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Abstract. With the help of cross-Kerr nonlinearities and homodyne measurement, we
propose a scheme to generate three-photon GHZ states. Under the same framework,
multi-photon GHZ state can be also realized. Compared with the previous ones, our
scheme is much more simplified and lower errors. Moreover, only some linear ele-
ments and weak cross-Kerr mediums are employed, which make our scheme more
feasible in the experiment.
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1 Introduction

Entanglement is an important resource of quantum computation and quantum informa-
tion processing (QIP) [1-6]. It is one of the most important ingredients of various in-
triguing phenomena [7-9]. The property of entanglement has been investigated both in
bipartite systems [10, 11] and multipartite systems[12,13]. At present, multipartite en-
tanglement has attracted increasing interest because of its superiority during QIP. For
example, the Greenberger-Horne-Zeilinger (GHZ) state is an important class of multi-
partite entangled states. GHZ state maximally violates Bell-type inequalities; the mutual
information of measurement outcomes is maximal; it is maximally stable against (white)
noise, and one can locally obtain an EPR state shared between any two of the three par-
ticles from a GHZ state with unit probability. Additionally, GHZ state can be employed
as a quantum channel for quantum key distribution [14] and quantum secret sharing [15]
and so on. In recent years, there has been much progress on the experimental generation
of highly entangled states. Five-photon entanglement has been observed and used to
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realize open-destination teleportation [16]. Six-particle GHZ states and eight-particle W
states have been demonstrated in ion traps [17, 18].

Consequently, preparation of GHZ states have been attracted by many researchers.
For example, Huang et al. have generated a three-qubit GHZ state by only one-step
quantum operation [12]. Yang [19] provided a preparation of N-qubit GHZ entangled
states in cavity QED, and Sharma et al. [20] have generated GHZ state in a quantum dot
molecule, and so on.

Recently, as possibility of long-distance transmission with relatively low decoherence
and quite simple manipulation of the states with linear optics, much attention has been
paid to optical cross-Kerr medium, and this cross-Kerr effect involves two optical field
modes, one is called signal mode and the other probe mode. A weak interaction between
photons in these two modes is induced by passing them through nonlinear Kerr media.
Cross-Kerr nonlinearity provides a good tool to construct the quantum non-demolition
detection (QND), which has the potential of being able to condition the evolution of our
system without the necessity of destroying the single photons [21-23], and which, with a
cross-Kerr medium and a coherent state, can be used for checking the parity of the polar-
izations of two photons, operating as a controlled-Not (CNOT) gate [21], and analyzing
the Bell states [24]. Recently, cross-Kerr nonlinearity has been used for many researches,
for example, the generation of cluster state [25,26] and Dicke states [27].

The Hamiltonian of cross-Kerr nonlinear media can be described by Honp =hixfipfis.
The symbol 71,(1s) denotes the number operator for the mode probe (signal), and fx
is the coupling strength of the nonlinearity, which is determined by the property of the
material used. Initially, if we consider the signal state have the form |¢)s=a|0)s+b|1), the
probe beam is in a coherent state |«) ,, then the cross-Kerr interaction causes the combined
signal-probe system to evolve as

() out = uck‘@S‘“)p :e(iHQNDt)/n(“’())s+b’1>5) "">p :”‘0>5‘“>p+b’1>5‘“ei9>p 1

where 6 = xt and t is the interaction time. We observe immediately that the Fock state
1), is unaffected by the interaction with the cross-Kerr nonlinearity but the coherent state
picks up a phase shift directly proportional to the number of photons 7 in the signal |n)
state. If we could measure this phase shift we could then infer the number of photons
in the signal mode. This can be achieved simply with a homodyne measurement and
conditional on the results of the homodyne measurement [24]. In our scheme, we employ
the model proposed by Guo et al. [25](as shown in Fig. 1) to realize three-photon GHZ
state.

Obviously, our scheme also possesses the advantages as well as theirs, and our scheme
can be easily scaled to multi-photon GHZ state, which may be useful for quantum com-
putation and quantum communication.

The paper is arranged as follows: In Section 2, the model is introduced and a scheme
is proposed for the generation of the GHZ state of three photons. In Section 3, the scheme
in Section 2 is scaled to N-photon GHZ state. The conclusion and the discussion will be
shown in Section 4.
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Figure 1: (a). The parity meter for photonic qubit coding in the polarization degree of freedom. PBS indicates
polarizing beam splitter. The 6 indicates that the coherent beam in mode C will pick up a phase shift 6
when there is a photon in mode a. ¢(X) represents a phase shift dependent on the feed forward result of the
homodyne measurement. (b). The circuit shown to the Fig. 1(a).

2 Scheme for generation of GHZ states of three photons

Based on the cross-Kerr nonlinearities and the homodyne measurement, we proceed with
our scheme. As shown in Fig. 1, it consists of two polarization beam splitters (PBS),
the probe beam is the coherent state |a.), and two polarization photons are in the form
1) =alH)+BIV), [92) =0|H)+7|V), where [a>+ |82 =1, and |32+ |72 =1.

After the first PBS, the two photons will be presented in the mode a” and b’ separately,
and through the cross-Kerr interaction, the photon in mode a’ will pick up phase shift 6
and another photon in mode b’ will pick up #’, and the subsequent PBS is used to separate
two photons into different spatial modes, and then the joint state evolves into

[$12ac) = (@S| HH) +By|VV)) |ac) + (ay|HV ) [ace™°) + 6|V H) lace™) ) (2)

Then we can obtain the projection of |12, ) onto the eigenstate |x) of the observable
X depending on X homodyne measurement. After the measurement, the two states we
obtain are S| HH)4By|VV) and e~ ay|HV) +¢(¥) 85|V H). If the result of homodyne
detectoris |ac.e™"2%) (|ace??)), the state of these two photons is collapsed into | HV) (|[VH)).
In order to gain the EPR state deterministically, we choose a classical feed forward from
the probe phase (the dashed line in Fig. 1 can be performed to transform this state to
ay|HV)+B6|VH) ), then the state |n.e*"??) cannot be distinguished [24].

Assume two polarization photons with the form |+); and |+)2, where [+ );= % (|H)+

V), (i=1,2), and [ip12) = |4+)1®|+)2. Under the same situation, we let the system write
into a P system(Fig. 1(b)). Additionally, when the result we obtain is |HH)+|VV), we let
P=0; and when the resultis |HH)+|VV), we let P=1. When P =0, the initial state will
collapse to [¢?,) = % (|JHH)+|VV)), and we choose 0 =I; and when P=1, we can obtain
the same state by performing o =0y on the second photon, here oy is Pauli X operator. It
is evident that Fig. 2 is an encoder for Bell state.

Now, as shown in Fig. 2, we let three initial states |+); (i=1,2,3), |¢123) = |+)1®
|+)2®|+)3 pass through the PBSs and cross-Kerr nonlinearities, when P; =0, the initial
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Figure 2: The setup for generating three-photon GHZ state.

state will be evolved into the state

(i) = = [(HHH) 4 VYY)t (HHV )ae~ [V V Hyao™ ) ©)
when P, =0, we perform operations ¢; = 0» = I on photons 2 and 3, then the state of
Eq. (3) will be changed into three-photon GHZ state |,y:) = % (JHHH)+|VVV)); when
P,=1, the state of Eq. (3) will be collapsed into |y, ;) = % (JHHV)+|VVH)), respectively.
Obviously, |¢),,;) can be transformed into the state |i,,¢) by performing operation 0, =0y
on the third photon.

On the contrary, when P; =1, the state of two photons can be evolved into the state
[4%,) by performing operation o =0y on the second photon, then the initial state will be
evolved into Eq. (3), so the following process can be performed as well as the condition
P; =0. Until now, the three-photon GHZ state can be generalized.

3 Extension of the scheme

In Section 2, we have obtained the GHZ state. Straightforwardly, an N-particle GHZ
states can be generated easily using the N encoders proposed above in series, as shown
in Fig. 3.

And ;=1 for P;=0, while ¢;=0y for P;/=1. Now consider N photons prepared initially
in a product state |¢pg) = @Y ,|+);, after n—1 successive encoder P and feed forward, the
whole state becomes

) = [(HH-H)4 VY V) Slach e+ HH-- V) laee).

+ V- H)lae)r -+ |ace™ ),
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Figure 3: The setup for generating an N-particle GHZ state, which is N encoders in Fig. 2.

then we selecting appropriate P; and o; as before.

When Pi=P,=---=P, »,=0, P,_1=1, weshould let o4y, =0» =---=0,_1 =1, we can
obtain N-photon GHZ state straight fully. Under other conditions, we can also obtain
N-photon GHZ state, the detailed analysis are shown as following;:

(i) When Py=P,=---=P, »,=0, P,_1=1, we can obtain the state
1
)= [|(HH- - H)uaVa) [ (VY V)1 |

Then we can perform operations ¢,,_1 =0y, and 01 =0y = --- =0, _2 = I, s0 we can
obtain the state |¢) = %ﬂ (HH---H)+|VV---V)),, which is N-photon GHZ state;

(ii) When P =1, P,=--- =P, 1 =0, we can obtain the state |¢);; = \/%OHVHHH‘
|VHV---V)),. Then we can perform operations 01 =0y, and oo =--- =0,_1=1to
obtain the state |¢);

(iii) When Py=P,=---=P,_,=1,P,_1=0, we can obtain the state |q>>ii1-:\/%(|HV- --VH)+
|VH---HV)),. Then we can perform operations 4 =0 =--- =0,_2 =0y, S0 we also
can obtain the state |¢);

(iv) When Py=P,=---=P,_,=1, we can obtain the state |q>>1-v:\/% [[((HV---V),_1H,)+
|(VH---H),;-1V,)). Then we can perform operations ¢q =0y =--- =0,,_1 =0y, and

we will obtain the state |¢).
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After the above operations, we can acquire the N-qubit GHZ state

ycHz>N:%(\HH.-.HHWV-.-W)N.

4 Conclusion

Exploiting weak cross-Kerr nonlinearities, GHZ states are realized using current optical
technologies. Our scheme only requires linear optical elements and homodyne detectors.
The initial state consists of a single photon and coherent state. Through cross-Kerr in-
teraction, the information of spatial modes can be transmitted to phase information of
the coherent state. Now we consider the experimental realization of the present schemes.
The main difficulty of the schemes with respect to an experimental demonstration con-
sists in the requirement of single photon sources as input state. The complete technology
of these resources is yet to be established [28, 29]. In summary, we have presented an
effective scheme to generate multi-photon GHZ states with high success probabilities
and near perfect fidelities. This approach takes advantage of the homodyne measure-
ment which can be made much more efficient than the single-photon detection. Another
important point with regard to the practical implementation of our scheme is that de-
coherence effects during the entanglement generation process in nonlinear media must
be low. In additional, this scheme takes advantage of the nonlinear Kerr effect, and it is
much more simplified and lower errors of the results. It uses only basic tools in quantum
optical laboratories and can be implemented in the regime of the weak cross-Kerr non-
linearity. Our scheme is not limited to the all optical implication and can also be used in
other QIP architectures with a cross-Kerr-like Hamiltonian [30].
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