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THE HOLE-FILLING METHOD AND THE UNIFORM
MULTISCALE COMPUTATION OF THE ELASTIC

EQUATIONS IN PERFORATED DOMAINS

XIN WANG AND LI-QUN CAO

Abstract. In this paper, we discuss the boundary value problem for the linear

elastic equations in a perforated domain Ωε. We fill all holes with a very com-

pliant material, then we study the homogenization method and the multiscale

analysis for the associated multiphase problem in a domain Ω without holes.

We are interested in the asymptotic behavior of the solution for the multiphase

problem as the material properties of one weak phase go to zero, which has a

wide range of applications in shape optimization and in 3-D mesh generation.

The main contribution obtained in this paper is to give a full mathematical

justification for this limiting process in general senses. Finally, some numeri-

cal results are presented, which support strongly the theoretical results of this

paper.

Key Words. homogenization, multiscale analysis, elastic equations, perfo-

rated domain, hole-filling method.

1. Introduction

In this paper, we consider the following boundary value problems of elastic equa-
tions in a perforated domain:

(1)





− ∂
∂xj

(aijkh(x
ε )∂uε

k(x)
∂xh

) = fi(x), i = 1, 2, · · · , n, in Ωε

σε(uε) = 0, on Sε

uε(x) = g0(x), on Γ1

σε(uε) = g1(x), on Γ2

Following Oleinik’s notation (see [22]), let Q = {ξ : 0 < ξj < 1, j = 1, · · · , n} , and
ω be an unbounded domain of Rn which satisfies the following conditions:

(B1) ω is a smooth unbounded domain of Rn with a 1-periodic structure.
(B2) The cell of periodicity ω ∩Q is a domain with a Lipschitz boundary.
(B3) The set Q\ω̄ and the intersection of Q\ω̄ with the δ0−neighborhood (δ0 <

1
4 ) of ∂Q consist of a finite number of Lipschitz domains separated from each other
and from the edges of the cube Q by a positive distance.

Suppose that Ωε is a domain which has the form: Ω̄ε = Ω̄ε
0∪ (Ω̄\Ω0), where Ω is

a bounded Lipschitz convex domain of Rn without holes, Ω̄0 = ∪z∈Tεε(z + Q̄) ⊂ Ω,
Ω̄ε

0 = Ω̄0 ∩ εω̄ is shown in Fig.1(a), Tε is the subset of Zn consisting of all z such
that ε(z + Q) ⊂ Ω. The domain Ω1 = Ω\Ω̄0 denotes the boundary layer as shown
in Fig.1(b). The boundary ∂Ωε of a perforated domain Ωε is composed of ∂Ω and
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Figure 1. : (a) interior domain Ωε
0; (b) boundary layer.

the surfaces Sε of cavities, where ∂Ω = Γ̄1 ∪ Γ̄2,Γ1 ∩ Γ2 = ∅. Such a domain Ωε is
called as a type-II domain (see, [22]).

In equations (1), uε(x) = (uε
1(x), · · · , uε

n(x))T denotes a displacement function,
f(x) = (f1(x), · · · , fn(x))T is a body force, g0(x) is a given displacement function on
the Dirichlet boundary Γ1, g1(x) is a given surface stress on the Neumann boundary

Γ2, σε(uε) = (σε,1(uε), · · · , σε,n(uε)), σε,i(uε) ≡ νja
ε
ijhk

∂uε
h

∂xk
, i = 1, · · · , n, where

~n = (ν1, · · · , νn) is the unit outer normal vector to ∂Ωε = ∂Ω ∪ Sε.
Suppose that
(A1) Let ξ = ε−1x, and the elements of a matrix (aijkh(ξ)) are 1-periodic

functions in ξ.
(A2) aijkh(ξ) = ajikh(ξ) = akhij(ξ).
(A3) γ0ηijηij ≤ aijkh(ξ)ηijηkh ≤ γ1ηijηij , ξ ∈ ω, γ0, γ1 > 0, where (ηij) is any

real symmetric matrix.
(A4) aijkh ∈ L∞(ω), f ∈ L2(Ωε), g0 ∈ H

1
2 (Γ1), g1 ∈ L2(Γ2).

Remark 1.1. Existence and uniqueness of the solution to problem (1) can be
established on the basis of the assumptions (B1)− (B3), and (A1)− (A4) ( see, e.g.
[22]).

The numerous studies of homogenization and its applications for problem (1) in
perforated domains containing many small holes have been developed by so many
contributions that it is impossible to quote them all. We refer the interested reader
to these books and articles (see, e.g. [1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 14, 16, 17, 18, 19,
20, 21, 22]).

When we solve the elastic equations with homogeneous Neumann boundary con-
ditions on the surfaces of holes in a perforated domain, we usually fill these holes
with an almost degenerated phase, which is also called the hole-filling method.
Actually, engineers often use the method to predict the effective properties of per-
forated materials. From a physical point of view, when the material properties of
the weak phase go to zero, this limit procedure is clear. But a full mathematical
justification has not been seen in all the available literature. In this paper, we try
to give a full mathematical justification for this limiting process in general cases.
Furthermore, in order to compute the displacement and the stress field in a do-
main, we present a uniform multiscale method for solving the elastic equations (1)
regardless of whether there are holes or not. The crucial step of the method is to
define the cell functions which are different from those of classical homogenization
method. On the other hand, from the viewpoint of numerical computation, the
mesh generation in a 3-D perforated domain is somehow more difficult than that
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in a 3-D nonperforated domain. By means of the method of the paper, we only do
the mesh generation in a 3-D nonperforated domain where all holes have been filled
with an almost degenerated phase. It has a wide range applications in mechanical
and engineering problems, in particular, in the shape optimal design of composite
materials.

The remainder of this paper is organized as follows. In Section 2, we introduce
the hole-filling method, and derive the rigorous proof of a convergence result for this
method. In Section 3, we discuss the homogenization method and the multiscale
asymptotic expansions for the original problem in a perforated domain and the
associated multiphase problem in a domain without holes, respectively. We try to
give the full mathematical justification for the hole-filling method. Finally, we show
some numerical examples, which validate the theoretical results presented in the
previous sections.

Denote uniformly by C the positive constant independent of ε, δ without dis-
tinction. For convenience, we use the Einstein summation convention on repeated
indices.

2. The Hole-Filling Method and the Convergence Theorem

In this section, we first give the definition of the hole-filling method in a perfo-
rated domain, and then we present a full mathematical justification for this limiting
process ,i.e. the weak material properties go to zero in the multiphase material.

Definition 2.1. Let Ωε be a type II perforated domain given in (1). If we
fill all holes of Ωε with a very compliant material such that Ωε is changed into a
nonperforated domain Ω, then it is called as the hole-filling method.

We now introduce some notation: Q = {ξ, 0 < ξj < 1, j = 1, · · · , n}, the peri-
odic cell Q∩ω, δ > 0 is a sufficiently small constant, Vδ = {ξ ∈ (Q\ω), dist(ξ, ∂ω) ≤
δ}, V0 = {ξ ∈ (Q \ ω), dist(ξ, ∂ω) ≥ δ}, where dist(A,B) denotes a distance be-
tween A and B(see Fig.2).

V0

Vδ

Q ∩ ω

Figure 2. V0 and Vδ

Let ξ = ε−1x , and define a∗ijkh(x
ε ) = a∗ijkh(ξ) in the following form:

a∗ijkh(ξ) =





aijkh(ξ), ξ ∈ Q ∩ ω
φδ

ijkh(ξ), ξ ∈ Vδ

δ
1
2 δikδjh, ξ ∈ V0

(2)

where aijkh(ξ), ξ ∈ Q∩ω is as given in (1), φδ
ijkh(ξ) ∈ C∞(Vδ), δ1/2 ≤ ‖φδ

ijkh‖L∞(Vδ) ≤
M , δij is the Kronecker symbol.

If we assume that a tensor (φδ
ijkh(ξ)), ξ ∈ (Q \ ω) satisfies Conditions (A1) and

(A2), then a tensor (a∗ijkh(ξ)), ξ ∈ Q has the similar properties. In this situation,



HOLE-FILLING METHOD AND MULTISCALE COMPUTATION 615

we define uε,∗(x) is the solution of the following boundary value problems of elastic
equations in a domain Ω without holes:




− ∂

∂xj
(a∗ijkh(x

ε )
∂uε,∗

k (x)
∂xh

) = ηε(x)fi(x), i = 1, 2, · · · , n, in Ω

uε,∗(x) = g0(x), on Γ1

σ∗ε (uε,∗) = g1(x), on Γ2

(3)

where

ηε(x) = η(
x

ε
) =

{
1 x ∈ Ωε

0 x ∈ Ω \ Ω̄ε.
(4)

Since Ωε is a type-II perforated domain, i.e. Ω
ε

= Ω
ε

0 ∪ Ω1, we thus have
σ∗ε (uε,∗) ≡ σε(uε,∗), where σε(u) is as given in (1).

Our goal of this section is to give the estimate for ‖uε − uε,∗‖H1(Ωε). To this
end, we first introduce Lemma 2.1 given by:
Lemma 2.1. Suppose that Ωε is a type-II perforated domain as given in (1) and
the boundary Sε ∈ C1, then there exists an extension operator such that

Pε : W 1,∞(Ωε) −→ W 1,∞(Ω)

and for any v ∈ W 1,∞(Ωε),

Pεv = v a.e. in Ωε,

‖Pεv‖W 1,∞(Ω) ≤ C‖v‖W 1,∞(Ωε).(5)

where C is a constant independent of ε.
Proof. In order to build an extension operator Pε on Ω, it is sufficient to know

how to build it on an arbitrary cell ε(k + Q), k ∈ Zn.
Each x ∈ Ωε can be written as

x = ε(k + ξ), where ξ ∈ Q ∩ ω, k ∈ Zn.

Set

vε,k(ξ) = v(ε(k + ξ)) = v(x).(6)

This function is defined on Q∩ω, and moreover, vε,k ∈ W 1,∞(Q∩ω). Following the
lines of the proof of Theorem 1 of ([12],p.254), we can extend vε,k to the whole of Q
by Pvε,k. Due to definition (6), this clearly defines an extension on the cell ε(k+Q).
As the holes do not intersect the boundary of the cells, there is no trace problem
when passing form a cell to any adjacent one, and we can define an extension to
the whole of Ω by setting

(Pεv)(x) = (Pvε,k)(
x− εk

ε
), ∀x ∈ Ω, x ∈ ε(k + Q), k ∈ Zn.

Moreover,

‖Pεv‖W 1,∞(ε(k+Q)) = ‖Pvε,k‖W 1,∞(Q)

≤ C‖vε,k‖W 1,∞(Q∩ω) = C‖v‖W 1,∞(ε(k+Q∩ω)).(7)

Since Ωε is of type II, due to (7), whether the essential supremum of v is take in
the boundary layer or not, we can get

‖Pεv‖W 1,∞(Ω) ≤ C‖v‖W 1,∞(Ωε).

Next we give the convergence result involved in the hole-filling method.
Theorem 2.1. Suppose that Ωε ⊂ Rn is a type-II perforated domain, the boundary
Sε ∈ C1 and Ω ⊂ Rn is the associated Lipschitz convex domain without holes. Let
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uε be the weak solution of problem (1) in Ωε, and uε,∗ be the weak solution of the
corresponding multiphase problem (3) in Ω. If uε ∈ W 1,∞(Ωε), then there holds

‖uε − uε,∗‖H1(Ωε) ≤ Cδ
1
4 ε−n+ 1

2 ‖uε‖W 1,∞(Ωε).(8)

Furthermore, we can choose a sufficiently small δ > 0 such that

‖uε − uε,∗‖H1(Ωε) ≤ Cε
1
2(9)

where C is a constant independent of ε, δ > 0. In particular, we are interested in
the asymptotic behaviour of the solution uε,∗(x), as δ → 0.

Proof. Thanks to Lemma 2.1, there exists an extension operator

Pε : W 1,∞(Ωε) −→ W 1,∞(Ω)

such that

Pεu
ε = uε a.e. in Ωε,

‖Pεu
ε‖W 1,∞(Ω) ≤ C‖uε‖W 1,∞(Ωε).

Let ũε = Pεu
ε, and ṽi(x) = (uε,∗

i (x)− ũε
i (x)) ∈ H1(Ω, Γ1) , where H1(Ωε,Γ1) =

{v ∈ H1(Ωε), v|Γ1 = 0}. If we take ṽi = (uε,∗
i − ũε

i ) as test functions, then we
obtain the variational forms for (1) and (3) given by:

∫

Ω

a∗ijkh(
x

ε
)
∂uε,∗

k

∂xh

∂ṽi

∂xj
dx =

∫

Ω

ηε(x)fiṽidx +
∫

Γ2

g1,i(x)ṽidΓ,(10)

∫

Ωε

aijkh(
x

ε
)
∂uε

k

∂xh

∂ṽi

∂xj
dx =

∫

Ωε

fiṽidx +
∫

Γ2

g1,i(x)ṽidΓ,(11)

where g1(x) = (g1,1(x), · · · , g1,n(x))T is as given in (1).
Subtracting (10) from (11) gives

0 ≤
∫

Ωε

aijkh(
x

ε
)
∂(uε,∗

k − ũε
k)

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx

= −
∫

Ω\Ω̄ε

a∗ijkh(
x

ε
)
∂uε,∗

k

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx(12)

= −
∫

Ω\Ω̄ε

a∗ijkh(
x

ε
)
∂(uε,∗

k − ũε
k)

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx

−
∫

Ω\Ω̄ε

a∗ijkh(
x

ε
)
∂ũε

k

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx

= I + Iδ + I0,

where

I = −
∫

Ω\Ω̄ε

a∗ijkh(
x

ε
)
∂(uε,∗

k − ũε
k)

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx ≤ 0,(13)

Iδ = −
∫

Vδ

a∗ijkh(
x

ε
)
∂ũε

k

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx,(14)

I0 = −
∫

V0

a∗ijkh(
x

ε
)
∂ũε

k

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx,(15)

and Vδ =
⋃

z∈Tε

(z + Vδ), V0 =
⋃

z∈Tε

(z + V0), Vδ, V0 are as given in (2).
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Using Lemma 2.1, we obtain

|Iδ
z | = |

∫

(z+Vδ)

a∗ijkh(
x

ε
)
∂ũε

k

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx|

≤ C‖∇ũε‖L2(z+Vδ)‖∇(uε,∗ − ũε)‖L2(z+Vδ)

≤ C(εδ)
1
2 ‖∇ũε‖L∞(z+Vδ)‖∇(uε,∗ − ũε)‖L2(z+Vδ)

≤ C(εδ)
1
2 ‖uε‖W 1,∞(z+Q∩ω)‖∇(uε,∗ − ũε)‖L2(z+Vδ),

and consequently

|Iδ| = |
∫

⋃
z∈Tε

(z+Vδ)

a∗ijkh(
x

ε
)
∂ũε

k

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx|

≤
∑

z∈Tε

|Iδ
z | ≤ C(εδ)

1
2

∑

z∈Tε

‖uε‖W 1,∞(z+Q∩ω)‖∇(uε,∗ − ũε)‖L2(z+Vδ)

≤ C(εδ)
1
2 ε−n‖uε‖W 1,∞(Ωε)‖∇(uε,∗ − ũε)‖L2(Vδ),

where Vδ =
⋃

z∈Tε

(z + Vδ).

Similarly, we have

|I0| = |
∫

V0

a∗ijkh(
x

ε
)
∂ũε

k

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx|

≤ Cδ
1
2 ‖∇ũε‖L2(V0)‖∇(uε,∗ − ũε)‖L2(V0)

≤ Cδ
1
2 ‖uε‖W 1,∞(Ωε)‖∇(uε,∗ − ũε)‖L2(V0),

where V0 =
⋃

z∈Tε

(z + V0).

It follows from the Korn’s inequality and (12) that

δ
1
2 ‖∇(uε,∗ − ũε)‖2L2(Ω)

≤
∫

Ω

a∗ijkh(
x

ε
)
∂(uε,∗

k − ũε
k)

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx ≤ |Iδ|+ |I0|

≤ Cδ
1
2 ε−n+ 1

2 ‖uε‖W 1,∞(Ωε)‖∇(uε,∗ − ũε)‖L2(Ω),

i.e.

‖∇(uε,∗ − ũε)‖L2(Ω) ≤ Cε−n+ 1
2 ‖uε‖W 1,∞(Ωε).(16)

We thus obtain

|Iδ| ≤ Cδ
1
2 ε−2n+1‖uε‖2W 1,∞(Ωε),

|I0| ≤ Cδ
1
2 ε−n+ 1

2 ‖uε‖2W 1,∞(Ωε),(17)

and

|I| ≤ |Iδ|+ |I0| ≤ Cδ
1
2 ε−2n+1‖uε‖2W 1,∞(Ωε).(18)

Thanks to the Korn’s inequalities (see, e.g. [22]) and (12), we obtain

γ0‖uε,∗ − ũε‖2H1(Ωε) ≤
∫

Ωε

aijkh(
x

ε
)
∂(uε,∗

k − ũε
k)

∂xh

∂(uε,∗
i − ũε

i )
∂xj

dx

≤ Cδ
1
2 ε−2n+1‖uε‖2W 1,∞(Ωε)

i.e.

‖uε,∗ − ũε‖H1(Ωε) ≤ Cδ
1
4 ε−n+ 1

2 ‖uε‖W 1,∞(Ωε).(19)
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Therefore we complete the proof of Theorem 2.1.

3. The Uniform Multiscale Method and the Associated Properties

In this section, we first introduce some known results of the homogenization
method and the multiscale asymptotic expansions of the solution for problem (1)
in a perforated domain Ωε without any justification( see, e.g [22]). Second, we give
similarly some results of homogenization and the multiscale asymptotic expansions
of the solution for the multiphase problem (3) in a Lipschitz convex domain Ω.
Third, we discuss the relationship between two types of asymptotic methods, and
obtain some convergence theorems when one material properties go to zero, i.e, as
δ → 0. They are the main results obtained in this paper, and form the basis of the
uniform multiscale numerical method presented in the next section.

Set formally:

(20)
Uε

1 (x) = u0(x) + εNm,α1(ξ)
∂u0

m(x)
∂xα1

Uε
2 (x) = u0(x) + εNm,α1(ξ)

∂u0
m(x)

∂xα1
+ ε2Nm,α1α2(ξ)

∂2u0
m(x)

∂xα1∂xα2

where the vector-valued functions
(21)

Uε
s (x) = (Uε

s,1(x), · · · , Uε
s,n(x))T , s = 1, 2; u0(x) = (u0

1(x), · · · , u0
n(x))T ;

Nm,α1(ξ) = (N1m,α1(ξ), · · · , Nnm,α1(ξ))
T ;

Nm,α1α2(ξ) = (N1m,α1α2(ξ), · · · , Nnm,α1α2(ξ))
T , m, αi = 1, 2, · · · , n.

The cell functions Nm,α1(ξ) and Nm,α1α2(ξ) on Q ∩ ω are defined in turn




− ∂
∂ξj

(
aijkh(ξ)∂Nkm,α1(ξ)

∂ξh

)
= ∂

∂ξj

(
aijmα1(ξ)

)
in Q ∩ ω

aijkh(ξ)∂Nkm,α1

∂ξh
νj = −aijmα1(ξ)νj on Q ∩ ∂ω

Nkm,α1(ξ) is 1-periodic in ξ,
∫

Q∩ω
Nkm,α1(ξ)dξ = 0

(22)





− ∂
∂ξj

(
aijkh(ξ)∂Nkm,α1α2(ξ)

∂ξh

)
= ∂

∂ξj

(
aijkα2(ξ)Nkm,α1(ξ)

)

+aiα2kh(ξ)∂Nkm,α1(ξ)
∂ξh

+ aiα2mα1(ξ)− âiα2mα1 in Q ∩ ω

aijkh(ξ)∂Nkm,α1α2

∂ξh
νj = −aijkα2(ξ)Nkm,α1νj on Q ∩ ∂ω

Nkm,α1α2(ξ) is 1-periodic in ξ,
∫

Q∩ω
Nkm,α1α2(ξ)dξ = 0

(23)

where ~n = (ν1, · · · , νn) denotes the unit outer normal to Q ∩ ∂ω, and the homoge-
nized coefficients are the following:

(24) âijkh =
1

|Q ∩ ω|
∫

Q∩ω

(aijkh(ξ) + aijml(ξ)
∂Nmk,h(ξ)

∂ξl
)dξ

where |Q ∩ ω| is the Lebesgue measure of Q ∩ ω.
Let u0(x) be the unique weak solution of the following homogenized equations:

(25)




− ∂

∂xj
(âijkh

∂u0
k(x)

∂xh
) = fi(x), i = 1, 2, · · · , n, in Ω

u0(x) = g0(x), on Γ1

|Q ∩ ω|σ̂(u0) = g1(x), on Γ2

where σ̂(u0) = (σ̂1(u0), · · · , σ̂n(u0)), σ̂i(u0) ≡ νj âijkh
∂u0

k(x)
∂xh

, i = 1, · · · , n.
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Remark 3.1. It is emphasized that second-order correctors Nm,α1α2(ξ) are very
important to computing the displacement and the stress fields of composite struc-
tures. We refer the interested reader to Section 4.
Lemma 3.1.[22] Suppose that Ωε is a type-II perforated domain. Let uε(x) be the
unique weak solution of problem(1), and Uε

1 (x), Uε
2 (x) be as given in (20). Under

the assumptions (B1)−(B3), (A1)−(A4), one obtains the following error estimates:

(26) ‖uε − Uε
s ‖H1(Ωε) ≤ Cε

1
2 , s = 1, 2

where C is a constant independent of ε.
For the extended problem (3), we set formally:

(27)
Uε,∗

1 (x) = u0,∗(x) + εN∗
m,α1

(ξ)∂u0,∗
m (x)

∂xα1

Uε,∗
2 (x) = u0,∗(x) + εN∗

m,α1
(ξ)∂u0,∗

m (x)
∂xα1

+ ε2N∗
m,α1α2

(ξ) ∂2u0,∗
m (x)

∂xα1∂xα2

where the vector-valued functions
(28)
Uε,∗

s (x) = (Uε,∗
s,1 (x), · · · , Uε,∗

s,n(x))T , s = 1, 2; u0,∗(x) = (u0,∗
1 (x), · · · , u0,∗

n (x))T ;
N∗

m,α1
(ξ) = (N∗

1m,α1
(ξ), · · · , N∗

nm,α1
(ξ))T ;

N∗
m,α1α2

(ξ) = (N∗
1m,α1α2

(ξ), · · · , N∗
nm,α1α2

(ξ))T .

Similarly, we obtain the homogenized equations associated with problem (3) given
by:

(29)





− ∂
∂xj

(â∗ijkh

∂u0,∗
k (x)
∂xh

) = ( |Q∩ω|
|Q| )fi(x), i = 1, 2, · · · , n, in Ω

u0,∗(x) = g0(x), on Γ1

σ̂∗(u0,∗) = g1(x), on Γ2

where σ̂∗(u0,∗) = (σ̂∗1(u0,∗), · · · , σ̂∗n(u0,∗)), σ̂∗i (u0,∗) ≡ νj â
∗
ijkh

∂u0,∗
k (x)
∂xh

, ~n = (ν1, · · · , νn)
is the unit outer normal vector to ∂Ω, and

(30) â∗ijkh =
1
|Q|

∫

Q

(a∗ijkh(ξ) + a∗ijml(ξ)
∂N∗

mk,h(ξ)
∂ξl

)dξ.

The cell functions N∗
m,α1

(ξ), N∗
m,α1α2

(ξ) in unit cell Q are given by:



− ∂

∂ξj

(
a∗ijkh(ξ)

∂N∗
km,α1

(ξ)
∂ξh

)
= ∂

∂ξj

(
a∗ijmα1

(ξ)
)

in Q

N∗
km,α1

(ξ) is 1-periodic in ξ,
∫

Q
N∗

km,α1
(ξ)dξ = 0

(31)





− ∂
∂ξj

(
a∗ijkh(ξ)

∂N∗
km,α1α2

(ξ)
∂ξh

)
= ∂

∂ξj

(
a∗ijkα2

(ξ)N∗
km,α1

(ξ)
)

+a∗iα2kh(ξ)
∂N∗

km,α1
(ξ)

∂ξh
+ a∗iα2mα1

(ξ)− η(ξ)|Q|
|Q ∩ ω| â

∗
iα2mα1

in Q

N∗
km,α1α2

(ξ) is 1-periodic in ξ,
∫

Q
N∗

km,α1α2
(ξ)dξ = 0

(32)

where ξ = ε−1x, η(ξ) = η(x
ε ) is as given in (4).

Remark 3.2. The crucial idea of the hole-filling method presented in Section 2 is
to consider the boundary value problems in a nonperforated domain Ω regardless of
whether there are holes or not in an original problem. If Ωε is a type-II perforated
domain containing many small holes, then we fill these holes with a very compliant
material, see problem (3). Now we discuss the relationship between the homogenized
coefficients of problem (1) and those of problem (3), and give a full mathematical
justification.
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Theorem 3.1. Suppose that ω is an unbounded domain of Rn which satisfies
Conditions (B1) − (B3) , the boundaries of holes ∂ω ∈ C1, and a matrix (aε

ijkh)
satisfies Conditions (A1)− (A3), aε

ijkh ∈ W 1,∞(ω). Let âijkh and â∗ijkh denote the
associated coefficients (24) and (30) for the homogenized equations, respectively. If
the cell functions Nm,α1 ∈ W 1,∞(Q ∩ ω), α1 = 1, · · · , n, n ≥ 3, then there holds

|â∗ijkh − |Q ∩ ω|âijkh| ≤ Cδ
1
4 .(33)

where C is a constant independent of δ > 0, δ > 0 is a sufficiently small number
given by (2) and |Q ∩ ω| is the Lebesgue measure of Q ∩ ω.

Proof. Thanks to Theorem 4.3 of ([2],p.44), under the assumptions of (A1) −
(A3) and aε

ijkh ∈ W 1,∞(ω), if n = 2, then we can deduce that the cell functions
Nm,α1 ∈ W 1,∞(Q∩ω), α1 = 1, · · · , n. But we need to add the assumption Nm,α1 ∈
W 1,∞(Q ∩ ω), α1 = 1, · · · , n for n ≥ 3.

Under the assumptions of Conditions (B1)− (B3) and ∂ω ∈ C1, it follows from
Lemma 2.1 that there exists an extension operator

P : W 1,∞(Q ∩ ω) −→ W 1,∞(Q)

such that

PNm,α1 = Nm,α1 a.e. in Q ∩ ω,

‖PNm,α1‖W 1,∞(Q) ≤ C‖Nm,α1‖W 1,∞(Q∩ω).

We now introduce some notation:

MY (ψ) =
1
|Y |

∫

Y

ψ(ξ)dξ,

W 1
per(Y ) = {ψ ∈ H1(Y ) : ψ is 1-periodic and

∫

Y

ψ(ξ)dξ = 0}.

In fact, here we take Y = Q or Y = Q ∩ ω.
Let Ñm,α1 = PNm,α1 , and

v1(ξ) = N∗
mk,h − Ñmk,h −MQ(N∗

mk,h − Ñmk,h) ∈ W 1
per(Q),

v2(ξ) = N∗
mk,h − Ñmk,h −MQ∩ω(N∗

mk,h − Ñmk,h) ∈ W 1
per(Q ∩ ω).

We take v1(ξ) and v2(ξ) as test functions for (22) and (31), respectively, then we
obtain

∫

Q

a∗ijkh

∂N∗
km,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ(34)

= −
∫

Q

a∗ijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ

and
∫

Q∩ω

aijkh
∂Ñkm,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ(35)

= −
∫

Q∩ω

aijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ.
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Subtracting (34) from (35), we have

0 ≤
∫

Q∩ω

aijkh

∂(N∗
km,α1

− Ñkm,α1)
∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ

= −
∫

Q\ω̄
a∗ijkh

∂N∗
km,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ

−
∫

Q\ω̄
a∗ijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ

= −
∫

Q\ω̄
a∗ijkh

∂(N∗
km,α1

− Ñkm,α1)
∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ(36)

−
∫

Q\ω̄
a∗ijkh

∂Ñkm,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ

−
∫

Q\ω̄
a∗ijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ

= I3 + Iδ
1 + I0

1 + Iδ
2 + I0

2 ,

where

Iδ
1 = −

∫

Vδ

a∗ijkh

∂Ñkm,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ,

I0
1 = −

∫

V0

a∗ijkh

∂Ñkm,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ,

Iδ
2 = −

∫

Vδ

a∗ijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ,

I0
2 = −

∫

V0

a∗ijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ,

I3 = −
∫

Q\ω̄
a∗ijkh

∂(N∗
km,α1

− Ñkm,α1)
∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ ≤ 0.

Note that Q \ ω = Vδ ∪ V0, and Vδ = {ξ ∈ (Q \ ω), dist(ξ, ∂ω) ≤ δ}, V0 = {ξ ∈
(Q \ ω), dist(ξ, ∂ω) ≥ δ}.

Using the properties of an extension operator P , we get

|Iδ
1 | = |

∫

Vδ

a∗ijkh

∂Ñkm,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ|

≤ C‖e(Ñm,α1)‖L2(Vδ)‖e(N∗
m,α1

− Ñm,α1)‖L2(Vδ)

≤ C‖∇Ñm,α1‖L2(Vδ)‖∇(N∗
m,α1

− Ñm,α1)‖L2(Vδ)

≤ Cδ
1
2 ‖∇Ñm,α1‖L∞(Vδ)‖∇(N∗

m,α1
− Ñm,α1)‖L2(Vδ)

≤ Cδ
1
2 ‖Nm,α1‖W 1,∞(Q∩ω)‖∇(N∗

m,α1
− Ñm,α1)‖L2(Vδ)
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and

|I0
1 | = |

∫

V0

a∗ijkh

∂Ñkm,α1

∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ|

≤ δ
1
2 ‖e(Ñm,α1)‖L2(V0)‖e(N∗

m,α1
− Ñm,α1)‖L2(V0)

≤ Cδ
1
2 ‖∇Ñm,α1‖L2(V0)‖∇(N∗

m,α1
− Ñm,α1)‖L2(V0)

≤ Cδ
1
2 ‖Nm,α1‖W 1,∞(Q∩ω)‖∇(N∗

m,α1
− Ñm,α1)‖L2(V0).

where e(u) = (eij(u)), eij(u) = 1
2 ( ∂ui

∂xj
+ ∂uj

∂xi
), i, j = 1, · · · , n.

Similarly, we have

|Iδ
2 | = |

∫

Vδ

a∗ijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ|

≤ C

∫

Vδ

|e(N∗
m,α1

− Ñm,α1)|dξ

≤ Cδ
1
2 ‖e(N∗

m,α1
− Ñm,α1)‖L2(Vδ)

≤ Cδ
1
2 ‖∇(N∗

m,α1
− Ñm,α1)‖L2(Vδ)

and

|I0
2 | = |

∫

V0

a∗ijmα1

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ|

≤ Cδ
1
2

∫

V0

|e(N∗
m,α1

− Ñm,α1)|dξ

≤ Cδ
1
2 ‖e(N∗

m,α1
− Ñm,α1)‖L2(V0)

≤ Cδ
1
2 ‖∇(N∗

m,α1
− Ñm,α1)‖L2(V0).

It follows from (36), and the Korn’s inequality (see e.g. [22], pp.21) that

δ
1
2 ‖∇(N∗

m,α1
− Ñm,α1)‖2L2(Q)

≤ |
∫

Q

a∗ijkh

∂(N∗
km,α1

− Ñkm,α1)
∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ|

≤ |Iδ
1 |+ |I0

1 |+ |Iδ
2 |+ |I0

2 |
≤ Cδ

1
2 ‖∇(N∗

m,α1
− Ñm,α1)‖L2(Q\ω̄)

≤ Cδ
1
2 ‖∇(N∗

m,α1
− Ñm,α1)‖L2(Q),

and consequently

‖∇(N∗
m,α1

− Ñm,α1)‖L2(Q) ≤ C.(37)

In particular, it yields

‖∇(N∗
m,α1

− Ñm,α1)‖L2(Q\ω) ≤ C.(38)

From (38), we derive

Iδ
1 ≤ Cδ

1
2 , I0

1 ≤ Cδ
1
2 , Iδ

2 ≤ Cδ
1
2 , I0

2 ≤ Cδ
1
2 , I3 ≤ Cδ

1
2 .
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From (36) , using the Korn’s inequality again, we obtain

γ0‖∇(N∗
m,α1

− Ñm,α1)‖2L2(Q∩ω)

≤
∫

Q∩ω

aijkh

∂(N∗
km,α1

− Ñkm,α1)
∂ξh

∂(N∗
im,α1

− Ñim,α1)
∂ξj

dξ

≤ |I3|+ |Iδ
1 |+ |I0

1 |+ |Iδ
2 |+ |I0

2 | ≤ Cδ
1
2

i.e.

‖∇(N∗
m,α1

−Nm,α1)‖L2(Q∩ω) ≤ Cδ
1
4 .(39)

We recall that

|â∗ijkh − |Q ∩ ω|âijkh|

= |
∫

Q

(a∗ijkh + a∗ijml

∂N∗
mk,h

∂ξl
)dξ −

∫

Q∩ω

(aijkh + aijml
∂Nmk,h

∂ξl
)dξ|

= |
∫

Q\ω̄
a∗ijkhdξ +

∫

Q∩ω

aijml

∂(N∗
mk,h −Nmk,h)

∂ξl
dξ +

∫

Q\ω̄
a∗ijml

∂N∗
mk,h

∂ξl
dξ|

= |
∫

Q\ω̄
a∗ijkhdξ +

∫

Q∩ω

aijml

∂(N∗
mk,h −Nmk,h)

∂ξl
dξ

+
∫

Q\ω̄
a∗ijml

∂(N∗
mk,h − Ñmk,h)

∂ξl
dξ +

∫

Q\ω̄
a∗ijml

∂Ñmk,h

∂ξl
dξ|

= |E1 + E2 + Iδ
2 + I0

2 + E3|,
where

|E1| = |
∫

Q\ω̄
a∗ijkhdξ| ≤ |

∫

Vδ

a∗ijkhdξ|+ |
∫

V0

a∗ijkhdξ| ≤ Cδ
1
2 ,

|E2| = |
∫

Q∩ω

aijml

∂(N∗
mk,h −Nmk,h)

∂ξl
dξ| ≤ C‖∇(N∗

k,h −Nk,h)‖L2(Q∩ω) ≤ Cδ
1
4 ,

|E3| = |
∫

Q\ω̄
a∗ijml

∂Ñmk,h

∂ξl
dξ| ≤ |

∫

Vδ

a∗ijml

∂Ñmk,h

∂ξl
dξ|+ |

∫

V0

a∗ijml

∂Ñmk,h

∂ξl
dξ| ≤ Cδ

1
2 ,

and we thus obtain

|â∗ijkh − |Q ∩ ω|âijkh| ≤ Cδ
1
4 .

Recalling (22) and (31),(23) and (32), we observe that their constraint conditions
are inconsistent. Since

∫
Q∩ω

(N∗
km,α1

(ξ) − Nkm,α1(ξ))dξ 6= 0,
∫

Q∩ω

(N∗
km,α1α2

(ξ) −
Nkm,α1α2(ξ))dξ 6= 0, it is difficult to give the error estimates for ‖N∗

m,α1
−Nm,α1‖H1(Q∩ω)

and ‖N∗
m,α1α2

− Nm,α1α2‖H1(Q∩ω) , although we have obtained the semi-norm es-
timate (39). To this end, we need to define the cell functions in the unit cell Q in
the following forms:




− ∂

∂ξj

(
a∗ijkh(ξ)

∂N̆∗
km,α1

(ξ)
∂ξh

)
= ∂

∂ξj

(
a∗ijmα1

(ξ)
)

in Q

N̆∗
km,α1

(ξ) is 1-periodic in ξ,
∫

Q∩ω
N̆∗

km,α1
(ξ)dξ = 0

(40)
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− ∂
∂ξj

(
a∗ijkh(ξ)

∂N̆∗
km,α1α2

(ξ)
∂ξh

)
= ∂

∂ξj

(
a∗ijkα2

(ξ)N̆∗
km,α1

(ξ)
)

+a∗iα2kh(ξ)
∂N̆∗

km,α1
(ξ)

∂ξh
+ a∗iα2mα1

(ξ)− η(ξ)|Q|
|Q ∩ ω| ˘̂a

∗
iα2mα1

in Q

N̆∗
km,α1α2

(ξ) is 1-periodic in ξ,
∫

Q∩ω
N̆∗

km,α1α2
(ξ)dξ = 0

(41)

where η(ξ) = η(x
ε ) is as given in (4), and

(42) ˘̂a∗ijkh =
1
|Q|

∫

Q

(a∗ijkh(ξ) + a∗ijml(ξ)
∂N̆∗

mk,h(ξ)
∂ξl

)dξ.

where N̆∗
mk,h(ξ), m, k, h = 1, · · · , n are as given in (40).

Following along the lines of the proof of Theorem 3.1, we can prove

‖∇(N̆∗
m,α1

−Nm,α1)‖L2(Q∩ω) ≤ Cδ
1
4 .(43)

Furthermore

|˘̂a∗ijkh − |Q ∩ ω|âijkh| ≤ Cδ
1
4 .(44)

Therefore we obtain the following homogenized equations associated with problem
(3), which is equivalent to (29):

(45)





− ∂
∂xj

(˘̂a∗ijkh

∂ŭ0,∗
k (x)
∂xh

) = ( |Q∩ω|
|Q| )fi(x), i = 1, 2, · · · , n, in Ω

ŭ0,∗(x) = g0(x), on Γ1

˘̂σ∗(ŭ0,∗) = g1(x), on Γ2

where ˘̂σ∗(ŭ0,∗) = (˘̂σ∗1(ŭ0,∗), · · · , ˘̂σ∗n(ŭ0,∗)), ˘̂σ∗i (ŭ0,∗) ≡ νj
˘̂a∗ijkh

∂ŭ0,∗
k (x)
∂xh

, ~n = (ν1, · · · , νn)

is the unit outer normal vector to ∂Ω, and ˘̂a∗ijkh = 1
|Q|

∫
Q

(a∗ijkh(ξ)+a∗ijml(ξ)
∂N̆∗

mk,h(ξ)

∂ξl
)dξ.

Similarly to (27), we define formally :

(46)
Ŭε,∗

1 (x) = ŭ0,∗(x) + εN̆∗
m,α1

(ξ)∂ŭ0,∗
m (x)

∂xα1

Ŭε,∗
2 (x) = ŭ0,∗(x) + εN̆∗

m,α1
(ξ)∂ŭ0,∗

m (x)
∂xα1

+ ε2N̆∗
m,α1α2

(ξ) ∂2ŭ0,∗
m (x)

∂xα1∂xα2

Remark 3.3. Observing (33) and (44), we know that the corresponding homog-
enized coefficients are the same regardless of whether we use (31) or (40). It is
very important to the homogenization method in shape optimization. Because ho-
mogenization method provides an effective way of optimizing the domain topology
without having to keep track of complex hole boundaries, we use (31) to compute
the homogenized coefficients â∗ijkh in the most cases.

It remains to give the error estimates for ‖N̆∗
m,α1

−Nm,α1‖H1(Q∩ω) and ‖N̆∗
m,α1α2

−
Nm,α1α2‖H1(Q∩ω). To do so, we next introduce the lemma given by:
Lemma 3.2.([13], Lemma B.63, p.490) Let 1 ≤ p < +∞, and Y be a bounded
connected open set having the (1, p)− extension property. Let f be a linear form
on W 1,p(Y ) whose restriction on constant functions is not zero. Then, there is
Cp,Y > 0 such that

‖v‖W 1,p(Y ) ≤ Cp,Y

{
‖v‖Lp(Y ) + |f(v)|

}
, ∀v ∈ W 1,p(Y ).(47)

Define a space in such a way:

W
1

per(Q) = {v ∈ H1(Q) : v(ξ) is 1-periodic in ξ and
∫

Q∩ω

v(ξ)dξ = 0}
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which can be equipped with the norm

‖v‖
W

1
per(Q)

= ‖∇v‖L2(Q),

because of the following lemma
Lemma 3.3. There exists a constant C such that

‖v‖H1(Q) ≤ C{‖∇v‖L2(Q) + |
∫

Q∩ω

v(ξ)dξ|}(48)

Proof. Let Q∩ω be a subset of Q of non-zero measure and set f(v) = 1
|Q∩ω|

∫
Q∩ω

v(ξ)dξ.
It is clear that f is continuous, and if c is a constant function, f(c) is zero if and
only if c is zero. It follows from Lemma 3.2 (Also see, [7] p.115) that

‖v‖H1(Q) ≤ C{‖∇v‖L2(Q) + |
∫

Q∩ω

v(ξ)dξ|}.

Theorem 3.2. Let Nm,α1(ξ), Nm,α1α2 be the weak solutions associated with prob-
lems (22) and (23), respectively, and let N̆∗

m,α1
(ξ), N̆∗

m,α1α2
be respectively the weak

solutions of problems (40) and (41). Under the assumptions of Theorem 3.1,
(B1)− (B3) and (A1)− (A4), we obtain the following error estimates:

‖Nm,α1 − N̆∗
m,α1

‖H1(Q∩ω) ≤ Cδ
1
4 ,(49)

‖Nm,α1α2 − N̆∗
m,α1α2

‖H1(Q∩ω) ≤ Cδ
1
8 .(50)

where C is a constant independent of δ; δ > 0 is a sufficiently small number, and
the vector-valued functions

Nm,α1(ξ) = (N1m,α1(ξ), · · · , Nnm,α1(ξ))
T , Nm,α1α2(ξ) = (N1m,α1α2(ξ), · · · , Nnm,α1α2(ξ))

T ;

N̆∗
m,α1(ξ) = (N̆∗

1m,α1(ξ), · · · , N̆∗
nm,α1(ξ))

T , N̆∗
m,α1α2(ξ) = (N̆∗

1m,α1α2(ξ), · · · , N̆∗
nm,α1α2(ξ))

T .

Proof. In Lemma 3.2, if we set Y = Q ∩ ω and f(v) =
∫

Q∩ω

v(ξ)dξ, using (39),

(22) and (40), then we deduce (49).
Due to Lemma 3.3 and (37), we have

‖N̆∗
m,α1

− Ñm,α1‖H1(Q) ≤ C.(51)

Let φi(ξ) = (N̆∗
im,α1α2

− Ñim,α1α2). If we take φi(ξ) as the test functions, and
then the variational forms of (41) and (23) are the following:

∫

Q

a∗ijkh

∂N̆∗
km,α1α2

∂ξh

∂φi

∂ξj
dξ = −

∫

Q

a∗ijkα2
N̆∗

km,α1

∂φi

∂ξj
dξ(52)

+
∫

Q

a∗iα2kh

∂N̆∗
km,α1

∂ξh
φidξ +

∫

Q

(a∗iα2mα1
− η(ξ)
|Q ∩ ω|

˘̂a∗iα2mα1
)φidξ,

∫

Q∩ω

aijkh
∂Nkm,α1α2

∂ξh

∂φi

∂ξj
dξ = −

∫

Q∩ω

aijkα2Nkm,α1

∂φi

∂ξj
dξ(53)

+
∫

Q∩ω

aiα2kh
∂Nkm,α1

∂ξh
φidξ +

∫

Q∩ω

(aiα2mα1 − âiα2mα1)φidξ.
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Subtracting (52) from (53), and using Lemma 3.3 and the Korn’s inequality , we
obtain

C‖N̆∗
m,α1α2

−Nm,α1α2‖2H1(Q∩ω) ≤ C‖∇(N̆∗
m,α1α2

−Nm,α1α2)‖2L2(Q∩ω)

≤
∫

Q∩ω

aijkh

∂(N̆∗
km,α1α2

−Nkm,α1α2)
∂ξh

∂(N̆∗
im,α1α2

−Nim,α1α2)
∂ξj

dξ

= −
∫

Q\ω̄
a∗ijkh

∂(N̆∗
km,α1α2

− Ñkm,α1α2)
∂ξh

∂(N̆∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ

−
∫

Q\ω̄
a∗ijkh

∂Ñkm,α1α2

∂ξh

∂(N̆∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ

−
∫

Q∩ω

aijkα2(N̆
∗
km,α1

−Nkm,α1)
∂(N̆∗

im,α1α2
−Nim,α1α2)

∂ξj
dξ(54)

−
∫

Q\ω̄
a∗ijkα2

N̆∗
km,α1

∂(N̆∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ

+
∫

Q∩ω

aiα2kh

∂(N̆∗
km,α1

−Nkm,α1)
∂ξh

(N̆∗
im,α1α2

−Nim,α1α2)dξ

+
∫

Q\ω̄
a∗iα2kh

∂N̆∗
km,α1

∂ξh
(N̆∗

im,α1α2
− Ñim,α1α2)dξ

+
∫

Q\ω̄
a∗iα2mα1

(N̆∗
im,α1α2

− Ñim,α1α2)dξ

+
∫

Q∩ω

(
1

|Q ∩ ω| â
∗
iα2mα1

− âiα2mα1)(N̆
∗
im,α1α2

−Nim,α1α2)dξ

= I0 + I1 + I2 + I3 + I4 + I5 + I6 + I7

where

I0 = −
∫

Q\ω̄
a∗ijkh

∂(N̆∗
km,α1α2

− Ñkm,α1α2)
∂ξh

∂(N̆∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ ≤ 0.

Following the lines of the proof of Theorem 3.1, we can obtain

|I1| = | −
∫

Q\ω̄
a∗ijkh

∂Ñkm,α1α2

∂ξh

∂(N̆∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ|

≤ Cδ
1
2 ‖∇(N̆∗

m,α1α2
− Ñm,α1α2)‖L2(Q\ω̄),

|I3| = | −
∫

Q\ω̄
a∗ijkα2

N̆∗
km,α1

∂(N̆∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ|

= | −
∫

Q\ω̄
a∗ijkα2

(N̆∗
km,α1

− Ñkm,α1)
∂(N̆∗

im,α1α2
− Ñim,α1α2)

∂ξj
dξ

−
∫

Q\ω̄
a∗ijkα2

Ñkm,α1

∂(N̆∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ|

≤ Cδ
1
2 ‖∇(N̆∗

m,α1α2
− Ñm,α1α2)‖L2(Q\ω̄),
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|I5| = |
∫

Q\ω̄
a∗iα2kh

∂N̆∗
km,α1

∂ξh
(N̆∗

im,α1α2
− Ñim,α1α2)dξ|

= |
∫

Q\ω̄
a∗iα2kh

∂(N̆∗
km,α1

− Ñkm,α1)
∂ξh

(N̆∗
im,α1α2

− Ñim,α1α2)dξ

+
∫

Q\ω̄
a∗iα2kh

∂Ñkm,α1

∂ξh
(N̆∗

im,α1α2
− Ñim,α1α2)dξ|

≤ Cδ
1
2 ‖N̆∗

m,α1α2
− Ñm,α1α2‖L2(Q\ω̄),

|I6| = |
∫

Q\ω̄
a∗iα2mα1

(N̆∗
im,α1α2

− Ñim,α1α2)dξ|

≤ Cδ
1
2 ‖N̆∗

m,α1α2
− Ñm,α1α2‖L2(Q\ω̄),

and

|I2| = | −
∫

Q∩ω

aijkα2(N̆
∗
km,α1

−Nkm,α1)
∂(N̆∗

im,α1α2
−Nim,α1α2)

∂ξj
dξ|

≤ C‖N̆∗
m,α1

−Nm,α1‖L2(Q∩ω)‖∇(N̆∗
m,α1α2

−Nm,α1α2)‖L2(Q∩ω)

≤ Cδ
1
4 ‖∇(N̆∗

m,α1α2
−Nm,α1α2)‖L2(Q∩ω),

|I4| = |
∫

Q∩ω

aiα2kh

∂(N̆∗
km,α1

−Nkm,α1)
∂ξh

(N̆∗
im,α1α2

−Nim,α1α2)dξ|

≤ C‖∇(N̆∗
m,α1

−Nm,α1)‖L2(Q∩ω)‖N̆∗
m,α1α2

−Nm,α1α2‖L2(Q∩ω)

≤ Cδ
1
4 ‖N̆∗

m,α1α2
−Nm,α1α2‖L2(Q∩ω),

|I7| = |
∫

Q∩ω

(
1

|Q ∩ ω|
˘̂a∗iα2mα1

− âiα2mα1)(N̆
∗
im,α1α2

− Ñim,α1α2)dξ|

≤ C|˘̂a∗iα2mα1
− |Q ∩ ω|âiα2mα1 | · ‖N̆∗

m,α1α2
− Ñm,α1α2‖L2(Q∩ω)

≤ Cδ
1
4 ‖N̆∗

m,α1α2
− Ñm,α1α2‖L2(Q∩ω).

Using the above inequalities, (54) , Lemma 3.3 and the Korn’s inequality, we
have

δ
1
2 ‖N̆∗

m,α1α2
− Ñm,α1α2‖2H1(Q) ≤ Cδ

1
2 ‖∇(N̆∗

m,α1α2
− Ñm,α1α2)‖2L2(Q)

≤ C

∫

Q

a∗ijkh

∂(N∗
km,α1α2

− Ñkm,α1α2)
∂ξh

∂(N∗
im,α1α2

− Ñim,α1α2)
∂ξj

dξ

≤ C
(
|I1|+ |I2|+ |I3|+ |I4|+ |I5|+ |I6|+ |I7|

)

≤ Cδ
1
4 ‖N∗

m,α1α2
− Ñm,α1α2‖H1(Q)

i.e.

‖N∗
m,α1α2

− Ñm,α1α2‖H1(Q) ≤ Cδ−
1
4 .

We thus obtain

|I1| ≤ Cδ
1
4 , |I3| ≤ Cδ

1
4 , |I5| ≤ Cδ

1
4 , |I6| ≤ Cδ

1
4 .



628 X. WANG AND L. CAO

On the other hand, using the inequality ab ≤ γa2 + 1
4γ b2, a, b, γ > 0 and (43),

we obtain

|I2| ≤ C‖N̆∗
m,α1

−Nm,α1‖L2(Q∩ω)‖∇(N̆∗
m,α1α2

−Nm,α1α2)‖L2(Q∩ω)

≤ C

4γ
‖N̆∗

m,α1
−Nm,α1‖2L2(Q∩ω) + γ‖∇(N̆∗

m,α1α2
−Nm,α1α2)‖2L2(Q∩ω)

≤ C

4γ
δ

1
2 + γ‖N̆∗

m,α1α2
−Nm,α1α2‖2H1(Q∩ω),

|I4| ≤ C‖∇(N̆∗
m,α1

−Nm,α1)‖L2(Q∩ω)‖N̆∗
m,α1α2

−Nm,α1α2‖L2(Q∩ω)

≤ C

4γ
‖∇(N̆∗

m,α1
−Nm,α1)‖2L2(Q∩ω) + γ‖N̆∗

m,α1α2
−Nm,α1α2‖2L2(Q∩ω)

≤ C

4γ
δ

1
2 + γ‖N̆∗

m,α1α2
−Nm,α1α2‖2H1(Q∩ω),

|I7| ≤ C|˘̂a∗iα2mα1
− |Q ∩ ω|âiα2mα1 | · ‖N̆∗

m,α1α2
−Nm,α1α2‖L2(Q∩ω)

≤ C

4γ
|˘̂a∗iα2mα1

− |Q ∩ ω|âiα2mα1 |2 + γ‖N̆∗
m,α1α2

−Nm,α1α2‖2L2(Q∩ω)

≤ C

4γ
δ

1
2 + γ‖N̆∗

m,α1α2
−Nm,α1α2‖2H1(Q∩ω).

From (54), choosing a sufficiently small number γ > 0 such that (1− 3γ) ≥ 1
2 , then

we get

‖N̆∗
m,α1α2

−Nm,α1α2‖H1(Q∩ω) ≤ Cδ
1
8 .

Finally, we can obtain the following theorem:
Theorem 3.3. Suppose that Ωε is a type-II perforated domain. Let uε(x) be the
unique weak solution of problem (1), and Ŭε

1 (x), Ŭε
2 (x) be as given in (46). Under

the assumptions of Theorems 2.1, 3.1 and 3.2, (B1)−(B3), (A1)−(A4) and suppose
u0, ŭ0,∗ ∈ W 1,∞(Ω)

⋂
H3(Ω), we have

(55) ‖uε − Ŭε
s ‖H1(Ωε) ≤ C

{
ε

1
2 + δ

1
4

}
, s = 1, 2

where C is a constant independent of ε, δ.
Proof. Recalling Lemma 3.1, we have

(56) ‖uε − Uε
s ‖H1(Ωε) ≤ Cε

1
2 , s = 1, 2.

Using the expansions (20) and (46), by the triangle inequality, we have

‖Uε
1 − Ŭε

1‖H1(Ωε) ≤ ‖u0 − ŭ0,∗‖H1(Ω)

+ε‖Nm,α1

∂u0
m

∂xα1

− N̆∗
m,α1

∂ŭ0,∗
m

∂xα1

‖H1(Ωε),(57)

‖Uε
2 − Ŭε

2‖H1(Ωε) ≤ ‖Uε
1 − Ŭε

1‖H1(Ωε)(58)

+ε2‖Nm,α1α2

∂2u0
m

∂xα1∂xα2

− N̆∗
m,α1α2

∂2ŭ0,∗
m

∂xα1∂xα2

‖H1(Ωε).
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We first give the error estimate of ‖u0 − ŭ0,∗‖H1(Ω). To do so, we subtract (45)
from (25), and obtain

(59)





− ∂
∂xj

(âijkh
∂(u0

k − ŭ0,∗
k )

∂xh
) = ∂

∂xj
((âijkh − |Q|

|Q∩ω|
˘̂a∗ijkh)

∂ŭ0,∗
k

∂xh
), in Ω

u0
k − ŭ0,∗

k = 0, on Γ1, i = 1, · · · , n

σ̂i(u0 − ŭ0,∗) = νj(
|Q|
|Q∩ω|

˘̂a∗ijkh − âijkh)
∂ŭ0,∗

k
∂xh

, on Γ2.

The variational form is given by
∫

Ω

âijkh
∂(u0

k − ŭ0,∗
k )

∂xh

∂ϕi

∂xj
dx = −

∫

Ω

(âijkh − |Q|
|Q ∩ ω|

˘̂a∗ijkh)
∂ŭ0,∗

k

∂xh

∂ϕi

∂xj
dx,(60)

where ϕi ∈ H1(Ω,Γ1).
If we take ϕi = u0

i − ŭ0,∗
i as a test function and use the Korn’s inequality, then

we obtain

‖u0 − ŭ0,∗‖H1(Ω) ≤ Cδ
1
4 .(61)

On the other hand, we know

‖Nm,α1

∂u0
m

∂xα1

− N̆∗
m,α1

∂ŭ0,∗
m

∂xα1

‖2H1(Ωε)

≤ ‖Nm,α1(ξ)
∂u0

m(x)
∂xα1

− N̆∗
m,α1

(ξ)
∂ŭ0,∗

m (x)
∂xα1

‖2L2(Ωε)(62)

+
n∑

j=1

‖1
ε

∂Nm,α1(ξ)
∂ξj

∂u0
m(x)

∂xα1

− 1
ε

∂N̆∗
m,α1

(ξ)
∂ξj

∂ŭ0,∗
m (x)

∂xα1

‖2L2(Ωε)

+
n∑

j=1

‖Nm,α1(ξ)
∂2u0

m(x)
∂xα1∂xj

− N̆∗
m,α1

(ξ)
∂2ŭ0,∗

m (x)
∂xα1∂xj

‖2L2(Ωε).

We observe that

‖Nm,α1(ξ)
∂u0

m(x)
∂xα1

− N̆∗
m,α1

(ξ)
∂ŭ0,∗

m (x)
∂xα1

‖L2(Ωε)

≤ ‖Nm,α1‖L∞(Q∩ω)‖u0‖H1(Ω) + ‖N̆∗
m,α1

‖L∞(Q)‖ŭ0,∗‖H1(Ω),(63)

1
ε
‖∂Nm,α1(ξ)

∂ξj

∂u0
m(x)

∂xα1

− ∂N̆∗
m,α1

(ξ)
∂ξj

∂ŭ0,∗
m (x)

∂xα1

‖L2(Ωε)

≤ 1
ε
‖(∂Nm,α1(ξ)

∂ξj
− ∂N̆∗

m,α1
(ξ)

∂ξj
)
∂u0

m(x)
∂xα1

‖L2(Ωε)

+
1
ε
‖∂N̆∗

m,α1
(ξ)

∂ξj
(
∂u0

m(x)
∂xα1

− ∂ŭ0,∗
m (x)

∂xα1

)‖L2(Ωε)

≤ Cε−1δ
1
4 ‖u0‖L∞(Ω) + Cε−1δ

1
4 ‖∂N̆∗

m,α1

∂ξj
‖L∞(Q),(64)

and

‖Nm,α1(ξ)
∂2u0

m(x)
∂xα1∂xj

− N̆∗
m,α1

(ξ)
∂2ŭ0,∗

m (x)
∂xα1∂xj

‖L2(Ωε)

≤ ‖Nm,α1‖L∞(Q∩ω)‖u0‖H2(Ω) + ‖N̆∗
m,α1

‖L∞(Q)‖ŭ0,∗‖H2(Ω),(65)



630 X. WANG AND L. CAO

If we suppose that Nm,α1 ∈ W 1,∞(Q ∩ ω), N̆∗
m,α1

∈ W 1,∞(Q), and u0, ŭ0,∗ ∈
W 1,∞(Ω) ∩H2(Ω), we then obtain

ε‖Nm,α1(ξ)
∂u0

m(x)
∂xα1

− N̆∗
m,α1

(ξ)
∂ŭ0,∗

m (x)
∂xα1

‖H1(Ωε) ≤ Cδ
1
4 .(66)

Similarly, we can get

ε2‖Nm,α1α2

∂2u0
m

∂xα1∂xα2

− N̆∗
m,α1α2

∂2ŭ0,∗
m

∂xα1∂xα2

‖H1(Ωε) ≤ Cεδ
1
8 ≤ Cε1/2.(67)

Combining (56)-(58), (61), (66) and (67) yields (55). Therefore we complete the
proof of Theorem 3.3.
Remark 3.4. Because of Theorem 3.3, contrary to the homogenization method
(see, Remark 3.3), we use usually the multiscale asymptotic expansions (46) to com-
pute the displacement and the stress fields instead of using the multiscale asymptotic
expansions (27).

4. Numerical Examples

In order to support the theoretical results presented in previous sections, we
do some numerical experiments for problem (1) in a 3-D perforated domain Ωε as
shown in Fig.3 (a). Let Ωε contain many small spheroid holes satisfying Conditions
(B1)− (B3), and we assume that the solid material is homogeneous and isotropic.
In Section 2, we introduce the hole-filling method, see Definition 2.1, which its basic
idea is to fill all holes with a very compliant material such that Ωε is changed into
a nonperforated domain Ω, i.e. problem (3). We are interested in the asymptotic
behaviour of the solution for problem (3) as the properties of one weak phase go to
zero. In the previous sections, we have given the full mathematical justification of
this limiting process.

In this section, we will give two numerical examples. In Example 4.1, we use
the multiscale expansions (20) of the solution for problem (1) and the multiscale
expansions (46) of the solution for the multiphase problem (3), respectively. We
compare these numerical results, which support Theorem 3.3. In Example 4.2,
we use the formulas (24) and (42) to calculate the corresponding homogenized
coefficients , and observe the relationship between them, which validates Theorem
3.1 and (44).
Example 4.1. We consider the following relaxed problem associated with problem
(1): 



− ∂

∂xj
(a∗ijkh(x

ε )
∂uε,∗

k (x)
∂xh

) = η(x
ε )fi(x) in Ω

uε,∗(x) = g(x) on ∂Ω, i = 1, 2, · · · , n
(68)

where a whole domain Ω and the unit cell Q are as shown in Fig. 2 (a)-(b),
f(x) = (0, 0,−11050), g(x) = (0, 0, 0), and let ξ = ε−1x, ε = 1

5 ,

a∗ijkh(ξ) =
E∗(ξ)

2(1 + ν∗(ξ))
δijδkh +

ν∗(ξ)E∗(ξ)
(1 + ν∗(ξ))(1− 2ν∗(ξ))

(δihδjk + δikδjh),(69)

E∗(ξ) =
{

241000 in Q ∩ ω
1 in Q\ω̄ , ν∗(ξ) =

{
0.25 in Q ∩ ω
0.30 in Q\ω̄,

.

Some numerical results for Example 4.1 are shown in Fig.4, the comparison of
numerical errors is as given in Tables 1 and 2.

For simplicity, without confusion let u0(x), uε
1(x) and uε

2(x) be respectively fi-
nite element solution of the homogenized equations, first-order multiscale finite
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(a) (b)

Figure 3. In Example 4.1: (a) a whole domain Ω; (b) the unit cell Q

Table 1. Comparison of numerical errors

‖u0−u0,∗‖0,Ω
‖u0‖0,Ω

‖uε
1−uε,∗

1 ‖0,Ωε

‖uε
1‖0,Ωε

‖uε
2−uε,∗

2 ‖0,Ωε

‖uε
2‖0,Ωε

‖σε−σε,∗‖0,Ωε

‖σε‖0,Ωε

1.844824e-06 1.876889e-06 1.966307e-06 2.090513e-06

Table 2. Comparison of numerical errors

‖u0−u0,∗‖1,Ω
‖u0‖1,Ω

‖uε
1−uε,∗

1 ‖1,Ωε

‖uε
1‖1,Ωε

‖uε
2−uε,∗

2 ‖1,Ωε

‖uε
2‖1,Ωε

‖σε−σε,∗‖1,Ωε

‖σε‖1,Ωε

2.347352e-06 3.582470e-06 3.199034e-06 2.480323e-06

element solution , and second-order multiscale finite element solution for prob-
lem (1) in a perforated domain Ωε on the basis of (20) and (25). u0,∗(x), uε,∗

1 (x)
and uε,∗

2 (x) denote respectively finite element solution of the homogenized equa-
tions, first-order multiscale finite element solution , and second-order multiscale
finite element solution for the hole-filling problem (3) in a domain Ω based on (45)
and (46). σε(x), σε,∗(x) denote respectively the stresses for problems (1) and (3)
based on the second-order multiscale expansions. Set ‖v‖0,Ω = ‖v‖L2(Ω), ‖v‖0,Ωε =
‖v‖L2(Ωε), ‖v‖1,Ω = ‖v‖H1(Ω), ‖v‖1,Ωε = ‖v‖H1(Ωε).
Remark 4.1. The numerical results presented in Tables 1 and 2( also see, Fig.4)
clearly show that the hole-filling method is true.
Example 4.2. In this example, we are going to compare the homogenized coeffi-
cients defined in (24) to the ones defined in (30). The periodic cell Q∩ω is as shown
in Fig.5 containing many small spheroid holes satisfying Conditions (B1)− (B3).

We assume that the coefficients of multiphase problem (3) are given by:

a∗ijkh(ξ) =
E∗(ξ)

2(1 + ν∗(ξ))
δijδkh +

ν∗(ξ)E∗(ξ)
(1 + ν∗(ξ))(1− 2ν∗(ξ))

(δihδjk + δikδjh),

where

E∗(ξ) =
{

241000 in Q ∩ ω
1 in Q\ω̄ ν∗(ξ) =

{
0.25 in Q ∩ ω
0.30 in Q\ω .

We use the formulas (24) and (30) to calculate the homogenized coefficients
âijkh and â∗ijkh, respectively. The computational results for these homogenized
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Figure 4. In Example 4.1: (a1), (a2) z components of the homog-
enized solutions; (b1), (b2) z components of first-order multiscale
solutions; (c1), (c2) z components of second-order multiscale solu-
tions; (d1), (d2) z components of the stress for the original problem
(1) and the hole-filling problem (3), respectively.

coefficients are following

|Q ∩ ω|{âijkh} =




246229.77 78971.68 78227.98 −497.45 −375.59 −438.31
78971.68 242934.80 78061.08 −512.65 −1079.87 15.09
78227.98 78061.08 243650.44 −77.63 −875.87 −323.27
−497.45 −512.65 −77.63 82701.43 3.39 −415.68
−375.59 −1079.87 −875.87 3.39 81628.89 −109.78
−438.31 15.09 −323.27 −415.68 −109.78 81945.18




,
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Figure 5. In Example 4.2: cell Q ∩ ω

{â∗ijkh} =




246230.20 78971.92 78228.24 −497.44 −375.58 −438.30
78971.92 242935.28 78061.34 −512.64 −1079.84 15.09
78228.24 78061.34 243650.92 −77.62 −875.85 −323.27
−497.44 −512.64 −77.62 82701.54 3.39 −415.67
−375.58 −1079.84 −875.85 3.39 81629.03 −109.78
−438.30 15.09 −323.27 −415.67 −109.78 81945.30




.

Remark 4.2. Observing these numerical results, we can conclude that the homog-
enized coefficients for the hole-filling problem (3) with the coefficient a∗ijkh defined in
(2) provide a accurate approximation to the homogenized coefficient for the original
perforated problem (1). The numerical results validate Theorem 3.1.

5. Conclusions

This paper discusses the homogenization method and the multiscale analysis
of linear elastic equations in a type-II perforated domain Ωε. We introduce the
hole-filling method in a perforated domain, i.e. we replace all holes by a very
compliant material, then we study the homogenization method and the multiscale
analysis for the associated multiphase problem in a domain Ω without holes. We
are interested in the asymptotic behavior of the solution for the multiphase problem
as the material properties of one weak phase go to zero. The main contribution
obtained in this paper is to give the full mathematical justification for this limiting
process in general cases. Finally, some numerical results are reported, which support
strongly the theoretical results of this paper.
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