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Abstract

In this work, a new numerical scheme is proposed for thermal/isothermal incompressible
viscous flows based on operator splitting. Unique solvability and stability analysis are
presented. Some numerical result are given, which show that the proposed scheme is
highly efficient for the thermal/isothermal incompressible viscous flows.
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1. Introduction

For the time-dependent thermal and isothermal incompressible viscous flow governed by the
Boussinesq and the Navier-Stokes equations, the numerical approximation requires the deter-
mination of the fluid’s velocity, pressure and temperature. A direct approximation technique
requires the solution of a very large nonlinear system of equations at each time step. The
fractional step 6-method, developed by Glowinski in [1], is an appealing numerical approxima-
tion technique [2-4]. It updates the velocity/pressure and temperature using several sub-steps,
which leads to decoupling the difficulties associated with the non-linearities and incompress-
ibility condition, thereby reducing the size of the algebraic systems at each sub-step.

In the last decades, a number of numerical methods have been proposed for the numerical
simulation of thermal/isothermal incompressible viscous flows. In [5,6], the numerical simula-
tion is performed in the stream function-vorticity formulation. Hortmann et al. [7] considers
the same problem, but solves it with finite volumes in primitive variables for the stationary
case. Le Qurin [8] provided accurate transient solutions at high Rayleigh number by using
pseudo-spectral discretization with Chebyshev polynomials. In [9], numerical schemes for time-
dependent incompressible viscous fluid flow, thermally coupled under the Boussinesq approx-
imation, are presented. The schemes combine an operator splitting in the time discretization
and linear finite elements in the space discretization.

In this paper, a new numerical scheme is proposed, which combines an 6 scheme in time
discretization and linear finite elements in the space discretization. The unique solvability and
stability analysis of the proposed scheme are presented. Numerical experiments show that the
scheme is efficient for simulating of thermal/isothermal incompressible viscous flows.

The remainder of this paper is organized as follows: in the next section, the mathematical
model and some basic notation are introduced. In Section 3, we describe the fractional step
f-time stepping scheme which consists of three steps in each interval of time and a detailed
description of the numerical solution of the subproblems is present. In Section 4, the unique
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solvability is presented. In Section 5, the proof of stability of the fractional step 6 scheme is
given. In Section 6, some numerical result are given to illustrate the theoretical results. Some
concluding remarks are given in the final section.

2. The Mathematical Model

Under the well-known Boussinesq approximation, the time-dependent flow is governed by
the non-dimensional equations

%—VAu—i—(u-V)u—i—Vp:)\gT,
V-ou=0, (2.1)
%—fngTJr(u-V)T:O,

where x € Q C R" (n=2, 3), Q is a bounded region in R™ with a sufficiently regular boundary
0. The unknowns are the vector function u (velocity), the scalar function p (pressure) and the
scalar function T' (temperature). The dimensionless parameters Re, Ra, Pr are the Reynolds,
Rayleigh and Prandtl number, respectively. g is the gravity vector g = (0,1), v = 1/Re is the
viscosity, and we also define A = (Ra)/(PrRe?), ¢ = 1/(RePr).

For the sake of completeness, Eqgs. (2.1) should be supplemented with appropriate initial
and boundary condition:

u(x,0) = up(x), x€Q(V-ug=0),
T(x,0) =To(x), x€9Q,
u=0, on 01},
T =To, on 912,

Remark 2.1. It follows from [10] that

(1) The coupling between the first and the third equation in (2.1) involving Re corresponding
to mixed convection. For natural convection, Re = 1 is taken.

(2) For the Navier-Stokes equations, there is no coupling with the thermal energy equation,
and the right hand side of the first formula in (2.1) involves a concentration of external
forces f independent of T. Consequently, it is independent of parameters Ra, Pr and Re.

Next, we will introduce some notations and results which will be frequently used in this

paper. Let (-,-), || - || denote, the inner product and norm on L?(Q2) or L?(2)", respectively.
The spaces H}(Q) and HJ(2)™ are equipped with their usual norm:

)2 = / V() [2dx.

The norm in H*(§2) will be denoted by | - ||s. We also use (-, -) to denote the duality between
H—2(Q) and H{(Q) for all s > 0.
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In addition, we also introduce the following Hilbert spaces and notations:

X:Hol(Q)Qv W:Hl(ﬂ)a WO:HOI(Q)v M:LS(Q),

a(u7 V) = V(Vu7 VV), b(@v V) = (907 diVV), d(Ta w) = €(VTa V¢)7
V= {U € X;b(p,v) =0, Ve M},

clu,w,v) = /Q(u -V)w - vdz, ¢(u, T, ) = /Q(u V)T - pdex.

For the usual Bochner spaces of the time dependent functions with values in some Banach space
X, we use the notations

T
LP(0,T;X) = {u ‘ uw:(0,T) = X, measure;/ lu(r) |5 dr < +oo} ,
0

with the standard modification for p = co. Throughout the paper we use C' to denote a generic
positive constant whose value may change from place to place.
To simplify our presentation, we will assume

[A1] The vector function f is sufficiently smooth;

[A2] Assume 99 € C*(k > 0, > 0). Then, there exists an extension of Ty (denoting by
Tp) belonging to Cp**(R2) for Ty € CF*(9Q), satisfying

[Tollkg <&, k>0, 1<g<oo, (2.3)
where ¢ is a sufficiently small positive constant.
In this notation, the weak form of the problem (2.1) can be defined as follows [11].

Definition 2.1. Find (u,p,T) € L?(0,t1; X) () L?(0,t1,V) x L?(0,t'; M) x L%(0,t1; W), sat-
isfying T'loa = To, such that

(ue,v) +a(u,v) + c(u,u, v)b(p,v) = A(¢T',v), VveX,

b(p,u) =0, Yo € M, (2.4)
(Ttv ) + d( ) +E(u7 Tal/}) = 0; WJ € WOv '
u(x,0) = uo( T(x,0) = To(x), x €.

Using properly an operator splitting method for the time discretization, we can decouple those
difficulties associated with the nonlinearity and the incompressibility condition.

3. Operator Splitting and Steady Subproblems

Fractional step (or splitting) methods can be the non-stationary thermal convection prob-
lems in many different ways. We will use the version advocated in Rannacher [12].

3.1. An operator splitting process

Let 0 =1-20,m =n+1—0and § = 1—a. Assuming 6 € (0,1/2) and a € (0,1). We divide
the time interval [t,,t,4+1] of the length At into three subintervals [t,,tnto], [tnto, tnt1—06],
[tnt1—0, tnt1] of lengths OAE, (1—20)At and OAL, respectively. Using this partition, the splitting
form may be described as follows.
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First step. Find u™t?, p"*t? 77%9 such that

un+t9 _—
A avAu"t? + Vprt? = BuAut — (u” - V)u” + A\gT",

V- un-‘,—G _ 0’ (313,)
+0 _
ut,, =0,

Tn+9 -Tm . OLSAT"JFQ + (un+0 V)TnJrG _ ﬂé‘AT’ﬂ
N, B ’ (3.1b)

+0|  _ gmn+o
T, =Tt
Second step. Find u”,T™ such that

u” — un+9 o o
———— — frAu" 4 (0" - V)u™ — A\gT™ = avAu"t? — Vp"t?,
NI ( ) & b (3.2a)

u”|,, =0,
T™ _ Tn+t9
W _ BgATm _ afAT"W _ (unJrG . V)TnJrG, (3 2b)
b .
n —0 o n+1—60
Tt =1T¢ :

Third step. Find u™t!, p?t! T7*! such that

un+1 _ um

OAL
V-utt =0, (3.3a)

— avAu™tt + Vpntl = BrAu™ — (u™ - V)u™ + \gT™,

un+1|8Q =0,

A +1 +1 +1
— AT 4 (unH )T = BEAT™,
oAt ¢ ( ) g (3.3b)

TnJrG}aQ =15,

where u” = u(ty,x),p" = p(tn,x), T™ = T(tn, x), £, = £(t,,x). We observe that the nonlinear-
ity and the incompressibility in the original equations have been decoupled by using # —scheme.
The choice of a and 3 is given by

1-—20 0
=1 Tioe

With such a choice many computer subprograms are common to both the linear and nonlinear

(07

subproblems, saving therefore quite a substantial amount of core memory. In addition, nu-
merical experiment show that § =1 —1/ V2 seems to produce the best result, even when the
Reynolds number is large [13]. Denoting the corresponding right-hand-sides by f and f, at each
time step. Then, the first and third steps of the 6—scheme consist, of solving the following
problem:
au—f1Au+Vp=f, V-u=0, inQ, u=g onT, (3.4)
T — B AT + (u- V)T = f, in 2, T=go, onl.

The third step of the #—scheme consist, of solving the following problem:

asT — B3AT = f, inQ, T =gy, onl, (3.6)
aou — fgAu+ (u-Viu—-2AgT' =£f, V-u=0, inQ, u=g;, onl,
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where ag = 1/(0At), an = 1/(0pAt), 1 = av, 2 = af, B3 = BE, fs = Pv.

3.2. The solution of the steady subproblems

To solve the problem (3.4), conjugate gradient methods are used as in the isothermal case
[14-16], and the term —rV(V - u) is introduced to accelerate the speed of convergence.

For the problems (3.5)—(3.7), we use the fixed point iterative technique to avoid the non-
symmetric part of the elliptic operator as in [9,14]. The reason is that it is cheaper than the
conjugate gradient method used by the least-square technique in the corresponding advective
subproblems appearing in Glowinski’s §—scheme [9, 16].

The space discretization is based on finite elements. Therefore, variational formulation have
to be given for the steady subproblems and then restrict these formulation to appropriate finite
element spaces, i.e. during the process, the LBB condition must be satisfied for pressure and
velocity. For parameter r, the bigger value is better on the speed of convergence. However, the
value of r is too bigger, the accuracy of convergence will be badly affected, where r is selected
from the interval [103,10%]v.

4. Unique Solvability of the Scheme

Theorem 4.1. (step 3.1a). Under the condition (2.3), there exists a unique solution u"*+?

p"t0 satisfying (3.1a).

Proof. Eq. (3.1a) can be written as

where
1
Ay (u"+9, v) = —(u”“’, v) + oza(u”Jre,v)b(p”JrG,v)7
OAt
1

f; = m(u",v) + AMgT",v) — Ba(u™,v) — c(u™,u",v).

Taking v = u"*? in (4.1), and using the relation V - u"*% we obtain
1 1
A w0 = e vt > min( an)

Combining this and the assumption [A4;], we can derive that problem (3.1a) has a unique
solution. 0]

Theorem 4.2. (step 3.1b). There exist a unique solution T satisfying (3.1b).

Proof. Let T"% = w + Ty, w € Wy. Taking the inner product for (3.1b) with ¢ € Wy
yields

e (,9) + ad(w, ) + (w0, 1)

1

=g " = To,¥) = Bd(T™,¥) — ad(To, ¥) — c(u™t? Ty, ). (4.1)
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Let As(w, ) = (w,¥) + ad(w, ) + c(u™? w, ). Taking ¢ = w gives

b
oAl

A (w, w) = L

1 n+6 _ 2
e (w,w) + ad(w,w) + e w,w) = — [l + aghul.

Using Lax-Milgram Theorem and the assumption [A2] completes the proof of the theorem. O

Theorem 4.3. (step 3.2). There exist a unique solution u™,T™ satisfying (3.2).

Let ¢ = T™. Then the left hand side of second formula of Eqgs. (3.2) can be written as

L L
Oy At 9At

Therefore, by virtue of the Lax-Milgram Theorem, existence and uniqueness of the solution 7™

T )+ BA(T™ ) = G [T+ BT 2 min( BOIT™

has been proven.
For u™, the first formula of Eq. (3.2) can be written as:

As(u™,v) = f3,
where
1
Az(u™,v) = (u™,v) + Ba(u™,v) + c(u™,u™, v),
0y At
1
f3 = _(un+9’ v) — aa(un+9a v) + b(pn+9a v) + AgT™,v).
Oy At
Let v=u"", combining the fact u™ € X, we obtain
1 1
A3(um7v) = QbAt(um u ) +Ba(u u ) MHumHQ +ﬁy|um|%.

Hence, Ker(A3)={0}, implying that a unique solution exists.
The unique solvability of (3.3a) and (3.3b), representing the third step in the algorithm,
follows exactly the same as (3.1a) and (3.1Db).

5. Finite Element Approximation and Stability Analysis

In this section, we investigate the numerical approximation method corresponding to (3.1)—
(3.3). Firstly, the discrete variational formulation of the #-method is presented. Then the
stability analysis is given.

5.1. Discrete variational approximation

Let h > 0 be a real positive parameter, T}, be a partitioning of Q into triangles or quadri-
laterals, assumed to be quasi-uniform in the usual sense; i.e., it is regular and satisfies the
inverse assumption. Associated with T}, the finite element subspaces of the approximation of
the velocity and pressure and temperature are defined as follows

Xh:{vecho(’d-v|K € [Pn(K)* VK €T},
My ={peMnNC’Q):¢|, € Pn1(K) VK €T},
Wi ={peWnC’Q):¢|, € Pn(K) VK €T},
Won = Wi, N Hj,

Vi = {vih € Xu|b(pn,va) =0, Ve € Mp}.
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Analogically to the continuous space we assume that X; and M, satisfy the discrete inf-sup

condition:
(Q7 V- V)

>p>0.
allllvllx

inf sup
qu}LveXh

Since the norm is equivalent in the finite dimensional spaces, Yu;, € V},, we have

Difup| < [lun|| < Do uy].

(5.1)

(5.2)

The constant Dy depends on the degree of polynomial approximation. In the following we will

assume that D1 = Dy =1
For each uy, vy, wp, € Xp, we define

c(uh,vh,wh) = %[((uh . Vh)Vh,Wh) — ((uh . Vh)Wh,’Uh) .

It holds that

c(uh,vh,vh) =0 Yu,v € Xy,

There exists a function S(h) so that
|e(un, Vi, wa)| < S(h)|upl[[vhll[wal,

and S(h) = Dsh™! in the conforming case.
From now on we will consider the following fully discrete problem.

Step 1. Find up"*? € V,, T,?"’a € Wy, for Vv € Vi, ¢, € Wop, such that

1
—— (" vp) + aa(u

n-+0
OAt h

,Vh) -

@(uz, Vi) + AT, vi) — Ba(u}, vy) — c(ufy, uy, vy),
1

i (T wn) + ad(T0 o) + e(up ™, T, )
1

= @(T}?, Q/Jh) - ﬁd(T}?a wh)a

n+6 _ mn+6
Tt =Tt

Step 2. Find u}' € X3, Ty" € Wy, for Vv, € Xy, 9 € Wop, such that

1
M(uznavh) + ﬂa(uzna Vh) + C(uzna u’}rln’ Vh) - )‘(gT;Lna Vh)
vy (Wt vy) — aa(u) ™ vy) + b(pptl, via),
umaﬂ =0,

1
m(Tﬁn,W) + Bd(T}" ¥n)

- : o
— —HbAt (Th +07wh) — ad(Th +67wh) o c(thrO, Th +t9’ wh);

m — m
T oq = T6™

(5.6a)

(5.6b)

(5.7a)

(5.7b)
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Step 3. Find u}™ € V;,, T/t € Wy, for Vvy, € Vi, ¥, € Wop, such that

1 n+1 n+1 1 n+1-0 n+1-60
Yy = g,
gag o) Faam v = R (i va) MG vn) (5.8a)
—&l( n+1-0 Vh) _c(uZJrl 0 uZJrl 0 Vh)7
7 At(Tﬁ“,wHad(T”*l,ch( w, T T )
9At(Tn+1 P ) = BT ), (5.8b)

n+1 _ mn+l
17 = T3,

5.2. Stability of the scheme

The stability follows the framework developed in [17,18]. To simplify our presentation, we
assume homogeneous boundary conditions.

Lemma 5.1. Ifu} ™ T satisfy Egs. (5.6a) and (5.6b), then the estimates below are derived:

1 O0AtBr
[t ? 4+ 0 At w0 + 0ALBY|luj | * + (— e ) wt? —upf?

2 h?
< g + @A) Pl P + P2 (5.9)
T2 + 0N + (1 - ﬁg,f“nT”” e () [ )
Proof. We take vy, = uzw in (5.6a) to get
R T &
= () AT ) — fa(uf, uf ) — e(uf uf ). (1)

Using the identity (u,v) = [lu|? + [v|> — |[u — v|?], the right-hand side of (5.11) becomes

1
n+9 2 ni2 _ n+6 .. ni2 n+9 u? 2
6 0 6
H up 7 — H up||? + My up ™ )*C(uhau}mu# )-

It follows from (5.2) that [u} ™ —up|? < #|uz+9 — u?|?. Consequently,

h2
<|ull|? — 20Atc(u}, uf, ul ) + 20 A\ (T}, up ). (5.12)

LYANAS Y
W2 + (14 a)0Aty||uf )12 + 0ALBY|ul || + (1 - A > )t —up?

We estimate the right-hand side of (5.12) by Young’s inequality and (5.5). Because 0 < 6 <
1 —1/2/2 we have 26% < 62. So, we obtain

OALN?

[upp 2+ 26%(AtS (h)) uj [y |1* + IU"+t9 —upp P+ OAW|[up P+ =T (5.13)

Combining (5.13) with (5.12),we obain (5.9).
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Taking Tj, = T in (5.6b) to get

T TP 4+ el T 012 = i (TR T30 = BE(VTY, V).

HAt 9At N

Making use of (u,v) = [[u|? + |v|?> — |u — v|?]/2 , then the formula (5.10) is derived. O

Lemma 5.2. If uZH*e,T,?H*e satisfy Eq. (5.7), the estimates below are derived:

[ ? 4 B, ALBul a2 + Gy Ataw 2 + (1 — 36) [uft — P

AtA?
Bv

n At n AN
§|uh+6|2+D3<<v7) o7 + (At 2+ 22 2 4 B2 ey ) (5.14)

Oy AtBE
h2

=T3P + 0 ALBE|| TR | + | T ™ — T2, (5.15)

m m 1 n m n
T+ el + (5 - R 11— T g At 7

where Dy = (0,/8)%(1 + (05/6)?),2(05/6)*

Proof. We take v, = u}” in (5.7a) to get

1
5 Atluh o ol P = MeTi s i) = g (i, uf) — aa(uit, uft) + (), V- a),
where
(n-‘r@vu ) (n+9vu Z-}-G)
1
= o (- W)+ aa(ug - )

+ Ba(uzv uh - UZ+9) + c(uza uzv uh - uZ+9) )‘(ng?v uh - uZ+9)-

By virtue of the above formula, we obtain
) + 0 AL B[ ||? — O AN (8T}, ulr)
=(upt? ul) - O Ataa(ul ™l ult) + 0,AL (0 V), - ul)
)
=(up ™ w) — Gy Ataa(up ) + 2 (w —uflup - g )
+ O Ataa(u) ™ uft — apt?) 4+ O, AtBa(ul, wl — ul ) + 0 Ate(u), uf, upt — u) )

— O AT, uft — ut?),

Combining this with the expression (u,v) = (|u|?> + |[v]* — |u — v|*)/2, we have

1 1
SO+ O ABV [ + 5 fup? — it — O, AN (T3 = T37), uy)

0
|uh+9| — OpAtaa(uy n+6 u’,?)—i—gb(u}l”a uy,up’ —u2+9) HbAtaVHuZ"’aHQ

+ Oy Ataa(u) ™l up) + Oy AtBa(ul, uf — upt) + g Ate(ul, uf, wlt — upt?)

+ O, AN (T, ”+9). (5.16)
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Using Young’s inequality with 0 < 6 < 1/3, estimates (5.2) and (5.5), we arrive at

il |2 + Ou At By a1 + Gy Ataw | |1* + (1 = 36)[ufl —upt)? — Gbﬁt)\ T = T3
<Ju h+9| o (2 g 4 o (P2
4 Ot g g + 22 (5.17)
The equation for the pressure with v = u2+9 —uy € Vo, reads
0=(p ™",V (uj*’ —up)
= o, — ) Bl up — uf)
Fefup upupt - ) - MeTp - up), (5.18)
which leads to
[up ™ —up)? + 0Atav||upt? — ul?
- (ebﬁty) 12 + @psts2log g 2 + 25 e (5.19)

Making use of the estimate (5.19) and the inequality (5.17), we obtain the estimate (5.14).
For the temperature T}, taking v, = T} in (5.7b) gives

= TP+ BENT | = Tpt? T3) — o€ (VT V) — e(up* T Th). - (5.20)

GAt bA(

From (5.6b), we obtain

~ (1110 n-+6 m n—+60
c(ap™, Ty Tyt =Ty Y)

1 n mn m n n n m mn
= (T = Ty, T — T0) — BE(V IR, V(TR — T3 ) — € (VI V(I — T,
Combing (5.20) with the above formula and also using (u,v) = [[u)® + [v|]? — [u — v|?]/2, we
obtain
T3 2 4 1T 0 = T30 2 o+ 20, At BE| T3 |
=[T; 2 = 20, Atal | T3 ||? + 20, AtBE (VT V(T — T HY))
26
+ = (T =T T - T ).

Using the Young inequality, we get (5.15). O

Lemma 5.3. If u} ™'~ o ST 9 satisfy Eq. (5.7), then the estimates below hold:

1 20Atpv
[ 7 4 Ao |up T + 9Atﬁy||u;f||2 + (Z - hf ) uptt —up)?

<Pup* + (1 = 30)juj’ —up ™0 + Iun”’ uy | + (20, Ats) ;|2 [|uj ||

0AtA2

+ (20, AN T — T + T2, (5.21)

" n ﬁ{@At n - BEOAL
TP T2 + COAL| T HH|1” + (1 T T2 T =T = (11— T TP (5.22)
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Proof. We take v, = u'™! in (4.8) to get

o T2 a2
1
N (up ,uZ“) Ba(uy’ auZH) c(uy', up auZH) + AMgTy", n+1)- (5.23)

As in Lemma 5.1, we obtain

Y
[ P (14 ) Atw|fuy ™+ OA By ||uj | + (1 - 51,) w - g

2
<|up? = 20Ate(uf?, upt, uptt) + 20 (g T, up . (5.24)
To estimate c(u}?, u,u}™), we use (5.7a) with v;, = u)*" — u* to obtain
(uhauhauz+1): ( ;znauhvuerl*uh)
1
o (0 = )+ B w - )+ aa(u] )
= AT wp ™ —wb(py - ). (5.25)
For pressure, we take v, = uﬁ“ —up
0
b(py ™, UZH up')
1
= o uw ) — aa(ug ) wt - )~ fa(uf, i )
—c(up, up, uptt — w4+ Mg up = u). (5.26)
Combining (5.25) with (5.26), we obtain
— 20Ate(u),up,upth)
20
o ) < 2w )

+20AtBa(u) —up,uptt —u) — 20Ate(uy,up,uptt —ul)
— 20At\(g(T}" — T7), up ™t — up) (5.27)
We therefore obtain the following inequality from (5.24) and (5.27):

AL
2 (1 -+ a)osa 2+ o8 2+ (1- 257 ) gt —

<|up'|? — 20Ate(u), up, up ) + 20 At (T}, up )

m n+t9 n+1

(g’ —up™ L w T —uyt) — 2(“2” e

_uhauh _u?)

+ 20AtBa(u) —up,uptt —uj) — 20Ate(uy, uy,uptt — )
— 20AtN(g(Ty" — T7), up ™t — af) + 20 At (gT)", u) ). (5.28)

Using Young’s inequalities, (5.28) can be written as

1 20AtBv
[up ™ + OAtaw||up 12 + 0ALBY a1 + <— 0 > wp =g

4 h?
0\> 1
9 = Z
(9b) T8

+ (20, AN | T — T +

<[y + Jup? — a0 Iu”” | + (20, Ats)? [ |uj |

OALN2

5. (5.29)
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For 6 € (0, (=74 4v/7)/9) C (0,1 —1/2/2), there exist a §, such that 2(0/6;)> +1/8 <1 — 36.

So we obtain (5.21).
For T,?'H, similar to the proof of Lemma 5.1, we can derive (5.22).

O

Theorem 5.1. For 0 € (0,(=7+4v7)/9) and corresponding &, if (0yAtB€)/h? < 1/2 and

(1 — (BEOAL)/h*)(1 + ¢) < 1 hold, then we have
Tt T, Tt € 1°°(0, T, LA(9)) ﬂL2(o, T, Wh).
Proof. Combing (5.10),(5.15) and (5.22), the estimate below is derived

BEOAL
12

Ja ol

(TP 2 1 AT 2 + (1 . )|T,7“ 1

OAtL OAL
R (B

If (1 — (BEOAL)/h?)(1 + ¢) < 1, then we obtain

OAtL
T eoadz e+ (1- R ) g - g <
Summing up (5.31) for n =0,1,2,---,7, with r € Z*, we have
s : n /3 eAt - n
|Th+1|2 +€9Atz |‘T}z+1||2 + (1 - §h2 Z |Th+1 - Titn|2 < |T0h|2 < |T0|2'
n=0 n=0

Therefore
Tyt € (0,7, L2(Q)) () L*(0, T, Wh).

According to (5.10), we see that
Tyt € (0,7, L2 () () L*(0, T, Wh).

From (5.15), we have
Ty € L0, T, L2 () (| L*(0, T, Wh).

This completes the proof of the theorem.

Lemma 5.4. For any 0 < <1 andr € Z*, if the condition

C{ (VTN)Q + (Ats)2AT} < (1 —d)abdAtu.

holds, then we have

4 R2

. N o 1 20At _— m
lup P+ 59Ato¢uz lap ™1 + HAtﬁuz lui|)® + ( 6V) Z [uptt —u? < A
n=0 n=0

= n=0

Proof. Using (5.9), (5.14), (5.19) and (5.21), we have
1 29Awu)

n+1 m|2
u, " — uy|

P+ 08w 2 oaesuu 4+ (- 25

At)2

ST+ T - TP

<+ o (Z50) I + (es g+ ©

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)
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In view of the properties 1}',T;", we suppose
NHITR? + 113 = T *Y < Oy

Then (5.34) can be written as

1 20AtBv
[up 2 4 0Atav || w2 + 0ALBY |[u)]? + (Z — hQB ) uptt —upr)?

m vAt\? n
<t + o (45) Ikl + (aes gl + 0 S (5.35)

Summing up (5.35) for n =0,1,2,--- ,r, with r € ZT, gives

1 20A¢
luj ™2+ 9Atal/z [up™h? + 0AtBY Z [ |* + <_ - ﬂy) Z [t —up)?

n=0 n=0

vAt n n n CAt n
<l +cz{< )i h||2+<Ats>2|uh|2||uh||2}+TZ|Th|2. (5.36)

n=0

Let

VAt C
r = ool + O (22) ol + 865 P} + Etlinro

VAt CAt
o+ C{ (25 ) TP + (A52Hus P ||u0h|2}+—Z|Th .

Since the left-hand side of (5.36) is bound for r = 0, let us assume that

u +1|2+69Amu2Hun“n?wmﬁuz||uh|\2 (12‘“””)3"“ W < A

n=0

Next, we will show that the inequality holds by induction. Firstly, we suppose the below formula
holds for r = k € ZT therefore

|uz+1|2SAkSAT7 n:O715"'ak'

Then the right-hand of (5.36) for k£ 4+ 1 can be estimated by

|uk+2|2 +9At0él/]§ HunJrlHQ +9Atﬁu1§ ||um||2 + (l o 29Atﬁ ) ]§| ntl
" n=0 " n=0 " 4
k+1

vAE\? 2 m CAt R
<|u0h|2+cz{< ) I+ (sl Pl | + S Y im P

n=0
k+1
vAt
<Ak+1+c{( . ) <Ats>2AT}Z||uzn2-

n=1

This completes the proof. O

If the condition (5.32) is satisfied, then we can obtain (5.33). Consequently, we can give the
theorem below.
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Theorem 5.2. If § € (0,(=7+4v/7)/9) and 0 < & < 1/3 such that 2(0/6,)* + 1/8 < 1 —
36,(0AtBv) /h? < 1/8 and if the condition (5.32) holds, then

up, ult? € 10, T, L2(Q)%) N L2(0,T, Vi),
u € L0, T, L*(Q)%) N L*(0,T, X4,).

Proof. According to Lemma 5.4, for VN € Z+

N
1 20At
luy T2 + 50 Atav Z [up 2+ 0ALBY > lup® + ( ﬁ”) Z| ntl w2 < Ag,

n=0 n=0

which implies that
uN e 1000, T, L2(Q)?) N L*(0, T, Vi), u* € L*(0,T, X).

It follows from (5.9) in Lemma 5.1 that

NH02 210N 2 4 (9, ALS (h 2|2 4 HAIN V|2
[y, 77T <uy |7 + (O At Z|U 1* w17 + Z|

OALN?
<[ul | + (B,AtS(R)) A Z [l [|* + » Z Ty

N |2 N |12 9At>‘2 - N |2
<P+ (- )a0aw 3 P+ = I

n=0 n=0

N OALNZ &
<Az +afAty > [lup[? + ~ ST
N=0 =

1
< (1 +5+ 9A2>AT.

Consequently,
u e L0, T, L*(Q)?).

It follows from (5.14) in Lemma 5.2 that

[uf[* <P+ Da((v 5% + (Ats)*Ar) 3 [luh”

n=0

Atx2 Y At)\
< A Z T T:;P)

At)\2
<JulV+op +a9AwZHuhH2+D3 ( zw ﬂZm w)

n=0

2 1 2
< — 2 — —
_(1+5+>\ (9+a+ﬂ))/\m

where m = N + 1 — 6. Therefore

€ L°°(0,T, L*(Q)?).
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Using (5.18) in Lemma 5.2 gives

Z|u"+9 uh|2+9Atal/ZHun+9 ul||?
n=0

0 Aty s OAEN &
< ) Znuhn? (s 32 P+ S S
n=0

OALN2 1 o2
<0rtar S gl + Z TP < ( )AT,

n=0

which leads to

N
2 6N
n+6 n+6
OAtav E [up)* < 0Atar E upt? —up||? + 0Atav E luy)? < <—+7>AT-

n=0 n=0 n=0 Y

Consequently,
up 0 € L*(0,T, V).

The proof of the theorem is complete. O

6. Numerical Results

In this section, we give results of the simulation performed with our proposed algorithm for
the thermally driven cavity flow. The result is obtained in some fixed time instead of steady
state flow (from the non-steady problem). Computations are made on a fixed mesh size with
fixed time steps. The space steps are denoted by hg, hy, and the time step by At.

Example. We consider 2D domain 2 = (0,1) x (0,1). The motion boundary condition is
defined by u = (1,0) at the moving boundary (the top one y = 1) and u = (0,0) elsewhere.
Initial condition for u and T are identically 0. Boundary condition for the temperature is given

by
oT

an

which means that the fluid motion is caused by buoyancy from the vertical temperature gradient

=0, on 8(2| T=0, on Q|y=0; T=1, on Q|

:c=0,a; y=b’

and by the velocity-driven cavity boundary condition on the top horizontal boundary wall.
Isotherms and streamline for Re = 2000 are shown in Figs. 6.1, Re = 4000 in Fig.6.2,

Re = 6000 in Fig. 6.3. Both the results agree very well with those in [5,9] and shows good

stability for different Rayleigh and Reynolsds numbers . In all the computations, we used the

P2 — P1 (Taylor-Hood) finite element approximations and used splitting parameter § = 0.2,

Prandt]l number 0.72, T = 200, At = 0.02, Gr = 100000, the size of mesh M x N = 32 x 32.

7. Conclusions

In this paper, we have proposed a numerical scheme based on operator splitting, and pro-
vided a theoretical analysis about the unique solvability and stability. The numerical result
shows good stability to support the theoretical analysis. The result obtained with such coarse
meshes makes the scheme suitable for more complicated memory demanding flows, as long as
they preserve the incompressible structure.
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Fig. 6.3. Isotherms (left) and streamline (right) for Re = 6000.
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