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Abstract. We apply BBK, DS3C model and the new modified Sommerfeld parameters of

the present DS3C model to calculation of the triple differential cross sections (TDCS) for

electron impact ionization of helium in the perpendicular plane symmetric geometry. The

results of the present are compared with the measurements and those of other theoretical

models. It was found that the present results give a better description for the experimental

data and the dynamical screening effects are strong in this geometry. The influence of

the Sommerfeld parameters on the triple differential cross sections is also analyzed and

discussed in the perpendicular plane geometry.
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1 Introduction

Electron-impact atom ionization provides a very interesting diversity of phenomena because of

the wide range of kinematical situations available to the three-body final state. The incident

electron knocks out the target electron with the remainder of the target atom acting as an

inert core. An (e,2e) [1–8] reaction is the measurement of the electron-impact ionization

process where both the existing electrons are detected in coincidence. It is a measurement

almost at the limit of what is quantum mechanically known and its description presents a

substantial challenge to theory. Over the past 30 years, significant progress has been made on

the theoretical side, with several theories demonstrating excellent agreement with a variety

of experimental data yielding multiple differential cross sections for He [9–12], for a variety

of outgoing electron geometries and kinematics, and from near threshold to relatively high
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impact energies in the coplanar geometry. But in the non-coplanar geometry constitute a

major challenge for theoretical models for many years.

A significant advance in the theory of electron impact ionization has been the use of the

asymptotically correct Coulomb three-body wavefunction for ejected and scattered electrons

in the field of the residual ion by Brauner, Briggs and Klar(BBK), The BBK model [1] is valid

for both symmetric and asymmetric geometries at intermediate energy. Unfortunately, the

BBK model is not in agreement with the measurements at low energies because the normal-

ization factor corresponding to the repulsive e-e interaction goes exponentially to zero as the

total energy above threshold of the two electrons goes to zero. This exponential decrease also

causes the magnitude of the cross section to decrease exponentially. So, Berakdar [13] cor-

rected the deficiency of the BBK wavefunction, while still maintaining the philosophy behind

it, by the introduction of effective Sommerfeld parameters in the two-body factors in the BBK

wavefunction, and the results turn out to be in good agreement with experimental findings

over a wide range of both the coplanar and the non-coplanar geometry.

In our earlier paper [4], we calculated the TDCS for electron impact ionization of he-

lium in a symmetric non-coplanar energy-sharing geometry at incident energies from 27.6

eV to 84.6 eV using the DS3C model presented by Berakdar found the results not excellent

agreement with the measurement [14, 15]. Berakdar has successfully derived an approxi-

mate analytical solution of the quantum-mechanical three body Coulomb continuum problem.

However, his work is not very perfectly in the non-coplanar geometry or perpendicular plane

geometry.

Hence, in this paper, we apply BBK, DS3C model and the new modified Sommerfeld pa-

rameters of the DS3C model to calculation of TDCS for electron impact ionization of helium

in the perpendicular plane symmetric geometry.The results of the present are compared with

the absolute measurements and those of other theoretical models. The influence of the Som-

merfeld parameters on the triple differential cross sections is also analyzed and discussed in

the perpendicular plane.

2 Theory

In atomic units, the TDCS for the (e,2e) process, is given by

TDCS=(2π)4
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where k0, k1 and k2 are the momenta of the incident, the scattered and the ejected electrons,

respectively. The direct amplitude reads

f (k1,k2)=〈ψ
−
f
|Vi |φi〉 (2)

with

Vi =−
2

r1

+
1

|~r1−~r2|
+

1

|~r1−~r3|
, (3)



238 Z. B. Chen / J. At. Mol. Sci. 3 (2012) 236-243

where r1 is the projectile position, r2 and r3 are the target electron positions. ψ−
f

and ψi

represent the wavefunctions describing the whole system in its final and initial states, respec-

tively.

The initial state ψi is a product of an incoming plane wave representing the impinging

projectile with momentum k0 and an undistorted 1s-state of atomic helium, and can be rep-

resented by the asymptotic wavefunction

ψi(~r0,~r1,~r2,~r3)=(2π)−
3

2 ei~k0·~r1ϕ(~r2,~r3) (4)

with

ϕ(~r2,~r3)=ϕ(~r2)ϕ(~r3), (5)

where ϕ(~r) is the product of the two-exponential-function fit to the Hartree-Fock wavefunc-

tions given by

ϕ(~r)=

r

1

4π
(gae−λa r+gbe−λb r), (6)

where λa=1.41, λb=2.61, ga=2.60505 and gb=2.08114. This helium ground state contains

some radial correlation but no angular correlation.

The final-state wavefunction ψ−
f

given by

ψ−
f
(~r1,~r2,~r3)=φ f (~r1,~r2)φion(~r3), (7)

where φion(~r3) is the wavefunction of the hydrogenic ion He+ , which can be given by

φion(~r3)=

r

8

π
e−2r3 (8)

And ψ−
f

will be described by the BBK wavefunction in its general form

ψ−
f
=Mei~k1 ·~r1 ei~k2·~r2χ(~r1,~r2) (9)

with

M =
1

(2π)3
exp[−

π
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where α is called the Sommerfeld parameter can be given by
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Z
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, α2=−
Z
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2k12

(12)
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with

~k12=
1

2
(~k1−~k2) (13)

And Z is the charge of the residual ion. Equation (Eq. 9) is called the 3C wavefunction. So

this model is called BBK model [1].

As can be seen in Ref. [13], by considered a dynamic screening (DS) of the three two body

Coulomb interactions, the ground state of He is described by the Sommerfeld parameters

β1=β2=−
4Z−sinξ

4k
(14)

β12=
1−sin2ξ

2ksinξ
(15)

with

ξ=
(cos−1~k1 ·~k2)

2
, (16)

where k1 = k2 and ξ=(cos−1~k1 ·~k2)/2 is the angle between ~k1 and ~k2. Z is the effective

charge of He+(1s) core seen by the escaping electrons. This model is called DS3C model in

the doubly-symmetric geometry.

In the perpendicular plane geometry, the outgoing channel distortions and short and long

range correlations between all electrons and the core and the effective shield of residual elec-

tron in the final state of He+(ls) core are important. By considered those, the new modified

Sommerfeld parameters is readily established that these conditions are satisfied by

γi =−
(4Zi−sinξ)

4ki

(i=1,2) (17)

γ12=−γ1−γ2+α1+α2+α12 (18)

with

Zi =1−
2

�

1+4k2
i
sin2(ξ

2
)
�2

(i=1,2), (19)

where ξ=(cos−1~k1 ·~k2)/2 is the angle between ~k1 and ~k2.

In the non-coplanar geometry, the scattering angles ξ1 and ξ2 and the gun angle ψ is

related to the scattering angles θ1 and θ2 and the relative azimuthal angle φ considered in

the theory, by the following relations

cosθ=cosξcosψ, (20)

cot
φ

2
=cotξsinψ. (21)

For perpendicular plane symmetric geometry (Fig. 1), ξ1=ξ2=ξ and ψ=90◦.
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Figure 1: The perpendiular plane symmetri geometry.
3 Discussion

We have calculated the TDCS for electron impact ionization of helium using the BBK, DS3C

model and the new modified Sommerfeld parameters of the present DS3C model in the per-

pendicular plane symmetric geometry at incident energies of 64.6, 74.6, 84.6, and 104.6 eV.

The results are given in Fig. 2(a)-(h), compared with the experimental data in Ref [15, 16].

The calculated results are normalized for the best visual agreement with the experiment.

It can be seen from Fig. 2(a)-(d), the three peaks at low energies evolves into a two

peak structure as the energy increases. At incident energy of 74.6 eV the three peaks are

of approximately the same magnitude. And the relative magnitude of the central peak at

ξ=π/2 compared to the peaks at low with increasing energy. In Fig. 2(a)-(d) at incident

energy of 64.6 to 104.6 eV, the DS3C model is in good agreement with experiment in ξ=
45◦ and ξ= 135◦ peaks, though small quantitative discrepancies remain. The BBK model

underestimate of cross sections in ξ=45◦ and ξ=135◦ peaks are corrected by DS3C model.

More specifically, the DS3C still agreement with angular distribution of the cross sections,

not the BBK model especially for incident energy 74.6 eV 84.6 eV (Fig. 2(b)(c)). While, the

results of the DS3C model and the BBK calculations are not agreement with the experiment in

ξ=90◦ peak in Fig. 2. Our present DS3C approach is in full agreement with any experiment

results, especially in the ξ=90◦ peak, the experiment shows a high peak in this region that is

improved by our present DS3C to some extent, not the BBK and DS3C calculations.

In Fig. 2(f)-(h), TDCS results in the perpendicular plane symmetric unequal-energy-sharing

geometry are shown. In this case, same as Fig. 2(a)-(d), our present DS3C and experiment

now agree in the any shape of the cross section, especially in the ξ=90◦ peak. It is also not

the BBK and DS3C calculations.

Moreover, it is very encouraging to see that the DS3C calculations show the improve-

ment over the BBK results are in excellent agreement with the experimental measurements

at Fig. 2(a)(b)(c)(h). However, the results of the BBK model are more agreement with the

experiment than DS3C model in the ξ=90◦ peak at Fig. 2(d)(f).

To sum up, our present DS3C model shows great improvement over the BBK and DS3C
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model in obtaining better magnitudes and shapes of cross sections compared with Experi-

ment in the perpendicular plane symmetric equal-energy-sharing and unequal-energy-sharing

geometry, including the angular positions and relative heights. It gives a better description

for the experimental data. Strong differences among our present DS3C to DS3C or 3C re-

sulting from residual electron in the final state of He+ core dynamic screening (DS) can be

observed. It shows in this geometry the outgoing channel distortions and short and long range

correlations between all electrons and the core must be included. It also shows that our new

Sommerfeld parameters to description these effects are rather effectively and perfectly.

In order to description these effects and the effective shield of residual electron in the final

state of He+ core in the perpendicular plane symmetric geometry, we give the effective charge

Z plotted as a function of the ejection angle ξ of Fig. 2(a)

It can be seen from Fig. 2(e), effective charges Z at ξ=90◦ is 0.75 in DS3C model but

0.712 in our present DS3C, differences between the present DS3C and DS3C of the effective

charges Z caused different cross-sections in Fig. 2 especially in the ξ=90◦ peak. Moreover,

the effective charges Z and new Sommerfeld parameters description the modification of the

strength of a particular two-body Coulomb interaction depends on the momenta of the two

particles relative to the third one, which represents a dynamic screening (DS) of the three two-

0 30 60 90 120 150 180

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0 30 60 90 120 150 180

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0 30 60 90 120 150 180

0.0

0.5

1.0

1.5

2.0

2.5

3.0

(a)

T
D

C
S

 (
x

1
0

-3
) 

a
.u

.(
n

o
rm

a
li

z
e

d
)

x (deg)

E
1
=E

2
=20 eV

E
0
=64.6 eV

0 30 60 90 120 150 180

0.0

0.5

1.0

1.5

2.0

2.5

T
D

C
S

(x
1

0
-3

)a
.u

.(
n

o
rm

a
li

z
e

d
)

x (deg)

E
0
=74.6 eV

E
1
=E

2
=25 eV(b)

0 30 60 90 120 150 180

0.0

0.3

0.6

0.9

1.2

1.5

T
D

C
S

(x
1

0
-3

) 
a

.u
.(

n
o

rm
a

li
z
e

d
)

x (deg)

E
0
=84.6 eV

E
1
=E

2
=30 eV

(c)

0 30 60 90 120 150 180

0

2

4

6

8

10

T
D

C
S

(x
1

0
-4

) 
a

.u
.(

n
o

rm
a

li
z
e

d
)

x (deg)

E
0
=104.6 eV

E
1
=E

2
=40 eV

(d)



242 Z. B. Chen / J. At. Mol. Sci. 3 (2012) 236-243

30 60 90 120 150

0.6

0.7

0.8

0.9

1.0

1.1

30 60 90 120 150

0.6

0.7

0.8

0.9

1.0

1.1

E
ff

e
c

ti
v

e
 c

h
a

rg
e

s
 Z

x  (deg)

E
0
=64.6 eV

E
1
=E

2
=20 eV(e)

20 40 60 80 100 120 140 160

0.000

0.001

0.002

0.003

0.004

0.005

0.006

T
D

C
S

/a
.u

.(
n

o
rm

a
li

z
e

d
)

x (deg)

E
0
=64.6 eV

E
1
=5 eV, E

2
=35 eV(f)

20 40 60 80 100 120 140 160

0.000

0.001

0.002

0.003

0.004

T
D

C
S

/a
.u

.(
n

o
rm

a
li

z
e

d
)

x (deg)

E
0
=64.6 eV

E
1
=15 eV, E

2
=25 eV(g)

x

—-
20 40 60 80 100 120 140 160

0

1

2

3

T
D

C
S

(x
1

0
-3

) 
a

.u
.(

n
o

rm
a

li
z
e

d
)

x (deg)

(h)

E
0
=74.6 eV

E
1
=5 eV, E

2
=45 eV

x

Figure 2: TDCS for ionizing helium. (a)-(d): in the perpendiular plane symmetri equal-energy-sharing geometry; (f)-(h): in the perpendiular plane symmetri unequal-energy-sharing geometry;(e): E�etive harges Z has been plotted as a funtion of the angle ξ for Fig. 2(a). • experimentresults [15,17℄, ___ BBK results, . . . DS3C results, _this work.
body Coulomb interactions. It also description Strong shield effect and dynamical screening

effects with shield of residual electron in the final state.

4 Conclusion

In conclusion, we apply BBK, DS3C model and the new modified Sommerfeld parameters of

the DS3C model to calculation of TDCS for electron impact ionization of helium in the perpen-

dicular plane symmetric geometry. The effective shield of residual electron is considered by

the introduction of effective Sommerfeld parameters. And the new Sommerfeld parameters of

the DS3C results show improvement over the BBK and DS3C model in obtaining better angu-

lar distribution and relative height of the present TDCS in comparison with experiment, which

supports our conclusion that the peak structures of the present TDCS are to a large extent due

to Strong DS effects of residual electron in the final state. It also shows the new Sommerfeld
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parameters to description of these effects are rather completely in the perpendicular plane

symmetric geometry.
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