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Abstract. The photodetachment cross section of H− near two perpendicular elastic
planes is investigated in this paper. Both the traditional quantum approach and closed
orbit theory are applied to explicitly derive the formulas of the cross section for differ-
ent laser polarization direction. We first compared the quantum formulas with closed
orbit theory formulas, and then found that the quantum results are shown to be in
good agreement with the semiclassical results. Further more, we also found that the
cross section depends strongly on the direction of the laser polarization. When the po-
larization is parallel to the closed orbit, the corresponding oscillation in the cross sec-
tion is very obvious. However, When the polarization is perpendicular to the closed
orbit, the corresponding oscillation is too small for closed-orbit theory formula to de-
scribe.
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1 Introduction

In 1987, Bryant et al. found some oscillations occurring among the photodetachment cross
section of hydrogen ion in electrostatic field [1]. Rau [2] and Du [3] calculated the pho-
todetachment cross section of hydrogen ion in electrostatic field by using quantum meth-
ods in coordinate representation and momentum representation respectively, which is
consistent with the experimental results. Another method to calculate photodetachment
cross section is closed orbit theory [4,5] which not only can get the results consistent with
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the experiment but also give the clear physical illustration intuitively for the oscillation
structure of photodetachment cross section [6].

For decades, the environment around hydrogen ion is more and more complex in re-
cent studies. At first, the researchers pay their main attention to photodetachment in the
external field, including uniform field and non-uniform field, such as, the photodetach-
ment in the magnetic field [7, 8], in the parallel electromagnetic field and vertical electro-
magnetic field [9–14], in the electric and magnetic field with any orientation [15–17], in
gradient field [18], in non-uniform electric field [19, 20], near a repulsive potential [21],
near two repulsive potential [22]and near a repulsive potential in the electric field [23].
Later, the photodetachment near the different interfaces aroused the research interests of
all either,including near a single elastic interface [24–26], near a inelastic interface [27],
near metal nanometer spherical [28], near a metal surface [29–31] and near a deformation
spherical [32] and etc. Additionally, the photodetachment in different cavities which are
composed by elastic interfaces have also been extensively concerned recently, such as in
a parallel plate cavity [33, 34], in an open cavity [35], inside a circular microcavity [36]
and inside a square microcavity [37], and etc. Some of the above researches use quantum
method, some others employ the closed orbit theory method or both.

While in this paper, we will further study the effects of two perpendicular elastic
planes on photodetachment of hydrogen anion nearby. The system can be explicitly
derived by the quantum approach and has three closed orbit. So we can consider the
quantum influence from each one of the closed orbits .

2 Quantum formulas

The hydrogen negative ion is located between two infinitely extending planes which in-
tersect vertically. It is at a distance a in front of one plane and a distance b in front of the
other plane. The position of the coordinate system and the dimensions are given in Fig.1.

Then the Hamiltonian describing the detached electron motion of H− can be given by

H=
1

2
p2+Vb(r)+V(r). (1)

where Vb(r) is a short-range potential, and it binds the active electron to the atom. When
the electron is far away from the nucleus, the binding potential Vb can be neglected.

The photodetachment cross section is given in terms of the dipole matrix elements by
the following expression in atomic units [3]

σ
q
quant=

2π2

c

∫

d f 2Ep

∣

∣

〈

Ψ f |q|Ψi

〉∣

∣

2
δ(E f −E), (2)

where q represents either x, y or z for corresponding laser polarizations directions; the
speed of light c is approximately 137; the photon energy Ep is equal to the sum of the
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Figure 1: (Color online) Schematic illustration of H− photodetachment near two perpendicular elastic planes.

binding energy Eb and the final escaping electron energy E. The binding energy of the
electron to the negative ion is Eb = k2

b/2≈0.754 eV. Ψ f is the final wave function and it is
normalized according to

〈

Ψ f |Ψ f ′
〉

= δ( f − f ′). The integral in above function is over all
final states. The initial wave function of the electron is given by

Ψi(r)=B0
e−kbr

r
, (3)

where the normalization of the initial bound state B0 is approximately equal to 0.31522.

The final states can be obtained by :

Ψ f (r)=
1

π1/2
sin(pxx+pxa)

1

π1/2
sin(pyy+pyb)

1

(2π)1/2
eipzz (4)

Substituting the final wave function (4) and the initial wave function (3) into the mod-
ule square of the dipole matrix elements and restricting to x, y and z polarization, we
obtain

|
〈

Ψ f |x|Ψi

〉

|2= 1

2π

64B2

(k2+k2
b)

4
cos2(pxa)sin2(pyb)px, (5)

|
〈

Ψ f |y|Ψi

〉

|2= 1

2π

64B2

(k2+k2
b)

4
sin2(pxa)cos2(pyb)py, (6)

|
〈

Ψ f |y|Ψi

〉

|2= 1

2π

64B2

(k2+k2
b)

4
sin2(pxa)sin2(pyb)pz. (7)

Substituting the module square of the dipole matrix elements into the photodetach-
ment cross section function in Eq. (2), we can obtain the photodetachment cross section
for every directions.
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Figure 2: (Color online) Photodetachment cross sections (red and thin lines) as a function of photon energy for
H− near two perpendicular elastic planes. The position of the negative ion is fixed by a=80 (a.u.) and b=60
(a.u.) The laser is polarized in the x-axis direction (a) and y-axis direction (b). The photodetachment cross
section of a negative ion in free space is also given by the green and thick lines for the purpose of comparison.

σx
q =σ0
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0
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0
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σz
q =σ0
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0
dφ

∫

√
2E

0
dpp

√

2E−p2 sin2(apcosφ)sin2(bpsinφ), (10)

where σ0(E)=16
√

2B2π2E3/2/3c(Eb+E)3 is the photodetachment cross section of H− in
free space.

We show the photodetachment cross sections as a function of photon energy for the
x and y polarization with the negative ion fixed by a= 80(a. u. ) and b= 60(a. u.). For
both x and y polarization, the oscillation patterns appear in the cross sections, but they
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Figure 3: (Color online) Similar to figure 2 but for the z-polarization case.

are absolutely different. For the x-polarization case, the oscillation pattern is dominated
by low-frequency oscillations, whereas the oscillation pattern for the x-polarization case
is dominated by higher-frequency oscillations. For the z-polarization case, oscillations
are still present, but the amplitudes of the oscillations are fairly small.

3 Closed-orbit theory formulas

Assuming the laser polarization is linear and parallel to the q, and according to closed-
orbit theory, the detached electron goes into outgoing pq waves after absorbing a photon.
The outgoing waves propagate away from the hydrogen atom in all directions. Suffi-
ciently far from the hydrogen atom, the wave propagates according to semiclassical me-
chanics. Part of these waves propagate toward the planes and reflected by the planes.
The waves then reverse their directions near the surface and and then propagate toward
the atom. The interference of the outgoing electron wave and the returning wave in the
region of the negative ion leads to the oscillation in the photodetachment cross section.

The COT formula for photodetachment cross section of H− near elastic planes is gen-
erally given by [35]

σ(E)COT =σ0(E)+σ0(E)
3√
2E

∑
j

f (k̂
j
out,ǫ̂) f (k̂

j
ret,ǫ̂)

Lj
sin(

√
2ELj−µjπ), (11)

where the summation is over all closed orbits. The closed orbits are the trajectories going
out from and returning to the position of the negative ion; ǫ̂ is the direction of the laser

polarization; k
j
out and k

j
ret are the outgoing momentum vector and returning momentum

vector of the closed orbit j respectively; Lj and µj are the length and the number of re-
flections of the closed-orbit j, respectively. If we use (θL,φL) to denote the laser polariza-
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Table 1: Properties of the closed-orbits.

Orbit Label Length µ φout φret

1 2a 1 π 2π

2 2
√

a2+b2 2 π+arccos( a√
a2+b2

) arccos( a√
a2+b2

)

3 2b 1 3π
2

π
2

tion direction and use (θ
j
out,φ

j
out) and (θ

j
ret,φ

j
ret) to denote the spherical angles of k

j
out and

k
j
ret,respectively, we can define f (θ,φ;θL,φL) as the form cosθcosθL+sinθsinθL cos(φ−φL).

There are three closed orbits. All the closed orbits have the same polar angles θ
j
out =

θ
j
ret=π/a. All the three closed orbits and their associated properties are listed in Table I.

The first closed-orbit leaves the emitting atom and is reflected by the right plane,
and finally it retraces back to the emitting atom. The second closed orbit is reflected
by the corner, then retraces back to the emitting atom. It should be understood that
the second closed-orbit is reflected by the bottom or right surface at the point very near
the corner, then reflected by the other surface. The third closed closed-orbit leaves the
emitting atom downward, and it returns to the atom after being reflected back by the
lower cavity surface.

Substituting the properties of the closed-orbits into Eq.(11) and restricting to linear
laser polarization direction along axes, we obtain the COT cross sections

σx
cot(E)=σ0(E)+σ0(E)

3

2
√

2E
[
1

a
sin(2a

√
2E)− a2

√
a2+b2

3
sin(2

√

a2+b2
√

2E)], (12)

σ
y
cot(E)=σ0(E)+σ0(E)

3

2
√

2E
[
1

b
sin(2b

√
2E)− b2

√
a2+b2

3
sin(2

√

a2+b2
√

2E)], (13)

σz
cot(E)=σ0(E). (14)

With z-polarized light, the x−y plane is in the node of outgoing wave, so the closed
orbits have no effect [35]. Therefore the cross section for the z-polarization is just the cross
section in free space.

4 Results and discussions

In Fig. 4, we compare the cross sections between the quantum results and the COT results
and find they agree with each other very well when the polarization is in the closed-orbit
plane. When the laser is polarized perpendicular to the closed-orbit plane, the cross
sections from quantum approach show oscillations, on the contrary, non-oscillating cross
sections obtained from the closed-orbit theory.
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Figure 4: (a) The top panel illustrates the total oscillating part of the cross section for x-polarization. The
cross sections between the quantum results and the COT results are compared with each other. The quantum
results and COT results agree with each other very well. The oscillatory contributions associated with the three
closed-orbits are displayed below. (b) Similar to (a), but the polarization is in the y-axis direction. The negative
ion is fixed by a=80 (a.u.) and b=60 (a.u).

We also show the oscillatory part of the cross sections and the contribution from each
closed-orbit in both polarization cases in Fig. 4. It is obvious that in the x-polarization
case the largest contribution is made by the first closed orbit. The first closed orbit is
the shortest one, and more importantly, the closed orbit lies on the antinode of the out-
wave. These two properties are primarily taking responsibilities for the largest contri-
bution. Short closed-orbits are supposed to be associated with low frequency and large
amplitude oscillations, and vice versa. In Fig. 4(b) for the y-polarization, we observe
the first closed orbit has no contribution to the cross section, because in this case the
first closed orbits is on the node of the out-wave. The second closed orbit contributes
the same frequency oscillations for both x and y-polarization cases. The second closed
orbit contributes larger amplitude for x-polarization than for y-polarization, because for
x-polarization the angle between the second closed orbit and antinode of the out-wave is
smaller (37◦) than for x-polarization (53◦).

In summary, we applied traditional quantum mechanic and derived formulas de-
scribing the cross sections of H− near two perpendicular elastic planes. We also derived
closed-orbit theory formulas of the same system and compared them with those of the
quantum mechanic formulas. We find the photodetachment cross section shows large or
small oscillation structure depending on the laser polarization. We find that quantum
and closed-orbit theory cross sections agree quite well.

Acknowledgments. The author would like to thank NSFC (Grant No. 10804066), SXNSF
(Grant No. 2009011004), TYAL and ITPCS (SD2015CXXM-70)



32 H. J. Zhao et. al. / J. At. Mol. Sci. 7 (2016) 25-32

References

[1] H. C. Bryant, A. Mohagheghi, J. E. Stewart, J. B. Donahue, C. R. Quick, R. A. Reeder, V. V.
Yuan, C. R. Hummer, W. W. Smith, S. Cohen, W. P. Reinhardt and L. Overman, Phys. Rev. L.
58 (1987) 2412.

[2] A. R. P. Rau and H. Y. Wong, Phys. Rev. A. 37 (1988) 632-635.
[3] M. L. Du and J. B. Delos, Phys. Rev. A 38 (1988) 5609.
[4] M. L. Du and J. B. Delos, Phys. Rev. Lett. 58 (1987) 1731.
[5] M. L. Du and J. B. Delos, Phys. Rev. A 38 (1988) 1896; 38 (1988) 1913 .
[6] M. L. Du, Phys. Rev. A 70 (2004) 055402.
[7] C. H. Greene, Phys. Rev. A 36 (1987) 4236.
[8] O. H. Crawford, Phys. Rev. A 37 (1988) 2432.
[9] M. L. Du, Phys. Rev. A 40 (1989) 1330.

[10] A. D. Peters and C. Jaffe, Phys. Rev. A 56 (1997) 331.
[11] J. N. Yukich, T. Kramer and C. Bracher, Phys. Rev. A 68 (2003) 033412.
[12] I. I. Fabrikant, Phys. Rev. A 43 (1991) 258.
[13] A. D. Peters and J. B. Delos, Phys. Rev. A 47 (1993) 3020.
[14] A. D. Peters and J. B. Delos, Phys. Rev. A 47 (1993) 3036.
[15] Z. Y. Liu, D. H. Wang, S. L. Lin and W. Z. Shi, Phys. Rev. A 54 (1996) 4078.
[16] Z. Y. Liu and D. H. Wang, Phys. Rev. A 56 (1997) 2670.
[17] Z. Y. Liu and D. H. Wang, Phys. Rev. A 55 (1997) 4605.
[18] G. C. Yang, J. M. Mao and M. L. Du, Phys. Rev. A 59 (1999) 2053.
[19] X. Q. Wu, M. L. Du and H. J. Zhao, Chin. Phys. B 21 (2012) 043202.
[20] Y. H. Wang, D. H. Wang and J. W. Li, Canadian Journal of Physics. 91 (2013) 650-657.
[21] B. C. Yang , J. B. Delos and M. L. Du, Phys. Rev. A 89 (2014) 013417.
[22] D. H. Wang, Q. Chen, Q. F. Xu, Journal of Electron Spectroscopy and Related Phenomena

192 (2014) 75-82.
[23] D. H. Wang, Q, Chen and Q. F. Xu, Journal of the Physical Society of Japan 83 (2014) 014302.
[24] G. C. Yang, Y. Z. Zheng and X. X. Chi, J. Phys. B:At. Mol. Opt. Phys. 39 (2006) 1855-1861.
[25] A. Afaq and M. L. Du, J. Phys. B At. Mol. Opt. Phys. 40 (2007) 1309-1321.
[26] G. C. Yang, K. K. Rui and Y. Z. Zheng, Chinese Journal of Chemical Physics. 20 (2007) 537.
[27] G. C. Yang, Y. Z. Zheng and X. X. Chi, Journal of Theoretical and Computational Chemistry.

6 (2007) 353-362.
[28] D. H. Wang, S. S. Li;H. F. Mu, Journal of the physical society of Japan 81 (2012) 074301.
[29] H. J. Zhao and M. L. Du, Phys. Rev. A 79 (2009) 023408.
[30] K. K. Rui and G. C. Yang, surface. Surface Science. 603 (2009) 632-635.
[31] D. H. Wang, Y. J. Yu, and H. R. Wang, Chinese Optics Letters. 7 (2009) 176-179.
[32] S. S. Li and D. H. Wang, Acta Phys. Sin. Vol. 62 (2013) 043201.
[33] H. J. Zhao, Z. J. Ma and M. L. Du, Physica. B. 466-467 (2015) 54-58.
[34] G. C. Yang, K. K. Rui and Y. Z. Zheng, Physica. B. 404 (2009) 1576-1580.
[35] H. J. Zhao and M. L. Du, Phys. Rev. E 84 (2011) 016217.
[36] D. H. Wang, S. Liu, S. S. Li and Y. H. Wang, Chin. Phys. B 22 (2013) 073401.
[37] D. H. Wang, S. S. Li, Y. H. Wang and H. F. Mu, Journal of the Physical Society of Japan. 81

(2012) 114301.


