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Abstract

In this paper, using a bubble function, we construct a cuboid element to solve the
fourth order elliptic singular perturbation problem in three dimensions. We prove that the
nonconforming C°-cuboid element converges in the energy norm uniformly with respect to
the perturbation parameter.
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1. Introduction

Let 2 C R? be a bounded polyhedral domain with boundary 92. For f € L?(Q), we consider
finite element methods for the following boundary value problem of fourth order elliptic singular
perturbation equation:

E2Au—Au=f, inQ,
= @ =0, on JQ. b
on
where A is the standard Laplace operator, Ou/0n denotes the outer normal derivative on 92
and ¢ is a small real parameter with 0 < ¢ < 1. This problem can be considered a gross
simplification of the stationary Cahn-Hilliard equation with € being the length of the transition

u

region of phase separation. In particular, we are interested in the regime when ¢ tends to zero.
Obviously, if € approaches zero, the differential Eq. (1.1) formally degenerates to Poisson’s
equation.

For e=1, that is, the usual fourth order elliptic equation, many works have been done. When
a conforming finite element is used, it should consist of piecewise polynomials that are globally
continuously differentiable (C!). Such elements require polynomials of high degree and even in
two dimensions are not easy to construct. To lower the polynomial degree, some macroelements
were created on triangle grids, see e.g., [1,2]. Recently, a macro type of biquadratic C?! finite
element was constructed on rectangle grids [3,4], which is a rectangular version of the (C!)
Powell-Sabin element [1]. On the other hand, many lower degree nonconforming elements in
the two and three dimensional cases have been constructed and used in practice.
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For the fourth order elliptic singular perturbation problem (1.1), the Morley element is a
nature choice for the biharmonic operator since it has the least number of degrees of freedom on
each element for fourth order problems [5]. Unfortunately, this element is divergent for general
second order elliptic problems [2,6-8], so we can not get the uniformly convergent result ase — 0
as was shown in [6]. As a result, in order to obtain robust schemes, either the formulation of the
Morley element method must be modified or the element itself must be changed, and several
variants of the Morley element method have been presented [6,9,10].

In the two-dimensional case, a nonconforming C° triangular element was constructed in [6],
by enriching second degree polynomials with cubic bubble function. A modified triangular
Morley element and a modified rectangular Morley element were presented in [9]. In that paper,
the authors used the original Morley element and changed the discrete variational problem. An
C° rectangular element was constructed in [10]. A nine parameter non-C? triangular element
and a twelve parameter non-C” rectangular element were proposed in [11] by the double set
parameter technique. Later, by the same technique, a nine parameter C° triangular element
was analyzed in [12] and a non-C° rectangular element was constructed in [13], but the later
paper was solving problem (1.1) but with boundary conditions u = 9?u/dn? = 0. All of these
nonconforming elements were proved to be uniformly convergent.

In the three-dimensional case. A nonconforming non-C° tetrahedral element was con-
structed and analyzed in [14] by the similar way used in [9], and a nonconforming C° tetrahedral
element was constructed in [15]. Recently, a nonconforming C° tetrahedral element was con-
structed in [16] by Nitsche’s method. In this paper, we introduce an C° cuboid element, which
was constructed in [17] by us, but the error estimate was valid only for ¢ = 1. Here, we prove
that the element is robust with respect to the perturbation parameter and uniforming conver-
gent to order h'/2. Moreover, besides the theoretical interest, our new finite element method
is expected to be useful in the computation of the Cahn-Hilliard equation.

The rest of this paper is organized as follows. In the following section, we list some nota-
tions and two basic preliminaries. Next, we give detailed descriptions of the cuboid element.
Finally, we prove the element is uniformly convergent in € for the fourth order elliptic singular
perturbation equation.

2. Preliminaries

For a nonnegative integer m, we shall use the standard notation H™(f2) to denote the
Sobolev space of functions with partial derivatives up to m in L?(2). The corresponding norm
and semi-norm are denoted by || - ||m,q and |- |m q, respectively. The space H*(2) is the closure
in H™(Q) of C§°(2) with respect to the norm || - ||, and (-,-) denotes the inner product of
L?(Q2). Py is the polynomial space of degree not greater than k and Q is the polynomial space
of degree in each coordinate not greater than k.

Define
3
a(u,v) :/ Z dijudivdr, Vu,v € H*(), (2.1)
Q<
i,j=1
3
b(u,v) = / Z@iu&-vdw, Vu,v € H* (). (2.2)
Q=1

The weak form of (1.1) is: find u € H3(Q2) such that
e2a(u,v) + b(u,v) = f(v), Vv e HZ(Q). (2.3)
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The energy norm of (2.3) is defined by
I[o][12 = e2a(v,v) + b(v,v) = 2|vl3 o + [v]T o-

Let T, be a division of € into cuboids with mesh size h, and {75} be a family of divisions
with b — 0. Throughout this paper, we assume that {7} is regular and quasi-uniform, namely,
it satisfies that :

hr/pr < o1, hr/hy <oy, YT,T €Th, Vh,

where hr and pr are the diameters of T' and the largest ball contained in T, respectively,
o1 > 0, 02 > 0 are constants independent of h. The nonconforming finite element space V},
is a piecewise polynomial space such that Vi, ¢ HZ(2). The discrete problem of (2.3) is: find
up, € Vj, satisfying

52ah(uh,vh) + bh(uh, ’Uh) = f(’t)h), Yop € Vi, (2.4)

where

3
an(un,vp) = Z / Z Oijupdijopde, (2.5)
T

TeTh 4,J=1

3
bh(uh,vh): Z /Z&iuh&-vhdw. (2.6)
T =1

TeTh
The discrete energy norm is :
lonlllZ,n = €*an(un, vn) + ba(un, vn) = %ol + [0[i 1,
where | - %,h = Y |- Bpi=1,2

TETh
The following result is well known as the Strang Lemma [2,18].

Lemma 2.1. Let u and up, be the solutions of (2.3) and (2.4), then

b —
|||u—uh|||a,hsc( inf [lju—vnllon + sup 12n{tn) + bu(u,wn) f(w’”'), (2.7)
ot e A Tnllen

where C' > 0 is a constant independent of h.

The first term of (2.7) is the approximation error and the second term of (2.7) is the
consistency error.
Let F' C 9T be a face of T and Fp, = {F; F C T,T € T }. Suppose F = TNT', define

[wlp = wlrnr —wlpaps  [wllp =wlp, if FCOQ.

For any F C T, VT € Ty, let n = (n1,n2,n3)" be the unit outer normal vector to F, T,
s be two unit vectors and orthogonal to each other on F, and they constitute the right hand
coordinate system. Then we have

0j:nj6n+rj67+sjé)s, 1<5 <3,

where 9 9 9 9
aj:a—x]" a‘r:_a as:_; an:_-
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If Vi, € HE(Q), then for all F C Fp, wy, € Vi, we have [wy]|r = [0-wh]|r = [Oswh]|r = 0.
From Green formula [2,18], we derive

52ah(u, wp) + bp(u, wy)

3 3
:{—:2 Z /T Z &-juaijwhd:ch Z /Tzlazuazwhd:c

TETH i,j=1 T€eTh

3
=g2 Z Z{/ &-juajwhnideer/ Djijjuwpda} — Z / Avwydx
or T T

TET i,j=1 T€ETh

3
=g2 Z /6T Z 0iju(n;Onwp, + T;0-wp, + s;0swp )n;drds

TETh 3,j=1
42 Z /A2uwhdz— Z /Auwhdfﬂ
TeT, /7T TeT, /T
=2 Z/ Onnudnwpdrds +£° > /AQUMhdﬂﬁ— > /Auwhdx.
TeT;, 70T TeT ' T TeT, /T

Since e2A%u — Au = f, we have

2an(u, wp) + by (u,wp) — f(wp) =2 > > [p Opnudpwpdrds,  Ywy € V. (2.8)
TET, FCOT

In [14], Wang and Meng derived the following refined regularity result:

Lemma 2.2. If Q) is convex, then there exists a constant C independent of € such that

e 3 u—ully g +e?lulan +effulsn < C|f]

0,2 (2.9)

for all f € L?(Q). where u® is the solution of following reduced problem

{Au f, in Q,

(2.10)
u=0, on If.

3. Nonconforming C°-Cuboid Element
Let T'= [~1,1]® be the reference element with nodes
dl(flaflafl)v 62(1a71a71)ﬂ &3(17]-;71)) &4(7]-;1771)7

as(—1,-1,1), ag(1,-1,1), ar(1,1,1), as(—1,1,1).
The 6 faces of T' are defined by

Fy =0aia2a3a04, F> =0asasaras, Fz=U0ajasae6a2,

Fy =Uaqasaraz, Fs =0aiaqasa5, Fs = Uasasaras.

The 12 edges of T are defined by

li = a109, l2=a304, I3 =aras, 4= 0505, I5=0a104, lg= Goas,
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lr = agar, lg=asas, lg=ai1as, lio= G206, [11 =azar, li2 = a4as.

The middle points of [; is denoted by §; (1 <i<12). See Fig. 3.1. Let

Then by is the bubble function satisfying b € Q2 (1), bplp, =0, 1 <i<6.
The shape function space for C° cuboid element is taken as:

P =Py ebs{a;,a? 1<i<3}, (3.1)

where P = Po(T) @ { &120is, #2841, 28140, 228112442, 1 < i < 3, mod3}. Hence, the
space P is a linear space of dimension 26. The degrees of freedom are given as follows:

o6
S = {ﬁ(di), 1<i<8, (@), 1<i<12, | a—zdg, 1<i< 6}. (3.2)
F;

Fig. 3.1. Degrees of freedom of C° cuboid element.

Lemma 3.1. ([17]) Any function w € P is uniquely determined by the degrees of freedom (3.2),
namely, Y4 is P-unisolvent.

For cuboid mesh Ty, let T € T}, be an element with center (z19, Z20,230) and 2hpy, 2hpe,
2hrs be the lengths of T along x1, x2, x3 coordinates, respectively. The affine transformation
r=F(&):T—Tis

i = hriZi + x50, 1 <0< 3.

Under 2 = F(2), let a; <> a;, 1 <i <8 Fy < F, 1 <i<6;1; < li, §s < gi, 1 < i < 12;
P < Pp; 0(&) = v(x). Then the degrees of freedom of Pr on T are
. . v .
vi, 1 <i<8, w(g), 1 <i<12, —drds, 1 <i<6. (3.3)
The degrees of freedom (3.3) defines a local interpolation operator Iy : H3(T) — Pr. It is
easy to prove that the interpolation operate Il is affine interpolation equivalent.
The finite element space for the C° cuboid element is defined by

v
Vho{vh :vplr € Pr, [vn]|F =0, / [@h
F

n

}des -0, YFCOT, VT ¢ E} . (34)
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The corresponding finite element interpolation operator IIj, : H3(2) N HZ(Q) — Vio is defined
by I |7 = 7, for all T € Ty,. It is easy to prove that

Vio C Hy (), (3.5)

Then, the discrete variational problem using C° cuboid element to solve (2.3) is: find up, € Vio
such that
EQGh(uh, ’Uh) + b(uh, ’Uh) = f(’Uh), Yo € Vio. (3.6)

4. Convergence Analysis

In this section, we discuss the convergence properties of the C° cuboid element given in the
previous section.

It is easy to check that ||| |||c,» is @ norm of Vg, so (3.6) are unisolvent by the Lax-Milgram
Theorem [2,18].

Because P»(T) C Pr, namely, interpolation operator II; preserves quadratics locally, it
follows from a standard scaling argument, using the Bramble-Hilbert lemma, that there exists
a constant C independent of i such that

> o =Tl r < CRF I fulkg, §=0,1,21k=2,3, Yve H* Q). (4.1)
TETh

Moreover, if T is a reference element, by using a Bramble-Hilbert argument and following the
standard trace inequality [2, 18]
1
1ollo.07 < CllollZ 41011 1. (42)
we get
1 1
lv—v|y o < Ch2 ol glvlg, Vo€ H3(Q). (4.3)
By the definition of the space Vj,0, we obtain the following convergence theorem for the C°
cuboid element.

Theorem 4.1. Assume that u is the weak solution of (1.1) for a given f € L*(Q). Furthermore,
let up, be the discrete solutions of (3.6). Then there exists a constant C, independent of € and
h, such that

(h? + eh)|uls q,

S <C
Il wlllen < {hmm@+dMMﬂ

Proof. By Lemma 2.1

. E n(u,wy

o= wnlllon <€ (g, o= wnllon + sup etlmnll), (4.4
vh €Vho wp €V |||wh|||€7h

The interpolation estimate (4.1) implies that

nf |[lu = vnllen < [llu—pulllen < C
VR EVR

{ (h? + eh)|ul3 q,

4.5
h(ulag + clulag). (45)

Hence, it remains to estimate E; j(u,w). Put

1 1
Prv = —/ vdrds, Prv = —/ vdrdz.
\F| Jp 7| Jr
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Then
P 1 / drd 1 /AdAdA Px0
FU = — varas = —& varas = U,
IF| Jp \F| Je F

1 1
PT’U:—/’UdI':—A/@di’:P”@.
7| Jr 17| J# 4

Since u € H3(Q), from (2.8) and the definition of the space Vj,o, we have

E. n(u,wy) = e2ap (u, wp) + by (u, wp) — flwp)

=g Z Z OnnuOpwpdrds,

TeT, Fcor ¥

= {—:2 Z Z / (&mu — PTE)nnu)(anwh — Ppanwh)des. (46)
F

TeTy FCOT

Set p = Opnu and ¢ = 9wy, Then from trace theorem [19] and scaling argument, we obtain

/ (&mu — PTE)nnu)(anwh — Ppc‘)nwh)des
F

= /F (k= Prp)(p — Pre)drds (4.7)

< CR?||ii— Ppiilly 5l — Pedllg p < CH?|la = Ppilly 7116 = Ppdlly 4

< CP?|jily 3121, 7 < Chlulirlehr < Chluls rlwh|2,r.
Putting (4.7) into (4.6) we get

EE Y
sup [Eeon(u, wh)| < Ceh|uls.q, (4.8)
wneVio  |[Wnllle,n

and together with (4.4) and (4.5) this implies the desired estimates. O

The regularity result of Lemma 2.2 given in the Section 2 leads to the following uniform
convergence property for the nonconforming finite element method (3.6).

Theorem 4.2. Suppose that u and up, are the solutions of (2.3) and (3.6), respectively, there
exists a constant C' > 0 independent of h, € and f, such that

1
[[u—unllle,n < Ch2||fllo,-

Proof. Similar to the proof of Theorem 4.1 we start with the basic estimate (4.4). Throughout
this proof, we assume that C' denotes a constant independent of €, h and f. We first show that

inf [|fu = wnlllepn < lllu—aulllen < ChZ||fllo.0- (4.9)

vp€Vh
By (4.1) and Lemma 2.2, we get
€2|u — Hhu|§7h < c€2|u|27h|u —Ipulan
< Ch (s%|u|2,h) (s%|u|3,h) (4.10)
< Chl|f]3 q-
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Then, we have
1
elu —Ipulan < Ch2 || fllo-

In order to estimate the H'-part of the energy norm we use the triangle inequality to obtain
lu —pulr0 < Ju— u® — Ty (u — u0)|1,g + [ul — Hhu0|1yg.
From (4.3) and Lemma 2.2 it follows that
o= = Iy (1 = )10 < ChEu = glu— uli
= cnt (e Hu—uPlie)” (- wlae) < Ch Sl

while (4.1) gives
[0~ )0 < Chlllla0 < ChIf]

0.0- (4.11)

So, we get the approximation error (4.9).
Using (4.2), the estimate (4.7) can be replaced by

/ (8,mu — PTannu) (8nwh — Ppanwh)des
F

/F(u — Prp)(p — Pry)drds

< OW?||fi = Prfillg 516 — Peillo s
< O\l — Pyjll? i — Prl? 116 — Poly 1
< OW?ll2 plal? 110l 7 < O lld plulf rlehr < O ul plul plunlor.  (412)

Furthermore, from (4.6) and (4.12) we conclude that the consistency error E. j(u,wp) is
bounded by

1 1 1
| Ec.n(u, wn)| < CehZulj glulg olllwallle.n,

for any w € V},, Hence, by Lemma 2.2

| Bz (u,wp)| < ChE | f]

o.alllwallle,n; (4.13)

and together with (4.4) and (4.9) this completes the proof. O

5. Conclusion

In this paper, using bubble functions, we construct a nonconforming C° cuboid element to
solve the fourth order elliptic singular perturbation problem in three dimensions. The element
is proved to be convergent uniformly respect to the perturbation parameter. Besides the theo-
retical interest, our new finite element method is expected to be useful in the computation of
the Cahn-Hilliard equation. This will be our next work.
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