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Abstract. High-order correction terms to the expression of the field of circularly po-
larized Gaussian laser are derived. Terms up to seventh order in the small dimen-
sionless spatial parameter are explicitly presented. Using the test particle simulation
programs, the CAS (Capture & Acceleration Scenario) phenomenon in the circularly
polarized field has been proved, and the difference efficiency of CAS scheme between
the circularly polarized field and linearly polarized field has been investigated, further
more the electron dynamics obtained by the paraxial approximation, the fifth-order
correction, and the seventh-order correction are compared in detail. The numerical
calculations show that the results of three corrected models coincide with each other
very well for kw0>60, and the difference of the three corrected models is very conspic-
uously for kw0≤50. Then the ranges of the electron incident momentum for the CAS
scheme in circularly polarized field to emerge are examined. This study is of signifi-
cance in designing experimental setup to test CAS and helpful in understanding the
basic physics of CAS.

PACS: 42.50.vk, 42.25.Bs, 42.25.Fx
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1 Introduction

Due to the recent development of ultra-intense laser with the chirped pulse amplification
technique [1, 2], currently laser intensities have increased to as high as 1019∼21W/cm2.
Such intense laser was used to study the interaction of matter and laser. For instance, the
research fields of the produce of ultra-short x-ray laser, particles acceleration [3–8], lab
astrophysics and fast ignition.
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Based on a 3D simulation model of free electrons interacting with a lowest-order
Hermite-Gaussian (0, 0) mode laser polarized in the x direction, we study the inelastic
scattering and accelerating effects of the intense laser field on the electron. It has been
found that if the laser intensity is very high, e.g. a0 ∼ 100 (a0 = eE0/meωc is a dimen-
sionless parameter representing the laser intensity, where −e,me are the electron charge
and mass, respectively, c is the speed of light in vacuum, ω is the angular frequency of the
electromagnetic wave ) under some injection conditions, the electron can be captured and
violently accelerated to energy ≥1 GeV; the electron energy gain is linearly proportional
to the laser intensity. A newly discovered electron acceleration mechanism using an in-
tense vacuum laser beam which was named CAS had been presented in detail [8–10]. The
above conclusions reveal that CAS is an effective and promising principle for developing
a new type of laser-driven accelerator, and the scheme can be tested experimentally with
existing laser systems.

For tightly focused beams, the beam waist radius is of the same order of magnitude
as the wavelength and the paraxial formula becomes an inaccurate description. It is
necessary to extend the paraxial description to corrections of higher order. This work
is intended to acquaint us with the structure of tightly focused of circularly polarized
Gaussian laser beam and to develop theory of electron acceleration. The main task of this
paper present the formulae of the high-order circularly polarized field, we will explore
the effect of the high-order correction of circularly polarized Gaussian laser field rela-
tion to the CAS phenomenon. We also study the conditions under which the electrons
must be injected so that they will enter into this acceleration channel. This study is not
only helpful for understanding the physics underlying CAS in this laser field, but also in
finding proper experimental parameters to test CAS as well.

2 Formulae of circularly polarized laser fields

As for a circularly polarized field, the electromagnetic field components of the laser in
the normal paraxial approximation are expressed by the following equations [11]
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w0 is the radius of the beam width at focus and k is the wave number, f is electric enve-
lope, τ is the pulse duration, ”+” and ”−” represent the dextrorotatory and levorotatory
CP(Circularly Polarized) lasers, respectively. For simplicity, the dextrorotatory laser is
adopted here.

As for tightly focused field, the space diffraction effect is conspicuous. Our previous
work shown that the inject electron’s trajectory will be severely affected by the diffraction
edge field of a tightly focused stationary laser beam at the very start of incidence [12].
Therefore, we should extend to study the high-order correction description instead of that
of the paraxial approximation description. According to reference [13, 14], the e-m field
components of seventh order in terms of a small dimensionless parameter s=1/kw0 were
already obtained. The following is seventh order correction equations about x direction
linear polarized laser field.
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and
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In order to develop a CP laser description, for which the electric and magnetic field
components are symmetry, according to the above expression, we can derive y direction
linear polarized laser field
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where ξ = x/w0, η = y/w0, ζ = z/w2
0, ρ2 = ξ2+η2, Θ = 1/(i+2ζ), ψ0 = iΘexp(−iρ2Θ).



312 S. Y. Zhang / J. At. Mol. Sci. 1 (2010) 308-317

Therefore the CP field components can be derived as follows

Ecx 7 = Ex 7+(±i)E′x 7,
Ecy 7 = Ey 7+(±i)E′y 7,

Ecz 7 = Ez 7+(±i)E′z 7,
cBcx 7 = cBx 7+(±i)cB′x 7,
cBcy 7 = cBy 7+(±i)cB′y 7,

cBcz 7 = cBz 7+(±i)cB′z 7,

where ”+” and ”−” represent the dextrorotatory and levorotatory CP lasers, respectively.
With the high-order corrected laser fields, the interaction between free electron and

Gaussian beam in vacuum could be studied by solving the following relativistic Lorenz
equation

d~p
dt

=−e(~E+~v×~B), (17)

where ~v is the electron velocity in units of c, ~p is the electron momentum. The above
non-linear equation can only be solved numerically. Here the fourth-order Runge-Kutta
method together with the Richardson’s first-order extrapolation procedure are used. For
simplicity, throughout this paper, electron momentum ~p in units of mec, length in units
of 1/k, and time in units of 1/ω.

3 Results and discussion

First we extend our previous study to high-order correction CP field. We will present
typical electron-laser interaction in laser field. Fig.1 presents a detailed demonstration
of the dynamic variables for CAS electrons occurring in CP laser field. In CP field, the
electron is not expelled from the intense-field region. An electron with the initial energy
of 5 MeV, finally obtains about 100 MeV energy from the field. Fig.1(c) shows that the
laser phase ϕ experienced by the electron, varies relatively slowly even in the acceleration
stage, therefore the electron can remain in the acceleration phase for a long time and
get considerable energy. According to the CAS scheme [14], for acceleration particles,
the subluminous phase velocity of the field, and the acceleration field strength, i.e., the
amplitude of the longitudinal electric field are two important factors. Therefore, we can
confirm that this case which Fig. 1 showed is typical CAS.

We next study the difference of the electron dynamics between in CP field and in
LP(Linearly Polarized) field. It was also confirmed that there exist the region of sublu-
minous phase velocity in CP field in our previous work [15]. This in conjunction with a
strong longitudinal electric field component, the chief acceleration field, this region forms
an acceleration channel that shows similar characteristics to that of a waveguide tube of
conventional accelerators. Relativistic electrons injected into this field can remain in the
acceleration phase and synchronous with the laser for a sufficiently long. In Fig. 2, under
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the intensity a0 ∼ 10, the characteristics of electron’s energy in CP field and in LP field
have been shown. Comparing CP field with LP field, we can find the acceleration plat-
form of CP is wider than that of LP, and that the platform of CP is higher than that of LP.
Therefore, the acceleration is more effect of CP field than that of LP field.

Figure 1: Typical CAS dynamic characteristics in the circularly polarized field. The parameters used are kw0=60,
a0 = 10, pxi = 0.99, pyi = 0.099, pzi = 10. a) CAS electron’s energy γ vs. kz coordinate; b) A comparison of
the CAS electron velocity (solid line) and the phase velocity of the laser wave (dotted line) along the electron
trajectory vs. z coordinate; c) Phase experienced by the CAS electron; d) Longitudinal force experience by the
electron vs. z coordinate.

Why are the energy gains so different? To explore the physics behind this energy
phenomenon, in this high-order correct field, we also use a quantity Q which represents
the ability of the laser field to accelerate charged particles. We call it the acceleration
quality factor. It is defined as Q = Q0(1−vϕm/c)|Ecz| for vϕm ≤ c and Q = 0 for vϕm > c.
Here Q0 is a normalization constant chosen to make Q of the order of unity and the
minimum phase velocity vϕm = ck/|∇ϕ|, where

ϕ= kz−ωt−ϕ(z)−ϕ0+
k(x2+y2)

2R(z)
.

From Fig. 3, we know that the acceleration channel is like a cylindrical shell surrounding
the laser beam, symmetric with respect to the beam axis for CP field, while for a LP
field [16], it is concentrated in two regions near the plane x=0. Obviously, the acceleration
channel of CP field is wider than that of LP field, these distinctively different distributions
of acceleration channels suggest that much more injected would be accelerated through
the CAS scheme in CP fields than in LP fields. In other world, greater efficiency of CAS
electrons can be obtained in CP fields than in LP fields.

Now we go on to study the effect of the high-order correction to CP laser field, es-
pecially the effect on CAS scheme. In this paper, the following abbreviations, PAF for
the paraxial approximation field, FAF for fifth-order corrected approximation field, and
SAF for seventh-order corrected approximation field. In Fig. 4, the energy final energy
(γ f ) as a function of the laser initial phase at different beam widths are presented. The
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Figure 2: Electron final energy γ f vs. laser initial phase ϕ0 in CP and LP fields at the same parameters. The

parameters used are: the incident angle θi = tan−1(0.1), kw0 =60, a0 =10 , pxi =1, pyi =0, pzi =10. The solid
line stand for CP field and dotted line for LP field.

Figure 3: The acceleration quality factor Q versus x and y coordinates in the z = 0 plane of focus laser field
kw0 =60.

numerical results reveal that the average discrepancies between the three models. In or-
der to study this problem in more extended parameter range, a comparison of the three
corrected models is kept for laser intensity of a0 = 10. In Fig. 4(a), as for kw0 = 60, the
mean discrepancies are:0.5% for FAF compared with PAF, and 0.005% for FAF with SAF.
In Fig. 4(b), for kw0 = 55, the mean discrepancies are:5% for FAF compared with PAF,
and 0.8% for FAF with SAF. In Fig. 4(c), for kw0 = 50, the mean discrepancies are:10%
for FAF compared with PAF, and 4% for FAF with SAF. With the laser beam width de-
crease, the quantity of parameter s = 1/kw0 increases in the laser field formulae, so the
larger discrepancies among the results of the three corrected models can be found. The
numerical calculations show that the results of three corrected models coincide with each
other very well for kw0 >60, and the difference of the three corrected models is very con-
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Figure 4: A demonstration of the electron final energy γ as function of the laser initial phase ϕ0 at different
beam width kw0. The solid line denotes SAF calculation’s result, the symbol line for FAF and the dotted line
for PAF. (a) The parameters used are kw0 =60, a0 =10, pxi =0.99, pyi =0.099, pzi =10; b) kw0 =55, the other
parameters are the same as in (a); c) kw0 =50, the other parameters are the same as in (a).

spicuously for kw0≤50. Based on these results we conclude that when kw0≤55, the PAF
should not be used any more, whereas the FAF and the SAF may still depict the laser
field adequately for 50≤ kw0≤ 55, and the PAF should not be used any more. Whereas
for very tightly focused laser beams kw0 <50, one has to utilize seventh-order or higher
order corrections to describe more accurately the field of a Gaussian beam.

It should be emphasized that the above judgments depend critically on the criterion
chosen. The criterion we adopted to judge the applicability of a corrected field is by
comparing its prediction with that by a higher order corrected field. We consider a cor-
rected field applicable if there is less than 5% discrepancy in quantitative comparisons
for individual cases.

The domain of the initial momentum of CAS electron had been studied about LP field
in our previous work. We necessary extend to explore the domain of CAS in CP field now.
Figs. 5 and 6 show the momentum range of two kind fields. Fig. 5 shows the required
momentum range as function of beam width w0. The shaded area presents the optimum
incident momentum range. Obviously, those ranges are strongly dependent on the laser
beam width. These features can be understood by noting that in order to inject electrons
into the CAS acceleration channel and trap these electrons in the acceleration phase, the
electron incident momentum should match the subluminous phase velocity of the laser
field in the channel. The phase velocity in the channel can be estimated by

vϕm

c
∼1− 1

(kw0)2 ,

which is strongly related to the laser beam width. Due to the vϕm increase along with the
beam width being wider, the initial electron momentum should be changing larger so as
to catch up with the laser phase velocity vϕm. Fig. 6 presents the required momentum
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Figure 5: The optimum range of electron incident momentum for the CAS scheme to emerge as a function of
beam width kw0. The laser intensity a0 =10 and the electron incident angle θi = tan−1(0.1).

Figure 6: The optimum range of electron incident momentum for the CAS scheme to emerge as a function of
the laser intensity a0. The laser beam width kw0 =60 and the electron incident angle θi = tan−1(0.1).

range as function of the laser intensity. The larger the intensity is, the wider the required
momentum range becomes. In Figs. 5 and 6, the domain of initial momentum is wider of
CP than that of LP. This phenomenon occurs due to difference of the acceleration channel
between CP and LP field. The acceleration channel of CP is wider in phase space than that
of LP, therefore much more electrons with wider momentum range can get opportunity
to enter the channel. In addition, the laser ponder motive potential is larger in CP field
than that of in LP field at the same laser intensity a0, so the top initial momentum curve
is higher in CP field than that of in LP field.
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4 Conclusions

In summary, the symmetric high-order corrected field equations (up to seventh order in
terms of small dimensionless parameter s = 1/kw0) for tightly-focused circularly polar-
ized Gaussian laser field have been derived. These fields not only describe accurately
the laser, but also are useful for theoretical investigations and simulations as well. It is
confirmed that the CAS phenomenon can be observed in high-order correction CP fields
as well as in high-order correction LP fields with similar properties. When laser intensity
at a0∼10, greater acceleration efficiency of acceleration in CP fields than in LP fields. By
comparing the electron dynamics features obtained with the results calculated with the
PAF, FAF and SAF models, we found that the correction in s=1/kw0 must be taken into
account in a tightly focused Gaussian laser beam. The domains in which the three models
can be applied have been investigated. The ranges of initial momentum in CP fields are
also researched. These studies are significance in designing laser accelerator.

Acknowledgments This work was partly supported by the National Natural Science
Foundation of China under Grant Nos. 10076002 and 10335030, Natural Science Founda-
tion Program of Shandong Province under Grant No. Y2007A01. The authors would like
to thank C. M. Fou for carefully reading and amending the manuscript.

References

[1] M. D. Perry and G. Mourou, Science 264 (1994) 917.
[2] C. J. Joshi and P. B. Corkum, Phys. Today 48(1) (1995) 36.
[3] P. Sprangle, E. Esarey, A. Ting, and G. Joyce, Appl. Phys. Lett. 53 (1988) 2146; R. R. Wang, W.

M. Chen, C. S. Mao, J. Q. Dong, and S. Z. Fu, Chinese Opt. Lett. 7 (2009) 156.
[4] N. Yugami, K. Kikuta, and Y. Nishida, Phys. Rev. Lett. 76 (1996) 1635.
[5] C. I. Moore, A. Ting, T. Jones, et al., Phys. Plasmas 8 (2001) 2481.
[6] D. Umstadter, S. Y. Chen, A. Maksimchuk, et al., Science 273(5274) (1996) 472.
[7] M. Everett, A. Lal, D. Gordon, et al., Nature 368 (1994) 527.
[8] J. Pang, Y. K. Ho, X. Q. Yuan, et al., Phys. Rev. E 66 (2002) 066501.
[9] Q. Kong, Y. K. Ho, N. Cao, et al., Appl. Phys. B 74 (2002) 517; Q. Kong, Y. K. Ho, P. X. Wang,

X. Q. Yuan, N. Cao, J. X. Wang, and S. Scheid, J. Nonlinear Opt. Phys. Mater. 10 (2001) 123.
[10] J. Pang, Y. K. Ho, N. Cao, et al., Appl. Phys. B 76 (2003) 617.
[11] O. Svelto and D. C. Hanna, Principles of Lasers, 3rd ed. (Plenum, New York, 1985)
[12] S. Y. Zhang, Y. K. Ho, Z. Chen, et al., J. Nonlinear Opt. Phys. Mater. 13(1) (2004) 103.
[13] L. W. Davis, Phys. Rev. A 19 (1979) 1177; J. P. Barton and D. R. Alexander, J. Appl. Phys. 66

(7) (1989) 2800.
[14] N. Cao, Y. K. Ho, Q. Kong, et al., Opt. Commun. 204 (2002) 7.
[15] L. Shao, Y. K. Huo, N. Cao, et al., Chinese Phys.Lett. 20(8) (2003) 1251.
[16] N. Cao, Y. K. Ho,Y. J. Xie, et al., Appl. Phys. B 78 (2004) 781.


