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Abstract

Projection methods are efficient operator-splitting schemes to approximate solutions of
the incompressible Navier-Stokes equations. As a major drawback, they introduce spurious
layers, both in space and time. In this work, we survey convergence results for higher order
projection methods, in the presence of only strong solutions of the limiting problem; in
particular, we highlight concomitant difficulties in the construction process of accurate
higher order schemes, such as limited regularities of the limiting solution, and a lack of
accurate initial data for the pressure. Computational experiments are included to compare
the presented schemes, and illustrate the difficulties mentioned.
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1. Introduction

Let Q ¢ RY, for d = 2,3 be a bounded Lipschitz domain, and T > 0; we consider the
time-dependent Navier-Stokes equations for incompressible, viscous (v > 0) Newtonian fluids,

w —vAu+ (u-Viu+Vp=1£f inQp:=(0,T) x Q, (1.1)
diva=0 in Qr, (1.2)
u=0 on 0Qp = (0,T) x 09, (1.3)
u(0,-) =ug in Q. (1.4)

Here, u : Q7 — R? denotes the velocity field, p : Q7 — R the scalar pressure of vanishing mean
value, i.e., fQ p(,x)dx =0, and a given force f : Qp — R? is driving the fluid flow, with initial
velocity field ug : Q@ — R9.

In the following, we approximate strong solutions u € W2 (0, T; J()(Q)) N L? (0, T:J1(Q) N
W22(Q)) of (1.1)-(1.4), whose existence for data

ug €J, (), fe L2(07T§J0(Q))

is well-known to be (at least) local (d = 3) resp. global (d = 2). Here and below, we adopt the
standard notation of Sobolev and Bochner spaces, and use the notation

Jo(Q) = {veL?*Q): divv=0 weakly in Q, (v,n) =0 on 9Q},

Ji(Q) = {veWy*(Q): divv =0 weakly in Q},
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where (-,-) denotes the standard scalar product in R?, and n(x) € S?~! is the unit vector field
pointing outside €.

Recall that solutions of (1.1)-(1.4) suffer a breakdown of regularity for ¢ — 0, even in the
case of smooth (initial) data. Global regularity would require data ug and f to satisfy a nonlocal
compatibility condition which is virtually uncheckable in actual cases: it is proved in [5] that
global regularity may only be valid if there exists a solution py € W12(Q) N L3(2) of the
overdetermined Neumann problem

Apo = div(£(0,-) — (ug - V)uy) in §,
Vpo = vAug + £(0,-) — (up - V)ug on 9.

In order to justify existence of (local) strong solutions, we always suppose that the data in
(1.1)-(1.4) satisfy

(A1) (regularity of domain) The unique solution w € J1 () of the stationary, incompressible
Stokes problem
—VvAw+Vr=g inQcR?

is already in J1(2) N W?22(Q), provided g € L?(2), and satisfies
[wllw22 < CllgllLe-
(A2) (regularity of data) For any T' > 0, let
o € J1(Q) N W22(Q),

f e W>>(0,T;L*(2)).

A second-order temporal discretization of (1.1)-(1.4) uses the Crank-Nicholson method; in [6],
it has been shown that iterates {(um,pm )}m>0 satisfy

max T [[0(tms ) = 0" ez + yFak [p(tm, ) — 9722 | < R, (1.5)
1<m<M

where )
Tm ‘= min{lvtm}a pmil/Q = E{pm +pm71}'

The practical disadvantage of implicit discretization strategies of (1.1)-(1.4) is the significant
computational effort implied from the necessity to solve coupled nonlinear algebraic problems to
determine (Galerkin approximations of) (u™,p™ ) at every time-step given by 1 <m < M. As
a consequence, splitting algorithms were developed to reduce complexity of actual computations;
among them, and one of the first, is Chorin’s projection method [1,2,13], where iterates for
velocity field and pressure are independently obtained at every time-step. However, it is known
that the quality of pressure iterates is deteriorated by unphysical boundary layers [3,10]. One
strategy to improve their quality is to either construct (formally) first-order schemes which are
exempted from this deficiency (i.e., the Chorin-Uzawa scheme [7, Section 8], or Chorin-Penalty
scheme [9]), whereas another one would be to construct higher order projection schemes, where
possible boundary layers are less pronounced (i.e., the Van Kan scheme [14]). The Van Kan
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scheme formally combines the ideas of second-order time discretization (Crank-Nicholson) and
projection. For its formulation, we use notations d;¢™ := k‘l{ém — <Z)m_1}, where k =
tm — tm—1 > 0 is the (equi-distant) time-step, and ¢™~1/2 := 1{¢™ 4 ¢™~1}. Moreover, we
denote £ := f(t,,,-). Then, the scheme reads:

Algorithm 1.1. 1. Let m > 1, and (u™ 1, ™1, p™ 1) € Jo(Q) x Wy (Q) x LE(Q) be
given. Find u™ € WE?(Q) such that

1 1
E{ﬁm _ um—l} _ VAﬁm—l/Q + 5(PJoﬁm . v)ﬁm

et g <o 10

N~

2. Given (0™, p™ ) € W?(Q) x LE(Q), find (0™, p™) € Jo() x [L3(Q)NW2(Q)] from

1 1
E{um —a™}+ §V[pm —p" =0, divu" =0 inQ, (1.7)
(u™n) =0 on ON. (1.8)

In (1.6), we choose an implicit discretization for the convection term, with orthogonal projec-
tion Py, : L?(Q2) — Jo(€2). Another admissible strategy is to replace the term 3 (P, a™ V)a™
by $[(@™ - V)a™ + (diva™)a™].

The second step can be reformulated as a problem for pressure increments,

1
—Ap™ —p"Y = -7 diva™ in Q, (1.9a)
Onp™t =0 on 09, (1.9b)

which is followed by the update u™ = a" — %V[pm —pmlL

A convergence analysis for (1.6)-(1.8) started with [11], where second-order convergence for
iterates of the velocity field {u™}M_, in the norm ¢? (0, tar; L2) is proved, provided the solution
of (1.1) is sufficiently smooth. In [7, Section 7], (almost) optimal estimates for the velocity
field are shown in £> (0, tar; L2)7 while (almost) first-order is verified for pressure iterates in
02(0,tar; LE), iee.,

max /o | [t ) = @[z + K [p(tm, ) = 52|12 | < CR log k] (1.10)
1<m<M

For this purpose, the proof is based on interpreting Algorithm A as a semi-explicit pressure

correction scheme, with € = %sz, where

diva™ — eAdip™ =0 in Q, (1.11a)
Onlp™ —p™ =0  on 09, (1.11b)

and p° = p(0,-) in Q. Again, besides the requirement of accurate initial data for the pressure
which is hard to validate in practice, an assumption concerning higher reqularity of solutions for
(1.1)-(1.4) is made which conflicts with the general breakdown of regularity for ¢ — 0. In order
to overcome this problem and construct a stable second-order revised Van Kan scheme, certain
time-mesh geometries are introduced in [7, Chapter 10], which refine at the origin ¢t = 0, and
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thus allow to distinguish between local mesh size (kn, = (m+ 1)k3) for temporal discretization
effects, and the reference mesh size kg > 0 at times ¢ = O(1) which scales the perturbation of
the incompressibility constraint. Such strategies

1. are of the same asymptotic effort like equi-distant step sizes kg > 0,

2. reliably overcome the time layer at the origin ¢ = 0 in the sense that the above
convergence result for Algorithm A now holds for (general) strong solutions of (1.1)-
(1.4), and

3. does not require accurate initial data for the pressure, and p® = 0 is sufficient.

To be precise, we introduce the mesh Ga (k) = {km }m>1, with tm, = >~ k¢, and

mk3, 0<t, <1,

1.12
Pyk(); tm > 1. ( )

k:mw—k, = {

Here, let ko > 0 be the basic grid size, and v = O(1). A simple calculation shows that ¢t =1 is
reached after \/5/ ko steps.

The revised Van Kan scheme in [7, Chapter 10] uses Ga(k,,), and p° = 0, and is stated next.

Algorithm 1.2. 1. Let m > 1, and (u™ ', a™~ 1 pm~1) € Jo(Q) x Wi2(Q) x L3(Q) be
given. Find a™ € Wy?(Q) such that

1 1
_{~m o umfl} o VAﬁm71/2 + _(PJOﬁm . V)ﬁm
km 2
1 -1
+§(um71 : V)ﬁmil + mTme’l = fmil/2 in . (113)

2. Given (u™,pm~1) € W2(Q) x LE(Q), find (um,p™) € Jo() x [L3(Q) N WL2(Q)]
from

1
karl

1 —1
{u" — @} + 3V m”l —p" — :+ p T =0 dive™ =0 Q. (L14)

(u™,n) =0 on ON. (1.15)

Let us motivate the relevant effects in this algorithm; for this purpose, we distinguish be-
tween dyp™ = k}n {cpm — cpm_l}, and d;o™ = %{cpm - @m_l}. Then {0™},,50 C W(l)Q(Q)
solves

dtﬁ’m _ Aﬁ,m_l/2 n lv 3m - 1pm_1 _ m — 2p7n—2 _ fm—1/2 inQ (116)
2 m m ’
1 .-
diva™ — §k§dt7>m =0 inQ, (1.17)
- 1
OndiP™ =0 indQ, p"=—"Pm (1.18)
mko

Hence, we observe a decoupling of scales reflecting time discretization, and perturbation of the
incompressibility constraint. In fact, one motivation to use the mesh Go(k;,) at this place is
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optimal convergence behavior of solutions (ue,pE ) :Qr — R¥x R for e — 0 of (T := min{1,t},
and r > 2)

u; — vAu® + (P_]Ou6 . V)u6 +Vpt=f in Qp,

divu® — GA{TTpE}t =0 in Qp,

an{7'7'p€}t =0 in OQr,
towards (general) strong solutions of (1.1)-(1.4); cf. [9, Chapter 4]. — The following convergence

behavior for iterates {(ﬁm, pm) }m>0 of Algorithm B has been verified in [7, Chapter 10].

a1, ) = 02 + o (b ) — 72 ]

<Ok [1+ |1ogk0|] (1.19)

A different strategy to improve the accuracy of pressure iterates from e.g. Chorin’s scheme
is realized in the following first-order projection scheme, where well-known artificial boundary
layers in the pressure in Chorin’s scheme [1,2,13] are removed. In the following, let p° = p° = 0,
and 0 > 1.

Algorithm 1.3. 1. For 1 <m < M, let (u™~ !, am~ ! pm=t pm=1) € Jo(Q) x W2 (Q) x
[L%(Qﬂ2 be given. Find ™ € Wy*(Q) such that

1
E{ﬁm _ um—l} _ ﬁVdiV dtflm — vAa™
+H T V) an VT - = £ in Q. (1.20)

2. Find (u™,p™) € Jo() x L3(Q) that solves

1
E{um —a"}+Vp" =0, divu™ =0 inQ, (1.21)
(u™,n)=0 ondN. (1.22)

3. Determine p™ € LE(Q) from

1
p"t = % diva™ in Q. (1.23)

By eliminating p™ from the scheme, we obtain the following reformulation of Algorithm C
as a semi-explicit penalty method [7,9],
@™ — BVdivdia™ — vAG" + (umTh V) AT + Vpt Tl =" inQ,  (1.24)
diva™ +kp™ =0 in Q, (1.25)
a" =0 on 0f). (1.26)
On putting € :~k: in (1.24)-(1.26), this system may be considered as a semi-implicit temporal
discretization of (8 > 0)
uf — Vdivu§ — vAu® + (Pyou- V)u + Vp* =0 in Qp, (1.27)
divu®+ep=0 in Qp, (1.28)
u=20 on Of). (1.29)
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For 3 = 0, this formulation is known as penalty method, which is studied in [12], and [7, Section
3.2]. Hence, (1.27) is a modification thereof, which uses the additional term —AVdivu§ to
additionally enforce the incompressibility constraint for 3 > 0.

Another interpretation of system (1.24)-(1.26) for 5 = 1 comes from its reformulation

1
dya) — Z Vdiv uy' — vAuy + (Pyap'-v)ay =" (1.30)

As a consequence, iterates {ﬁ}f}m C H}(Q) from Algorithm C solve an implicit temporal
discretization of the penalty formulation (1.27)-(1.29), with ¢ = k, and B =0 For 3> 1, the
system combines different stabilizing mechanisms to enforce the incompressibility constraint for
iterates {ﬁ}f} Also, (1.30) is an implicit discretization to effectively describe iterates {ﬁ}f} in
this case, and does not require initial data for the pressure; this is in contrast to Algorithm C,
due to the (decoupling) projection step to obtain {um}m c Jp.

Note that no unphysical boundary conditions, and no accurate initial data for the pressure
are needed in (1.24)-(1.26) any more. The following result is shown in [9] for general strong
solutions of (1.1)-(1.4),

L (6™ =t )l + Vo 67 = ultn, )l

+ T [p™ = Pt )l 2| < Ck. (1.31)

From (1.19) and (1.31), we may conclude that pressure iterates from Algorithms B and C are
comparable.

Over the last two decades, many different projection schemes to efficiently solve (1.1)-(1.4)
have been constructed and studied, cf. [4]; hence, Algorithms A to C only represent some
second- and first-order time-discretizations out of them. However, a numerical analysis of each
of these (higher order) projection methods shares the following common challenges:

(i) limited regularity of solutions of (1.1)-(1.4),

(ii) avoidance of requiring accurate initial data for the pressure, which are nontrivial to
obtain with sufficient accuracy, and

(iii) smallness or absence of artificial boundary data for the pressure.

This is the authors’ motivation for the upper selection of schemes, and presentation of tools to
overcome those inherent limitations (i.e., artificial boundary layers, regularity requirements of
solutions of (1.1)-(1.4), assumed known initial pressure) of earlier projection schemes.

The remainder of this work is organized as follows: In Section 2, we compare the accuracy
of pressure iterates obtained from Algorithms A to C, where the initial pressure is not available
explicitly. Conclusions are made in Section 3.

2. Computational Experiments

We computationally compare the accuracy of pressure iterates from the second-order schemes,
i.e., Algorithms A (Van Kan scheme) and B (revised Van Kan scheme). As has been pointed
out, the original Van Kan scheme suffers from the need to provide accurate initial data, and
smoothness of solutions of (1.1)-(1.4), in order to validate (1.10). Algorithm B, together with
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the mesh Gy(k,,) has been designed to introduce an additional damping mechanism into the
scheme to reliably overcome the initial time period [0, 1].

Another strategy to obtain accurate pressure approximations is realized in Algorithm C
(Chorin-Penalty scheme), where Chorin’s first-order projection scheme is modified in such a
way that formerly arising numerical boundary layers are avoided. The following example for
the evolutionary Stokes problem is to compare higher order projection schemes, creating small
artificial boundary layers for pressure iterates, with first-order projection methods exempted
from this deficiency. The examples are meant to illustrate arising time-layer structures for
iterates of Algorithm A for absent nonlinear convection.

Example 2.1 (from [4]) Let Q = (-1,1)2 C R?, and

msin ¢ sin 27y sin® 7z

u(z,y,t) = (

—7sin t sin 27z sin? 7wy ) ’ p(@,y, 1) =sint cos 7z sin my,

be solutions of the evolutionary Stokes problem, i.e., f : Q7 — R? is computed from (1.1)-(1.4),
where the nonlinear term in (1.1) is neglected. Let 7, be an equi-distant triangulation of €
of mesh-size h = 1/30, and k = 277/500, j = 0,1,2,3 an equidistant time-step for the time
interval [0,1]. The LBB-stable MINI-Stokes element is used for spatial discretization of the
three projection methods, and p = p° = 0 is chosen. For the solution of the system of linear
equation we used the direct solver.

We computed all the examples with zero initial pressure, which is the correct initial data.
In Fig. 2.1, we plot L?-errors for iterates of Algorithms A to C to compare the behavior of the
three algorithms which shows comparative results for the higher order schemes A and B, with
slightly improved convergence properties of B; at positive times, the overall error is dominated
by spatial discretization effects. Iterates of the first-order scheme C are of non-comparable
quality.

Fig. 2.1. Example 2.1: Evolution of the L? norm of the pressure error for the Algorithms A,B and C
(left to right)

Since in practical computations the initial pressure is not known, we take another example
with a polynomial solution, in order to see the effects of the noncorrect initial data and the
difference between first-order and second-order projections.

Example 2.2. Let Q = (0,1)2 C R?, and

22(1 — 2)2(2u — 612 3
= PTG e = (- e
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be solutions of the evolutionary Stokes problem, i.e., f : Qr — R? is computed from (1.1)-(1.4),
where the nonlinear term in (1.1) is neglected. Let 7 be an equi-distant triangulation of
of mesh-size h = 1/30, and k = 277/500, j = 0,1,2,3 an equidistant time-step for the time
interval [0,1]. The LBB-stable MINI-Stokes element is used for spatial discretization of the
three projection methods, and p = p® = 0 is chosen. For the solution of the system of linear
equation we used the direct solver.

Plots of evolving L2-errors for iterates of Algorithms A to C (with 3 = 1.1) at times
t = 0.05,0.1,0.3,1 are shown in Fig. 2.4. We observe marked errors only for Algorithm A at
times close to zero, as opposed to uniform small errors in space-time for Algorithms B, C. In
Fig. 2.3, we plot L2-errors for iterates of Algorithms A to C to compare the behavior of the
three algorithms. We remark that the given m-dependent coefficients in Algorithm B which
uses Ga(k,,) are essential to implement, and otherwise lead to divergent results.

Plots of evolving L2-errors for iterates of Algorithms A to C are shown in Fig. 2.2. We
observe marked layers in time for pressure iterates in the case of Algorithm A, as opposed to
iterates from Algorithms B and C. The depicted oscillatory behavior in the error plot vanishes

for

m—1/2

m o ||p(tm,-) —p Iz,

see also (1.10) and (1.19).

— k=1/500 — k=1/500 — k=1/500

k=1/1000 k=1/1000 k=1/1000
— — -k=1/2000 — — -k=1/2000 — — ~k=1/2000
— —k=1/4000 — —k=1/4000 — —k=1/4000

10° 10° 10°

L L L L L L L L L 0 L L L L L L L L L L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Fig. 2.2. Example 2.2: Evolution of the L? norm of the pressure error for the Algorithms A,B and C
(left to right)

——vanKan van Kan van Kan
—— revised van Kan —— revised van Kan —— revised van Kan
— — - Chorin-Penally — — - Chorin-Penally — — Chorin-Penalty

3| 3|
10 L L L L L L L L L L L L L L L L L L L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

10°

Fig. 2.3. Example 2.2: Comparison of the evolution of the L? norm of the pressure error for the
Algorithms A B and C for k = 1/500, 1/1000, 1/2000 (left to right)
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Fig. 2.4. Example 2.2: Snapshots of the pressure error at time 7= 0.05,0.1,0.3,1 (top to bottom) for
k =1/500 for the Algorithms A,B and C (left to right)

3. Concluding Remarks

Projection methods are efficient methods to approximate strong solutions of the nonstation-
ary incompressible Navier-Stokes equations; the most well-known example is Chorin’s method,
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which suffers from marked pressure error boundary layers. There are two strategies available to
cure this deficiency: either (i) modify this scheme in such a sense that the mechanism respon-
sible for boundary layers is eliminated, i.e., Algorithm C (Chorin-Penalty method), or (ii) use
a higher order projection method where this effect is significantly reduced (Van Kan scheme).
The second approach, however, has to face other critical issues in the construction process,
which are the expected breakdown of the regularity of solutions to (1.1)-(1.4), and, typically,
the need of accurate initial data for such schemes. Algorithm B (revised Van Kan scheme) uses
a stretched time-grid structure Ga(k,,), and is designed to overcome both of these hurdles: the
error estimate (1.19) for corresponding iterates is comparable to the one of the fully implicit
Crank-Nicholson method (see, e.g.(1.5)), while the scheme keeps all advantages of a (higher-
order) projection scheme. The comparative computational studies shown above illustrate these
considerations.

Acknowledgment. This is an extended version of a talk presented during the Second Chinese-
German Workshop on Computational and Applied Mathematics in Hangzhou (October 9-13,
2007).
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