]. However, the theoret-
ical estimates of the maximum stable vertical grid-step will show that the requirements
for high vertical resolution remain, especially in the vicinity of an evanescent wind level.
This is the point where the numerical efficiency of the method becomes crucial, enabling
the application of sufficiently high spatial resolution where appropriate.

While there exist various ‘ready” wave equations they do differ rather substantially
in appearance, depending on the "small” details of the dynamical model, its coordinate
system etc. To avoid potential ambiguities in basic definitions, we start with a short
introduction of the wave equation used in this investigation from the Miller-Pearce-White
(MPW) non-hydrostatic, semi-elastic pressure-coordinate model [34,35].

2 Buoyancy-wave equation

2.1 Continuous model

When using the non-dimensional log-pressure coordinate { =In(po/p) instead of the
common pressure-coordinate p (pp = 1000 hPa is the mean sea-level pressure), the lin-
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earized stationary version of the MPW model reads

UVwe—RET+ 299 52,

' THE Y
U-Vv:U’%—V(p—fxv—l-’yVZV, 2.1)
UV T=0Y49v2T, vov— 129 g
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Horizontally, the equations are written in the two-dimensional Cartesian system with the
horizontal coordinates x = {X, y}; V presents the horizontal gradient operator. Dynamic
fields are the omega-velocity w =dp/dt (with d/dt as material derivative), the temper-
ature fluctuation T, the nonhydrostatic geopotential fluctuation ¢, and the horizontal
velocity fluctuation v. The reference (background) state of the atmosphere is given by a
stationary, horizontally homogeneous wind vector U({) with U’ =0U/d(, background
temperature T°({), gas constant for dry air R, and constant Coriolis parameter f = [f|
where f is a vertical vector. The scale height H and the stability parameter 6 are

1 R oTY
H(Z)=—-RT%(7), 6(0)=—T"0)+—=>,
©)=GRT'@), 00)=_TO)+5
¥="(Q) is the height-dependent kinematical turbulent viscosity coefficient.
Presenting dynamic fields as Fourier series
{lelulvl (P} = Z { Tk,d)k,ﬁk,ﬁk, @k/ } eik'X,
k

where amplitudes Tk,wk,ﬁk,ﬁk,q?)k are functions of 7, i = /—1 is the imaginary unit and
k is wave-vector, system (2.1) yields spectral amplitude equations

o P s P 9Pk

1IWwyk = _RﬁTk'i_ ﬁf ’ (22a)
Vo = U’% — ik —fx 0, (2.2b)
W @ 190k _

vl =06 , , ik Y =0, (2.20)

where v = U({)-k+ivy({)k? is the intrinsic frequency or eigen-frequency. The eigen-
frequency is complex in the presence of turbulent viscosity, which will produce weak-
ening of the free orthogonal modes in time, or, in the case of a stationary solution, down-
stream and upward weakening of the wave amplitude in comparison with the inviscid
case. From the linear system, after some algebra (see Appendix), a single second-order
equation results for the omega-velocity (short notation w = @y is used in the following)

ow
zxigﬁ—ﬁg—i—/\w:& (2.3)
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with J-dependent coefficients

_pv _vpHift 5 NP =V 9 vptifT
= 2 f2 p= V2 f2’ A=k"H 12— f2 aFY o
R6
po=k-U, t=Uk,—Uk,, N>= T
where N is the Brunt-Viisald frequency. The lower and upper boundary conditions for

this equation are the free slip condition on the bottom and evanescent omega velocity
condition at the top

w(0)=1ik-U(0)pk (0), lim w(g) =0. (2.4)

{—o00

In the case of uniform velocity UJ’C,U;:Q which implies that p,7,=0, v=const., Eq. (2.3)
simplifies to

W+ +Aw=0, A=KH?

(2.5)

If, in addition, H, N are constants and the atmosphere is inviscid, 7y =0, then A is a
real constant. In this particular case, the analytic solution of (2.5), satisfying the upper
boundary condition and the requirement of the wave group energy upward propagation
(radiative condition, [36]), is

—(1/24VI/A=2 )]
w:{ e . A<1/4, 26)

e(—1/2+i\/)x—l/4 )@I )\>1/4

If the non-homogeneous atmosphere is topped by a homogeneous inviscid layer, solution
(2.6) holds there. We shall use this property to formulate the upper boundary condition
for the discrete model.

2.2 Discretization

Let us introduce a staggered vertical grid with full levels {;, and half levels {12,

0=012<01 < <G-1<-1/2<{j<jr1/2< <y <Ljr1/2 <o,

where | is the number of discrete layers. Layers are centered at {; and layer boundaries
are at levels {j11/2. The discrete omega-velocity is located at half-levels: wj, 1,2, whereas
differences are located at full levels Aw; =wj, 1/, —wj 1/2. Auxiliary functions p,7,a,,A
are defined for each {;, and {j1/2.

The discrete approximation of (2.3) is

L]—'~_+1/2ij+1 Ly pAw; —|—A§]2+1/2}\]-+1/2w]-+1/2 =0, (2.7)
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with coefficients

Ait1/2 (IX'+1/2 1
) 2 1y, ‘ )
j+1/2 AZj a1 2 Ci+1/2Pjv1/2
_ Aliv1/2 (@jr172 1
Liapp= AZ, ( j + §A§j+1/2,3]'+1/2) ,

where AJi=Cj1/2—Cj-1/2, Alj+1/2=Cj+1— ;. The bottom and top boundary conditions
(2.4) become in the discrete case

wl/zzik'Ul/Zpk,l/Zr Clim a)]+1/2:0. (28)
]‘}OO

The top condition here does not insist on exact zero at any finite top height {;.1,,, as
this would cause spurious wave reflections on the top, but requires an asymptotic zero at
{j+1/2 — 0. The content of this condition will be described in more detail below.

3 Solution using factorization

Considering tentatively the jth layer homogeneous and inviscid, the solution in this layer
is given by the exponential form (2.6), allowing to define the attenuation factor of w in
the layer as
6= Xl — M,
Wij-1/2
where yx; is a complex phase shift in the layer of unit depth. The solution can be obtained
on discrete half-levels as a cumulative product of attenuation factors

i
wj+1/2:w1/2HCj// j=12,--,], (3.1)
/=1

where wy /; is defined in (2.8). In the general non-homogeneous case, we will seek solu-
tion in the same form (3.1), though the layers are not homogeneous anymore (moreover,
solution (3.1) does not need such a restrictive precondition but supports instead an as-
sumption of continuous and differentiable profiles of the reference atmosphere inside
layers). Inserting (3.1) into the wave equation (2.7) yields a two-point, nonlinear, non-
homogeneous recurrence for ¢;

Lﬁl/z(cjﬂ —1)+L ., ,,(1/¢—1) +A§]2+1/2Aj+1/2 =0. 3.2)

As it proves, the recurrence direction is an essential property here. Recurrence (3.2) is sta-
ble for a computation from top to bottom, in the direction of decreasing i and increasing
w, and it proves to be unstable in the opposite direction, if the top condition in (2.8) is
applied, as w is exponentially decreasing with height by absolute value. To apply recur-
rence (3.2), one has to know the top start value c;. For this, it is advantageous to study
first the homogeneous sub-case.
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3.1 Special case of homogeneous inviscid atmosphere

Homogeneous stratification in a discrete model assumes both a homogeneous background
state and homogeneous layering

U=const, T°,N=const, Alj=Afj1/2=A0. (3.3)
In this case ;1> =0, while L* and A in (2.7) become height-independent

N N2_V2
L o

_ 7 _ EAL/2 13212
j+l/2_L =e ¢ ’ )\j+1/2—)\—Hk

Considering the friction-free atmosphere, y=0, we will have v=k-U, i.e., A becomes a real
constant. To the homogeneous continuous solution (2.6), in the discrete, homogeneous,
friction-free model, index-independent attenuation factors correspond:

ci=c, (3.4)

resulting in the reduction of the general recurrence (3.2) to a quadratic equation for c,
identical for each jth level:

/2 (c—1)+e M2 (c71 ~1)+(A)*A=0.

This quadratic equation has two solutions, from which only those, providing top condi-
tion (2.8) and corresponding to the radiative condition are shown next. Solutions depend
on the parameter

Q=cosh(AZ/2)— % (A2)?A. (3.5)

There exist three regions: Q < -1, —1<Q <1, and Q > 1 with different behavior of the
solution. For Q < —1, a physically meaningful solution does not exist. This indicates that
AC was chosen too large and should be reduced, because limy;_.0Q =1. The two other
options describe the free and evanescent (or trapped, [36]) waves:

eA(-1/24+i8), _1<Q<1,
€= { e~ A(1/2+9), (1, (36)
where
1-Q2
) , arctan~—5—, Q>0,
q:—ln(Q—i—\/QZ—l), i=—{ n/2, Q=0, (3.7)
A A VI—Q@
n—arctanW, Q<.
The discrete solution (3.1) becomes in terms of attenuation factor (3.6)
efAé(—1/2+i§)f -1<Q<1,
Wit1/2=W1/2° { e iBE(/2H0), 9> 8
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which presents the discrete approximation to the exact solution (2.6). If
ACK], (3.9)

which corresponds to the vertically high-resolution case, then
AZ?
Qr~1+—- > (4_1 - )\)

Agz
'T (Z—/\> ‘ <1, (3.10)

theng—+/1/4—A, {—+A—1/4, and the discrete approximation (3.8) will approach
the exact solution (2.6).

Due to exponential decay of the solution (3.8) with height, the top boundary condition
(2.8) holds, indeed.

If, in addition,

3.2 Recurrence initialization in non-homogenous case

We can always assume that there is a homogeneous inviscid layer at the top, with strati-
fication parameters corresponding to the topmost discrete layer with index j=J:

AL=AZ;, U=Uj, T'=T) — A=Ay,
The starting value c; in recurrence (3.2) can then be chosen as the attenuation factor of
this homogeneous top layer, i.e., c;=c from (3.6) and (3.7).

3.3 Requirements of vertical resolution

In the high vertical resolution case (3.9), the attenuation factors c; are supposed to be, and
L* are, close to unity in absolute terms, yielding a constraint to the free term in (3.2),

ERYAVIRVARS | (3.11)

(rather close to condition (3.10)). In the case of an inviscid atmosphere, A1 ,, can become
infinite for critical wave-vectors k* (specific for each level j), for which

v = (kU =0,

yielding Alj, 1,2 —0in (3.11). Due to discrete nature, the wave-vectors are not (except in
the case of the special choice of Uj) strictly critical, but a lot of them can be nearly critical,
(k*-U;)?>— f ~ 0, which would cause very large A and unfeasibly small A. Especially
important for the numerical solution accuracy are levels with evanescent wind U — 0,
as the corresponding critical wave-vectors are located in the maximum area of spectral
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amplitudes. The closest neighbourhood of the evanescent wind level is therefore called
the critical layer. As numerical experimentation shows, a critical layer forms if |U;| < 1
to 1.5 m/s . In the case of an inviscid atmosphere, it is impossible to satisfy (3.11) for any
computationally usable size of Al in the critical layer. Fortunately, the introduction of a
rather moderate turbulent friction will regularize A, as

VP — f2=(k-Uj+ivk?)*— f*

cannot become zero anywhere.
Using in the vicinity of critical wave-vectors an approximation A ~ k*H2N?/ (v2— f?),

(3.11) gives
2 2
1 Al
Ajr1/2< ~ '
\/m kH;1/2Njy1/2
Since
) 1/4 S
|VJ'2+1/2—ny = { [(k-U)2+ryzk4_f2} +4,yzf2k4} zk\/zfy]url/zf,
k+1/2

a suitable estimation of the maximum vertical grid-step is

\/zf’YjH/z

—_. 3.12
Hi1/2Njv1/2 (3.12)

Agjv172<
Being independent of the horizontal wave-vector k, this condition presents a “global’
estimate, enabling an accurate solution for all horizontal spectral modes. It is convenient
to present the diffusion coefficient as

Viv1/2=511/2Njp1/205° /2. (3.13)

The nondimensional parameter 'y? .1/ has a simple meaning: 1/ 'y? 1,2 18 the e-folding
decrease period in units 1/N of the highest horizontally resolved gravity wave mode
with scale ~ Ax. In the discrete case, Ax is the horizontal grid-length; in the horizontally
continuous formalism, Ax can be estimated as the internal spatial scale of orography.
From (3.12) and (3.13) we get finally

Ax
Ag 120 <+ '}’O f/N 1/2- (314)

As an example, Az = HA{ < 10 m for Ax =1 km, 70 =107, f/N = 10~2. This vertical
resolution limit decreases to 1 m for a ten times higher horizontal resolution Ax = 100 m.

Condition (3.14) should not be interpreted as an exact upper limit, but rather as a
rough estimation of the vertical resolution, that is expected to provide the required so-
lution accuracy. However, as numerical experimentation shows, (3.14) provides faithful
estimates in all instances.
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4 Examples

In the following examples, a horizontally discrete Fourier transform is applied to orogra-
phy, which corresponds to the ‘'witch of Agnesi’ profile

ho
T+ (=0 /@t (=0 /B

h(x,y) = [

where the maximum height h, central coordinates xo,1o, and half-widths in the direc-
tions of coordinate axes ay,a, are constant parameters. The spectral wave equation is
solved using the above-described solution factorization approach, and the result is then
inverted back to physical space. Vertical velocity w = - Hw/p is shown in all examples.

Fig. 1 presents the wave pattern of w for one-dimensional Agnesi ridge with /1y =100
m, a; = 2 km, a, = co. Reference temperature T°(p) presents a climatological profile
(280 K on surface, lapse rate 6.5 K/km in the troposphere, and constant 202 K in the
stratosphere). The unidirectional wind equals U, = 12 m/s at the surface, has a shear of
0.25 m/s/km in the troposphere, and becomes constant U, = 15 m/s in the stratosphere.
The tropopause height is 12 km. Horizontal resolution is Ax = 500 m, grid-domain in the
x-direction is 2048 points. Vertical resolution is chosen to be Az =100 m, (A~ 0.01), and |
=300 levels, while the atmosphere is inviscid with v°=0 at all levels. Experiments show,
that an increase in vertical resolution and the introduction of a weak (7°=0.01) viscosity
do not alter modelling results. However, stronger friction with 4°=0.05 would damp the
wave-field moderately.

While the buoyancy wave reflection at the tropopause and the tropospheric wave-
guide formation has been theoretically proven some time ago [37] there have been little
numerical experimentation showing the details of the process. As seen in Fig. 1. even
a rather moderate tropospheric wind shear may cause substantial wave reflection at the
tropopause and generation of a tropospheric wave train. The wave train increases in
length with the wind shear intensification and can reach several thousands kilometers
(depending on the intensity of turbulent friction). The current example has special in-
terest due to the wave-train wiggling, which is observable at weak shear and would
disappear with shear strengthening.

Fig. 2 presents a flow over an Agnesi ridge with hp =100 m, a, = 3 km, a, = o0 and
with the same temperature profile as in the previous case. However, the wind is backing
with height in this model, having a value 10 ms~! at the surface and decreasing linearly
with height. It becomes zero at the 5 km level, which defines the central height of the
respective critical layer, and decreases with height further to a constant value -2.0 ms !
at the 5.5 km height, approximately.

Horizontal resolution is 500 m and the number of horizontal grid-points is 256. Ver-
tical grid-step decreases linearly with height from Az = 100 m at the surface to Az =5
m at the wind reversal level, above which it is kept constant. The number of vertical
levels is 240, turbulent viscosity 7" = 0.05. The main aim of this example is to demon-
strate the need of enhanced resolution in the vicinity of the critical layer. The coincidence
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Figure 1: Tropospheric wave-guide formation due to the combined effect of the tropopause and wind shear.
Vertical velocity contours with a Aw = 0.1 ms~! interval are shown.
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Figure 2: Wave absorption at the critical layer, located near z = 5 km. Vertical velocity contours with Aw =
0.05 ms~ ! interval are shown.

with earlier reported results [28,38-40] is excellent, demonstrating complete absorption
of orographic buoyancy waves at the critical layer.

Fig. 3 shows horizontal cross-sections of w at different heights for a wind sheared
both in amplitude and direction, blowing over a circular hill with /iy =300 m, a, = a, =
3 km. Horizontal resolution is Ax = A, = 1.1 km, the horizontal grid consists of 256x256
points. The model has 300 levels with constant resolution Az = 50 m in the vertical. The
turbulent viscosity 7° = 0.05. The reference atmosphere is isothermal with T° = 280 K.
The wind amplitude is a hyperbolic function of height with maximum of 40 m/s at z =
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Figure 3: Horizontal cross-section of the vertical velocity at different heights over a circular hill. The main flow
is sheared both in speed and direction. Isotachs are drawn with a 0.2 m/s interval.

15 km, while wind direction rotates uniformly with height:

uy=U(z)cos(mz/zre0), ty=U(2)sIn(712/Zre0), Zreo =12km,

U(z) = U+ Uy (1— z ) Z  U,=10m/s, Uy=120m/s, zjax=30knm.
ZJax ) ZJax

The solution is found to be insensitive to vertical resolution doubling, which means that
a constant resolution Az = 50 m is sufficient here. However, the decrease of 'yo to 0.01
implies a need of a vertical grid-step decrease to Az =20 m.

The qualitative coincidence of the present example with former analytical [41] and
numerical [38] results is excellent, although a quantitative comparison is not available in
the analytical case, as models with such a wind complexity are not solved analytically
yet. The typical feature of this kind of flow regimes with uniform directional wind shear
is the complete buoyancy wave absorption at the wind reversal height.

5 Conclusions

The described method presents a simple and fast orographic wave modelling tool in the
case of rather sophisticated flow regimes both in two- and three-dimensional cases. Ex-
periments with realistic height-dependent temperature, including the tropopause, and
optional sheared winds, are attainable. Rather large modelling domains in association
with high horizontal and vertical resolutions can be used, making high-resolution mod-
elling of extended wave-fields possible. As an example, in a two-dimensional case, with
a horizontal domain of 5000 km length and a 500 m horizontal resolution, and 1000 levels
in vertical with 10 m vertical resolution, would require ~ 1 minute computation in a PC.
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Compliance with the vertical resolution condition (3.14) is really essential in condi-
tions with an evanescent wind. In that case, very high vertical resolutions are required
near and at the critical layer, located around the zero-wind level (up to Az ~ 1 m for
horizontal resolutions Ax ~ 100 m).

However, for relatively large reference winds (U = 10 m/s can already be considered
as 'large’), condition (3.14) can be weakened. For example, at horizontal resolutions Az
> 1 km, vertical resolution Az = 100 m can be considered sufficient in most cases.

The area of application of the proposed numerical solution is high resolution mod-
elling of orographic waves for arbitrary orography in complex atmospheric stratification
conditions. The model can be applied also as a test-tool for checking numerical accuracy
of adiabatic kernels of the nonlinear nonhydrostatic NWP models.
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A Wave equation derivation

Equations for divergence D =ik- ¥y and vorticity { =i(k,?0, —k,9,) from (2.2b) are:
sy P oa 2 A T L
11/D—1pwk—|—k P+ fC, vl = 1pw fD.

Elimination of { from these relationships with subsequent substitution of D from (2.2c)
yields

1 ad)k _f d]k o e DA
2 oC <p—|—1vr> P iu” @y (A1)
Another relationship between ¢ and w follows from (2.2a) and (2.2¢):
2_ A2 -
2V N 399
H by W =-—1 ag . (AZ)

Elimination of ¢ from (A.1) and (A.2) gives equation (2.3).
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