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Abstract. In this paper we discuss scattering problems inherent in curved microstrip
structures mounted on thin dielectric structures. We provide approximate boundary
conditions for such structures in the framework of integral equations.
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1 Introduction

The solution of the scattering problem of a plane wave by a metallic target coated by a thin
dielectric substrate requires to solve a system of integral equations coupling the solution
in the gain and the surrounding medium. Then, the resulting method is both time and
memory consuming. Moreover, since the scale of the spatial change in electromagnetic
fields in the direction of the thickness of such a thin layer is considerably different from that
in the transverse directions, such a direct formulation suffers from numerical instabilities
if the dielectric layer is too thin. An alternative to this approach consists in approximately
simulating the interior propagation phenomenon by the way of a boundary conditions, the
so-called approximate boundary conditions, set on the surface of the obstacle and next to
solve the associated scattering problem. See [3,4,10,12].

In this paper we discuss scattering problems inherent in curved microstrip structures
mounted on thin dielectric layers. These structures are widely used in printed-circuit
technology, microwave integrated circuits, and the antenna industry [7,9,11,14]. It has
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been difficult to analyze electromagnetic fields around such structures. Indeed, the clas-
sical approximate boundary conditions do not provide an accurate approximation of the
electromagnetic fields due to the fact that the presence of the microstrip patch causes a
change in the relation between the electromagnetic fields at the dielectric interface.

This paper extends the concept of approximate boundary conditions to microstrip
structures and gives a detailed mathematical derivation of an approximate boundary con-
dition for a microstrip patch in the framework of integral equations.

2 Problem formulation

Let © be a bounded domain in R?, with a connected C*>%,0 < a < 1, boundary. For h > 0,
let Q4 := {x € R?\ Q : dist(z,09) < h} and Q. := R?\ (QU Qy). We assume that the
outer part of 923 consists of two disjoint parts I' and I', so that 0924 =T U T, U0QQ. Put
Iy :={z € 0Q: x4+ hv, € T'}, where v denotes the outward normal to 9€2. The domain
Q4 represents the thin dielectric structure while I' represents the antenna patch mounted
on it.

The profiles of electric permeability and permittivity are given by

() Hd, x €y,
h p—
,U’ea x 6 Qe’

and

€d, x € Qd,
en(z) =
€e, T € Qe’

respectively, where ug, e, €4 and €. are positive constants. If we allow the degenerate case
h = 0, then the functions up(x) and €, (x) are equal to the constants p. and e..

Let kq := w\/1q€q and define k. likewise. For a given incident wave E;, let E}FL denote
the solution to the scattering problem

1
122

v VE}I;(.T) + w2ehE£(a@) =0, z€Q.UQqg,

with the radiation condition

| (a(E}: — Ei)(x)

Al — iwk.(E; — EZ)(ac)> =0,

lim +/|z
|z|—o0

and the Dirichlet boundary condition

Ef =0 ondQUT. (2.1)
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Then the scattering problem in the presence of the patch can be written as

(A+K2)E], =0 in e,

(A+k3)E], =0 in §2a,

E}I: -0 on I'U 092,

Ef|+ = Ef- on 09, (22)
iaa_liil; N _ iaa_? ) on I,

i V] (w ik (B} — Ei)(m)> — 0.

Here and throughout this paper, E|; and E|_ denote the limits from inside and outside
the given domain, respectively.

Let E}, be the solution without the patch, that is, the boundary condition (2.1) is
replaced with u = 0 on 0f). Then E}, is the solution to

(A+E)E, =0 in Q,

(A+E3E, =0 in Qg,

E,=0 on Jf2

Epl4 = Ep|— on 9, (2.3)
i%Jr:i% on 02,
|t Vil (28 2 i, - By (@)) o

The main objective of this paper is to present a schematic way based on a boundary integral
method to derive the leading-order term in the asymptotic expansions of E}FL as h goes to
zero. Because of the changes in the electromagnetic fields around the microstrip patch, E,E
can not be approximated inside the thin layer by a linear function in the normal direction.
This causes the most serious difficulty in deriving approximate boundary conditions for a
patch antenna mounted on a thin dielectric layer.

3 Asymptotic formula for the solution without patch

We start with deriving an asymptotic expansion of Fj as h goes to zero. Let &, be the
fundamental solution for the Helmholtz operator A + k2, that is,

11
Pe(w,y) = = Hy (kele = yl),
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where H(()l) is the Hankel function of the first kind of order 0, and let ®; be the one for
A+ k3.

For a bounded smooth domain D in R?, let 8§ and DY, be the single and double layer
potential defined by

Spe(r) = /aD O (z,y)e(y)do(y), =e€R?

Dhota) = [ W otyio(y). « < B2\ oD,

It is well-known that

oSHp B 1 o
SDE| (@)= (% 31+ (Kp))elx) ac.xeaD.
1
Dh|,(2) = (F 31 +K5)elw) ae v €D,

where K¢, : L?(0D) — L*(9D) is the operator defined by

pla) = p. [ 2L

o Oy e(y)do(y),

and (K%)* is the L%-adjoint of K% and is given by

0. (x,y)

(Kh) ela) =pv. [ ZREEW ooy,

oD
Those operators with the superscripts e replaced with d denote the corresponding layer
potentials defined with ®,.

Let the space H'(952.) be the set of functions f € L?(02,) such that df /0t € L?(0%2.),
where 0/01 denotes the tangential derivative on 9€.. The following lemma is essentially
from [1].

Lemma 3.1. Suppose that kfl is not a Dirichlet eigenvalue for —A in €2 and k2 is not
a Dirichlet eigenvalue for —A in R%2\ Q.. For each (F,G) € H(0Q.) x L*(09.), there
exists a unique solution (f,g1,ge) € L?(0Q) x L?(0Q) x L?(09Q) to the integral equation

szef - Ss%egl - 55%92 =F on 0,
1 OS¢ 1 08& 1 S
L Qef 1 0eq 0 ‘ B _68992 e on 990, (3.1)
e Ov 1+ pg Ov |- pg Ov
5&91 +84g2 =0 on 0.

Moreover, there exists a constant C independent of F' and G such that

112000 + lorllz200.) + lo2lzo0) < C (IFlm oo, + 1Gllz@a,) ) (3:2)
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Proof. We sketch a proof of this lemma. Since k‘g is not eigenvalue for —A in , Sg has
an inverse (S3)~1 : H1(092) — L%*(9Q). It follows from the third condition in (3.1) that

g2 =—(84)~" ((55691)!39) on ON).

Let X = L2(09.) x L*(08) and Y = H(0%.) x L*(05.), and define the operator
T: X —>Y by

T(f,q1): = (saef — 84,91 — S&(SE) (S8, 91)]oe),

1 088, f

e OV ‘+_Md v

1088 ‘ N 1 088(88) 7 (88, 91)lo0)
- ld ov '

Then (3.1) can be rewritten as T'(f,g1) = (F,G). We also introduce Ty : X — Y defined
by
1 05,1

o e r_ od il
To(f,q1) == <Sﬂef Sﬂegl’ue ov ‘+ pa OV

1&%ﬂw>.

We see that T'— T} is a compact operator form X into Y. It is proved in [1] that Ty is
invertible provided that k2 is not a Dirichlet eigenvalue for —A in R? \ Q.. Thus by the
Fredholm alternative, it is enough to prove that T is injective. Suppose that T'(f, g1) = 0.
Then the function u defined by

86, f(x) for x € Q.

Sgegl (z) + S&go () for z € Qq

is the unique solution of the transmission problem

(A+kHu=0 in Q,
(A +ED)u=0 in Qg,
uly = ul- on 0€),,
i%h:i%‘ on 0,
u =0 on 0,

with the radiation condition

lim /|z] <8g’(xx‘) - ikeu(x)> —0.

|z|—o0
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By the uniqueness of a solution to the interface problem for the Helmholtz equation, we
conclude that f = ¢g; = 0 and hence go = 0. The estimate (3.2) is a consequence of
solvability and the closed graph theorem. This completes the proof. U

In the next lemma we give a representation of the solution of (2.3). From now on,
we assume that k3 is not a Dirichlet eigenvalue for —A in  and k2 is not a Dirichlet
eigenvalue for —A in R? \ Q..

Lemma 3.2. Let (p,11,12) € L?(08) x L?(09Q.) x L?(09) be the unique solution of

Sseze‘P - S&% - Ss%lh =—F; on 08,
e d d .
i 6(Sﬂe(p) . i a(sﬁewl) B i 6(Sﬂw2) _ _i aEZ on 89@, (33)
e Ov |+ ug Ov - pg Ov e OV
S& 1+ S&yr =0 on 0.

Then the solution Ej to (2.3) can be represented as

Ei(z) + 8, (), x € €,
En(z) =9 . (3.4)
8. V1(x) + SQa(w), x € (.

Proof. Note that Ej, defined by (3.4) satisfies the differential equations and the trans-
mission conditions on 92, given in (2.3). The uniqueness of a solution to (2.3) proves the
claim. O

The following lemma is essentially from [12].

Lemma 3.3. For h > 0 small enough and for any ¢ € C1(952), the following expansions
hold uniformly in v € 98

Sh0(e + hw) = Spl) + W] (@) + O?), (3.5)
oS oS
&?j (x + hvy) = az?f +(x) + O(h), (3.6)

where O(h?) and O(h) terms depend on ||¢|lc1(aq). Moreover, if ¢ € L*(09.), then the
following expansions hold uniformly in x € 0

86, 6@ + hvy) = Sad(x) + h((K&)"d(@) + Kad(x) + Salpd)(@)) + O(h2),  (3.7)
§6, () = S50(x) + h( (51 +K5)d(x) + S5(08)(x)) + O(R), (38)

where () = ¢p(x + hvy), = € OQ, and p(x) is the curvature at the point x € Q. The
O(h?) terms depends on Nl 200.)- The same formulae hold for Sd¢ and Sgeqb.
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Proof. Since 99 is C>%, 8&¢ € C*(,) if ¢ € C1(0Q). Thus (3.5) and (3.6) are simply
Taylor expansions.
To derive (3.7), we note that from [5] it follows that

Pe(x + hvg,y + hvy)

_ _iH?(ke](x —y) + h(ve — 1))

1
= %log (x —y) + h(ve —vy)| + 7e

3 [butobele =+ hlo = )|+ ] [l — )+ B0 )]

m=1

where the constant 7, := % log ke + v — ﬁ and « is the Euler constant. Using the formula

g1+ =-3 (<), (3.9)

we obtain that

O (x + hvg,y + hiy)

2(z —y) - (Vo — vy) + hlve — vy|?
[z —yl?

1 1
:—log|x—y|2+—log[1+h ]+7’e
47 47

[e.o]

b 2 bm 2(x —y) - (Ve —vy) + hlve — v
+Z[bmlogke+cm+710glx—yl +710g(1+h iz —yP? )]

m=1

QMi gyl — o (20 =) O =) + s =)

i(x—y,ym _Vy>
2z —yl?

+h Z (bm log ke|lz — y| + cm> (ke)?™2m|z — y*"2(x —y) - (va — 1)
m=1

+h>
m=1

= ®c(z,y) +

b D e V) o) 4 0(12)

|z —y|?
_ 0Pc(z,y) |, 0Pc(z,y) 2
=®.(x,y)+h o0, +h v, + O(h*).

If do. denotes the surface measure on 0f2., then
doe(y + hvy) = (1 + hp(y))do(y) + O(h?), y € D, (3.10)

as was shown in [2]. Thus we obtain (3.7).
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To obtain (3.8), we use duality. It follows from (3.5) and (3.10) that for any f € L?(99),
| sh.o@ @)
[2/9]

= ¢(9)Saf(9)do(y)
Qe

=/, Oy + hvy)(SQf)(y + hwvy)do(y + hiy)
= [ o) [sarw+n (51 + K51 ) 10| (4 notwaots) + 002
o0

Thus we get (3.8). This completes the proof. O

~ We are now in position to derive from (3.2) the following asymptotic expansion. Let
f(x) := f(z + hv,) for x € O as before.

Lemma 3.4. Let (¢, 1,¢2) € L2(0Q:) x L2 (0 ) x L?(09) be the unique solution to (3.3).
As h — 0, the triple (¢,v1,12) converges to (po, V), 8) in HY(OQ) where (@o, Y, 4T is
the unique solution to the integral equation

SGpo = —E;
0 0
Y1+ 15 =0, on 9. (3.11)
0 Hd Hd x.e Hd 8Ez
- _ _ Pdyome g — R4
¢1 2pte 70 He @ He ov

Proof. Using Lemma 3.3 and taking the limit in (3.3) as h — 0, it follows that

S&p — S&ipy — Sapy = —E;,
106Sa9)) _ LASyb)) _ LASi)) __LOB a0 (319)
pe Ov I+ pg Ov - pg v I+ pre OV

85%1&1 + S&%¢2 = 0)

Let o, %) and 19 be the solutions satisfying above equations. Since Sg is invertible, it
follows from the third equation in (3.12) that

Y +19 =0 on 9Q.

It also follows from the second equation in (3.12) that

Lo .0 fd [d s pa OF;
S — ) = — _ Hdjere - HATZE
5 (U1 —¥3) A Rty

Therefore the proof is completed. O
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Define Ej by
Eo(z) = S§po(x) + Ei(z), =€ R*\ Q. (3.13)

Note that Ej is the solution to the following scattering problem:

(A+EkHEy=0 inR*\Q,

Eo=0 ondQ, (3.14)
. O(Ey — E)(z) <_
Jim \/H(T — ike(Bp — Ei)(x)> ~0.

Lemma 3.5. Let ¢ and g be as in the previous lemma, and define " by

LM:@_%
@.h.

Then as h — 0, ™" converges to @1 in L*(0Q) which satisfies

OF;
ov

S&p1(x) = ( Hd (ﬁ _ 1) (k&) — K& — ngp) 00 + (ﬂ _ 1)

2pte He e

n 08, (3.15)
where M), is the multiplication operator by p.

Proof. Subtracting the third equations in (3.3) and (3.12), we get, for x € 99,

0= (88, v1(z) — SGYY ()] + [SEa(x) — SEYI ()]
= [S& 1 (x) — S&r ()] + S (W1 — ¥Y) () + SE(vh2 — ¥3)(2).

Ty a0 _h0
If we define (wi’h, w%’h) = (wl—hwl, %) and divide above equation by h, then we get

_ Sun(e) — S ()
h

0 +84 (" + 3" ) @), @ e o0

Sending h — 0, it follows from Lemma 3.3 that
. 171
Ub - vd = lim (6" +0p") = —(S8) 7 (51 + K+ SAM, ) (). (3.16)
By virtue of Lemma 3.3, the first equation in (3.3) takes the form

St + h((Ka)* + Ko+ SaM, )¢ — S — h((Ka)" + K + SM, )i
OE;
%

1
— S8y — h(§l + K%)ng — B -1 L om?),
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on 0f). By subtracting the above equation from the first equation in (3.12), we get

Sapt " = Sh (" +vp") = ((K&)" + Ko+ S50, )&+ ((K&)" + Ko + S5M, )b
0E;
v

Observe from (3.16) that the right-hand side of above equation converges in L?(02), as
h — 0, to

4 (%1 K ) — S+ O(R?).

— (5T + Kb+ SEM, ) W) — ((CR)" + K6 + M, ) o

1 OE;

+ (ke + Ky + S50, )i + (51 + K8 )vh — S
It now follows from (3.11) that '" converges to 1 in H'(9) as h — 0 and ¢ satisfies
(3.15). This completes the proof. O

In view of the third equation in Lemma 3.3 and Lemma 3.5, we get

86,9 + hy) = Shpo(a) + hSeupr (2) + h( (K) + K& + S5M, ) po(@) + o(h)

. (S50 OE, OE,
St (25 o+ 2B - O] oty
> Ha0Lo) ( \_ OF:
= Shpole) + h| LA (@) = )] +olh),
for x € 992 and hence,
En(x + hy,) = h%%(:ﬂ) +o(h) for z € 0N (3.17)

Thus we get the following theorem.

Theorem 3.1. Let Ey be given by (3.13) and let Ey be the solution to
(A +k)E; =0 inR?\Q,
0E)y

Hd
B =t )20 00
! (ue )81/ on Gt

lim /|z] (aEl(x) —ikeEl(x)> —0.

Then the following asymptotic expansion for Ej:
En(z) = Eo(x) + hE1(x) + o(h), (3.18)
holds uniformly in any bounded subset of Q.

We should emphasize the fact that the (first-order) asymptotic expansion derived in
Theorem 3.1 is independent of the electric permittivity of the thin layer. The effect of the
profile of the electric permittivity is of higher-order.
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4 Representation for E}

We begin this section by proving the following uniqueness result.

Lemma 4.1. Problem (2.2) has at most one solution in H} (R?\ Q).

Proof. Let E} be the solution of (2.2) corresponding to E; = 0. Then we see that
El'l =El'|_ =0onT. Applying Green’s formula to a domain Bg of radius R containing
Qg4, and using the transmission conditions, we have

1 1
, Gavee et « [ (Goweir - oleir)
Qq Hd QeNBgr He
1 oF 1 —=0E} 1 —=0E}
= [ (hEa - weame) « [ (LA - L) )
Qq \ Hd o0, \Ha " O = pe M ov ly
I —¢ 1 —0E}
[ (- LEant-wase)« [ LEo
QeNBgr He OBR Me 61/ —
1 —=0E} 1 —=0E} 1 —0E}
9BR He ov |- r \Hd T o 1+
_ / Ey 9By |
8BR He 81/ -

Taking the imaginary part of both sides, we obtain

ET 0BT
0=1Im “h Z"h
OBRr He 81/ -
Using Rellich’s lemma and the unique continuation principle, we arrive at E}FL 0 =
d
E}FL = 0. This completes the proof. O

e

Define the Dirichlet-to-Neumann map A : H%((?BR) — H3 (0BR) by

_8u

A(g) - % aBR’

where u is the unique solution to the exterior Dirichlet problem for the Helmholtz equation
in R?\ Br with the Dirichlet boundary data g on dBgr which satisfies the radiation
condition. The following result from [8] is of use to us.

Lemma 4.2. There exists an operator Ay : H%((?BR) — H_%((?BR) such that

/ PAop <0,
9Bn

and A — Ag is a compact operator from H%(8BR) to H 2 (OBR).
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Using arguments similar to those in [6], we can obtain the following lemma.

Lemma 4.3. For any incident field E;, there exists a unique solution E} in HL (R*\ Q)
0 (2.2).

Proof. Let H:(Br\ Q) = {(p € H(BR\Q) | ¢ =0onT U 69}. We formulate the
following variational problem which is equivalent to solving (2.2): Find u € HL(Bgr \ Q)

such that
[ (0 s [ (BT o)
Qd /’Ld QeﬁBR /"Le
_/ P ou
8BR :U'e 61/
3 OF
:/ £A(u+Ei)—/ EL’
8BR /"Le BBR /’Le al/
for any function ¢ € HE(Bgr \ Q). Define
Vo-Vu Vo-Vu ©
M) = [ (w4 [ (T - [ g,
Qd /’Ld QeﬂBR /"Le BBR /’Le

As(u, ) := /83 %(AO —A)(u) — / (wleq+ 1)pu — / (w?e. + 1)pu,

Qg QeNBgr

and

ne)= [ E(nE) -5,

for u, o € HE(Bg \ ). The problem (2.2) can be rewritten as follows:
AL(E), — Eix(2),¢) + A2(E}, — Eix(2),¢) = L(g) for all p € HY(Br\ Q). (4.1)

Using Lemma 4.2, we get

Re(Al(u,u)):/Q (IVHZI +r ‘) /mB <|v;:|2+’ \)‘Re/ag iAo(u)

> Callulli g0

Furthermore, |A; (u, ¢)| < C’||u\|Hl (Br\Q) HgoHHl Br\Q)" Thus, by the Lax-Milgram theorem

and the Riesz Representation theorem, there is a bounded linear operator T on Hf(Bgr\Q)
having a bounded inverse such that (T, ) = A;(u, p) for all u,¢ € HL(Bg\ Q) where
(,-) is the inner product on HL(Bg \ Q).
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We define the operator K on Hi(Bg \ Q) by
(Ku,p) = Ay(u,p), forall u,p € H:(Br\ Q).

The compact embedding of H'(Bg \ Q) into L?(Bg \ Q) and the compactness of A — Ag
from Lemma 4.2 imply that the operator K is compact. In short, we have

(T + K)u,p) = A1(u, @) + Az(u,p), for all p € H%(BR \ﬁ),
with T invertible and K compact. If (T'+ K)u = 0, then
Ay (u, ) + Ag(u,0) =0, for all p € HA(Bg \ Q),

and hence by Lemma 4.1 u = 0. Using the Fredholm alternative, we have existence of a
solution to (4.1). This completes the proof. O

Let Gi(z,y), z,y € R?\ Q, be the Green’s function satisfying

(A n kg)ah =4, in Q.

(A n kfl)Gh =5, in Q,

oGy . 1

——zkeGh‘ =0(—),

ov («/|x|> (4.2)

i—aGh = i—aGh on 0f,,

g Ov |—  pe Ov I+

Gh( _ Gh‘ on 99,

- +
\Gh =0 on 0f).
Then we have the following representation for the solution of (2.2):

Ef(2) = Bula) + [ Gulry)ur(v)dor (43)

where Yr is given by

6E,f ‘ Lhe BE}I;
= — xr)— ———
Ovy 1+ Hq Ovy

Yr(z) : | (@)
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Indeed, by the divergence theorem, we get for x € ), that

(Bh (@) ~ Bu(o))

_ / — (A + k)G (x,y) (EL — Ey)(y)do(y)
Q. Me

+ /Qd id(A + k3)Gh(x,y)(EL — Ep)(y)do(y)

= [ 5] @B - ) ~ G| @B )~ B)doty
Gh(x, y) 8(EF - Eh) Gh(.%', y) 8(EF - Eh)
! /an e %uy L(y) R %yy (y)do(y)
T T
/Gh x,Yy) (: %fy (y) - i%% _(y)) do(y).

We now derive an asymptotic formula for E,I; . Since Gp(x,y) is the Green’s function of
(4.2), for any continuous function f on 9f2 the function u defined by

L 8Gh($,y) o T 2\ 0O
ue) = [ FED o), v eR\D

is the solution to

(A+EkHu=0 in Q,
(A+E)u=0 in Qg
uly = ul— on 0f),
i%hzi%‘_ on 02,
(u=f on 0},

with the radiation condition. In particular,

8Gh($, y)

L e au, T Wde(w) = f) (4.4)
if f is continuous at xg. Therefore, we get
0Gp(x,
Eh(-T) — EZ(:C) = —/ ME@(y)dO'(y) (4.5)
o Oy

Let Gg be the Green’s function for A + k2 in R?\ Q, i.e.,

{(Az +k2)Go(z,y) =0,  inR*\Q, (4.6)

Go(z,y) =0 r €, ycR2\Q,
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together with the radiation condition. Note that (4.4) holds with G}, replaced with Gj.
Since Ej is the solution to (3.14), we also have

Bofa) = Bi(o) == | %fy’%@«y)da@). (4.7)

It then follows from (3.18), (4.5), and (4.7) that

G (z,y) [ 0Go(z,y)
/(m a7%}5@-((@%10((@) = /(m TEz(y)da(y) + O(h).

Since this identity holds for any incidence field E;, we have

0Gh(z,y) _ 9Go(z,y)
Oy Ovy

+O(h), (4.8)

which holds uniformly for z in a bounded subset of 2. and y € 0.
By Taylor expansion, we get, for y € 02,

oG 0G
Ghl,y + hry) = Gil(w,y) +h ™ (a,y) + o(h) = heg " (x.y) + o). (4.9)
vy Ovy
It then follows from (4.8) that for z € Q.,
[ Guteir)in) = [ Gala iy + ) (1 + ) o)
0
0G ~
=h | 5@y (y)do(y) + o(h).
Iy Oy
where B
Y(x) =Y(x+ hy,) for x € Ty. (4.10)
If z = z¢ + hv,, for some xg € I'g, then
0Gyo _ 9Gy
6—%(% + hvgg,y) = a—yy(xo,y) +O(h),

and hence, we have

/F G wyir@do(y) = h | 220 (w0, y)dw)do(y) + o(h)

To al/y
= hi)(xg) + o(h), (4.11)
where the last equality holds thanks to (4.4).
Note that by Theorem 3.1

E
En(x + hvy) = h%%(m) +o(h), x€eTy.
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It then follows from (4.11) and the condition on the patch

/F Gu(z, y)ér(y)do(y) = —E, onT

that
- _Ha0Fy

(x) = (z), =z el

fte Ov

We finally arrive at the following result.
Theorem 4.1. We have the following asymptotic formula for E}I::

0G OFE
EX(z) — Ep(2) = —ptd [ 20 980
n(x) — Ep(z) hue - 1, (,y)—~(y)do(y) + o(h),

which holds uniformly in any bounded subset of Q. for h small enough.

5 Numerical experiments

1091

(4.12)

In this section, we perform numerical experiments to demonstrate the validity of the
approximation formulae (3.18) and (4.12). We first provide an explicit form for G}, defined
by (4.2) when 02 and 0f2. are the disks centered at the origin with radius r and r + h. If

we write
Geli,y) = Bl y) + Hole,y) = — 3 B (el = yl) + el ),
Gl y) = Bale,y) + Halar,y) = LS (hale = ) + (e, ).
then the functions H, and H, satisfy

(A + k) H.(z,y) =0 for x,y € Q,
(A +E2)Hy(z,y) =0 for z,y € Qy,

In addition, by (4.2), H. and Hy are subject to the transmission conditions:

He(xvy) - Hd(fI,',y) = q)d(xvy) - @e(x,y) for T,y € aQev

1 0He(z,y) 1 OHy(z,y) _ 1 0%q (2,y) — 109,
He Ovy Hd 0vy Hd Ovg 1- 7 He ovy
Hy(xz,y) = —®4(z,y) for z € Qg and y € 09,

(x,y) onz,ye€ I,
+

and the radiation condition:

lim +/|z (M - ikeHe(x,y)) = 0.

(5.4)

(5.5)
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Since H. is the solution of (5.1) satisfying the radiation condition, we have
ZaH (ke|lz)) HY (kely]) cos (6, — 6,),

for z = |z|e’* and y = |y|e’®v. In addition, because of (5.5), we have

o0

Hd(x,y)=2(aJ (kal]) T (Kaly|) + 05 Jn (kalz ) Yo (Kaly])
n=0

o+ 2V (Kalal)Jn (kaly]) + 0¥ (kall) Yo (Kalyl) ) cos n(6, — ).

Here the functions J,(¢) and Y,,(t) are the spherical Bessel functions and the spherical
Neumann functions of order n satisfying

P+t () + 12— n’]f(t) = 0.

We now find the complex constants a%,al,be,c? for n = 0,1,.... Set £(m) = 1if m # 0

n»rny v n? TL

and £(0) = 2. Using the condition (5.5) and the fact that for x € Q4 and y € 99

HD (k|z = y]) = B (k[2])Jo (kly]) +2ZH (Kl[)Jn (K|y|) cos nb),

n=1
we derive

d _ _3d i/o(kidr) 17

= o Jo(kar) " 26(m)’ (5.6)
Cd Imkar) 1 J(kar)

cd =t Yiu(kgr)  20(m) Yo (kar)’ (5.7)

for m > 1. Multiplying (5.3) and (5.4) by cosm(0, — 6,)/(27?) for m = 0,1,..., and
integrating over 0f2, yield

1
—2 /(me o0, (He(l“,?/) - Hd(ﬂz,y)) CoS m(&z — Qy)dg(x)da(y)

T /aQ /aﬂ y) = ®e(@,y) ) cosm(0, — 0,)do(w)do(y),

and

1 (LoMe) 1 oMt i
27T2 ~/13§2€ ~/<995 He al/z Ud vy > cos m(em Hy)dO'(.%')dO'(y)

1 1 0Py (x y) 1 6<I>e(x,y)
“2n? /E)Qe /Bﬂe pa OV Le Oug >cosm(0m 6,)do(x)do(y).




H. Ammari, H. Kang and E. Kim / Commun. Comput. Phys., 1 (2006), pp. 1076-1095 1093

It then follows that, for m =0,1,...,

ag, Hiy (ke(r + h))?
—al T (kg(r + 1) = 262 T (kq(r + R) Yo (ka(r 4+ h)) — ¢ Yo (ka(r + h))?

1
- T /a 5 /a (@ate) - D (z,y)) cosm(B, — 0y)do(x)do(y),  (5.5)

and

o Hin (e(r + 1)) (me(ke(r R 0, (hatr+ )

" He r—+h
Jm(kd(r + h)) (me(fi(cl—l— h)) — hamss (ka(r + h))>
b <Jm kd r+h)) ( (Tki(z—i- h)) _ deerl)
+ kdl(;“l +h)) (me(fi(cl—l— h) deerl))
B Ym(kd(r +h)) /rm ( (rki(z—i- h) dem+1>
e o o (E28 - D) st
(5.9)
Using (5.6)-(5.9), we get the values of a¢,,ad,, b ¢l for m =0,1,...

Finally, we illustrate our approximate boundary condition in the following numerical
experiments. Our configuration involves two circular disks of radii 0.5 and 0.49 so that
h = 0.01. Corresponding dielectric permittivities €, and ¢4 are equated to 2 and 6 and
magnetic permeabilities p, and pg are equated to 4 and 3. The frequency is fixed to w =1
and F; = ¢4 with d = (1,0).

We solve for the solutions Ej and E}: using our approximate boundary conditions,
and FE}j, and E,I; using a boundary integral method. To accomplish this, we discretize the
integral equations at the node points on 02 and on 9€), given by

&f =r (cos 2m(n — 1),sin 2m(n — 1)> on 0,

N N

and 2 1 2 1
& =(r+h) (cos W(ZLV_ ),sin W(ZLV_ )> on 99,

forn=1,2,...,N, with N = 256.

Example 1. In this example, we compare Ej, (computed using a boundary integral
method) and Ej, (using the approximate boundary condition in Theorem 3.1) without
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05 —————— 0.05 real(E)) | 0.05 imag(En)
/ \ real(Ey) imag(Ep)
i | OM
\\\\i\\\\ N - ;:r//////'
-0.5 -0.05 -0.05
-0.5 0 0.5 0 100 200 0 100 200
Figure 1: The case without patch.
0.5 0.05 real(EY) | 0.05 imag(E})
/ \\ real(E}) imag(ET)
| ‘ 0 0 w
-05 ~__—— -0.05 -0.05
-0.5 0 0.5 0 100 200 0 100 200

Figure 2: The case with patch.

patch. Fig. 1 shows the numerical results. In the first diagram, the grey line is the
real part of Ej, and the black line is the real part of Ej, on Q.. The second diagram
shows the imaginary parts of Ej, and Ej, on 9. The errors computed in L? and L* are
||Ep — l;?hHLg(aQe) = 3.4091e-4 and max |E), — Ej| = 7.1113e-4, respectively, which are of
order h*.

Example 2. In the second example we consider the case with patch. The configuration
is the same as in Example 1. In the first diagram in Fig. 2, the black-line represents the
patch I'. The mesh points on I' are given by

ol — (r 4 h)(cos 2n(n—1) . 27(n— 1))’

Nr
forn=1,2,...,Np, with Np = 32. The second and third diagrams express the difference
between the real and imaginary parts of E,I; (the exact field which is computed by solving
the integral equation (4.3)) and E,E (solved using the approximate boundary condition in
Theorem 4.1) on 99.. The errors are ||Ej — EhHLz(aQe) = 3.9992¢-4 and max |E), — Ej,| =
2.1e-3. Relatively large errors occur at the end points of the patch.
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