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Abstract

A fully discrete finite difference scheme for dissipative Klein–Gordon–Schrödinger equa-

tions in three space dimensions is analyzed. On the basis of a series of the time-uniform

priori estimates of the difference solutions and discrete version of Sobolev embedding the-

orems, the stability of the difference scheme and the error bounds of optimal order for the

difference solutions are obtained in H2 × H2 × H1 over a finite time interval. Moreover,

the existence of a maximal attractor is proved for a discrete dynamical system associated

with the fully discrete finite difference scheme.
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1. Introduction

Let Ω be a bounded domain in R3, we shall consider a finite difference approximation of
dissipative Klein–Gordon–Schrödinger (KGS) equations [1]

iψt + ∆ψ + iαψ + φψ = F, in Ω, t > 0 (1.1a)

φtt + βφt −∆φ + µ2φ = |ψ|2 + G, in Ω, t > 0 (1.1b)

with boundary condition
(ψ, φ)|∂Ω = 0, t > 0, (1.2)

and initial conditions
(ψ, φ, φt)(x, 0) = (ψ0, φ0, φ1)(x), in Ω, (1.3)

where ψ and φ represent a complex scalar neucleon field and a real meson field respectively, α,
β and µ2 are positive constants, F and G are given complex and real functions, respectively.

It is convenient to reduce (1.1) to an evolution equation of the first order in time. For this
purpose, let ε > 0 be a fixed constant, satifying ε ≤ min

(
β/2, µ2/β

)
. We introduce θ = φt +εφ.
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Then the problem (1.1)–(1.3) is equivalent to the following problem

iψt + ∆ψ + iαψ + φψ = F, in Ω, t > 0, (1.4a)

φt + εφ− θ = 0, in Ω, t > 0, (1.4b)

θt + (β − ε)θ +
(
µ2 − ε(β − ε)−∆

)
φ = |ψ|2 + G, in Ω, t > 0, (1.4c)

with boundary conditions
(ψ, φ, θ)|∂Ω = 0, t > 0, (1.5)

and initial conditions
(ψ, φ, θ)(x, 0) = (ψ0, φ0, θ0)(x), in Ω. (1.6)

In the conservative case, i.e., α = β = 0, F = G = 0, the system has been studied by many
authors, see, e.g., [2, 3, 5, 13] and so on. In the dissipative case (α > 0, β > 0), the long time
behavior of infinite dimensional dynamical system S(t) associated with the initial boundary
value problem (1.1)–(1.3) has been studied in [1, 4, 9]. Biler [1] proved that the maximal
attractor A exists in the weak topology of H1

0 (Ω)×H1
0 (Ω)×L2(Ω), which has finite Hausdorff

and fractal dimension. Li [9] proved the existence of finite dimensional maximal attractor in
the topology of H2(Ω) ∩H1

0 (Ω)×H2(Ω) ∩H1
0 (Ω)×H1

0 (Ω).
At the same time, in numerical simulation of the continuous dynamical system, we are

interested in study of the dynamical properties of the discrete dynamical system associated
with the numerical scheme for problem (1.1). It is important that the discrete dynamical
system can remain some properties of the continuous dynamical system such as dissipatedness.
It is our purpose in this paper to consider a discrete dynamical system associated with the fully
discrete finite difference scheme for problem (1.4)–(1.6). It will be proved that for each mesh
size, the discrete dynamical system also possesses a maximal attractor. A similar problem was
studied by many authors, see, e.g., [7, 11, 12, 14, 15].

The rest of this paper is organized as follows. After introducing some notations, in Sect. 2
we give several embedding theorems and interpolation inequalities for discrete functions, which
are the analogues of embedding theorems and interpolation inequalities for the Sobolev space
Wm,p(Ω). In Sect. 3, a fully discrete finite difference scheme is established for problem (1.4)
with the homogeneous Dirichlet boundary condition (1.5). The existence of the solutions of
the fully discrete finite difference scheme is proved by using the Leray-Schauder fixed point
theorem. Then we establish some uniform bounds of the solutions in suitable norms. In Sect.
4, we obtain the stability and the convergence properties for the finite difference scheme over
a finite time interval (0, T ]. Finally, in Sect. 5, by regarding the fully discrete finite difference
scheme as a discrete dynamical system Sh,∆t(tn) that is an approximation of the dynamical
system S(t), and by using the results in Sections 3 and 4, we prove the existence of an absorbing
set and an attractor for the discrete dynamical system Sh,∆t(tn).

2. Some Notations and Lemmas

Assume that the domain Ω is the three-dimensional rectangular domain (0, l1) × (0, l2) ×
(0, l3), where li (i = 1, 2, 3) are positive constants. Let us divide the domain Ω into small grids
by the parallel planes x = ih1 (0 ≤ i ≤ J1), y = jh2 (0 ≤ j ≤ J2) and z = kh3 (0 ≤ k ≤ J3),
where h1, h2, h3 are the spatial mesh lengths, J1, J2, J3 are positive integers, and Jihi = li
(i = 1, 2, 3). Let ψh, φh, uh, vh, · · · denote complex-valued or real-valued discrete functions
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defined on the grid point set Ωh =
{

(xi, yj , zk) = (ih1, jh2, kh3); 0 ≤ i ≤ J1, 0 ≤ j ≤ J2, 0 ≤
k ≤ J3

}
. Set Ωh = Ωh ∩ Ω, ∂Ωh = Ωh ∩ ∂Ω, and let ∆t denote the temporal mesh length,

tn = n∆t, tn+ 1
2

= (n+ 1
2 )∆t, n = 0, 1, · · · . We employ δl and δl to denote the forward difference

quotient and the backward difference quotient operators of one order in xl (1≤ l≤ 3) directions
respectively, and ∆h and ∇h to denote the discrete Laplace operator and the discrete gradient
operator as follows

(∆huh)i,j,k = ∆hui,j,k =
3∑

l=1

δlδlui,j,k,

(∇huh)i,j,k = (δ1ui,j,k, δ2ui,j,k, δ3ui,j,k) .

Let L2(Ωh) be the space of complex-valued or real-valued discrete functions, equipped with the
discrete L2 inner product

(uh, vh) =
J1∑

i=0

J2∑

j=0

J3∑

k=0

ui,j,kvi,j,kh1h2h3

and the associated norm
‖uh‖ = (uh, uh)

1
2 .

Let δα = δα1
1 δα2

2 δα3
3 denote a forward difference quotient operator of |α| order, where α =

(α1, α2, α3) is an 3-index, αi (i = 1, 2, 3) are nonnegative integers, and |α| = α1 + α2 + α3. We
use the notations

|uh|k =


 ∑

|α|=k

J1−α1∑

i=0

J2−α2∑

j=0

J3−α3∑

k=0

|δαui,j,k|2h1h2h3




1/2

and ‖uh‖k =

(
k∑

l=0

|uh|2l
)1/2

to denote respectively Sobolev’s semi-norm and norm for the discrete function uh. Let Hk(Ωh)
denote space of complex-valued or real-valued discrete functions, with the Sobolev’s form norm
‖·‖k. H1

0 (Ωh) is the subspace of the space H1(Ωh) satisfying the homogeneous Dirichlet boundary
condition. Two product spaces will be of special interest in the functional setting for the discrete
dynamical system, namely

Vh = H1
0 (Ωh)×H1

0 (Ωh)× L2(Ωh),

Wh = H2(Ωh) ∩H1
0 (Ωh)×H2(Ωh) ∩H1

0 (Ωh)×H1
0 (Ωh)

with the norms respectively

‖(ψh, φh, θh)‖Vh
=

(‖ψh‖21 + ‖φh‖21 + ‖θh‖2
)1/2

,

‖(ψh, φh, θh)‖Wh
=

(‖ψh‖22 + ‖φh‖22 + ‖θh‖21
)1/2

.

In addition, we define the discrete Lp (p ≥ 1) norm and the discrete L∞ norm for the
discrete functions uh as follows

‖uh‖
L

p =




J1∑

i=0

J2∑

j=0

J3∑

k=0

|ui,j,k|ph1h2h3




1/p

, ‖uh‖∞ = max
i,j,k

|ui,j,k|.
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The summation by parts formula

J1−1∑

i=1

J2−1∑

j=1

J3−1∑

k=1

ui,j,k∆hvi,j,kh1h2h3 =−
J1−1∑

i=0

J2−1∑

j=0

J3−1∑

k=0

(∇huh)i,j,k ·(∇hvh)i,j,kh1h2h3, ∀uh, vh∈H1
0 (Ωh)

will be used frequently in the analysis below.
For brevity, we denote the space of complex-valued discrete functions and real-valued discrete

functions by the same symbols. Finally, let C denote some positive constants independent of
discretization parameters, and not necessarily the same at different places.

We shall use repeatedly discrete version of Sobolev embedding theorems and interpolation
inequalities.

Lemma 2.1. For all uh ∈ H1
0 (Ωh),

‖uh‖L6 ≤
3
√

36
2

3∏

l=1

‖δluh‖ 1
3 ≤

6
√

48
2
|uh|1. (2.1)

Generally, for all uh ∈ H1(Ωh),

‖uh‖L6 ≤ C
(
|uh|1 +

1
l
‖uh‖

)
, (2.2)

where l = min(l1, l2, l3), and the constant C is independent of mesh lengths hi (i = 1, 2, 3), l

and the discrete function uh.

Proof. We only demonstrate (2.1), and (2.2) can be proved in a similar way. From uh|∂Ωh
= 0

we can easily see the relations

u3
i,j,k =

j−1∑
m=0

(
u2

i,m+1,k + ui,m+1,kui,m,k + u2
i,m,k

)
δ2ui,m,kh2,

u3
i,j,k = −

J2−1∑

m=j

(
u2

i,m+1,k + ui,m+1,kui,m,k + u2
i,m,k

)
δ2ui,m,kh2.

By Cauchy’s inequality, we have

2|ui,j,k|3≤ 3
2

J2−1∑
m=0

(
|ui,m+1,k|2+|ui,m,k|2

)
|δ2ui,m,k|h2

≤3

(
J2−1∑
m=0

|ui,m,k|4h2

)1
2
(

J2−1∑
m=0

|δ2ui,m,k|2h2

)1
2

,

which yields

max
0≤j≤J2

|ui,j,k|3 ≤ 3
2

(
J2−1∑
m=0

|ui,m,k|4h2

) 1
2

(
J2−1∑
m=0

|δ2ui,m,k|2h2

) 1
2

. (2.3)

Multiplying both sides of (2.3) by h3 and summing over k, then using Cauchy’s inequality, we
have

J3−1∑

k=0

max
0≤j≤J2

|ui,j,k|3h3≤ 3
2

(
J3−1∑

k=0

J2−1∑
m=0

|ui,m,k|4h2h3

) 1
2
(

J3−1∑

k=0

J2−1∑
m=0

|δ2ui,m,k|2h2h3

) 1
2

.
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Similarly

J2−1∑

j=0

max
0≤k≤J3

|ui,j,k|3h2≤ 3
2




J2−1∑

j=0

J3−1∑
n=0

|ui,j,n|4h2h3




1
2



J2−1∑

j=0

J3−1∑
n=0

|δ3ui,j,n|2h2h3




1
2

.

Hence
(

J3−1∑

k=0

max
0≤j≤J2

|ui,j,k|3h3

)


J2−1∑

j=0

max
0≤k≤J3

|ui,j,k|3h2




≤9
4




J2−1∑

j=0

J3−1∑

k=0

|ui,j,k|4h2h3




(
J3−1∑

k=0

J2−1∑
m=0

|δ2ui,m,k|2h2h3

)1
2



J2−1∑

j=0

J3−1∑
n=0

|δ3ui,j,n|2h2h3




1
2

.

Next, we multiply both sides of the above inequality by h1 and summing over i. Then using
Cauchy’s inequality, we have

J1−1∑

i=0

(
J3−1∑

k=0

max
0≤j≤J2

|ui,j,k|3h3

)


J2−1∑

j=0

max
0≤k≤J3

|ui,j,k|3h2


 h1

≤9
4


 max

0≤i≤J1

J2−1∑

j=0

J3−1∑

k=0

|ui,j,k|4h2h3





∑

i,j,h

|δ2ui,j,k|2h1h2h3




1
2


∑

i,j,k

|δ3ui,j,k|2h1h2h3




1
2

,

(2.4)

where the summation indices (i, j, k) above denote the summation for 0 ≤ i ≤ J1 − 1, 0 ≤ j ≤
J2 − 1 and 0 ≤ k ≤ J3 − 1. On the other hand, note

|ui,j,k|4 ≤ 1
2

J1−1∑

l=0

∣∣∣(u2
l+1,j,k + u2

l,j,k)(ul+1,j,k + ul,j,k)
∣∣∣|δ1ul,j,k|h1

≤ 2

(
J1−1∑

l=0

|ul,j,k|6h1

) 1
2
(

J1−1∑

l=0

|δ1ul,j,k|2h1

) 1
2

,

Consequently,

max
0≤i≤J1

J2−1∑

j=0

J3−1∑

k=0

|ui,j,k|4h2h3≤2


∑

l,j,k

|ul,j,k|6h1h2h3




1
2

∑

l,j,k

|δ1ul,j,k|2h1h2h3




1
2

.

Substituting the above inequality into (2.4), we have

∑

i,j,k

|ui,j,k|6h1h2h3 =
J1−1∑

i=0




J2−1∑

j=0

J3−1∑

k=0

|ui,j,k|3|ui,j,k|3h2h3


h1

≤
J1−1∑

i=0




J2−1∑

j=0

max
0≤k≤J3

|ui,j,k|3h2




(
J3−1∑

k=0

max
0≤j≤J2

|ui,j,k|3h3

)
h1

≤9
2


∑

i,j,k

|ui,j,k|6h1h2h3




1
2 3∏

l=1


∑

i,j,k

|δlui,j,k|2h1h2h3




1
2

,
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which yields the first inequality of (2.1). The second part of (2.1) can be obtained by using the
theorem of the arithmetic and geometric mean. ¤

By Lemma 2.1, Hölder’s inequality and the definition of the discrete Lp norm, we have

Lemma 2.2. For all uh ∈ H1
0 (Ωh), and any q ∈ [2, 6],

‖uh‖Lq ≤ 48
µ
6

2µ
|uh|µ1‖uh‖1−µ with µ =

3
2
− 3

q
.

Generally, for all uh ∈ H1(Ωh), and any q ∈ [2, 6],

‖uh‖Lq ≤ C
(
|uh|1 +

1
l
‖uh‖

)µ

‖uh‖1−µ with µ =
3
2
− 3

q
,

where the constant C is independent of mesh lengths hi (i = 1, 2, 3), l and the discrete function
uh.

Lemma 2.3. For all uh ∈ H1
0 (Ωh) ∩H2(Ωh), the following inequality holds

‖uh‖∞ ≤ CΩ|uh|2,
where

CΩ =
(l1l2l3)

1
6

2
√

3

( ∞∑

k=1

k−
4
3

) 3
2

.

Proof. For any uh ∈ H1
0 (Ωh) ∩H2(Ωh), we have the following expansion

uh(x) =
∑

k1,k2,k3

′
ûk1 ,k2 ,k3 ζk1 (x1 )ζk2 (x2 )ζk3 (x3 ), ∀ x = (x1 , x2 , x3 ) ∈ Ωh , (2.5)

where
∑

k1,k2,k3

′
denote summation over 1 ≤ k1 ≤ J1 − 1, 1 ≤ k2 ≤ J2 − 1 and 1 ≤ k3 ≤ J3 − 1;

ζk1(x1), ζk2(x2), ζk3(x3) are eigenfunctions of the operator −∆h with the homogeneous Dirichlet
boundary conditions, and

ζki(xi) =
√

2
li

sin
(kiπxi

li

)
(i = 1, 2, 3)

are eigenfunctions of the difference quotient operators −δiδ̄i with the homogeneous Dirichlet
boundary conditions corresponding to the eigenvalues

λki =
(2Ji

li

)2

sin2
(kiπ

2Ji

)
.

By the uniform boundedness of the eigenfunctions ζk1(x1)ζk2(x2)ζk3(x3) and Cauchy’s in-
equality, (2.5) implies

|uh(x)|2 =

∣∣∣∣∣∣
∑

k1,k2,k3

′
ûk1 ,k2 ,k3 ζk1 (x1 )ζk2 (x2 )ζk3 (x3 )

∣∣∣∣∣∣

2

≤ 8
l1l2l3

( ∑

k1,k2,k3

′ |ûk1 ,k2 ,k3 |
)2

≤ 8
l1l2l3

∑

k1,k2,k3

′(
λ2
k1

+ λ2
k2

+ λ2
k3

+ λk1 λk2 + λk1 λk3 + λk2 λk3

)−1

·

×
∑

k1,k2,k3

′(
λ2
k1

+ λ2
k2

+ λ2
k3

+ λk1 λk2 + λk1 λk3 + λk2 λk3

)
|ûk1 ,k2 ,k3 |2

=
8

l1l2l3

∑

k1,k2,k3

′(
λ2
k1

+λ2
k2

+λ2
k3

+λk1 λk2 +λk1 λk3 +λk2 λk3

)−1

|uh |22 ∀x ∈ Ωh . (2.6)
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Since 0 ≤ kiπ
2Ji

≤ π
2 , by using the inequality sin x ≥ 2

π x, x ∈ [0, π
2 ] and the theorem of the

arithmetic and geometric mean, we have

(
8k1k2k3

l1l2l3

) 4
3

≤ (λ4
k1

λ4
k2

λ4
k3

)
1
6 ≤ 1

6

(
λ2

k1
+ λ2

k2
+ λ2

k3
+ λk1λk2 + λk1λk3 + λk2λk3

)
,

which gives

(
λ2

k1
+ λ2

k2
+ λ2

k3
+ λk1λk2 + λk1λk3 + λk2λk3

)−1

≤ 1
96

(
l1l2l3

k1k2k3

) 4
3

.

Thus

∑

k1,k2,k3

′(
λ2
k1

+ λ2
k2

+ λ2
k3

+ λk1
λk2

+ λk1
λk3

+ λk2
λk3

)−1

≤ (l1 l2 l3 )
4
3

96

( ∞∑

k=1

k−
4
3

)3

.

Substituting the above estimate into (2.6) completes the proof of the lemma. ¤

The following equivalent norms in H1
0 (Ωh) ∩H2(Ωh) is easily verified.

Lemma 2.4. For any discrete function uh ∈ H1
0 (Ωh) ∩H2(Ωh), we have

√
2

2
‖∆huh‖ ≤ |uh|2 ≤ ‖∆huh‖.

3. Finite Difference Scheme

We consider the following fully discrete finite difference scheme: find the complex function
ψn

h ∈ H1
0 (Ωh), and the real functions φn

h, θn
h ∈ H1

0 (Ωh) for n ≥ 1, such that

i
e

α
2 ∆tψn

i,j,k − e−
α
2 ∆tψn−1

i,j,k

∆t
+

1
2
∆h

(
e

α
2 ∆tψn

i,j,k + e−
α
2 ∆tψn−1

i,j,k

)

+
1
4

(
e

ε
2∆tφn

i,j,k + e−
ε
2∆tφn−1

i,j,k

)(
e

α
2 ∆tψn

i,j,k+e−
α
2 ∆tψn−1

i,j,k

)
=Fi,j,k, (3.1a)

e
ε
2∆tφn

i,j,k − e−
ε
2∆tφn−1

i,j,k

∆t
− 1

2

(
e

β−ε
2 ∆tθn

i,j,k + e−
β−ε

2 ∆tθn−1
i,j,k

)
= 0, (3.1b)

e
β−ε

2 ∆tθn
i,j,k − e−

β−ε
2 ∆tθn−1

i,j,k

∆t
+

µ2 − ε(β − ε)
2

(
e

ε
2∆tφn

i,j,k + e−
ε
2∆tφn−1

i,j,k

)

− 1
2
∆h

(
e

ε
2∆tφn

i,j,k + e−
ε
2∆tφn−1

i,j,k

)
=

1
2

(
|eα

2 ∆tψn
i,j,k|2 + |e−α

2 ∆tψn−1
i,j,k |2

)
+ Gi,j,k, (3.1c)

for i=1, · · · , J1 − 1, j =1, · · · , J2 − 1, k=1, · · · , J3 − 1.
The above scheme is supplemented with the initial values

(ψ0
h, φ0

h, θ0
h) = (ψ0,h, φ0,h, φ1,h + εφ0h), (3.2)

where the complex-valued function ψ0,h ∈ H1
0 (Ωh), and the real-valued functions φ0,h, φ1,h ∈

H1
0 (Ωh) are suitable approximations to ψ0, φ0, φ1 which are given in (1.3), ςn

h = θn
h − εφn

h is
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the approximation to φt at time tn. In this paper we make the following hypothesis on the
functions F and G in the right hands of (3.1)

max
(
‖Fh‖L4 , ‖Fh‖, ‖Gh‖

)
≤ C{F,G}, (H)

where C{F,G} is a constant independent of h1, h2 and h3.

We are going to prove the existence of the solutions (ψn
h , φn

h, θn
h) for the finite difference

scheme (3.1)–(3.2). For any complex-valued discrete functions ψh ∈ H1
0 (Ωh), any real-valued

discrete functions φh ∈ H1
0 (Ωh), and any σ ∈ [0, 1], let us define the complex-valued discrete

functions Ψh ∈ H1
0 (Ωh), and the real-valued discrete function Φh ∈ H1

0 (Ωh) as follows

i
e

α
2 ∆tΨi,j,k − e−

α
2 ∆tψn−1

i,j,k

∆t
+

σ

2
∆h

(
e

α
2 ∆tψi,j,k + e−

α
2 ∆tψn−1

i,j,k

)

+
σ

4

(
e

ε
2∆tφi,j,k + e−

ε
2∆tφn−1

i,j,k

)(
e

α
2 ∆tψi,j,k+e−

α
2 ∆tψn−1

i,j,k

)
=σFi,j,k, (3.3a)

e
ε
2∆tΦi,j,k − e−

ε
2∆tφn−1

i,j,k

∆t
− σ

2

(
e

α−ε
2 ∆tθn

i,j,k + e−
α−ε

2 ∆tθn−1
i,j,k

)
= 0, (3.3b)

e
α−ε

2 ∆tθn
i,j,k − e−

α−ε
2 ∆tθn−1

i,j,k

∆t
+

µ2 − ε(β − ε)
2

(
e

ε
2∆tφi,j,k + e−

ε
2∆tφn−1

i,j,k

)

− 1
2
∆h

(
e

ε
2∆tφi,j,k + e−

ε
2∆tφn−1

i,j,k

)
=

1
2

(
|eα

2 ∆tψi,j,k|2 + |e−α
2 ∆tψn−1

i,j,k |2
)

+ Gi,j,k, (3.3c)

for i=1, · · · , J1 − 1, j =1, · · · , J2 − 1, k=1, · · · , J3 − 1.

It defines a mapping T : (ψh, φh, σ) ∈ H1
0 (Ωh) × H1

0 (Ωh) × [0, 1] → (Ψh,Φh) ∈ H1
0 (Ωh) ×

H1
0 (Ωh). Obvious, the mapping T is continuous for every (ψh, φh, σ) ∈ H1

0 (Ωh)×H1
0 (Ωh)×[0, 1].

In order to obtain the existence of the solutions for the finite difference system (3.3), it is
sufficient to prove the uniform boundedness for all the possible fixed point ψn−1+σ

h , φn−1+σ
h for

the mapping σT with respect to the parameter 0 ≤ σ ≤ 1 by using the Leray-Schauder fixed
point theorem. Then the fixed point ψn−1+σ

h , φn−1+σ
h of the mapping σT satisfies that

i
e

α
2 ∆tψn−1+σ

i,j,k − e−
α
2 ∆tψn−1

i,j,k

∆t
+

σ

2
∆h

(
e

α
2 ∆tψn−1+σ

i,j,k + e−
α
2 ∆tψn−1

i,j,k

)

+
σ

4

(
e

ε
2∆tφn−1+σ

i,j,k + e−
ε
2∆tφn−1

i,j,k

)(
e

α
2 ∆tψn−1+σ

i,j,k +e−
α
2 ∆tψn−1

i,j,k

)
=σFi,j,k, (3.4a)

e
ε
2∆tφn−1+σ

i,j,k − e−
ε
2∆tφn−1

i,j,k

∆t
− σ

2

(
e

α−ε
2 ∆tθn

i,j,k + e−
α−ε

2 ∆tθn−1
i,j,k

)
= 0, (3.4b)

e
α−ε

2 ∆tθn
i,j,k − e−

α−ε
2 ∆tθn−1

i,j,k

∆t
+

µ2 − ε(α− ε)
2

(
e

ε
2∆tφn−1+σ

i,j,k + e−
ε
2∆tφn−1

i,j,k

)

− 1
2
∆h

(
e

ε
2∆tφn−1+σ

i,j,k +e−
ε
2∆tφn−1

i,j,k

)
=

1
2

(
|eα

2 ∆tψn−1+σ
i,j,k |2+|e−α

2 ∆tψn−1
i,j,k |2

)
+Gi,j,k, (3.4c)

for i=1, · · · , J1 − 1, j =1, · · · , J2 − 1, k=1, · · · , J3 − 1.

We first multiply relation (3.4a) by ∆t(e
α
2 ∆tψ

n−1+σ

i,j,k + e−
α
2 ∆tψ

n−1

i,j,k)h1h2h3, and sum over
i, j, k. Then taking the imaginary part and using the summation by parts formula, we have

‖eα
2 ∆tψn−1+σ

h ‖2 = ‖e−α
2 ∆tψn−1

h ‖2 + σ∆tIm(Fh, e
α
2 ∆tψn−1+σ

h + e−
α
2 ∆tψn−1

h ).
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Using Cauchy’s inequality gives

e
α
2 ∆t‖ψn−1+σ

h ‖2 ≤ e−
3α
2 ∆t‖ψn−1

h ‖2 + ∆t|(Fh, ψn−1+σ
h )|+ ∆te−α∆t|(Fh, ψn−1

h )|
≤ e−

3α
2 ∆t‖ψn−1

h ‖2 + ∆t‖Fh‖‖ψn−1+σ
h ‖+ ∆te−α∆t‖Fh‖‖ψn−1

h ‖

≤ e−
3α
2 ∆t‖ψn−1

h ‖2 +
α

2
∆t‖ψn−1+σ

h ‖2 +
∆t

2α
‖Fh‖2

+ ∆te−α∆t α

2
e−

α
2 ∆t‖ψn−1

h ‖2 +
∆t

2α
e−

α
2 ∆t‖Fh‖2,

which implies that

‖ψn−1+σ
h ‖2 ≤ e−α∆t‖ψn−1

h ‖2 +
∆t

α
‖Fh‖2. (3.5)

Next,we multiply both sides of (3.4a) by 4(e
α
2 ∆tψ

n−1+σ

i,j,k − e−
α
2 ∆tψ

n−1

i,j,k)h1h2h3 and sum over
i, j, k. Then taking the real part, we get

2|eα
2 ∆tψn−1+σ

h |21 − (e
ε
2∆tφn−1+σ

h + e−
ε
2∆tφn−1

h , |eα
2 ∆tψn−1+σ

h |2 − |e−α
2 ∆tψn−1

h |2)
+ 4Re

(
Fh, e

α
2 ∆tψn−1+σ

h

)
= 2|e−α

2 ∆tψn−1
h |21 + 4Re

(
Fh, e−

α
2 ∆tψn−1

h

)
.

Using the identity
(
e

ε
2∆tφn−1+σ

h + e−
ε
2∆tφn−1

h , |eα
2 ∆tψn−1+σ

h |2 − |e−α
2 ∆tψn−1

h |2)

=2
(
e

ε
2∆tφn−1+σ

h , |eα
2 ∆tψn−1+σ

h |2)− 2
(
e−

ε
2∆tφn−1

h , |e−α
2 ∆tψn−1

h |2)

− (
e

ε
2∆tφn−1+σ

h − e
ε
2∆tφn−1

h , |eα
2 ∆tψn−1+σ

h |2 + |e−α
2 ∆tψn−1

h |2) ,

we obtain

2|eα
2 ∆tψn−1+σ

h |21 − 2
(
e

ε
2∆tφn−1+σ

h , |eα
2 ∆tψn−1+σ

h |2) + 4Re
(
Fh, e

α
2 ∆tψn−1+σ

h

)

= 2|e−α
2 ∆tψn−1

h |21 − 2
(
e−

ε
2∆tφn−1

h , |e−α
2 ∆tψn−1

h |2) + 4Re
(
Fh, e−

α
2 ∆tψn−1

h

)

− (
e

ε
2∆tφn−1+σ

h − e−
ε
2∆tφn−1

h , |eα
2 ∆tψn−1+σ

h |2 + |e−α
2 ∆tψn−1

h |2) . (3.6)

Multiplying (3.4c) by σ(e
β−ε

2 ∆tθn
i,j,k +e−

β−ε
2 ∆tθn−1

i,j,k)h1h2h3∆t, summing the resulting equation
over i, j, k and using (3.4b), we have

σ‖e β−ε
2 ∆tθn

h‖2 + (µ2 − ε(β − ε))‖e ε
2∆tφn−1+σ

h ‖2 + |e ε
2∆tφn−1+σ

h |21 −
(
Gh, e

ε
2∆tφn−1+σ

h

)

= σ‖e− β−ε
2 ∆tθn−1

h ‖2 + (µ2 − ε(β − ε))‖e− ε
2∆tφn−1

h ‖2 + |e− ε
2∆tφn−1

h |21 −
(
Gh, e−

ε
2∆tφn−1

h

)

+
(
e

ε
2∆tφn−1+σ

h −e−
ε
2∆tφn−1

h , |eα
2 ∆tψn−1+σ

h |2+|e−α
2 ∆tψn−1

h |2) . (3.7)

Adding both sides of the identities (3.6) and (3.7), gives

An ≤ Bn−1, (3.8)

where

An = 2|eα
2 ∆tψn−1+σ

h |21 − 2
(
e

ε
2∆tφn−1+σ

h , |eα
2 ∆tψn−1+σ

h |2) + 4Re(Fh, e
α
2 ∆tψn−1+σ

h )

+ (µ2 − ε(β − ε))‖e ε
2∆tφn−1+σ

h ‖2 + |e ε
2∆tφn−1+σ

h |21 −
(
Gh, e

ε
2∆tφn−1+σ

h

)
, (3.9)

and

Bn−1 =2|e−α
2 ∆tψn−1

h |21−2
(
e−

ε
2∆tφn−1

h , |e−α
2 ∆tψn−1

h |2)+4Re
(
Fh, e−

α
2 ∆tψn−1

h

)

+‖e− β−ε
2 ∆tθn−1

h ‖2 + (µ2 − ε(β − ε))‖e− ε
2∆tφn−1

h ‖2
+ |e− ε

2∆tφn−1
h |21 −

(
Gh, e−

ε
2∆tφn−1

h

)
. (3.10)
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By Hölder’s inequality and Lemma 2.2, we have
∣∣2 (

e
ε
2∆tφn+1−σ

h , |eα
2 ∆tψn−1+σ

h |2)
∣∣ ≤ 2‖e ε

2∆tφn−1+σ
h ‖

L6‖e
α
2 ∆tψn−1+σ

h ‖2
L12/5

≤ C|e ε
2∆tφn−1+σ

h |1|eα
2 ∆tψn−1+σ

h |
1
2
1 ‖e

α
2 ∆tψn−1+σ

h ‖ 3
2

≤ 1
2
|e ε

2∆tφn−1+σ
h |21 + |eα

2 ∆tψn−1+σ
h |21 + C‖ψn−1+σ

h ‖6,
∣∣4Re

(
Fh, e

α
2 ∆tψn−1+σ

h

)∣∣ ≤ 4‖Fh‖‖eα
2 ∆tψn−1+σ

h ‖ ≤ 2
(
‖Fh‖2 + ‖eα

2 ∆tψn−1+σ
h ‖2

)
,

∣∣(Gh, e
ε
2∆tφn−1+σ

h

)∣∣ ≤ ‖Gh‖‖e ε
2∆tφn−1+σ

h ‖ ≤ µ2 − ε(β − ε)
2

‖e ε
2∆tφn−1+σ

h ‖2 + C‖Gh‖2.
We derive a lower bounded on An from the above estimates

An ≥ |eα
2 ∆tψn−1+σ

h |21 +
µ2 − ε(β − ε)

2
‖e ε

2∆tφn−1+σ
h ‖2 +

1
2
|e ε

2∆tφn−1+σ
h |21

− C
(
‖ψn−1+σ

h ‖6 + ‖Fh‖2 + ‖ψn−1+σ
h ‖2 + ‖Gh‖2

)
.

Combining (3.5) and (3.11), we see that ‖ψn−1+σ
h ‖21 + ‖φn−1+σ

h ‖21 is uniformly bounded with
respect to the parameter 0 ≤ σ ≤ 1. Therefore, the solution (ψn

h , φn
h, θn

h) of the fully discrete
finite difference scheme (3.1)–(3.2) exists. The uniqueness of the solution of the fully discrete
finite difference scheme is will be proved in Theorem 4.1 in Section 4.

Below we provide some t-independent priori estimates for the solutions (ψn
h , φn

h, θn
h) of the

finite difference scheme (3.1)–(3.2).

Lemma 3.1. For the solution ψn
h of the fully discrete finite difference scheme (3.1)–(3.2), the

following priori estimates hold:

‖ψn
h‖2 ≤ e−αn∆t‖ψ0

h‖2 + α−2eα∆t‖Fh‖2(1− e−αn∆t), n ≥ 0.

Consequently, there exists a constant C0 = max
(‖ψ0

h‖, α−1e
α
2 ∆t‖Fh‖

)
such that

sup
n≥0

‖ψn
h‖ ≤ C0.

Proof. Multiplying relation (3.1a) by ∆t(e
α
2 ∆tψ

n

i,j,k + e−
α
2 ∆tψ

n−1

i,j,k)h1h2h3, and summing
over i, j, k, then taking the imaginary part, we have

Re(e
α
2 ∆tψn

h − e−
α
2 ∆tψn−1

h , e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h )

+
1
2
∆tIm(∆h(e

α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h )

=∆tIm(Fh, e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ). (3.11)

It can be verified that

Re(e
α
2 ∆tψn

h − e−
α
2 ∆tψn−1

h , e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ) = ‖eα
2 ∆tψn

h‖2 − ‖e−
α
2 ∆tψn−1

h ‖2.

Using the summation by parts gives

Im(∆h(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ) = 0.
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Therefore, (3.12) can be rewritten as follows

e
α
2 ∆t‖ψn

h‖2 = e−
3α
2 ∆t‖ψn−1

h ‖2 + ∆tIm(Fh, ψn
h + e−α∆tψn−1

h ).

It follows that

e
α
2 ∆t‖ψn

h‖2 ≤e−
3α
2 ∆t‖ψn−1

h ‖2 + ∆t|(Fh, ψn
h)|+ ∆te−α∆t|(Fh, ψn−1

h )|
≤e−

3α
2 ∆t‖ψn−1

h ‖2 + ∆t‖Fh‖‖ψn
h‖+ ∆te−α∆t‖Fh‖‖ψn−1

h ‖

≤e−
3α
2 ∆t‖ψn−1

h ‖2 +
α

2
∆t‖ψn

h‖2 +
∆t

2α
‖Fh‖2

+ ∆te−α∆t α

2
e−

α
2 ∆t‖ψn−1

h ‖2 +
∆t

2α
e−

α
2 ∆t‖Fh‖2,

which implies that

‖ψn
h‖2 ≤ e−α∆t‖ψn−1

h ‖2 +
∆t

α
‖Fh‖2 ≤ · · ·

≤ e−αn∆t‖ψ0
h‖2 +

1
α2

eα∆t‖Fh‖2(1− e−αn∆t), n ≥ 0.

¤

Lemma 3.2. Assume that the hypothesis (H) is true, and (ψ0
h, φ0

h, θ0
h) ∈ Vh. Then the solution

(ψn
h , φn

h, θn
h) of the fully discrete finite difference scheme (3.1)–(3.2) is uniformly bounded in Vh.

Moreover,
lim sup
n→+∞

‖(ψn
h , φn

h, θn
h)‖Vh

≤ ρ1,

where ρ1 is a constant independent of the initial value (ψ0
h, φ0

h, θ0
h) and the discretization pa-

rameters h1, h2, h3,∆t.

Proof. We first multiply both sides of (3.1a) by 4(e
α
2 ∆tψ

n

i,j,k − e−
α
2 ∆tψ

n−1

i,j,k)h1h2h3 and
summing over i, j, k. Then taking the real part, gives

2|eα
2 ∆tψn

h |21 − (e
ε
2∆tφn

h + e−
ε
2∆tφn−1

h , |eα
2 ∆tψn

h |2 − |e−
α
2 ∆tψn−1

h |2) + 4Re
(
Fh, e

α
2 ∆tψn

h

)

=2|e−α
2 ∆tψn−1

h |21 + 4Re
(
Fh, e−

α
2 ∆tψn−1

h

)
. (3.12)

Using the identity
(
e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h , |eα
2 ∆tψn

h |2 − |e−
α
2 ∆tψn−1

h |2)

=2
(
e

ε
2∆tφn

h, |eα
2 ∆tψn

h |2
)− 2

(
e−

ε
2∆tφn−1

h , |e−α
2 ∆tψn−1

h |2)

− (
e

ε
2∆tφn

h − e
ε
2∆tφn−1

h , |eα
2 ∆tψn

h |2 + |e−α
2 ∆tψn−1

h |2) ,

we obtain

2|eα
2 ∆tψn

h |21 − 2
(
e

ε
2∆tφn

h, |eα
2 ∆tψn

h |2
)

+ 4Re
(
Fh, e

α
2 ∆tψn

h

)

=2|e−α
2 ∆tψn−1

h |21 − 2
(
e−

ε
2∆tφn−1

h , |e−α
2 ∆tψn−1

h |2) + 4Re
(
Fh, e−

α
2 ∆tψn−1

h

)

− (
e

ε
2∆tφn

h − e−
ε
2∆tφn−1

h , |eα
2 ∆tψn

h |2 + |e−α
2 ∆tψn−1

h |2) . (3.13)

Next, multiplying (3.1c) by (e
β−ε

2 ∆tθn
i,j,k + e−

β−ε
2 ∆tθn−1

i,j,k)h1h2h3∆t, and summing over i, j, k,
and using (3.1b), we have

‖e β−ε
2 ∆tθn

h‖2 + (µ2 − ε(β − ε))‖e ε
2∆tφn

h‖2 + |e ε
2∆tφn

h|21 −
(
Gh, e

ε
2∆tφn

h

)

= ‖e− β−ε
2 ∆tθn−1

h ‖2 + (µ2 − ε(β − ε))‖e− ε
2∆tφn−1

h ‖2 + |e− ε
2∆tφn−1

h |21 −
(
Gh, e−

ε
2∆tφn−1

h

)

+
(
e

ε
2∆tφn

h−e−
ε
2∆tφn−1

h , |eα
2 ∆tψn

h |2+|e−α
2 ∆tψn−1

h |2) . (3.14)
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Adding both sides of the identities (3.14) and (3.15), gives

En
1 = Gn−1

1 , (3.15)

where En
1 and Gn−1

1 are defined by

En
1 =2|eα

2 ∆tψn
h |21 − 2

(
e

ε
2∆tφn

h, |eα
2 ∆tψn

h |2
)

+ 4Re(Fh, e
α
2 ∆tψn

h) + ‖e β−ε
2 ∆tθn

h‖2
+ (µ2 − ε(β − ε))‖e ε

2∆tφn
h‖2 + |e ε

2∆tφn
h|21 −

(
Gh, e

ε
2∆tφn

h

)
, (3.16)

and

Gn−1
1 =2|e−α

2 ∆tψn−1
h |21−2

(
e−

ε
2∆tφn−1

h , |e−α
2 ∆tψn−1

h |2)+4Re
(
Fh, e−

α
2 ∆tψn−1

h

)

+‖e− β−ε
2 ∆tθn−1

h ‖2 + (µ2 − ε(β − ε))‖e− ε
2∆tφn−1

h ‖2
+ |e− ε

2∆tφn−1
h |21 −

(
Gh, e−

ε
2∆tφn−1

h

)
. (3.17)

Using the Hölder’s inequality and Lemma 2.2, we have

∣∣2 (
e

ε
2∆tφn

h, |eα
2 ∆tψn

h |2
)∣∣ ≤ 2‖e ε

2∆tφn
h‖L6 ‖e

α
2 ∆tψn

h‖2
L12/5

≤ C|e ε
2∆tφn

h|1|e
α
2 ∆tψn

h |
1
2
1 ‖e

α
2 ∆tψn

h‖
3
2

≤ 1
2
|e ε

2∆tφn
h|21 + |eα

2 ∆tψn
h |21 + C‖ψn

h‖6,

∣∣4Re
(
Fh, e

α
2 ∆tψn

h

)∣∣ ≤ 4‖Fh‖‖eα
2 ∆tψn

h‖,
∣∣(Gh, e

ε
2∆tφn

h

)∣∣ ≤ ‖Gh‖‖e ε
2∆tφn

h‖ ≤
µ2 − ε(β − ε)

2
‖e ε

2∆tφn
h‖2 + C‖Gh‖2.

We derive lower and upper bounded on En
1 from the above estimates

En
1 ≥ |eα

2 ∆tψn
h |21 + ‖e β−ε

2 ∆tθn
h‖2 +

µ2 − ε(β − ε)
2

‖e ε
2∆tφn

h‖2 +
1
2
|e ε

2∆tφn
h|21

− C
(‖ψn

h‖6 + ‖Fh‖‖ψn
h‖+ ‖Gh‖2

)
, (3.18)

En
1 ≤ 3|eα

2 ∆tψn
h |21 + ‖e β−ε

2 ∆tθn
h‖2 +

3(µ2 − ε(β − ε))
2

‖e ε
2∆tφn

h‖2 +
3
2
|e ε

2∆tφn
h|21

+ C
(‖ψn

h‖6 + ‖Fh‖‖ψn
h‖+ ‖Gh‖2

)
. (3.19)

Let κ = min (α, ε), then we can rewrite Gn−1
1 as follows

Gn−1
1 = 2e−2α∆t|eα

2 ∆tψn−1
h |21 − 2e−κ∆t

(
e

ε
2∆tφn−1

h , |eα
2 ∆tψn−1

h |2)

+ 4e−κ∆tRe
(
Fh, e

α
2 ∆tψn−1

h

)
+ e−2(β−ε)∆t‖e β−ε

2 ∆tθn−1
h ‖2

+e−2ε∆t(µ2−ε(β − ε))‖e ε
2∆tφn−1

h ‖2+e−2ε∆t|e ε
2∆tφn−1

h |21
− eκ∆t

(
Gh, e

ε
2∆tφn−1

h

)
+ 2

(
eκ∆t − e−(2α−ε)∆t

) (
e

ε
2∆tφn−1

h , |eα
2 ∆tψn−1

h |2)

+ 4
(
e−α∆t − e−κ∆t

)
Re

(
Fh, e

α
2 ∆tψn−1

h

)
+

(
e−κ∆t − e−ε∆t

) (
Gh, e

ε
2∆tφn−1

h

)
.

(3.20)
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We estimate the last three terms of (3.21). By the inequality 1 + x ≤ ex ∀x ∈ R, Hölder’s
inequality and Lemma 2.2, we have

∣∣2(eκ∆t−e−(2α−ε)∆t)
(
e

ε
2∆tφn−1

h , |eα
2 ∆tψn−1

h |2) ∣∣
≤ C∆t‖e ε

2∆tφn−1
h ‖

L6‖e
α
2 ∆tψn−1

h ‖2
L12/5

≤ C∆t|e ε
2∆tφn−1

h |1|eα
2 ∆tψn−1

h |
1
2
1 ‖e

α
2 ∆tψn−1

h ‖ 3
2

≤ ε∆te−2ε∆t|e ε
2∆tφn−1

h |21 + 2α∆te−2α∆t|eα
2 ∆tψn−1

h |21 + C∆t‖ψn−1
h ‖6,

∣∣4(e−α∆t − e−κ∆t)Re
(
Fh, e

α
2 ∆tψn−1

h

)∣∣ ≤ C∆t‖Fh‖‖ψn−1
h ‖,

∣∣(e−κ∆t − e−ε∆t
) (

Gh, e
ε
2∆tφn−1

h

)∣∣
≤ C∆t‖Gh‖‖e ε

2∆tφn−1
h ‖ ≤ ε∆te−2ε∆t(µ2 − ε(β − ε))‖e ε

2∆tφn−1
h ‖2 + C∆t‖Gh‖2.

It follows from the above these estimates and (3.21) and (3.16) that

En
1 ≤ e−κ∆tEn−1

1 + C∆t
(
‖ψn−1

h ‖6 + ‖Fh‖‖ψn−1
h ‖+ ‖Gh‖2

)
, n ≥ 1. (3.21)

Using the above inequality repeatedly gives

En
1 ≤ e−κn∆tE0

1 + C∆t

n−1∑

l=0

e−κl∆t
(
‖ψn−1−l

h ‖6 + ‖Fh‖‖ψn−1−l
h ‖+ ‖Gh‖2

)

≤ e−κn∆tE0
1 + C

(
C6

0 + C0‖Fh‖+ ‖Gh‖2
)
, n ≥ 0. (3.22)

Hence, from (3.19) and (3.23), for (ψ0
h, φ0

h, θ0
h) ∈ Vh, and ‖(ψ0

h, φ0
h, θ0

h)‖Vh
≤ R, there exists a

positive constant C(R), such that

‖(ψn
h , φn

h, θn
h)‖Vh

≤ C(R), n ≥ 0.

If initial value ψ0
h satisfied that ‖ψ0

h‖ ≤ R. Then by Lemma 3.1, there exists a positive integer
N = N(R), such that

‖ψn‖ ≤ α−1eα∆tC{F,G} + 1, n ≥ N.

For n ≥ N , using (3.22) repeatedly gives

En
1 ≤ e−κ(n−N)∆tEN

1 + C∆t

n−1−N∑

l=0

e−κl∆t
(
‖ψn−1−l

h ‖6 + ‖Fh‖‖ψn−1−l
h ‖+ ‖Gh‖2

)

≤ e−κ(n−N)∆tEN
1 + C

(
C6
{F,G} + C2

{F,G} + 1
)
, n ≥ N. (3.23)

From (3.19) and (3.24), we obtain that

|eα
2 ∆tψn

h |21 + ‖e β−ε
2 ∆tθn

h‖2 +
µ2 − ε(β − ε)

2
‖e ε

2∆tφn
h‖2 +

1
2
|e ε

2∆tφn
h|21

≤ e−κ(n−N)∆tEN
1 + C

(
C6
{F,G} + C2

{F,G} + 1
)
, n ≥ N.

This completes the proof of Lemma 3.2. ¤
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Lemma 3.3. Assume that the hypothesis (H) is true, and (ψ0
h, φ0

h, θ0
h) ∈ Wh. Then the solution

(ψn
h , φn

h, θn
h) of the fully discrete finite difference scheme (3.1)–(3.2) is uniformly bounded in Wh.

Moreover,
lim sup
n→+∞

‖(ψn
h , φn

h, θn
h)‖Wh

≤ ρ2,

where ρ2 is a constant independent of the initial value (ψ0
h, φ0

h, θ0
h) and the discretization pa-

rameters h1, h2, h3,∆t.

Proof. Multiplying both sides of (3.1a) by 4(e
α
2 ∆t∆hψ

n

i,j,k − e−
α
2 ∆t∆hψ

n−1

i,j,k)h1h2h3 and
summing over i, j, k, then taking the real part, we get

2‖eα
2 ∆t∆hψ

n
h‖2 + Re((e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h−e−
α
2 ∆t∆hψ

n−1
h )

− 4Re
(
Fh, e

α
2 ∆t∆hψn

h

)
= 2‖e−α

2 ∆t∆hψn−1
h ‖2 − 4Re

(
Fh, e−

α
2 ∆t∆hψn−1

h

)
. (3.24)

Note that

Re
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h−e−
α
2 ∆t∆hψ

n−1
h

)

=4Re
(
e

ε
2∆tφn

he
α
2 ∆tψn

h , e
α
2 ∆t∆hψn

h

)− 4Re
(
e−

ε
2∆tφn−1

h e−
α
2 ∆tψn−1

h , e−
α
2 ∆t∆hψn−1

h

)

− 2Re(e
ε
2∆tφn

h − e−
ε
2∆tφn−1

h , eα∆tψ
n

h∆hψn
h + e−α∆tψ

n−1

h ∆hψn−1
h )

− Re
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )(e
α
2 ∆tψn

h − e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
,

while by (3.1b)

− 2Re(e
ε
2∆tφn

h − e−
ε
2∆tφn−1

h , eα∆tψ
n

h∆hψn
h + e−α∆tψ

n−1

h ∆hψn−1
h )

=−∆tRe(e
β−ε

2 ∆tθn
h + e−

β−ε
2 ∆tθn−1

h , eα∆tψ
n

h∆hψn
h + e−α∆tψ

n−1

h ∆hψn−1
h ),

and by (3.1a)

− Re
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )(e
α
2 ∆tψn

h − e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)

=
1
4
∆tIm

(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )2(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)

−∆tIm
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )fh, e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
.

Using the above results and (3.25) gives

2‖eα
2 ∆t∆hψ

n
h‖2 + 4Re

(
e

ε
2∆tφn

he
α
2 ∆tψn

h , e
α
2 ∆t∆hψn

h

)− 4Re
(
Fh, e

α
2 ∆t∆hψn

h

)

=2‖e−α
2 ∆t∆hψn−1

h ‖2 + 4Re
(
e−

ε
2∆tφn−1

h e−
α
2 ∆tψn−1

h , e−
α
2 ∆t∆hψn−1

h

)− 4Re
(
Fh, e−

α
2 ∆t∆hψn−1

h

)

+ ∆tRe(e
β−ε

2 ∆tθn
h + e−

β−ε
2 ∆tθn−1

h , eα∆tψ
n

h∆hψn
h + e−α∆tψ

n−1

h ∆hψn−1
h ),

− 1
4
∆tIm

(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )2(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)

+ ∆tIm
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )fh, e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
. (3.25)

Multiplying relation (3.1c) by −(e
β−ε

2 ∆t∆hθn
i,j,k + e−

β−ε
2 ∆t∆hθn−1

i,j,k)h1h2h3∆t, summing over
i, j, k, and using the relation (3.1b), we have

|e β−ε
2 ∆tθn

h |21 + (µ2 − ε(β − ε))|e ε
2∆tφn

h|21 + ‖e ε
2∆t∆hφn

h‖2 + 2
(
Gh, e

ε
2∆t∆hφn

h

)

=|e− β−ε
2 ∆tθn−1

h |21 + (µ2 − ε(β − ε))|e− ε
2∆tφn−1

h |21 + ‖e− ε
2∆t∆hφn−1

h ‖2 + 2
(
Gh, e−

ε
2∆t∆hφn−1

h

)

− 1
2
∆t(e

β−ε
2 ∆tθn

h + e−
β−ε

2 ∆tθn−1
h ,∆h|eα

2 ∆tψn
h |2 + ∆h|e−α

2 ∆tψn−1
h |2). (3.26)
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Adding both sides of the identities (3.26) and (3.27), we obtain

En
2 = Gn−1

2 , (3.27)

where En
2 and Gn−1

2 are defined by

En
2 =2‖eα

2 ∆t∆hψ
n
h‖2 + 4Re

(
e

ε
2∆tφn

he
α
2 ∆tψn

h , e
α
2 ∆t∆hψn

h

)− 4Re
(
Fh, e

α
2 ∆t∆hψn

h

)
+ |e β−ε

2 ∆tθn
h |21

+ (µ2 − ε(β − ε))|e ε
2∆tφn

h|21 + ‖e ε
2∆t∆hφn

h‖2 + 2
(
Gh, e

ε
2∆t∆hφn

h

)
, (3.28)

and

Gn−1
2 =2‖e−α

2 ∆t∆hψn−1
h ‖2+4Re

(
e−

ε
2∆tφn−1

h e−
α
2 ∆tψn−1

h , e−
α
2 ∆t∆hψn−1

h

)

−4Re
(
Fh, e−

α
2 ∆t∆hψn−1

h

)
+ |e− β−ε

2 ∆tθn−1
h |21+(µ2−ε(β−ε))|e− ε

2∆tφn−1
h |21

+‖e− ε
2∆t∆hφn−1

h ‖2+2
(
Gh, e−

ε
2∆t∆hφn−1

h

)

+ ∆tRe(e
β−ε

2 ∆tθn
h + e−

β−ε
2 ∆tθn−1

h , eα∆tψ
n

h∆hψn
h + e−α∆tψ

n−1

h ∆hψn−1
h )

− 1
4
∆tIm

(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )2(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)

+ ∆tIm
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )f
h
, e

α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)

− 1
2
∆t(e

β−ε
2 ∆tθn

h + e−
β−ε

2 ∆tθn−1
h ,∆h|eα

2 ∆tψn
h |2 + ∆h|e−α

2 ∆tψn−1
h |2). (3.29)

Let κ1 = min
(

α
4 , ε

)
. Then we can rewrite Gn−1

2 as follows

Gn−1
2 = 2e−

α
2 ∆t‖eα

4 ∆t∆hψn−1
h ‖2 + 4e−κ1∆tRe

(
e

ε
2∆tφn−1

h e
α
2 ∆tψn−1

h , e
α
2 ∆t∆hψn−1

h

)

−4e−κ1∆tRe
(
Fh, e

α
2 ∆t∆hψn−1

h

)
+e−

3(β−ε)
2 ∆t|e β−ε

4 ∆tθn−1
h |21

+(µ2−ε(β−ε))e−2ε∆t|e ε
2∆tφn−1

h |21

+ e−2ε∆t‖e ε
2∆t∆hφn−1

h ‖2+2e−κ1∆t
(
Gh, e

ε
2∆t∆hφn−1

h

)
+

7∑

i=1

Ii, (3.30)

where

I1 = 4(e−(ε+2α)∆t − e−κ1∆t)Re
(
e

ε
2∆tφn−1

h e
α
2 ∆tψn−1

h , e
α
2 ∆t∆hψn−1

h

)
,

I2 = 4(e−κ1∆t − e−α∆t)Re
(
Fh, e

α
2 ∆t∆hψn−1

h

)
,

I3 = 2(e−εt − e−κ1∆t)
(
Gh, e

ε
2∆t∆hφn−1

h

)
,

I4 = ∆tRe(e
β−ε

2 ∆tθn
h + e−

β−ε
2 ∆tθn−1

h , eα∆tψ
n

h∆hψn
h + e−α∆tψ

n−1

h ∆hψn−1
h ),

I5 =
1
4
∆tIm

(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )2(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
,

I6 = ∆tIm
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )Fh, e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
,

I7 = −1
2
∆t(e

β−ε
2 ∆tθn

h + e−
β−ε

2 ∆tθn−1
h ,∆h|eα

2 ∆tψn
h |2 + ∆h|e−α

2 ∆tψn−1
h |2).

We estimate the last seven terms of (3.31). By the inequality 1 + x ≤ ex ∀x ∈ R, Hölder’s
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inequality and Lemma 2.2, we have

|I1| ≤C∆t‖φn−1
h ‖L4‖ψn−1

h ‖L4‖eα
2 ∆t∆hψn−1

h ‖
≤ ε1∆t‖eα

4 ∆t∆hψ
n−1
h ‖2 + C∆t‖φn−1

h ‖21‖ψn−1
h ‖21,

|I2| ≤ε1∆t‖eα
4 ∆t∆hψn−1

h ‖2 + C∆t‖Fh‖2,
|I3| ≤ε3∆t‖e ε

2∆t∆hφn−1
h ‖2 + C∆t‖Gh‖2,

|I4| ≤C∆t‖e β−ε
2 ∆tθn

h +e−
β−ε

2 ∆tθn−1
h ‖

(
‖eα

2 ∆tψn
h‖‖e

α
2 ∆t∆hψ

n
h‖+‖e−

3α
2 ∆tψn−1

h ‖‖eα
2 ∆t∆hψ

n−1
h ‖

)

≤ ε2∆t‖eα
4 ∆t∆hψ

n
h‖2+ε1∆t‖eα

4 ∆t∆hψ
n−1
h ‖2+C∆t

(
‖θn

h‖2+‖θn−1
h ‖2)(‖ψn

h‖2+‖ψn−1
h ‖2

)
,

|I5| ≤ 1
4
∆t‖e ε

2∆tφn
h + e−

ε
2∆tφn−1

h ‖2
L6
‖eα

2 ∆tψn
h + e−

α
2 ∆tψn−1

h ‖
L6 ‖e

α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h ‖

≤ ε2∆t‖eα
2 ∆t∆hψ

n
h‖2+ε1∆t‖eα

2 ∆t∆hψ
n−1
h ‖2+C∆t

(
|φn

h|41 + |φn−1
h |41)(|ψn

h |21 + |ψn−1
h |21

)
,

|I6| ≤C∆t‖e ε
2∆tφn

h + e−
ε
2∆tφn−1

h ‖L4‖Fh‖L4‖eα
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h ‖

≤ ε2∆t‖eα
4 ∆t∆hψ

n
h‖2 + ε1∆t‖eα

4 ∆t∆hψ
n−1
h ‖2 + C∆t

(
‖φn

h‖21 + ‖φn−1
h ‖21

)
‖Fh‖2L4 ,

and

|I7| ≤C∆t‖e β−ε
2 ∆tθn

h + e−
β−ε

2 ∆tθn−1
h ‖

(
‖eα

2 ∆t∇hψn
h‖2L4 + ‖e−α

2 ∆t∇hψn−1
h ‖2L4

)

+C∆t‖e β−ε
2 ∆tθn

h +e−
β−ε

2 ∆tθn−1
h ‖L4

(
‖ψn

h‖L4 +‖ψn−1
h ‖L4)(‖eα

2 ∆t∆hψn
h‖+‖e−

α
2 ∆t∆hψn−1

h ‖
)

≤ ε2∆t‖eα
4 ∆t∆hψn

h‖2 + ε1∆t‖eα
4 ∆t∆hψn−1

h ‖2 + C∆t
(
‖θn

h‖2 + ‖θn−1
h ‖2

)

+ C∆t
(
|e β−ε

4 ∆tθn
h |

3
2
1 ‖e

β−ε
4 ∆tθn

h‖
1
2 + |e β−ε

4 ∆tθn−1
h |

3
2
1 ‖e

β−ε
4 ∆tθn−1

h ‖ 1
2

)(
‖ψn

h‖21 + ‖ψn−1
h ‖21

)

≤ ε2∆t‖eα
4 ∆t∆hψn

h‖2 + ε1∆t‖eα
4 ∆t∆hψn−1

h ‖2 + ε4∆t|e β−ε
4 ∆tθn

h |21 + ε5∆t|e β−ε
4 ∆tθn−1

h |21
+ C∆t

(
‖θn

h‖2 + ‖θn−1
h ‖2)(1 + ‖ψn

h‖81 + ‖ψn−1
h ‖81

)
.

where

ε1 =
e−

α
4 ∆t − e−

α
2 ∆t

3∆t
, ε2 =

e
α
2 ∆t − 1
2∆t

, ε3 =
e−ε∆t − e−2ε∆t

∆t
,

ε4 =
e

β−ε
2 ∆t − 1

∆t
, ε5 =

e−(β−ε)∆t − e−
3(β−ε)

2 ∆t

∆t
.

Substituting the above estimates into (3.28), we derive that

Ẽn
2 ≤ e−κ1∆tẼn−1

2 + ∆tC̃n, n = 1, 2, · · · (3.31)

where

Ẽn
2 =2‖eα

4 ∆t∆hψ
n
h‖2 + 4Re

(
e

ε
2∆tφn

he
α
2 ∆tψn

h , e
α
2 ∆t∆hψn

h

)− 4Re
(
Fh, e

α
2 ∆t∆hψn

h

)

+ |e β−ε
4 ∆tθn

h |21 + (µ2 − ε(β − ε))|e ε
2∆tφn

h|21 + ‖e ε
2∆t∆hφn

h‖2 + 2
(
Gh, e

ε
2∆t∆hφn

h

)
,

and

C̃n , C̃
(
‖φn−1

h ‖1, ‖φn
h‖1, ‖ψn−1

h ‖1, ‖ψn
h‖1, ‖θn−1

h ‖, ‖θn
h‖, ‖Fh‖L4 , ‖Gh‖

)
.
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Now we estimate lower and upper bounded for Ẽn
2 . By Cauchy’s inequality and Lemma 2.2,

we have

∣∣4Re
(
e

ε
2∆tφn

he
α
2 ∆tψn

h , e
α
2 ∆t∆hψ

n
h

) ∣∣
≤ 4‖e ε

2∆tφn
h‖L4 ‖e

3α
4 ∆tψn

h‖L4‖e
α
4 ∆t∆hψn

h‖
≤ 4|e ε

2∆tφn
h|

3
4
1 ‖e

ε
2∆tφn

h‖
1
4 |e 3α

4 ∆tψn
h |

3
4
1 ‖e

3α
4 ∆tψn

h‖
1
4 ‖eα

4 ∆t∆hψn
h‖

≤ 1
2
‖eα

4 ∆t∆hψ
n
h‖2+8|e ε

2∆tφn
h|

3
2
1 ‖e

ε
2∆tφn

h‖
1
2 |e 3α

4 ∆tψn
h |

3
2
1 ‖e

3α
4 ∆tψn

h‖
1
2 ,

∣∣4Re
(
Fh, e

α
2 ∆t∆hψn

h

) ≤ 4‖eα
4 ∆tFh‖‖eα

4 ∆t∆hψn
h‖ ≤

1
2
‖eα

4 ∆t∆hψn
h‖2 + 8‖eα

4 ∆tFh‖2,
∣∣2 (

Gh, e
ε
2∆t∆hφn

h

) ∣∣ ≤ 2‖Gh‖‖e ε
2∆t∆hφn

h‖ ≤
1
2
‖e ε

2∆t∆hφn
h‖2 + 2‖Gh‖2.

From the above estimates, we derive that

Ẽn
2 ≥‖e

α
4 ∆t∆hψ

n
h‖2 + |e β−ε

2 ∆tθn
h |21 + (µ2 − ε(β − ε))|e ε

2∆tφn
h|21 +

1
2
‖e ε

2∆t∆hφn
h‖2

−8|e ε
2∆tφn

h|
3
2
1 ‖e

ε
2∆tφn

h‖
1
2 |e 3α

4 ∆tψn
h |

3
2
1 ‖e

3α
4 ∆tψn

h‖
1
2 − 8‖eα

4 ∆tFh‖2 − 2‖Gh‖2, (3.32)

and

Ẽn
2 ≤ 3‖eα

4 ∆t∆hψ
n
h‖2 + |e β−ε

2 ∆tθn
h |21 + (µ2 − ε(β − ε))|e ε

2∆tφn
h|21 +

3
2
‖e ε

2∆t∆hφn
h‖2

+8|e ε
2∆tφn

h|
3
2
1 ‖e

ε
2∆tφn

h‖
1
2 |e 3α

4 ∆tψn
h |

3
2
1 ‖e

3α
4 ∆tψn

h‖
1
2 + 8‖eα

4 ∆tFh‖2 + 2‖Gh‖2. (3.33)

Using repeatedly the inequality (3.32), we derive that

Ẽn
2 ≤ e−κ1(n−k)∆tẼk

2 + ∆t

n∑

l=k+1

e−κ1(n−l)∆tC̃l, n > k, k = 0, 1, · · · .

Using the result of Lemma 3.2, the proof of Lemma 3.3 is complete. ¤

By Lemmas 2.3 and 3.3, we have

Corollary 3.1. Assume that conditions of Lemma 3.3 are satisfied. Then ψn
h , φn

h in L∞(Ωh),
(e

α
2 ∆tψn

h−e−
α
2 ∆tψn−1

h )/∆t, (e
β−ε

2 ∆tθn
h−e−

β−ε
2 ∆tθn−1

h )/∆t in L2(Ωh), (e
ε
2∆tφn

h−e−
ε
2∆tφn−1

h )/∆t

in H1
0 (Ωh) are uniformly bounded.

4. Stability and Convergence of the Difference Scheme

Let (ψn
k,h, φn

k,h, θn
k,h) (k = 1, 2) be two solutions of the fully discrete finite difference scheme

(3.1)–(3.2) associated to the initial data (ψ0
k,h, φ0

k,h, θ0
k,h) and (ψn

h , φn
h, θn

h) = (ψn
1,h−ψn

2,h, φn
1,h−

φn
2,h, θn

1,h − θn
2,h) with (ψ0

h, φ0
h, θ0

h) = (ψ0
1,h − ψ0

2,h, φ0
1,h − φ0

2,h, θ0
1,h − θ0

2,h). Then (ψn
h , φn

h, θn
h)
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satisfies that

i
e

α
2 ∆tψn

i,j,k − e−
α
2 ∆tψn−1

i,j,k

∆t
+

1
2
∆h

(
e

α
2 ∆tψn

i,j,k + e−
α
2 ∆tψn−1

i,j,k

)

+
1
4

(
e

ε
2∆tφn

1,i,j,k + e−
ε
2∆tφn−1

1,i,j,k

)(
e

α
2 ∆tψn

i,j,k+e−
α
2 ∆tψn−1

i,j,k

)

+
1
4

(
e

ε
2∆tφn

i,j,k + e−
ε
2∆tφn−1

i,j,k

)(
e

α
2 ∆tψn

2,i,j,k+e−
α
2 ∆tψn−1

2,i,j,k

)
= 0, (4.1a)

e
ε
2∆tφn

i,j,k − e−
ε
2∆tφn−1

i,j,k

∆t
− 1

2

(
e

β−ε
2 ∆tθn

i,j,k + e−
β−ε

2 ∆tθn−1
i,j,k

)
= 0, (4.1b)

e
β−ε

2 ∆tθn
i,j,k − e−

β−ε
2 ∆tθn−1

i,j,k

∆t
+

µ2 − ε(β − ε)
2

(
e

ε
2∆tφn

i,j,k + e−
ε
2∆tφn−1

i,j,k

)

− 1
2
∆h

(
e

ε
2∆tφn

i,j,k + e−
ε
2∆tφn−1

i,j,k

)
=

1
2

(
e

α
2 ∆tψn

1,i,j,ke
α
2 ∆tψn

i,j,k + e
α
2 ∆tψn

i,j,ke
α
2 ∆tψn

2,i,j,k

)

+
1
2

(
e−

α
2 ∆tψn−1

1,i,j,ke−
α
2 ∆tψn−1

i,j,k + e−
α
2 ∆tψn−1

i,j,ke−
α
2 ∆tψn−1

2,i,j,k

)
, (4.1c)

for 1 ≤ i ≤ J1 − 1, 1 ≤ j ≤ J2 − 1 and 1 ≤ k ≤ J3 − 1.

Multiply (4.1a) by ∆t(e
α
2 ∆tψn

i,j,k + e−
α
2 ∆tψn−1

i,j,k)h1h2h3, sum over i, j, k, and take the imag-
inary part. Then by Corollary 3.1 and Cauchy’s inequality, we have

‖eα
2 ∆tψn

h‖2 ≤‖e−
α
2 ∆tψn−1

h ‖2 + C∆t
(
‖e ε

2∆tφn
h‖2 + ‖e− ε

2∆tφn−1
h ‖2

+ ‖eα
2 ∆tψn

h‖2 + ‖e−α
2 ∆tψn−1

h ‖2
)
. (4.2)

Multiplying both sides of (4.1a) by 4(e
α
2 ∆t∆hψn

i,j,k − e−
α
2 ∆t∆hψn−1

i,j,k)h1h2h3, summing over
i, j, k, and taking the real part, we get

2‖eα
2 ∆t∆hψn

h‖2 + J1 + J2 = 2‖e−α
2 ∆t∆hψn−1

h ‖2, (4.3)

where

J1 = Re((e
ε
2∆tφn

1h + e−
ε
2∆tφn−1

1h )(e
α
2 ∆tψn

h + e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h−e−
α
2 ∆t∆hψ

n−1
h ),

J2 = Re((e
ε
2∆tφn

h + e−
ε
2∆tφn−1

h )(e
α
2 ∆tψn

2h + e−
α
2 ∆tψn−1

2h ), e
α
2 ∆t∆hψn

h−e−
α
2 ∆t∆hψ

n−1
h ).

Note that

J1 =4Re
(
e

ε
2∆tφn

1he
α
2 ∆tψn

h , e
α
2 ∆t∆hψn

h

)− 4Re
(
e−

ε
2∆tφn−1

1h e−
α
2 ∆tψn−1

h , e−
α
2 ∆t∆hψn−1

h

)

− 2Re(e
ε
2∆tφn

1h − e−
ε
2∆tφn−1

1h , eα∆tψn
h∆hψn

h + e−α∆tψn−1
h ∆hψn−1

h )

− Re
(
(e

ε
2∆tφn

1h + e−
ε
2∆tφn−1

1h )(e
α
2 ∆tψn

h − e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
,

J2 =4Re
(
e

ε
2∆tφn

he
α
2 ∆tψn

2h, e
α
2 ∆t∆hψn

h

)− 4Re
(
e−

ε
2∆tφn−1

h e−
α
2 ∆tψn−1

2h , e−
α
2 ∆t∆hψn−1

h

)

− 2Re(e
ε
2∆tφn

h − e−
ε
2∆tφn−1

h , eα∆tψn
2h∆hψn

h + e−α∆tψn−1
2h ∆hψn−1

h )

− Re
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )(e
α
2 ∆tψn

2h − e−
α
2 ∆tψn−1

2h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
.

It follows from (4.3) and the above results that

2‖eα
2 ∆t∆hψ

n
h‖2 + 4Re

(
e

ε
2∆tφn

1he
α
2 ∆tψn

h + e
ε
2∆tφn

he
α
2 ∆tψn

2h, e
α
2 ∆t∆hψn

h

)

=2‖e−α
2 ∆t∆hψn−1

h ‖2 + 4Re
(
e

ε
2∆tφn−1

1h e
α
2 ∆tψn−1

h + e
ε
2∆tφn−1

h e
α
2 ∆tψn−1

2h , e
α
2 ∆t∆hψn−1

h

)
+

5∑

j=1

Tj ,

(4.4)
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where

T1 = 4(e−(ε+2α)∆t − 1)Re
(
e

ε
2∆tφn−1

1h e
α
2 ∆tψn−1

h + e
ε
2∆tφn−1

h e
α
2 ∆tψn−1

2h , e
α
2 ∆t∆hψn−1

h

)
,

T2 = 2Re(e
ε
2∆tφn

1h − e−
ε
2∆tφn−1

1h , eα∆tψn
h∆hψn

h + e−α∆tψn−1
h ∆hψn−1

h ),

T3 = Re
(
(e

ε
2∆tφn

1h + e−
ε
2∆tφn−1

1h )(e
α
2 ∆tψn

h − e−
α
2 ∆tψn−1

h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
,

T4 = 2Re(e
ε
2∆tφn

h − e−
ε
2∆tφn−1

h , eα∆tψn
2h∆hψn

h + e−α∆tψn−1
2h ∆hψn−1

h ),

T5 = Re
(
(e

ε
2∆tφn

h + e−
ε
2∆tφn−1

h )(e
α
2 ∆tψn

2h − e−
α
2 ∆tψn−1

2h ), e
α
2 ∆t∆hψn

h +e−
α
2 ∆t∆hψ

n−1
h

)
.

Using (3.1a),(3.1b),(4.1a),(4.1b), Lemmas 2.3 and 2.4 gives

|T1| ≤ C∆t
(
‖e−α

2 ∆tψn−1
h ‖2 + ‖e− ε

2∆tφn−1
h ‖2 + ‖e−α

2 ∆t∆hψn−1
h ‖2

)
,

|T2| ≤ C∆t
(
‖eα

2 ∆t∆hψn
h‖2 + ‖e−α

2 ∆t∆hψn−1
h ‖2

)
,

|T3| ≤ C∆t
(
‖eα

2 ∆t∆hψn
h‖2 + ‖e−α

2 ∆t∆hψn−1
h ‖2 + ‖e ε

2∆tφn
h‖2 + ‖e− ε

2∆tφn−1
h ‖2

)
,

|T4| ≤ C∆t
(
‖eα

2 ∆t∆hψn
h‖2 + ‖e−α

2 ∆t∆hψn−1
h ‖2 + ‖e β−ε

2 ∆tθn
h‖2 + ‖e− β−ε

2 ∆tθn−1
h ‖2

)
,

|T5| ≤ C∆t
(
‖eα

2 ∆t∆hψn
h‖2 + ‖e−α

2 ∆t∆hψn−1
h ‖2 + ‖e ε

2∆t∆hφn
h‖2 + ‖e− ε

2∆t∆hφn−1
h ‖2

)
.

Let
ξn = 2‖eα

2 ∆t∆hψ
n
h‖2 + 4Re

(
e

ε
2∆tφn

1he
α
2 ∆tψn

h + e
ε
2∆tφn

he
α
2 ∆tψn

2h, e
α
2 ∆t∆hψn

h

)
.

We can derive lower and upper bounded on ξn

ξn ≥ 2‖eα
2 ∆t∆hψn

h‖2 − 4
(
‖e ε

2∆tφn
1,h‖∞‖e

α
2 ∆tψn

h‖+ ‖e ε
2∆tφn

h‖‖e
α
2 ∆tψn

2,h‖∞
)
‖eα

2 ∆t∆hψn
h‖

≥ ‖eα
2 ∆t∆hψn

h‖2 −M
(
‖eα

2 ∆tψn
h‖2 + ‖e ε

2∆tφn
h‖2

)
, (4.5a)

ξn ≤ 3‖eα
2 ∆t∆hψn

h‖2 + M
(
‖eα

2 ∆tψn
h‖2 + ‖e ε

2∆tφn
h‖2

)
, (4.5b)

where
M = max

n∆t≤T
(8‖e ε

2∆tφn
1,h‖2∞, 8‖eα

2 ∆tψn
2,h‖2∞).

From (4.4) and above estimates, we obtain that

ξn ≤ξn−1 + C∆t
(
‖eα

2 ∆t∆hψn
h‖2 + ‖e−α

2 ∆t∆hψn−1
h ‖2 + ‖e ε

2∆t∆hφn
h‖2

+ ‖e− ε
2∆t∆hφn−1

h ‖2 + ‖e−α
2 ∆tψn−1

h ‖2 + ‖e ε
2∆tφn

h‖2 + ‖e− ε
2∆tφn−1

h ‖2

+ ‖e β−ε
2 ∆tθn

h‖2 + ‖e− β−ε
2 ∆tθn−1

h ‖2
)
. (4.6)

Multiplying (4.1c) by −(e
β−ε

2 ∆t∆hθn
i,j,k + e−

β−ε
2 ∆t∆hθn−1

i,j,k)h1h2h3∆t, summing over i, j, k, and
using (4.1b), we have

|e β−ε
2 ∆tθn

h |21 + (µ2−ε(β−ε))|e ε
2∆tφn

h|21 + ‖e ε
2∆t∆hφn

h‖2

=|e− β−ε
2 ∆tθn−1

h |21 + (µ2−ε(β−ε))|e− ε
2∆tφn−1

h |21 + T6, (4.7)

where

T6 = ‖e− ε
2∆t∆hφn−1

h ‖2 +
1
2
∆t(∇h(e

β−ε
2 ∆tθn

h + e−
β−ε

2 ∆tθn−1
h ),

∇h(e
α
2 ∆tψn

1,he
α
2 ∆tψn

h +e
α
2 ∆tψn

he
α
2 ∆tψn

2,h+e−
α
2 ∆tψn−1

1,h e−
α
2 ∆tψn−1

h

+e−
α
2 ∆tψn−1

h e−
α
2 ∆tψn−1

2,h )).
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Using Lemmas 2.3 and 2.4, we have

|T6| ≤ C∆t
(
‖eα

2 ∆t∆hψn
h‖2 + ‖e−α

2 ∆t∆hψn−1
h ‖2 + |e β−ε

2 ∆tθn
h |21 + |e− β−ε

2 ∆tθn−1
h |21

)
.

Substituting the above estimate to (4.7) gives

|e β−ε
2 ∆tθn

h |21 + (µ2−ε(β−ε))|e ε
2∆tφn

h|21 + ‖e ε
2∆t∆hφn

h‖2

≤|e− β−ε
2 ∆tθn−1

h |21 + (µ2−ε(β−ε))|e− ε
2∆tφn−1

h |21 + ‖e− ε
2∆t∆hφn−1

h ‖2

+ C∆t(‖eα
2 ∆t∆hψn

h‖2 + ‖e−α
2 ∆t∆hψn−1

h ‖2 + |e β−ε
2 ∆tθn

h |21 + |e− β−ε
2 ∆tθn−1

h |21). (4.8)

Multiply both sides of (4.2) and (4.8) by 2M and M1 respectively, then add them up with the
inequality (4.6). Using the resulting result repeatedly for n gives

En ≤ E0+C∆t

n∑

k=0

(
‖e ε

2∆tφk
h‖2+‖e

α
2 ∆tψk

h‖2+|e
β−ε

2 ∆tθk
h|21+‖e

ε
2∆t∆hφk

h‖2+‖e
α
2 ∆t∆hψk

h‖2
)
, (4.9)

where

En = 2M‖eα
2 ∆tψn

h‖2 + ξn + M1|e
β−ε

2 ∆tθn
h |21 + M1(µ2−ε(β−ε))|e ε

2∆tφn
h|21 + M1‖e ε

2∆t∆hφn
h‖2,

M1 =
2M

λ1,h(µ2 − ε(β − ε))
, λ1,h = inf

vh∈H1
0 (Ωh)

|vh|21
‖vh‖2 ≥

512
(l1l2l3)2

.

By using (4.5) and choosing constant M1, there exist positive constants M2 and M3, such that

En ≥ M2

(
‖e ε

2∆tφn
h‖2 + ‖eα

2 ∆tψn
h‖2 + |e β−ε

2 ∆tθn
h |21 + ‖e ε

2∆t∆hφn
h‖2 + ‖eα

2 ∆t∆hψn
h‖2

)
, (4.10)

En ≤ M3

(
‖e ε

2∆tφn
h‖2 + ‖eα

2 ∆tψn
h‖2 + |e β−ε

2 ∆tθn
h |21 + ‖e ε

2∆t∆hφn
h‖2 + ‖eα

2 ∆t∆hψn
h‖2

)
. (4.11)

Combining the inequality (4.9)–(4.11), and using Grönwall’s Lemma, yields the following result.

Theorem 4.1. Under the conditions of Lemma 3.3, the fully discrete finite difference scheme
(3.1)–(3.2) is stable on Wh over finite time interval (0, T ]. Moreover, the solution (ψn

h , φn
h, θn

h)
of the fully discrete finite difference scheme (3.1)–(3.2) is unique.

Theorem 4.2. Assume ψ(x, t), φ(x, t), φt(x, t) ∈ C4,3 for the solution of problem (1.1)–(1.3).
Then the finite difference scheme (3.1)–(3.2) possesses truncation errors of order O(h2

1 + h2
2 +

h2
3 + ∆t2).

Proof. The result can be obtained by using the standard Taylor expansion techniques. ¤
By using the same procedures as the proof of Theorem 4.1, we can obtain the following

result.

Theorem 4.3. Assume that the conditions of Lemma 3.3 are satisfied, the initial values
(ψ0

h, φ0
h, θ0

h) of the fully discrete finite difference scheme (3.1)–(3.2) satisfies that

‖ψ0 − ψ0
h‖2 + ‖φ0 − φ0

h‖2 + ‖θ0 − θ0
h‖1 = O(h2

1 + h2
2 + h2

3),

and the solution (ψ(x, t), φ(x, t)) of the problem (1.1)–(1.3) satisfies that ψ(x, t), φ(x, t) ∈ C4,3.
Then the solution (ψn

h , φn
h, θn

h) of the fully discrete finite difference scheme (3.1)–(3.2) converges
to the solution (ψ(x, t), φ(x, t), θ(x, t)) of the problem (1.4)–(1.6) with order O(h2

1+h2
2+h2

3+∆t2)
in the Wh norm over finite time interval (0, T ].



Finite Difference Method for Dissipative Klein–Gordon–Schrödinger Equations 899

5. The Existence of Attractor of the Discrete Dynamical System

In this section, let us put problem (3.1)–(3.2) in the framework of dissipative dynamical
system. For fixed h1, h2, h3 and ∆t let us define the mapping

Sh,∆t(tn) :
(
ψ0

h, φ0
h, θ0

h

) −→ (ψn
h , φn

h, θn
h) for all n ∈ Z+,

where (ψn
h , φn

h, θn
h) is the solution of the fully discrete finite difference scheme (3.1)–(3.2). It

maps Wh into itself, and has the usual semigroup properties as follows
{

Sh,∆t(tn + tm) = Sh,∆t(tn)Sh,∆t(tm) ∀ m,n ∈ Z+,

Sh,∆t(0) = I,

where I is the identity. The system S(t) is approximated by the discrete dynamical system
Sh,∆t(tn). Now we prove the existence of the attractor Ah,∆t for the discrete systems Sh,∆t(tn)
on Wh. Theorem 4.1 shows that, for every n ≥ 0, Sh,∆t(tn) is a continuous operator from the
finite dimensional space Wh into itself. By Lemma 3.3, there exists a bounded set Bh which
is absorbing in Wh under Sh,∆t(tn). Using Theorem 1.1 in [10], we obtain the main result as
follows

Theorem 5.1. Assume that the conditions of Lemma 3.3 are satisfied. Then the discrete
dynamical system Sh,∆t(tn) associated with the fully discrete finite difference scheme (3.1)–
(3.2) possess a maximal attractor Ah,∆t in Wh, and

Ah,∆t =
⋂

n≥0

⋃

m≥n

Sh,∆t(tm)Bh.

Remark 5.1. As the parameters α, β > 0, the discrete system can well remain the dissipative
properties of the original system. As the parameters α = β = 0, the discrete system can also
remain conservation properties of the original system.
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