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Abstract

We consider an adaptive finite element method (AFEM) for obstacle problems asso-
ciated with linear second order elliptic boundary value problems and prove a reduction
in the energy norm of the discretization error which leads to R-linear convergence. This
result is shown to hold up to a consistency error due to the extension of the discrete
multipliers (point functionals) to H~' and a possible mismatch between the continuous
and discrete coincidence and noncoincidence sets. The AFEM is based on a residual-type
error estimator consisting of element and edge residuals. The a posteriori error analysis
reveals that the significant difference to the unconstrained case lies in the fact that these
residuals only have to be taken into account within the discrete noncoincidence set. The
proof of the error reduction property uses the reliability and the discrete local efficiency of
the estimator as well as a perturbed Galerkin orthogonality. Numerical results are given
illustrating the performance of the AFEM.

Mathematics subject classification: 65N30, 65N50.
Key words: Adaptive finite element methods, Elliptic obstacle problems, Convergence
analysis.

1. Introduction

Adaptive finite element methods (AFEMs) for partial differential equations based on residual-
or hierarchical-type estimators, local averaging techniques, the goal-oriented dual weighted ap-
proach, or the theory of functional-type error majorants have been intensively studied during
the past decades (see, e.g., the monographs [1,3,4,16,25,33] and the references therein). As far
as elliptic obstacle problems are concerned, we refer to [2,5,7,8,14,19,23,26,27,31].

More recently, substantial efforts have been devoted to a rigorous convergence analysis of
AFEMs, initiated in [15] for standard conforming finite element approximations of linear elliptic
boundary value problems and further investigated in [24]. Using techniques from approximation
theory, under mild regularity assumptions optimal order of convergence has been established
in [6,29]. Nonstandard finite element methods such as mixed methods, nonconforming elements
and edge elements have been addressed in [11-13]. A nonlinear elliptic boundary value problem,
namely for the p-Laplacian, has been treated in [32]. The basic ingredients of the convergence
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proofs are the reliability of the estimator, its discrete local efficiency, and a bulk criterion
realizing an appropriate selection of edges and elements for refinement.

For elliptic obstacle problems, the issue of error reduction in the energy functional associated
with the formulation of the obstacle problem as a constrained convex minimization problem
has been studied in [9] and [28]. The approach in [28] relies on techniques from nonlinear
optimization, whereas the convergence analysis in [9] is restricted to the case of affine obstacles.

In this paper, we focus on the error reduction property with respect to the energy norm
for general obstacles. The error estimator is of residual type and consists of element and edge
residuals. The a posteriori error analysis reveals that in contrast to the unconstrained case the
local residuals only have to be taken into account for elements and edges within the discrete
noncoincidence set.

The paper is organized as follows: In Section 2, we introduce the elliptic obstacle problem
as a variational inequality involving a closed, convex subset K C Hj(2) and address its uncon-
strained formulation in terms of a Lagrange multiplier in H~1(Q). We further consider a finite
element approximation by means of P1 conforming finite elements with respect to a simpli-
cial triangulation of the computational domain. The unconstrained formulation of the discrete
approximation gives rise to discrete multipliers which are Radon measures, namely a linear
combination of point functionals associated with nodal points within the discrete coincidence
set. The evaluation of the discrete multipliers for the nodal basis functions of the underlying
finite element space and the specification of a consistency error due to the extension of the dis-
crete multipliers to H~'(Q) and the mismatch between the continuous and discrete coincidence
and noncoincidence sets are the essential keys for the subsequent a posteriori error analysis.
In Section 3, we present the error estimator, data oscillations, a bulk criterion taking care of
the selection of elements and edges for refinement, and the refinement strategy. Furthermore,
the main convergence result is stated in terms of a reduction of the discretization error in the
energy norm up to the consistency error. The subsequent Section 4 is devoted to the proof
of the error reduction property which uses the reliability of the estimator, its discrete local
efficiency, and a perturbed Galerkin orthogonality as basic tools. Finally, Section 6 contains
a detailed documentation of numerical results for some selected test examples displaying the
convergence history of the AFEM and thus illustrating its numerical performance.

2. The Obstacle Problem and Its Finite Element Approximation

We assume ) C R? to be a bounded, polygonal domain with boundary I' := 9Q. We use
standard notation from Lebesgue and Sobolev space theory, refer to H*(Q), k € N, as the
Sobolev spaces based on L?(€2), and denote their norms as || - |r.q. We refer to (-,-)oq as
the inner product of the Hilbert space L*(Q). For k = 1, | - |1,q stands for the associated
seminorm on H'(Q2) which actually is a norm on V := H}(Q) := {v € H*(Q) | v[r = 0}. We
refer to V* := H~1(Q) as the dual of V and to (,-) as the associated dual pairing. Likewise,
(-,-)r stands for the dual pairing between the trace space H'/?(T') and its dual. We denote by
Vi:={veV|v>0ae onQ} the positive cone of V and by V} the positive cone of V*, i.e.,
oe Viiff (o,v) >0 forallveV,.

We further refer to C(Q) as the Banach space of continuous functions on . TIts dual
M(Q) = C(Q)* is the space of Radon measures on Q with ({-,-)) standing for the associated
dual pairing. We refer to C(Q) and M () as the positive cones of C(Q) and M(Q2). In
particular, o € M (Q) iff ((o,v)) >0 for all v € C1(Q).
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For given f € L?(Q) and ¢ € H'(Q) with |r > 0, we consider the obstacle problem

7jlél}f{ Jw), J):= %a(u,v) —(f,v)0,0, (2.1)

where K stands for the closed, convex set
K:={veV|v<¢ae onQ}.
and a(-,-) : V x V — R is the bilinear form
a(v,w) := /Vv~Vw de, v,weV.
Q

It is well-known [21] that (2.1) admits a unique solution and that the necessary and sufficient
optimality conditions are given by the variational inequality

alu,v —u) > (f,v —u)oq, veK. (2.2)

We define the coincidence set (active set) A as the maximal open set in Q such that u(x) = ¥(z)
fa.a. x € A and the noncoincidence set (inactive set) 7 according to Z := J,. B, where B,
is the maximal open set in €2 such that u(z) < (z) — € for almost all « € B..

Introducing a Lagrange multiplier ¢ € V* for the constraints, (2.2) can be written in
unconstrained form as follows

a(ua ’U) - (fa U)O,Q - <O’,U> , veV, (23)

where (-, -) stands for the dual pairing of V* and V. We note that o € V. Moreover, the
following complementarity condition is satisfied

(o, u— ) = 0. (2.4)

We assume {7y}ren, to be a shape regular family of simplicial triangulations of the com-
putational domain Q. Given D C €, we refer to Ny(D) and &/(D) as the sets of vertices and
edges of 7y in D, and we simply write Ny and &, if D = Q. For D C Q and E € & we denote
by |D| and |E| the area of D and length of E, and we refer to fp as the integral mean of f with
respect to D, ie., fp := |D|™! [, fdz. Moreover, for T' € T;(Q) and E € &(T), we denote by
vg the exterior unit normal on E. For p € Ny, E € &, and T € T; we refer to

wh = J{T e T | pe Nu(T)},
wy = U{T €T | Ee&(T)},
Wl = (T €T | Nu(T') A NU(T) # 0}
as the patches of elements associated with p, E and T, respectively. Further,

& =J{Eec&|pecNiuBE)}

is the set of edges sharing p as a common vertex.
We denote by Sy the finite element space of continuous, piecewise linear finite elements with
respect to 7, and set
Ve=S,nNV.
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We further define 1, € Sy as some approximation of ¢ € H'(§2). For instance, if ¢ € C(Q2), we
may choose 1y € Sy as the nodal interpoland of ¢ (cf. [17]).

The finite element approximation of (2.1) amounts to the solution of the finite dimensional
constrained minimization problem

iy J(wn), () i= (e vr) — (v, 2:5)

Here, the constrained discrete set Ky is given by
Ky = {w eV | ve(z) <ty(z), z€ Q} .
Again, the optimality conditions give rise to the variational inequality
alug, ve —ug) > (f,ve —we)oq, ve € Ky (2.6)

We define the discrete coincidence set according to Ay := {x € Q | ug(z) = 1¢(z)} and refer to
RS ﬁ\ Ay as the discrete noncoincidence set. We note that .4, may consist of vertices and/or
edges only.

The corresponding Lagrange multiplier o, can be written as a linear combination of Dirac
delta functionals §, associated with p € N, according to

op = Z ag(p)(sp, ag(p) € ]R, pE M (27)
pEN;

As in the continuous setting, (2.6) can be written in unconstrained form as

a(ue,ve) = (f,ve)o,0 — ((oe,ve)), v €Vy. (2.8)

In particular, oy € M () and the complementarity condition

(o0, e —ug)) =0 (2.9)

is satisfied.

Residual-type a posteriori error estimators for obstacle problems that contain the standard
edge residuals ng := thE/QHZ/E - [Vuelgllo,, where [Vug]lg denotes the jump of Vug across
E, for edges within the discrete coincidence set cannot be efficient: Assume 1, to have a
kink that aligns with some edge E in the discrete coincidence set. Then, the edge residual
Ng = h]lE/QHI/E - [Vi]gllo,g will be large, although the discretization error |u — ugl1 o can be
arbitrarily small. The same applies to the discrete local efficiency. As will be shown in the
subsequent a posteriori error analysis, the standard element and edge residuals within the
discrete coincidence set do not contribute to the error estimator. They will be eliminated in
essence by the discrete multiplier. However, the a posteriori error analysis requires an extension
of the discrete multiplier to V* = H~1(Q). This extension is motivated by the following explicit
representation of oy.

Lemma 2.1. The discrete Lagrange multiplier oo has the representation

Z (f) @g)o,T_ Z (VE'[VUE]EAD?)O’E pG/\[g(.Ag),
ay(p) =  Tewy Begy (2.10)

0, p € No(Zo),

where ¢ is the nodal basis function associated with the nodal point p.
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Proof. Tt is an immediate consequence of (2.9) that ay(p) = 0 for p € Z;,. On the other
hand, if p € A;, we choose vy = ¢}. It follows from (2.8) that

ae(p) = ({00, 00) = (f,60)gr = (Vue, V,)g o (2.11)

An elementwise application of Green’s formula to the second term on the right-hand side in
(2.11) yields

(Vw,Vapif)wi = Z (Vue, Vy) o 7 = Z (ve - [Vuel, 7)o p- (2.12)
Tewy Eeé&)
Inserting (2.12) in (2.11) we obtain the assertion. O

In the a posteriori error analysis of obstacle problems, the Lagrange multiplier o, is con-
sidered as a functional on V; and extended to V; see, e.g., [8]. Usually this is done via a
representation as an Lo function. Here, for the reasons mentioned above, the construction
refers to Lemma 2.1 and edge terms are included. We set

(Go,v) = Z (% Z (f,v)oj—% Z (VE'[VW]’U)O,E)' (2.13)
PEN(Ar) Te QF Ee &7

Remark 2.1. The sum in the definition of 6y, i.e., in (2.13) is restricted to points in the active
set. If the summation runs over all nodal points of the grid and the factors are adjusted at the
boundary, then we obtain an extension &y with {6y, v) = a(up,v) — (f,v) for all v € V; see [10].

We denote by E(A¢) and Tp(A;) the sets of edges and elements having all vertices within
the discrete coincidence set Ay, i.e.,

Er(Ar) = J{E € &(Q) | Nu(E) C Ar}, (2.14a)
)= U{T € T(Q) | Nu(T) € Ar}, (2.14b)

and we refer to £(Z;) and T;(Z;) as the complements
EZe) ==&\ E(Ar),  To(Ze) = To \ To(Ay). (2.15)

We further introduce 82 C & and ’Z;(l? C 7y as the subsets of edges and elements having
1 vertices in the discrete coincidence set Ay, i.e.,

£ =\J{E €& | card(Ny(B) N Ap) =i}, i€{0,1,2}, (2.16a)

Tj‘j_) = J{T €Tt | cardW(T) N Ar) =i}, i €{0,1,2,3}, (2.16b)

and we define 5%) and TI(Z) analogously. In particular, £(Ay) = ) and To(Ap) = (3)
Moreover, we set

T]:[ =T \ (TAES) U7 (3))) 5]-@ =& \ (5A22) U7 (2))) (2.17)

Now the summation in (2.13) can be reorganized such that each triangle and each edge
enters only once. Taking (2.14) and (2.16) into account, from (2.13) we easily deduce that for
v € V there holds

3 . 9 .
(Ge,v Z% Z fw)o,T—Z% Z (VE'[VW]E’U)O,E' (2.18)

- © i=1 (i)
eTl Bee§)
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It follows that for vy € Vj

(o0, 00)) = (Gesve) = Y wr(fovdor = D we(ve - [Vude,ve), g, (2.19)

TeTF, E€lyr,

where

Ko ;:17%, TeT”, kg ;:173, Ec&l (2.20)

We note that 6, does not inherit the complementarity properties from oy, in particular, &, ¢
V. Obviously, the contribution of 6, reminds of the well-known residual estimators for linear
problems. Section 4 will highlight its role in the a posteriori error analysis.

3. The a Posteriori Error Estimator and the Error Reduction
Property

We consider the residual-type a posteriori error estimator

Wi< oo+ >, n%)lﬂ, (3.1)

TeTe(Ze) Ee€&(Iy)

where T¢(Zy) and &;(Z;) are given by (2.15). The element residuals nr are weighted elementwise
L2-residuals and the edge residuals ng are weighted L?-norms of the jumps vg - [Vuy] of the
normal derivatives across the interior edges according to

nr = hellfrllor, nE = hy |ve - [Vudelos. (3.2)

They are defined as in the linear regime (see, e.g., [33]), but in contrast to that case they only
have to be considered for elements T and edges E within the discrete non-coincidence set Zy.

The refinement of a triangulation 7y is based on a bulk criterion that has been previously used
in the convergence analysis of adaptive finite elements for nodal finite element methods [15,24].
For the obstacle problem under consideration, the bulk criterion is as follows: Given a universal
constant © € (0,1), we create a set of elements MED C T¢(Z,) and a set of edges Mf) C &lTy)
such that

o > np < > (3.3a)
TET(Ze) TemV

o > w< > (3.3b)
Ec&i(Zy) EEMéz)

The bulk criterion is realized by a greedy algorithm [12,13]. Based on the bulk criterion, we
generate a fine mesh 7,1 as follows: If T" € Mél) or E=T,NT_ ¢ Mf), we refine T or Ty by
repeated bisection such that an interior nodal point py in T or interior nodal points p, € T
and p_ € T_ are created [24]. In order to guarantee a geometrically conforming triangulation,
new nodal points are generated, if necessary.

We further have to take into account data oscillations and a data term with respect to the
right-hand side f and the obstacle ¥. The data oscillations oscy are given by

osci == 0sci(f) + osci(v) (3.4)
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where osce(f) and osce(1)) are defined by means of

oscj(f) = Y osct(f)+ Y oscde(f), (3.5a)
TeT,(Q2) Ec&(Q)

oscj() = Y oscp()+ Y osclp(v), (3.5b)
TeT,(22) Ec&(Q)

oscp(f) :=diam(D) ||f — fpllo,p
oscp(¥) == [ —Ye|1,p, D€ {T,w/}.

On the other hand, the data term py is of the form

pi o= wp), pe@) =he |ve- [VYlelo.k, (3.6)

EemP

where
Mf) = {E € Mf) | mg € Apy1 and py € Zypyq or p_ € Ie+1}

with p1 denoting the interior nodal points in T4 (E = T4 NT_) (cf. case (ii)2,1 in the proof of
Lemma 5.3 in Section 5 below which is the only situation where ,u% occurs in the a posteriori
error analysis).

The refinement and the new mesh 7yy; shall also take care of a reduction of the data
oscillations (cf., e.g., [24]). In particular, we require that

0sci 1 < pa 0sc} (3.7)

for some 0 < p2 < 1. This can be achieved by additional refinements if necessary. Likewise, we
require that

B < p3 g, (3.8)

where 0 < p3 < 1. Since these terms can be expected to arise only in the discrete noncoincidence
set close to the discrete free boundary, (3.8) can be achieved by including edges in the vicinity
of the discrete free boundary in the refinement process.

The convergence analysis is based on the reliability and the discrete efficiency of the esti-
mator 7, as well as on a perturbed Galerkin orthogonality which will be addressed in detail in
the subsequent Section. These properties involve consistency errors due to the extension G, of
the discrete multiplier oy and the mismatch between the continuous and discrete coincidence
and noncoincidence sets. In particular, we define

cong == cony® + congt. (3.9)

Here, conzel and cony™ refer to the consistency errors associated with the reliability of 7, and

the perturbed Galerkin orthogonality:

cony® = [(Go,0 —u)|, cong"t =2 (o, — uy). (3.10)

Due to the construction of &4, the consistency error conzel is nonzero only in the small patch

Tr, U EF, in the vicinity of the discrete free boundary (cf. (2.17)) and in C; := Ay NZ. On the
other hand, the consistency error cong’rlt is nonzero only in Co := ANZy. The sets C; and Cs
represent the mismatch between the continuous and discrete coincidence and noncoincidence

sets. Usually, the sets 7r, U&rx, and C,,1 < v < 2, are small and the consistency errors conzel
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and cony™ turn out to be at least one order of magnitude smaller than the other error terms
as it is the case, for instance, in the numerical examples presented in Section 6. However, if
necessary, the marking strategy can be extended by marking the elements and edges in 7x, UEF,
and C,,1 < v < 2, for refinement. To do so, we need to provide approximations of the mismatch
sets C; and Co. We denote by x(D), D C €, the characteristic function of D and, following [18]
and [22], define
¥ 24 —T_ :/fl — W
'Yhe + g — up

with appropriately chosen 7,7 > 0 as an approximation of x(.A). Indeed, it can be shown that
Ix7t = x(A)llo,r — 0 as hy — 0 for each T € Ty(2) (cf. [18,22]). Then, x := I — x7' is an
approximation of x(Z) and hence, Xgl = x(A¢)xT and X% := x(Z¢)x7* provide approximations
of the characteristic functions x(C1) and x(C2).

The main result of this paper states an error reduction in the | - |1,Q—n0rm up to the consis-
tency error cony.

Theorem 3.1. Let u € V and uy € Vi, upy1 € Vg1, respectively, be the solutions of (2.2) and
(2.8), and let oscy, e, and cong be the data oscillations, data terms, and the consistency error
as given by (3.4), (3.6), and (3.9), respectively. Assume that (3.7), (3.8) are satisfied. Then,
there exist constants 0 < p1 < 1 and C; > 0,1 < i < 3, depending only on © and the local
geometry of the triangulations, such that

lu—ueia]f g pm C1 C lu —wl? g C3 conyg
0sci <! 0 p2 O oscs + 0 : (3.11)
N?-H 0 0 ps3 u% 0

Remark 3.1. If the consistency error cony is negligible, the error reduction property (3.11)
implies R-linear convergence of the finite element approximations uy € V; to the solution u € V'
of (2.2).

The proof of Theorem 3.1 will be presented in the next section.

4. Reliability

We will show that the residual-type error estimator from (3.1) provides an upper bound for
the energy norm error up to the data oscillations and the consistency error conzef .

Throughout this section, we denote by C > 0 a constant depending only on the geometry
of the triangulation, not necessarily the same at each occurrence. Moreover, for A, B € R we

use the notation A < B, if A < CB. Likewise, A~ Biff A< B and B < A.

Theorem 4.1. Let u € V and ug € V; be the solutions of (2.3) and (2.8), respectively, and let
Ne, 0sce, and cony® be the error estimator (3.1), the data oscillations (3.4) and the consistency
error (3.10), respectively. Then, there holds

|u7uz|iQ <n? + osc + conye. (4.1)

Proof. Setting e, := u — u; and denoting by Py, : V — V; Clément’s quasi-interpolation
operator (see, e.g., [33]), we find by straightforward computation

|eu|iQ = a(ey,en) =1(ew — Py,en) + L1 (Py,eq) + l2(ey), (4.2)
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where

r(v) == (f,v)0,0 — a(ueg,v) — (G,v), veV,
61(’1)[) = <<o—lavl>> - <5—€7v€>; vy € Wa
2(v) = {(G¢ —oyv), veW

N

Elementwise integration by parts and the representation (2.18) leads to

rw)=> (fvor— Y, (ve- [Vudg,v), p = (G0,v)

TeT, E€&,(Q)

= Z & (fr,v)o,r — Z RE(VE'[VUZ]E/U)O,E

TeT(Ze) E€&y(Ze)

+ Y wr(f = frvor, (4.3)

TeTi (L)

where k7 and kg are given by (2.20). Standard estimation of the terms on the right-hand side
in (4.3) with v := e, — Py, e, yields

rew—Predl S S (nr+oser(ledior + 3 msleulyus
TeTy(Ze) Ec&(Zy)

1
SE |€u|iﬂ + 0(773 + osc?(f)). (4.4)

For ¢1(Py,e,) in (4.2) we obtain

1
16 (P, eu)| < —

< 10|eu|i§z+0< Z (07 + osch(f)) + Z n%) (4.5)

TeTs, Eeéy,
Moreover, for ¢5(e,,) it follows that
la(ew) = (Ge —ou—4) + (60— 0,9 —pe) + (G — 0,9 — ue).

From the complementarity property (2.4),(2.13) and o € V; we deduce

(61— 0ye0) <i|eu|%,9+c( S (B tos(f) + Y 77?;)

—10
TeTs, Eeéy,

+ osc%(w) + conzel + (60— 0,0 — ). (4.6)

It remains to estimate (6y — 0,1 — 1¢). Zero boundary conditions are not required for 6, — o.
We note that v € V and u, € Vp satisfy

a(uvv) - (fa U)O,Q + <VF : Vu,v>p - <0a ”U>, vE HI(Q)a (47)

a(ug,ve) = (f,ve)o.0 + (vr-Vug,ve)r — (Ge,ve), ve €S,

Setting dy, := 1 — by € H(Q2) and denoting by Ps, : H'(2) — S, Clément’s quasi-interpolation
operator, we obtain

<5g — 0, (Sw) = <5g — 0, P855w> + <5’e — 0,0y — Psé5w>. (4.9)
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We have
(G0 — 0, Ps,0y) = ({50, Ps,0y) — (o0, Ps,0y))) + ({0, Ps,0p)) — (0, Ps,dy)).  (4.10)
For the first term on the right-hand side in (4.10) we get
(52, Ps,0y) — ({00, Ps,0))| Soscz () + Y (g +osch(f)) + > (4.11)

TeTF, Ectr,
Since Pg,d, is an admissible test function in (4.7) and (4.8), the trace inequality
lvr - V(u = w120 S lu = weli,0, (4.12)

and Young’s inequality imply that the second term on the right-hand side in (4.10) can be
bounded from above as follows

| ({04, Ps,0y)) — (0, Ps,0y)|
| a(u — ug, Ps,0y) |+} vr - V(u — ug), Ps,dy)r |

_10 lu—ueli o + C osci (). (4.13)

Next, using (2.13) for dealing with 6, and (4.7) with o we get
(0 — 64,0 — Ps,0p) =11 + I, (4.14)
where
1
Iy :=(f, 0y — Ps,0y)0 o — Z 3 Zp(ﬁ 6y — Ps,64)0,9;
pEN, (_A[) Tew,

.[2 2:<I/F . Vu, 5w - Pse(swh* - a(u, 5w - Pse(sw)

1
+ Z 5 Z (VE . [VU@]E,5¢ — Psz(sw)o7Q

PENe(A¢)  ECEY

For the first term it follows that

Ll < > (1-kr) <|(fT75w — Ps,0p)o7| + |(f = fr, 0y — P5z5¢)O,T|)

TeT(Ze)

S Y (b Wfrlloz+hr 1 = frllor) 1ot
TeT(Ze)

S Y (B + o) + oschw).

TeT,(Ze)

Moreover, using (4.12) and Young’s inequality again, the second term I is estimated from
above

|I2] <|a(ew, 0y — Ps,0y)] + Y (1—n)|(ve - [Vude, by — Ps,0p)0]|
Ec&(Ze)

+ Z ‘<I/E . V(U — 'LL@),(Sw — P355w>E|
Ee& ()

1
Sl—o |eu|iQ+C( Z 77]23 + Osci(w))

Ec&(Ze)
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The preceding two estimates give

- 1
(0= 56,85 = Ps,64)| < 5 leult o+ C (i +0sc}(f) + 05} (4) ). (4.15)
Combining (4.4)-(4.6), (4.10), (4.11) (4.13) and (4.15) we complete the proof of (4.1). O

5. Discrete Local Efficiency, Perturbed Galerkin Orthogonality, and
Proof of the Error Reduction Property

We will prove discrete efficiency of the error estimator in the sense that it provides a lower
bound for the energy norm of the difference uy — ug41 between the coarse and fine mesh ap-
proximation up to the data oscillations and the data terms.

Theorem 5.1. Let uy € Vi, up1 € Vo1 be the solutions of (2.8) and let ng, 0sce as well as pug
be the error estimator, the data oscillations, and the data terms as given by (3.1), (3.4), and
(3.6), respectively. Then, there holds

n7 < ug — ue+1|ig + 0sc? + 2. (5.1)

As usual in the convergence analysis of adaptive finite element methods, the proof of The-
orem 5.1 follows from the discrete local efficiency. The guaranteed improvements that can be
associated to the volume terms and the edge terms will be established by the subsequent two
lemmas. We adjust the concept in [9] to general obstacles, but it would be possible also to
adopt ideas from [10] or [28].

Lemma 5.1. Let T € MED with an interior nodal point p € Noy1(T).
(i) If p € Not1(Zog1), we have

M S lue —wea|f p + osci(f). (5.2)
(it) If p € Noy1(Ags), due to T € M;l) there exists p € No(T) N Ny(Zy), and there holds

wh S = Ll + D (5.3)
EcE?

where fwf = |wP| 1 fwf fdx.

Proof. Let p € Nygy1(T) be an interior node. We choose Xéﬁ-)l = mpéi)l, Kk =~ fr, as an

appropriate multiple of the level £ + 1 nodal basis function goéi)l associated with p such that

Wl < W (fraxdfh) o
Observing Vu, € Py(T) we find by partial integration
a(ug,v) =0 if suppv C T and v € HJ(T). (5.4)
In particular, the preceding inequality yields

B3R < (o xh) or — alun X)) ) (5.5)
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(”) s an admissible level £ + 1 test function in (2.8), we have

Since x,./;
(p) _ (p) (p) =0 5.6
a(WJrlee-H) (fv Xe+1)0,T + <<Ul+1;Xe+1>> . (5.6)
Adding (5.5) and (5.6) results in
Pl e = B ((Fe = 1) o 7
ta(uer = ue X)) + (o)) (5.7)
Case (i): p € Nyy1(Zy) implies that
(orr, xith)) = moesa(p) =0,
and we readily deduce from (5.7)
Wl frld e < Jue = wesa |y B XEL |, 4 + oscen(£) hrllx Py llor- (5.8)
Observing
WXl = Wkl = el frlor. (5.92)
Bl lo.r =~ b | T2 = b frlo.r (5.9)
we obtain (5.2).
Case (ii): We have
W3 Frl3 e <B3 (Fro X1 ) o
(®) (5.10)

:h’% (fT - f? Xéﬁ‘)l)O,T + h’% (f? X€+1)O,T .

(P) . mp&ﬁ ), where @ﬁﬁ ) is the level £ nodal basis function associated with P, and we

We set x,
choose v > 0 such that
/ (go?jr)l - agoéﬁ)> dx = 0. (5.11)
)
Since Xéﬁ ) is an admissible level ¢ test function, there holds
a(ue, x") = (1, xé”))o,wg- (5.12)
On the other hand, by Green’s formula
a(ue, ) = 3" (ve - Vude i)y o (5.13)
ECE?
Using (5.11)—(5.13) yields
h’% (f? Xéﬁ‘)l)O,T
=3 (f,x&), - ax@”))owg +a b7 (f, xﬁp))owg
=0 (f = Fupoxifh = axi™) g o + o b afue, x(”)
:h% (f - fwf’XEi)l - anﬁ))o’wf +a h%‘ Z (VE ) [Vue]E7Xéﬁ))0’E (514)
E€E(p)
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The right-hand sides in (5.14) can be estimated as follows

h% ‘(f_fwf’xyjr)l_ax?)) Owﬁ‘

Shrllf = Fuplloupers (hr Ixhllo + o lWf12 1P)lo o ) (5.15)
Wi |(ve - (Ve X"
S il e - [Vudsllos b I lo,e- (5.16)

Using (5.9b) and

511/2
A ||><“”>>||OWg = P12 18] 10 g S b I frlor,

3/2 . h3E/2

¢ llo. & k] 198" llo,e2 S b Il frllo,rs

n (5.15) and (5.16), we find that (5.14) results in

B 1ol S (e 17 = gl

b5 0 e Fulelos) br lfrlor. (517
E€E?
Finally, using (5.9a),(5.17) in (5.10), we deduce (5.3). O

Fig. 5.1. Notation for F € ./\/ll(f) and the adjacent elements T, T_.

Lemma 5.2. Let E € Mf), E=T,.NnT_, Ty € 1y, be a refined edge with midpoint mg €
Net1(E) and associated patch wf =T, UT_. Then, there holds

ne < ‘Ug—Ug+1|1 E—l—osciE(f)+oscif(w)+p%(¢). (5.18)

Proof. Let p+ € Nyy1(T4) be interior nodes in Ty and wyyq = upy1 — o4 (cf. Fig. 5.1).
We distinguish the two cases

(4) wet1(p+) = wet1(p-) =0,
(i%) wer1(p+) <0 or  weri(p-) <O.

Case (i): For wy := uy — 1)y we have

hpllve - [Vudll§ g S helve - [Vwdl§ g + ni0). (5.19)
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Since Vwg|r, T € {T1}, is a constant vector, there exists at least one element 7' € Ty 1(T)
such that vg - Vwg|r and vg - Vwgy1|7 have different signs or are zero on T”. Hence,

e - Vwelr | < |vp - V(we = wep) || < [V(we = wepn)l7|
Since |T'| = |T| = hg|E|, it follows that

hellve - [Vwdeld g S lwe —wea | p, + lwe —wea|f -

S lue —wealf e + oscle(¥). (5.20)

w

Combining (5.20) and (5.19) we obtain (5.18).

Case (ii): Without loss of generality we may assume that wey1(py) < 0. We distinguish the
subcases

(ii)l wg+1(mE) <0, (’Ll)g wg+1(mE) =0.

Case (it)1: Denoting by cpe + ) and @Ep +)the nodal basis functions associated with m g and p4,

we have

a(uerr i) = (fofit)oq and  a(ues927) = (F08i) g (5.21)

The latter and (5.4) yield
aluess = ue o) = (£ 0 oo (5.22)

We set cpé]_i)l : cpéTf)facpgiﬁ), a > 0, and choose « such that cpé]_i)l € Hj(wf) and [,p gaﬁ)l dz =
£

0. It follows from (5.21) and (5.22) that
1 (E)
5 | vE" Vuwlpds = [ v - [Vulr v, ds
E E
E E
= a(ué - u@-ﬁ-la (10§+)1) + (f7 (10§+)1)0 QE
(ue - w+1,sag+1) (f fwé a@éﬂ)

We deduce
ng < lue — uega ]} or T OSCQE(f)

which proves (5.18).
Case (ii)2: We distinguish between

(1)1 vE-[Vuw]ep <0 and (it)22 vE-[Vu]g > 0.
Case (ii)2,1: There exist T, € Tp41(T+) such that
VE - Vwe+1|T4 > 0> vg - Vwe|r
and hence,

0

IN

—vg- [Vulp = — (vg - Vwelr, —ve - Vwilr ) —ve - [Vie

IN

— (vE - V(we —weir) |y, —ve - V(we —we)lr ) —ve - [Vide

< [V(we = wes1) |y | + [V(we — wei) | | + [ve - [V gl
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Observing |wf| ~ [T | ~ h%, it follows that
Mo S lue—weal? e + uk (),

which shows (5.18).
Case (ii)2,2: We have

a(uf-‘rla @§Tf)) < (fa (pérff))o,ﬂ and a(ue-‘rla @[ﬁfl)) (f) ‘P?ﬁl))

We construct @éf)l as in Case (i¢); and obtain

1
0<§/VE-[Vug]E ds = /VE-[VW]E goﬁ)l ds
E B

< afue —uern i) + (£960) 0 08

a(ue —uer, ¢{3)) + (F = fop i) o

from which we deduce (5.18).

|

Proof of Theorem 5.1. The upper bound (5.1) follows directly from (5.2) and (5.3) in Lemma
5.1 and from (5.18) in Lemma 5.2 by summing over all T' € Mél) and all £ € Mf) and taking

advantage of the finite overlap of the patches wf.

O

The final ingredient of the proof of the error reduction property is the following perturbed

Galerkin orthogonality:

Theorem 5.2. Let u € V and u, € Vi, k € {{,£ + 1}, be the solutions of (2.2) and (2.8), and
let oscy and cony™ be the data oscillations (3.4) and the consistency error (3.10). Assume that

(3.7) is satisfied. Then, for any € > 0 there holds
2
e W+1‘1Q (1+ ) |u— W‘Mz - (1-¢) ‘u_“€+1|1,9
é 2 2 ort
+ =P 0scj(f) + = (14 p3) 0scy () + cong
Proof. By straightforward computation
2 2 2
ue — o]y g = [u—ue|| g = [u—ueri|] o +20(u —uprr,ue — ugs).
Now, (2.2) and (2.8) imply

Qa(u — Upt1,Up — WH)

=2(f = frg1,w — Uz+1)079 + 2(((oe41, e — weg1)) — (0, up — ueg)).

(5.23)

(5.24)

(5.25)

Using that f — fyy1 has zero integral mean on each T' € 7y, applying Young’s inequality and

(3.5), we obtain

€ 4
2|(f = fes1, ue — ueg1)o,n| < 3 (|U —uglf g+ |u— W+1|§,Q> + gp20505(f)~

(5.26)
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On the other hand, taking advantage of o¢11 € M (), the complementarity condition (2.9),
and o € V', we find

2((orsr, we — upy1)) — (0, up — ugs1))
=2((oer1, w0 — 0)) + 2({oe1 — 0,90 = Yegr)) — (0,00 — esa))
<0
+ 2((001, o1 — wetn)) + 2(0 e —ue) — 2 (0, Per1 — upy1). (5.27)

=0 = cong"? <o

For the estimation of the second term on the right-hand side in (5.27) we set 0y, := ¢ — r41
and recall (4.7) as well as

a(ugs1, veyr)
=(f,vern)oq — (vr - Vuerr, ve1) g p = (061, 0e41)), Vet € Seer (5.28)

Since dy, € Sey+1 is an admissible test function in (4.7) and (5.28), by the trace inequality (4.12)
and by Young’s inequality we find

|2(<<O—‘€+1 -0, 5ﬂ}e>> - <0a 6¢z>)|
<|2a(u = wpy1,8y,)| + [{vr - V(u = wei1), 04, )7

€ 2
<3 lu— uli o + ~(1+ps) 0scf (). (5.29)
Using (5.25)—(5.27) and (5.29) in (5.24) gives (5.23). O

We have now provided the prerequisites to prove the error reduction property (3.11) as
stated in Theorem 3.1.

Proof of Theorem 3.1. The reliability (4.1), the bulk criterion (3.3a) and (3.3b), the discrete
efficiency (5.1), and the assumption (3.7) imply the existence of a constant C' > 0, depending
only on © and on the local geometry of the triangulation, such that

[u—wlio < C (|W —ugr1lf o +o0sci + conff) :

Now, invoking the perturbed Galerkin orthogonality (5.23), we deduce

C(l+¢/2)—-1

C(1—¢) |u— W+1|?,Q +CCe (0803 + M?) -+ Ccong,

lu— W+1|%,Q <

where C. := max((4/¢ + £/2)p2,8(1 + p3)/c). Together with (3.5) this proves (3.11) with
pr:=(C(1+¢/2)—1)/(C(1—¢)) <1 fore<2/(3C). O
6. Numerical Results

In this section, we provide a detailed documentation of the convergence history of the AFEM
for two illustrative elliptic obstacle problems.
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Fig. 6.2. Adaptive refined grid after 7 (left) and 10 (right) refinement steps (€ = 0.6 in the bulk

criterion).

Example 1. We consider an obstacle problem of the form (2.1) in an L-shaped domain where
the obstacle is an ‘inverted’ pyramid. The data are as follows

= (=2,2)?\ ([0,2] x [-2,0]), () :=0.5(2.01 — dist(z,9[-2,2]%), z € Q,

Q
: 4 _ :
F(r) = =% sin(2/3) (4 (1) /1 + 97 (1)) = 5774 () sin(2/3) = 7 (r),
1, F <0,
Y(r) =4 =67 + 16/ =107 +1, 0
0,

0,r<5/4,
1, elsewhere,

< 17 ,72(7”)

IV IA A

=
=

where 7 = 2(r — 1/4) and (r, ¢) stand for polar coordinates.

Figure 6.1 displays a visualization of the solution, whereas Figure 6.2 shows the adaptively
generated finite element meshes after 7 (left) and 10 (right) refinement steps of the adaptive
loop (© = 0.6 in the bulk criterion (3.3), (3.3a)). The coincidence set is a small region at the
upper fore side of the hill-like structure seen in Figure 6.1 where the solution is in contact with
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Table 6.1: Convergence history of the adaptive refinement process in Example 1.

¢ N, ¢ e osce(f) e () My | Mosc,e
1 15 | 1.19e4+00 | 5.61e+00 | 7.96e+00 | 2.45e4+00 | 49.5 34.9
2 37 | 1.09e400 | 5.57e+00 | 5.29e4+00 | 1.73e+00 | 33.1 19.4
3 76 7.18e-01 3.90e+00 | 2.07e+00 | 1.37e+00 | 27.3 15.4
4 171 5.08e-01 2.70e+00 | 8.12e-01 1.09e+00 | 33.4 14.1
5 361 3.38e-01 1.82e4+00 | 3.78e-01 8.79e-01 36.7 9.9
6 851 2.16e-01 1.20e4-00 2.22e-01 7.29e-01 31.0 3.2
7 1596 1.54e-01 8.52e-01 1.46e-01 6.06e-01 34.5 3.6
8 3273 1.06e-01 5.85e-01 7.29e-02 5.04e-01 34.1 2.4
9 6356 7.54e-02 4.17e-01 4.50e-02 4.21e-01 35.2 2.0
10 12340 5.41e-02 2.98e-01 2.57e-02 3.51e-01 35.4 1.2
11 23988 3.90e-02 2.16e-01 1.60e-02 2.92e-01 34.4 0.9
12 45776 | 2.79e-02 1.56e-01 9.63e-03 2.44e-01 35.4 0.6
13 88439 1.99e-02 1.14e-01 5.92e-03 2.04e-01 36.0 0.4
14 | 166926 1.37e-02 8.36e-02 3.46e-03 1.71e-01 33.8 0.3
)
1

Fig. 6.3. Energy norm of
the error as a function of the
DOFs for adaptive and uni-
form refinement in Example
1.

108

the inverted pyramid. We see that the refinement is dominant along the diagonal and in a
circular region around the reentrant corner where the solution exhibits singular behavior.

Table 6.1 reflects the convergence history of the AFEM where ¢ stands for the refinement
level and Ny for the total number of degrees of freedom at level £. Further, g4, 1¢, 0sce(f), and
1e(1)) denote the energy norm of the discretization error, the error estimator, and the data os-
cillations in f and 1, respectively. The quantity M, , refers to the percentage of elements/edges
refined at level £ due to the bulk criterion (3.3a), (3.3b). Finally, M,s. ¢ denotes the percentage
of additional elements/edges that had to be refined in order to guarantee a reduction of the
data oscillations.

Figure 6.3 displays the energy norm of the discretization error €, as a function of the
degrees of freedom (DOFs) for adaptive and uniform refinement. We see that in this case the
adaptive refinement is only slightly beneficial with both refinements showing the same rate of
convergence.
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Example 2. We consider the torsion of an elastic, perfectly plastic cylindrical bar @ := Q x
(0, L) of cross section Q C R? and length L > 0. Denoting by 0Q, := Q2 x {L}, 9Qq := Q2 x {0},
and 0@ := 9 x (0, L) the top and the bottom of the bar as well as its lateral surface, at 0Q L,
the bar is twisted about the x3-axis by an angle § > 0, whereas 9Q)s is supposed to be stress
free.

0791

—04633

—0.475

0317

—0.158

-0

Fig. 6.4. Visualization of the solution of the elastic-plastic problem.

Fig. 6.5. Adaptive refined grid after 7 (left) and 12 (right) refinement steps (6 = 0.6 in the bulk
criterion).

Using Hencky’s law for an isotropic material, modeling the plastic region by the von Mises
yield criterion, and normalizing physical constants, it can be shown that the equilibrium stress
tensor o = (04;)} ;—; is given by oy; = du/dxa, (i,5) € {(1,3),(3,1)}, 015 = —Ou/dx1, (i,)) €
{(2,3),(3,2)}, and 0;; = 0 otherwise. Here u € Hg(Q) is the solution of the variational
inequality

/Vu-V(v—u)da:ZQC/(v—u)da:, veK, (6.1)
Q Q
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and K stands for the closed, convex set
K :={ve H)(Q)|v<y:=dist(-,00) a.e. on Q}.

We have chosen 2 as the L-shaped domain  := (—2,2)2\ ([0,2] x [-2,0]) and C = 5.

The computed solution and adaptively refined grids after 7 (left) and 12 (right) refinement
steps (© = 0.6 in the bulk criterion (3.3a), (3.3b)) are shown in Figures 6.4 and 6.5. The
coincidence and non-coincidence sets correspond to the plastic and elastic region, respectively.
The non-coincidence set consists of the union of a neighborhood of the edges forming the
reentrant corner and a neighborhood around the diagonals. As can be expected from the
properties of the solution, the refinement is concentrated within the non-coincidence set.

The convergence history of the AFEM is documented in Table 6.2 with the same notations
as in the first example. Since the right-hand side in the variational inequality is a constant,

Table 6.2: Convergence history of the adaptive refinement process in Example 2.

L N ) yli e () Mne | My
2 65 | 2.49e+00 | 8.42e+00 | 3.46e+00 7.5 6.2
3 84 | 1.95e4+00 | 4.99e400 | 2.83e4+00 | 10.9 4.3
4 113 | 1.73e+00 | 5.73e+00 | 2.29e+00 9.8 4.9
5 192 | 1.21e+00 | 5.91e+00 | 1.90e+00 | 18.3 4.1
6 336 | 9.26e-01 4.72e+00 | 1.57e4+00 | 18.6 2.6
7 533 7.21e-01 3.67e+00 | 1.26e+00 | 20.1 3.6
8 1151 5.22e-01 2.49e+00 | 1.05e+00 | 20.0 1.3
9 1849 | 3.77e-01 1.77e4+00 | 8.79e-01 25.2 2.1
10 3373 2.69e-01 1.30e+4-00 7.36e-01 24.2 0.9
11 5720 2.01e-01 9.50e-01 6.15e-01 26.2 1.4
12 11014 1.47e-01 6.85e-01 5.14e-01 27.1 0.5
13 19461 1.08e-01 5.06e-01 4.30e-01 26.1 0.8
14 34942 7.73e-02 3.71e-01 3.60e-01 31.8 0.4
15 67114 | 5.52e-02 2.75e-01 3.01e-01 26.5 0.4
16 | 123427 3.75e-02 2.01e-01 2.52e-01 30.8 0.2

g

Fig. 6.6. Energy norm as
a function of the DOFs for
adaptive and uniform refine-
ment.
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the associated data oscillations are zero. Figure 6.6 displays the energy norm of the discretiza-
tion error as a function of the degrees of freedom for adaptive and uniform refinement and
demonstrates the benefits of the adaptive approach for this example.
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