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Abstract

In this paper, we study variational discretization for the constrained optimal control
problem governed by convection dominated diffusion equations, where the state equation
is approximated by the edge stabilization Galerkin method. A priori error estimates are
derived for the state, the adjoint state and the control. Moreover, residual type a posteriori
error estimates in the L?-norm are obtained. Finally, two numerical experiments are
presented to illustrate the theoretical results.
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1. Introduction

Optimal control problem governed by convection dominated diffusion equations arises in
many science and engineering applications. Recently, extensive research has been carried out
on various theoretical aspects of optimal control problems governed by convection diffusion and
convection dominated equations, see, e.g., [2,3,10,29].

It is well known that the standard finite element discretizations applied to convection domi-
nated diffusion problems lead to strongly oscillations when layers are not properly resolved. To
stabilize this phenomenon, several well-established techniques have been proposed and analyzed,
for example, the streamline diffusion finite element method [16], residual free bubbles [4], and
the discontinuous Galerkin method [18]. Drawing on earlier ideas by Douglas and Dupont [11],
Burman and Hansbo proposed an edge stabilization Galerkin method to approximate the con-
vection dominated diffusion equations in [5]. The method uses least square stabilization of the
gradient jumps across element edges, and can be seen as a continuous, higher order interior
penalty method. The analysis of edge stabilization Galerkin methods has been extended to the
Stokes equations [6], and to incompressible flow problems [7,26].

Although above stabilization techniques are deeply studied for the convection dominated
diffusion equations, their application to optimal control problems governed by convection dom-
inated diffusion equations is not yet intensively studied. This may be due to the fact that stable
numerical treatment of the optimality conditions requires stabilization for both the state and

* Received March 24, 2008 / Revised version received May 29, 2008 / Accepted June 6, 2008 /



238 M. HINZE, N.N. YAN AND Z.J. ZHOU

the adjoint equation, and it is not straightforward to chose stabilization techniques such that
the approaches first optimize, then discretize and first discretize, then optimize commute. This
question for example pops up if one considers the streamline upwind Galerkin method (SUPG)
for discretizing the state and the adjoint equation in the optimality system, since this approach
seems not to be well suited for the duality techniques frequently used in optimal control. In [3]
and [29] stabilized finite element methods for optimal control governed by convection diffusion
equations are applied. Both approaches use standard finite element discretization with stabi-
lization based on symmetric penalty terms, where local projections (the so called LPS-method)
are used in [3], and edge stabilization (see [5]) in [29]. Then formulating the control problem on
the continuous level and then discretizing the optimality conditions appropriately is equivalent
to considering the control problem on the discrete level. Hence the question posed above of
which concept to apply is made redundant.

In [3] a priori error estimates are proved for both constrained and unconstrained problems,
while a priori and a posteriori error estimates are provided in [29].

In [14] the first author proposes the variational discretization concept for optimal control
problems with control constraints, which implicitly utilizes the first order optimality conditions
and the discretization of the state and adjoint equations for the discretization of the control
instead of discretizing the space of admissible controls. The application to the control governed
by elliptic equations is discussed, and optimal error estimates are provided.

Here we combine variational discretization and the edge stabilization Galerkin method and
apply them to the discretization of optimal control problems governed by convection diffusion
equations. We first derive the continuous optimality system, which contains the state equation,
the adjoint state equation and the optimality condition, which is given in terms of a variational
inequality. Then similar to the standard approaches to optimal control problems governed by
elliptic or parabolic partial differential equations (see, e.g., [21-24]), we derive the discrete opti-
mal control problem by using the edge stabilization Galerkin method to approximate the state
equation, whose optimality system then coincides with that obtained by discretizing the state
and adjoint state in the continuous optimality system by finite elements with edge stabilization.
The control is not discretized in our approach. For the control u, the state y and the adjoint
state p we prove the a priori estimate

ly—=ynllso+ 1 p—pnllsa+ I v—uploa< C<h3/2 + hel/Q),

where wup,, yp, pp, denote their discrete counterparts, and || - ||+,o is defined in Section 3. We note
that this result is of the same quality as those obtained in [3] and [29], but is obtained without
structural assumptions like [3, Assumption 2], and also by a different simpler proof technique.
Furthermore, we construct a residual type a posteriori error estimator which only contains
contributions from the local residuals in the state and the adjoint equation. Contributions from
the optimality condition do not appear since the control is not discretized in the variational
approach taken here. Finally the numerical examples are presented to illustrate our theoretical
results.

The paper is organized as follows: In Section 2, we describe the edge stabilization Galerkin
scheme for the constrained optimal control problem governed by convection dominated diffusion
equations using variational discretization. In Sections 3 we prove the a priori error estimate,
and in Section 4, the a posteriori error estimator is constructed. In Section 5, we present two
numerical examples to illustrate the theoretical results. In the last section, we briefly summarize
the method used, results obtained and possible future extensions and challenges.
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2. Model Problem and Its Variational Approximation Scheme

In this section we consider the following constrained optimal control problem governed by
convection dominated diffusion equations:

i J(y,) (2.1)
subject to
—eAy+b-Vy+ay=f+u, in Q (2.2)
y=0, on 09,
where

1 o
Ty =35 1y —v0 lBa+5 I ulde

a > 0is a constant, 2 C R? is a bounded domain with Lipschitz boundary 09, K C U = L?(Q2)
denotes a closed convex set. From here onwards we use

K={ucUju, <u<u ae. in Q},

where for simplicity u, < u; denote constants. Moreover, f € L?(Q2), a > 0 is the reaction
coefficient, 0 < ¢ < 1 is a small positive number, b € (W1>°(9))? is a velocity field. We assume
that the following coercivity condition holds:

1 -
CL*§VZ)ZQO>O

In this paper we adopt the standard notation W™4(Q)) for Sobolev space on 2 with a norm
|| - [[m,q,0 and a semi-norm | - |1, 4.0. We set Wi9(Q) = {v € W™4(Q) : v |spo= 0}. For ¢ = 2,
we denote H™(2) = W™2(Q) and || - |lm.o=| - [m.2,0. Especially, we denote the state space
by Y = H}(Q). The inner product in L?(Q) is indicated by and (-, -). In addition, C' denotes a
generic constant.

Let us first consider the weak formulation of the state equation. It is well known that the
weak formulation of the state equation (2.2) is to find y(u) € Y, such that

(eVy, Vw) + (b- Vy,w) + (ay,w) = (f + u,w), Yw €Y.
Let A(-,-) be the bilinear form given by
Ay, w) = (eVy, Vw) + (b- Vy,w) + (ay, w), Yy, w €Y.

We define an energy norm associated with (2.2) via

1 1/2
Iy = {e 11 9y o+ 1l ady 13

It is easy to see that
Ay, y) 2l y [II7, - (2.3)

Therefore the variational formulation corresponding to (2.1)-(2.2) can be rewritten as

min J(y, u) (2.4)
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subject to
A(y(u),w) = (f + u,w), Yw €Y. (2.5)

Since (2.4)-(2.5) defines a strictly convex optimal control problem it is clear (see, e.g., [13]
and [20]) that it admits a unique solution (y,u), and that a pair (y,u) is the solution of (2.4)-
(2.5) if and only if there is a adjoint state p € Y, such that (y,p,u) satisfies the following
optimality conditions:

Aly,w) = (f +u,w), YweY, (2.6)

Alq,p) = (y —vo,q), Vg€,
(eu+p,v—u) >0, YveK.

It is well known that using the pointwise projection on the admissible set K,
Py :U — K, Pg(v)=max(ug, min(up,v)), (2.9)
the optimality condition (2.8) can be equivalently expressed as
u= Pk (—p/a). (2.10)

Note that the state equation (2.5) is the convection dominated diffusion equation when e
is very small. It is well known that the standard finite element method can not work well for
solving this kind of problems. Stabilized methods should be adopted in order to improve the
computational accuracy. The edge stabilization Galerkin scheme (see, e.g., [5]) has been proved
to be a efficient scheme for the equation (2.5). In this paper, we use the edge stabilization
Galerkin scheme to deal with the state equation and costate equation in the optimality system
(2.6)-(2.8).

Let T" be regular triangulations of 2, so that Q = U,cpn7. Let h = max,cpn hy, where
h. denotes the diameter of the element 7. Associated with 7" is a finite dimensional subspace
Wh of C(f2), such that ¢|, is the polynomial of k-order (k > 1), V¢ € W". Set Y =W"'nY.
Then it is easy to see that Y* C Y = H}(Q).

To control the advective derivative of the discrete solution sufficiently we introduce a stabi-
lization form S on Y" x Y (see, e.g., [5]) such that

S(vp, wp) = Z /’yhlz[ﬁ - Vup][it - Vwp]ds,
l

leEN

where E" C OT" denotes the collection of interior edges of the triangles in T" (9T" is the
collection of all edges of the triangles in T"), h; is the size of the edge [, [¢]; denotes the jump
of g across [ for [ € E" such that

o(olzer =t (oo + o)~ ali = s) ).

where 7 is the outward unit normal.
Using the stabilization form defined above, an edge stabilization Galerkin approximation of
the optimal control problem (2.4)-(2.5) can be defined as follows

mir}l{ J(Yn, un) (2.11)

up €
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subject to
A(yhvwh) + S(yhawh) = (f + uhawh)v vwh S Yh' (212)

As in the continuous case it can be shown that the control problem (2.11)-(2.12) admits a
unique solution (yp, up), and that a pair (yp,up) is the solution of (2.11)-(2.12) if and only if
there is a unique adjoint state p, € V", such that (ys, pn, us) satisfies the optimality conditions

A(yn, wn) + S(yn, wn) = (f + up,wp), Yw, € Y", (2.13)
Alan,pn) + S(an.pn) = (yn — yo.qn), Van € Y™, (2.14)
(aup, + ph,v —up) >0, Vv € K. (2.15)

Concerning (2.15) it should be pointed out that we minimize over the infinite dimensional set
K instead of minimizing over a finite-dimensional subset of K. Similar to (2.10), the projection
(2.9) allows to rewrite the optimality condition (2.15) as

up = P (=pn/a). (2.16)

In general, uy, is not a finite element function corresponding to the mesh T", especially on
triangles containing the discrete free boundary. This fact requires more care for the construction
of the algorithms for computing uy,, see [11] for details.

3. A Priori Error Estimates

In this section, we consider a priori error estimates for the optimal control problem (2.6)-
(2.8) and its edge stabilization Galerkin approximation (2.13)-(2.15).

Theorem 3.1. Let (y,p,u) and (yn,pn,un) denote the solutions to (2.6)-(2.8) and (2.13)-
(2.15), respectively. Assume that y, p € H*(Q). Then we have

Iy =vn e+ 1P = e + | w = un o< C (/2 4 he'/?) (3.1)

where )
1 1o
| wn ||i,s2: e[| Vwp ||g,sz + |l agwn ||(2),sz + || h2b - Vwy, ||%,sz +S(wp, wp).

Proof. Let J(v) := J(yn(v),v) denotes the reduced functional, where for given v € U the
function yp,(v) € Y” solves (2.11) with wy, replaced by v. Then straightforward calculation
yields J] (v) = av + pi(v), where for given v € U the function py,(v) € Y solves

Alqn, pr(v)) + S(gn, pr(v)) = (yn(v) = yo, ), Van € Y.

Now we test (2.15) with v = u, (2.8) with v = wy, and add the resulting inequalities. This
implies

allu — uh”g,g < (p— pn,un —u)

= (p = Pn(w), un —w) + (Pa(w) = ph,un — u) := (1) +(2),
where for given v € U the function pj(v) solves

A(gn, pr(v)) + S(qn, Br(v)) = (Y(v) — y0,qn), Van € Y™ (3.2)
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Then
(D] < llp = Br(w)lo,ellu — unllo,o-

Using duality we obtain

(2) = A(yn — yn(u),pn(w) — pn) + S(yn — yn(w), pn(u) — pn)
=W —ynyn—yn(w) ==y = wllda+ @ —yny — yn(u))

IN

sl = ml3a+ 5y~ IR 0.
Combining the estimates for (1) and (2) we obtain
allu—unllg o + lly = yalls.o < éllp = (@50 + Iy = yn (W] o- (3.3)
Using the results of [1] and [5], we obtain
| 2= B o= C (B2 + e 2) |p]2. (3.4)
and similarly for y, noting that y,(u) is the edge stabilization Galerkin solution of y,
() =y lle.0= € (B2 + he'/2) lylla.0. (3.5)
This delivers the intermediate result
lu—unllon + lly ~ vl < € (h2 + h/2) {lylloe + pll) (36)

Finally we estimate || y — yn ||l«.0 and || p — pp, ||«,0. To begin with we recall that y;,(u) is the
edge stabilization Galerkin solution of y. By the stability property of A(-,-)+5S(:,-) (see,e.g., [5])

we obtain

yn —yn(u) o< Cllu—wun fog - (3.7)
Similarly,

o = Pn(w) (o< C 'y = yn llo,0; (3.8)
so that the triangle inequality combined with (3.4)-(3.8) gives (3.1). O

Remark 3.1. A close inspection of the previous proof shows that the result of Theorem 3.1
remains valid for every stabilization S which allows error estimates of the form (3.5) and (3.4),
where the discretization of the adjoint equation is performed according to (3.2). Our result
therefore immediately applies to the approach taken in [3], since [3, Lemma 5, Lemma 6] are
also valid in our setting.

4. A Posteriori Error Estimates

We now derive residual type a posteriori error estimates in the L?-norm for problem (2.6)-
(2.8) and its edge stabilization Galerkin approximation (2.13)-(2.15). For this purpose we need
some auxiliary lemmas. In Lemma 4.1 we consider an interpolation operator of Clement type,
which has been introduced in [9] and [28]. In our sample case, we can set the interpolant of v

to be
v
o= Y vb €Y' HI@), v =t
zeZh f“"z
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where Z" is the set of all inner nodes, ¢, is the base function on the node z, and w, is the
support of ¢.. For the interpolant defined in this way, the following approximation property
with the weak assumption on the regularity of the function to be interpolated can be proved
(see [9] and [28] for more details).

Lemma 4.1. Let Ij, : H(Q) — Y be the interpolation operator of Clement type. Then for all
TeTh 1€ E" andve HY(N(T)) orv e HY(N(I)), we have

lo = Zhollir < CHE ol 0<i<k<1,

1/2
lo = Iwwllog < ChP ol nays  N1nolle < ClIollve,

where E" C OT" denotes the collection of interior edges of the triangles in T", N(7) and N(I)
denote the union of all elements that share at least one point with T and I, and ||| - ||| is defined
in Section 2.

In order to obtain the a posteriori error estimates for y — y, and p — py, we introduce the
following auxiliary dual problems:

—elgy — V- (bd1) +apy = fi, in Q,
{ ¢1 =0, on 09, (4.1)
and

{ —eNpy + bV +ady = fo, in Q 42)

¢2 =0, on Of.

Noting that a — % Veb>ag> 0, it is easy to derive the following stability estimates for above
auxiliary dual problems (see [25] for more details).

Lemma 4.2. Let ¢; be the solution of (4.1) or (4.2). Fori=1 or 2, we have
ell i lia+ 1 éilla< Cllgll* <C Il fillsq -
Now we are in the position to prove the a posteriori error estimate.

Theorem 4.1. Let (y,p,u) and (yn, pn,un) denote the solution of (2.6)-(2.8) and (2.13)-(2.15),
respectively. Then we have

lu = unll§ ot Il y = yn |

4
(2),52 +lp—pn l50< Zn;-ﬁ (4.3)
i1

where

2
m Z%/(f+uh+€Ayh_g'vyh_ayh)27

T€Th
2 hi i)
5 = Z e+ — | [[Vyn -1]ds,
leER c :
2 h3 b ’
m=> f/ (yh—y0+5APh+V'(bph) —aph) ’
TETh T
) h? 12
n = Z e+ — ) [[Vpn-7i]°ds,
leEN c !

l= ﬂl 0?12 denotes the edge of the element, h; its length, and [v]; the jump of v over the edge .
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Proof. Set J(u) = J(y(u),u) as in the problem (2.1). Then,

U

<

(J'(u),v) = (au + p,v),
(J'(un),v) = (aup + plun),v),

where p(up,) is the solution of the following equations:

A(y(up),w) = (f +up,w), Yw €Y,
Alg,p(un)) = (y(un),q), Yqev.

It follows from (4.4)-(4.5) that

(J'(w),u = up) = (J'(un), u = up)

=au—u, ||g,9 +(p — p(un), u — up).

From (4.6)-(4.7) we derive that

(p—p(un),u—up) = A(y — y(un),p — p(un))
= (y —y(un),y — y(un)) > 0.

Thus, (4.8) and (4.9) imply that

(' (w)yu—un) = (J (un)yu—un) > o u—un [§q -

Then it follows from (2.8), (2.15) and (4.10) that

Consequently,

allu—unllf o <

(

= (qu+p,u —up) — (qup + plup),u — up)
(
(

lu —unllo.o < C || pn — p(un) [loq -

Let f1 = y(up) — yn in (4.1). Then integration by parts gives

Note that

1,y(un) — yn)
—elpy — V- (bd1) + adr,y(un) — yn)

| y(un) = yn 5.0 = (f1,
(—e
A(y(un), #1) — A(Yn, ¢1)-

A(y(uh)ﬂw) = (f + uhaw), Yw € Y,
A(yh,wh) + S(yh,wh) = (f + uh,wh), Ywy, € Yh.

(4.10)

(4.11)

(4.12)
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Setting w = ¢ and wy, = I¢1, where I}, is defined in Lemma 4.1, we obtain

I y(un) = un 1.0 = (f + un, é1) — A(yn, &1 — Indr) — A(yn, Indr)
— S(Yn, Ind1) + S(yn, Ino1)
= (f +un, &1 — In¢1) — A(yn, d1 — Ind1) + S(yn, Ino1)
=y /(f+uh+5Ayh_g'Vyh_ayh»¢l — Ingn)

TETh

£y /l eV - ) (Inos — 61)ds + S(un, Indr)

leER
=1+ 1+ Is. (413)

Using the approximation properties of the interpolation presented in Lemma 4.1, we have that

L1 < Y I f+un+elyn —b- Vyn —ayn llo |l 61 — Indn llo.r

TETh
<C Z he || f+un +elyn — b+ Vyn — ayn oIl Vor llonr)
TETh
h3 Y 2 2
<C6) Y, = [ (f un el = b Ty — ay)® + Coe | 61 |7 g, (4.14)
TETh T

where § is an arbitrary positive number. By Lemma 4.2, the first term on the right-hand side
of (4.13) can be bounded by

h?2 - 2
| L [<C6) Y ?T/ (f+uh+€Ayh —b-Vyp —ayh) + 00 || y(un) = yn 30
TeTh T

=C(6)n; +CO || y(un) — yn 5.0 - (4.15)

In a similar way, the second term on the right-hand side of (4.13) can be estimated as

nl<e > nP( [evm-a2)’ Y 1Yo loxo

l

leEN lEEN
<c@) Y eh / (V-1 + Coellén
leER l
< CEE+C8 | ylun) —wn P - (4.16)

Finally for I3 we get

13 =| 3 [anti- Vanlla - V(zonlds

leEn

<C Y R |-Vl

leEN

o1l V(Tno1)] oy -

Using a well-known inverse inequality, we obtain

I IV (Iné0)] llou< Chy ® || Tnt Ifrm, - (4.17)
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It follows that

3
I < C Y b |l - V] lloall Tnén s, -
leEn

Collecting the above estimates and using Lemmas 4.1 and 4.2, we obtain

h3
B0 Y [ln Ty + Coz [ 61 R
l

leEn
< C(8)n5 +C6 || y(un) —yn ll5.0 - (4.18)

Combining (4.13), (4.15), (4.16) and (4.18) we end up with
Fy(un) =y (1§ o< CORF +n3)- (4.19)

Similar to the estimates of the state y, inserting fo = p(up) — pp in (4.2), we derive that

3,9 = (f27p(uh) —ph)
= (—eldy + b - Vi + aca, plun) — pr)
= A(¢2,p(un)) — A(p2,pn)-

Then repeating the estimations as in (4.13)-(4.18), we have

A(¢2ap(uh)) - A(¢27ph)
y(un) — yo, p2) — A2 — Ind2, pn) — A(Ing2,pn) — S(Ind2, pr) + S(Ind2, pn)
y(un) — yn, d2) + (Yn — yo + eApy + V - (bpr) — aph, o — Ing2)

+ 3 [[eVon - A@(Ingz — ¢2)ds + S(pn, Ingz)
1naa=p !

< C |l y(un) = yn llo.all 92 llo.

+ ) /(Z/h —yo +eAp + V- (bpn) — apn)(Ind2 — b2)

| p(un) — pn

=
=

reTh VT
+ Z /[€Vph . ﬁ](]mﬁg - ¢2)d5 + Z /vhﬂn . Vph}[n . V(Ihqi)g)}ds
1no0=0""! legh V!

h2 . 2
< C(9) Z f/ (yh —yo +eApp + V- (bpr) — aph)

TETh

)Y eh / (Vi l2ds + C(0) hg /l - Vu)?

leEM ! leEh

+C0) | y(un) —yn 1* +C6 || p(un) —pn 5.0 -
Therefore,
4
I p(un) = pu 1.0 COB +n3) + C |l y(un) —yn I5.0< C Y ni. (4.20)
i=1
Thus (4.12) and (4.20) imply that
4
lu —unllfo < CY ni. (4.21)

=1
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Moreover, it is easy to see that

ly = y(un)llo,e < Cllu = unllo,e, (4.22)
and
lp = p(un)lloe < Clly — y(un)llon < Cllu —upljo,0- (4.23)
Thus, it can be deduced from (4.19)-(4.23) that
4
ly = wnlls.o < Clly — y(un)lg.0 + Clly(un) — ynllg o < 02771'27 (4.24)
i=1
4
llp —PhH%,Q <C|p- P(Uh)”g,sz + C|lp(un) —PhH(z),sz < CZU?- (4.25)
i=1
Then (4.3) follows from (4.21), (4.24) and (4.25). O

Remark 4.1. When ¢ is very small, say, ¢ < Ch?, the above theorem can be improved. In
this case, we can use the stability estimate [|¢illo.o < || fillo.o instead of efl¢s |3 o < || fill§ o, and
replace (4.14), (4.17) by

L[ < Y I f+un+ebyn—b-Vyn —ayn o]l 61 — Inén llor
TETh

<CO) S [ (7 un+ ety — 5 Tyn — e +C5 [ 01 [

TETh

and
3
2

IV Tngo)] Nloa< Chy 2 || Tngi llo7, -

Then the a posteriori error estimate in Theorem 4.1 can be improved to

4
le —unls ot 1y = 5.0 + I 2 —pu 5.0 > a7,
i=1

where
= Z 'VT/(f‘f'uh‘f'EAyh_E'Vyh_ayh)Qa
TETH T
=Y (e+7)h /[Vyh~ﬁ]2ds,
leEh t
=3 / (v — 9o + £Apn + V- (pr) — apn)?,
TETH T
it = 3 (el [Ty - s,
leEN !
with

Yr = min{l,hi/ﬁ}y "= mln{17hl2/€}



248 M. HINZE, N.N. YAN AND Z.J. ZHOU

5. Numerical Examples

In this section we illustrate our theoretical results by numerical examples for the optimization
it [+ [ (5.1)
min < = — — [ u .
u€K 2 Q y Yo 2 [¢)

—eAy+b-Vy+ay=f+DBu in Q, (5.2)

problem

subject to

where Q = [0, 1] x [0, 1].

In the numerical simulation, we use the conforming piecewise linear finite element space for
the approximation of the state y and the adjoint state p. A projection gradient method (see,
e.g., [14,15]) is used to compute the solution of the infinite dimensional optimization problem
(2.11), where the projection operator P% in (4.2) of [15] is replaced by Py defined in (2.9)
(see [14] for more details), and p = 1/a. The iteration is stopped if the relative difference of
two consecutive iteration is smaller than 1075,

Example 5.1. Consider problem (5.1)-(5.2) with o = 0.1,b = (2,3), a = 2 and ¢ = 1073,
The admissible set K = {v € U,v > 0}. To examine the convergence properties of the discrete
scheme presented in this paper we use the smooth solution

y = 100(1 — 21)22225(1 — 229)(1 — x2),
p=>50(1—21)2x3w2(1 — 229)(1 — z2),
u = max{0, —p/a}.

to problem (5.1)-(5.2), where the corresponding source functions f and yo are obtained by in-
serting y, p,u into the optimality system (2.6)-(2.7) and (2.10).

In this example, the numerical solutions are computed on a series of triangular meshes, which are
created from consecutive global refinement of an initial coarse mesh. At each refinement, every
triangle is divided into four congruent triangles. Table 5.1 displays the errors of || y — yn ||+,
| = o |ls.0 and || w — up |lo.q, where Dofs denotes the number of nodes in the meshes. It is
shown in Table 5.1 that

3
|y —yn llso + 1 p—pn lls0= O(h2),
| w—un [loo= O(h?),

which are in coincidence with (and better than) our theoretical results on a priori error estimates
presented in Section 3.

Table 5.1: Convergence results on uniform mesh.

Dofs | ||y —yn ||+,0 | order | ||p—pn ||+, | order | || w— un |lo,o | order
41 5.682e-001 2.332e-001 2.702e-001
145 2.050e-001 1.47 8.121e-002 1.52 7.748e-002 1.80
545 7.302e-002 1.49 2.883e-002 1.49 1.992e-002 1.96

2113 2.594e-002 1.49 1.030e-002 1.49 5.031e-003 1.99
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Table 5.2: Convergence results on uniform mesh.

Dofs | ||y —yn ||«,0 | order | || p—pn ||s,0 | order | || u—up |jo,o | order
41 5.636e-001 2.341e-001 2.548e-001

145 2.052¢-001 1.46 8.132e-002 1.53 7.962e-002 1.68
545 7.334e-002 1.48 2.883e-002 1.50 2.356e-002 1.76
2113 2.608e-002 1.49 1.030e-002 1.49 7.089e-003 1.73

Let us recall the results obtained by the fully discrete approaches (see, e.g., [3,29]), where
discrete controls are sought in a finite dimensional finite element space K" C K. It has been
proved there that || u — uy |jo,o= O(h) for piecewise constant approximations of the control,
and || u—uy, [lo.o= O(h*/?) for piecewise linear approximations of the control. In the piecewise
linear case, the convergence order is only O(h2) instead of the optimal order O(h2). This
is caused by the fact that v may not be smooth near the free boundary even if y and p are
smooth there. The numerical results demonstrate above results (see [29]). In order to show
the comparison, we present another convergence result in Table 5.2, where uy, is the standard
piecewise linear, continuous finite element function, and the projection is chosen as @)k, where
v = Qk(w) for given w is the conforming piecewise linear finite element function with nodal
values v; = max{u,, min{w(z;),us}}. Comparing the results of Table 5.1 with Table 5.2, it
turns out that the scheme using variational discretization approximates the control u better
than the standard method.

We present the numerical results for a priori error estimate in Example 5.1. In the next
example, we will show the numerical results for a posteriori error estimate.

0 0.1 0.2 03 0.4 05 0.6 07 0.8 0.9 1

Fig. 5.1. Left: The surface of the state y; Right: The adaptive mesh for the state y.

Example 5.2. Consider problem (5.1)-(5.2) with a = 0.1,b = (2,3),a = 1,e = 107*. The
exact solutions are taken as

2
y== (tan_l(loo(—Obxl Vg — 0.25))),
s

2
u= max{ — 5, min{—1, —p/a}},

p=16z1(1 — z1)z2(1 — 22) (1 + %tanfl (200(%6 — (20.5)% — (2 — 0.5)2)> ,

and the corresponding source terms f and yo again are obtained by inserting u,y,p into the
associated optimality system.
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Fig. 5.2. Left: The surface of the adjoint state p; Right: The adaptive mesh for the adjoint state p.

Fig. 5.3. Left: The numerical solution yn; Right: The numerical solution ps,.

It should be pointed that y does not satisfy homogeneous Dirichlet boundary conditions.
Clearly the state y develops steep gradients along the line x93 — 0.5x1 — 0.25 = 0, the adjoint
state p develops steep gradients along the circle

1
o (1 —0.5)% — (x5 — 0.5)% =0,

and the singularity of w is similar to p. The purpose of this example is to show that the
constructed error estimators are able to detect these areas containing steep gradients. In this
example, the adaptive mesh refinement is applied for the finite element approximation. We
use 1?2 4+ n3 and n2 + n? as the indicators to construct the adaptive finite element mesh 7" for
the state y and the adjoint state p, respectively. Fig. 5.1 shows the surface and the adaptive
mesh of the state y. Fig. 5.2 displays the surface and the adaptive mesh of the adjoint state
p. Numerical solutions y; and pj are presented in Fig. 5.3. The adaptive meshes in Figs. 5.1
and 5.2 are obtained with the indicators 72 + n3 and 72 + 13, respectively, while the adaptive
mesh in Fig. 5.4 is obtained with the whole estimator Z?:l n?. Tt is shown that the y-mesh
and p-mesh adapt the areas with steep gradients very well. Furthermore, Table 5.3 presents the
comparison of the errors of the state y, the costate p and the control w on the uniform mesh
and the adaptive mesh. The error of y — yp,p — pp and u — up, on the adaptive mesh with 1174
nodes is similar to the error on the uniform mesh with 2113 nodes. It can be deduced from
Table 5.3 that substantial computing work can be saved by using the adaptive finite element
method.



Optimal Control Governed by Convection Dominated Diffusion Equations 251

h L L f L L L {
o 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 5.4. The adaptive mesh for both y; and py,.

Table 5.3: Comparison of the error of y,p and u on uniform and adaptive meshes.

uniform mesh, nodes=2113 | adaptive mesh, nodes=1174
Il y —vn llog 3.259¢-002 1.492e-002
| 2 —pn llog 1.100e-002 1.589¢-002
ly—unllso 6.191e-002 3.891e-002
lp—pnlls0 4.213e-002 4.593¢-002
| w—un g 7.245¢-002 9.854¢-002

Fig. 5.5 clearly shows that the active set crosses element edges and is not restricted to finite
element edges by our variational discretization for control wu.

6. Conclusions

In this paper, we discuss variational discretization for the constrained optimal control prob-
lem governed by convection dominated diffusion equations based on the edge stabilization
Galerkin method. With this concept the control is discretized implicitly by a projection op-
erator instead of using the finite element method as in the standard discretization scheme.
We provide a priori and a posteriori error estimates and construct appropriate error estima-
tors, which we apply for adaptive mesh refinement. Two numerical examples are presented to
demonstrate our theoretical results. Among other things our numerical results show that the
our new scheme improves the quality of the approximation, especially close to the boundary of
the active set corresponding to the control constraints.

There are still many important issues related to optimal control governed by convection
dominated diffusion equations to be addressed, such as optimal control governed by nonlinear
problems, the handling of state constraints, and the numerical and theoretical investigation of
optimal control problems governed by evolution convection dominated diffusion problems.
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