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Abstract

In this paper, we consider lower order rectangular finite element methods for the sin-
gularly perturbed Stokes problem. The model problem reduces to a linear Stokes problem
when the perturbation parameter is large and degenerates to a mixed formulation of Pois-
son’s equation as the perturbation parameter tends to zero. We propose two 2D and
two 3D nonconforming rectangular finite elements, and derive robust discretization error
estimates. Numerical experiments are carried out to verify the theoretical results.
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1. Introduction

We consider the following model equations on a bounded connected polygonal domain 2 C
R?, d = 2,3. The velocity u and the pressure p satisfy

—e?Au+u+Vp=f in Q, (1.1)
V-ou=gyg in Q, (1.2)
u=0 on 09, (1.3)

where € € (0, 1] is the perturbation parameter and the source term g is assumed to satisfy the
solvability condition

/diQ =0. (1.4)

Then the problem (1.1)-(1.3) admits a unique solution if the condition (1.4) is satisfied and the
pressure p is determined only up to addition of a constant.

When € is not too small, and g = 0, the system (1.1)-(1.3) is simply a standard Stokes
equation but with an additional nonharmful lower order term. On the other hand, when
f =0 and € — 0, the model formally tends to a mixed formulation of Poisson’s equation with
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homogeneous Neumann boundary conditions. When e = 0 the first equation (1.1) has the form
of Darcy’s law for flow in a homogeneous porous medium, with u a volume averaged velocity.

As we know, in order to make the discrete problem for the Darcy-Stokes system well posed,
one has to take some care in the choice of the velocity/pressure approximation spaces. In
particular, the naive choice of piecewise linear interpolations for both the velocity and pressure
or piecewise linear interpolation for the velocity and piecewise constants for the pressure will
result in ill-posed discrete problem. The remedy is either to enrich the velocity space, using high
order interpolation or local bubble functions, or to stabilize the method using Galerkin/least-
squares formulation. A vast number of discretization and stabilization techniques for the Stokes
equation have been proposed in [1,3,8,9,11,12,15,17-19,21]. For the finite element methods
treating the Darcy flow we refer to [23] and the references therein. In this work, we want to treat
both porous media flow and open fluid flow, so it would be advantageous if the same element
could be used in both the Stokes limit and the Darcy limit [14,16,20]. A seemingly promising
candidate for such an element is the nonconforming Crouzeix-Raviart (CR) element [13,24],
which has several useful properties. For example, in combination with piecewise constant
pressure, it satisfies the inf-sup condition and is elementwise mass conserving; it is also easy
to implement. However, Mardal, Tai and Winther [22] showed that the CR element does
not converge when applied to Darcy problem (or the Darcy-Stokes problem with vanishing
viscosity). By adding an edge stabilization term, Burman and Hansbo [10] proved that the
simplest P/Py element can be used for both Darcy and Stokes problems, but the choice of
stabilization parameter requires special care.

In [22], Mardal, Tai and Winther considered the singularly perturbed Stokes problem and
proposed a triangular element which behaves uniformly with respect to the perturbation pa-
rameter. Later, they generalized it to 3D cases and proposed a robust tetrahedron element in
[26]. Recently, Xie, Xu and Xue [27] discussed the Darcy-Stokes interface problems and con-
cluded that a traditional stable and uniformly-consistent Stokes element is also uniformly stable
for the Darcy-Stokes-Brinkman model if and only if the pressure space contains the divergence
range of the velocity space. They also developed a class of low order simplex elements for both
2D and 3D cases which are uniform, stable with respect to the viscosity coefficient, zero-order
term coefficient, and their jumps.

For rectangular element cases, it seems to be difficult to construct uniformly stable lower
order H(div)-element and so far there is little related work. In this paper, we follow the idea
of [22,26,27] and seek for uniform stable low order rectangular elements for the Darcy-Stokes
problem (1.1)-(1.3) in both 2D and 3D cases.

The rest of this paper is organized as follows. In Section 2 we discuss the general assumptions
for the construction of stable finite element methods for problem (1.1)-(1.3). Based on these
assumptions, two new rectangular elements in 2D cases are constructed and analyzed in Section
3. Then, in Section 4, we derive uniform discretization error estimates with respect to the
perturbation parameter. In Section 5 we discuss the case allowing the viscosity to be zero in
the Darcy-Stokes equation. The extension to 3D cases is considered in Section 6. Finally, some
numerical experiments are given in Section 7 to verify our theoretical results.

2. General Convergence Analysis for Nonconforming Elements

Let us introduce some notations. H* denotes the Sobolev space of scalar function whose
derivatives up to order k are square integrable, with the norm ||-||5. The semi-norm derived from



402 S.Q. ZHANG, X.P. XIE AND Y.M. CHEN

the partial derivatives of order equal to k is denoted by |-|x. Furthermore, ||-||x7, ||%7 denote
respectively the norm || - || and the semi-norm | - |, restricted to the domain 7". The notation
L3 denotes the space of L? with mean value zero. Let T} be a shape regular rectangular
triangulation of the domain ©Q with the mesh parameter h = maxper, {diameter of T}. Let
E(T) (F(T)) denote the set of all edges (faces) of a rectangle T in 2D (3D) and E(T},) (F(Tr))
the set of all edges (faces) in the triangulation T} in 2D (3D). We also denote by Py (T) the set
of polynomials on T with degree at most k.

For simplicity, we use X <Y (X 2 Y) to denote that there exists a constant C', independent
of the mesh size h, the perturbation parameter ¢ and the functions involved, such that X <
CY(X > CY).

Let us now introduce the variational formulation of the problem (1.1)-(1.3). Define the
velocity and pressure spaces respectively as

V= H} Q) W :=LiQ).

Let V/ and W’ be dual spaces of V and W respectively. Then the variational formulation reads
as: given f € V' g € W', find (u,p) € V x W such that

a(u,v) — (p,divv) = (f,v), VveV,
) (2.1)
(divu, g) = (9, 9), VgeW,
where
a(u,v) = (Vu, Vv) + (u,v).
To obtain the uniform well-posedness of (2.1), define the norm in V
I[[vI[|? = a(v,Vv) + (divv,divv), veV. (2.2)

According to the standard theory for saddle-point problems [5-7], the uniform well-posedness
of (2.1) is guaranteed by the following continuity condition

(divv,q) <|[Ivlllllgllo, Vv eV, VgeW, (2.3)

and two stability conditions
a(v,v) = |||v|||?, VveZ:={veV :divv =0}, (2.4)
(divv,q)

vev IVl

2 lallo, VgeWw. (2.5)

The conditions (2.3) and (2.4) are trivially satisfied. The condition (2.5) is known with standard
Stokes problem [17], which is also true for 0 < e < 1 here. Thus the problem (2.1) has a unique
solution such that the following estimate

Ialll +llpllo < [I[Elllv: + lgllw (2.6)
holds, where
(f,v)
[[[£[l}v+ := sup :
vev [I[v]ll

Let Vi (C or ¢ V) and W), C W be respectively the velocity and pressure finite element
spaces. In this paper, we shall construct a few pairs of V} and W}, satisfying the following
assumptions.
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(H1) div, Vi, € Wy, where divy, (and V), in what follows) is understood as piecewise diver-
gence (gradient) on T},

(H2) There exists a linear interpolation operator II, : V' — V},, such that for all v € V,

vl S vl
dthHhV = thiVV,

where Qp, : L2(Q) — W), is the orthogonal L?-projection and the mesh dependent
norm || - ||, is defined as, for v € V,

Vs =D IIvl

TET,

2
k,T.

Then the discrete weak formulation reads as: find (up, pp) € Vi, x W}, such that

ap(up,v) — (pn,divpv) = (£,v), Vv eV,
. (2.7)
(dlvhuhn(I) = (gaQ)a Vq € Wha
where ap,(up, v) is defined by
an(up,v) = E(Vaup, Viv) + (up, v).
Similar to the continuous level, we define the discrete norm in V}, as follows
[V]|IZ = an(v,v) + (divyv,div,v), Vv E V. (2.8)

Under this discrete norm for the velocity and L2 norm for the pressure, we have the following
uniform well-posedness result.

Lemma 2.1. Suppose the assumptions (H1) and (H2) are fulfilled. Then, the following discrete
stability conditions hold

an(v,v) = VI Vv € Zn, (2.9)
-
L e (2.10)

vevi  Vllla
where Zy, = {V €Vy:(divpv,q) =0, Vqe€ Wh}.

Proof. The condition (2.9) is trivial by the definition of (2.8) and the assumption (H1). In
what follows we will show (2.10) holds. In fact, for all v € V and ¢ € W, by the definition of
Qr, and the assumptions (H1) and (H2), we have

(diVV, Q) (thiVV, Q) (dthHhVa Q) (dthHhVa Q)

= = < (2.11)
vl vl vl TRV ln
Notice that there holds the continuous in f-sup condition
divv, q
{divv,g) 2 llallo (2.12)

veV HV||1
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and the inequality
[MInv|

1a 2 (V][5

From (2.11), we then have

(divyIT,v, q) > (divapIIpv, q
vev [Mpvllln ~vev [[Hav||in

)
2 llallo-

Thus the discrete in f-sup condition (2.10) follows.
Multiplying v € V}, to Eq.(1.1) and using integration by parts, we have
a’h(uv V) - (dthV;p) - (fa V) + Eh(uapa V)a

where the consistency error term is

Ep(u,p,v) = Z /6T (eQVupr)n~Vds: Z /6T0(u,p)n~vds,

TeTy TeTy,

with the stress tensor o(u,p) = €2Vu — plL.
For simplicity, we introduce the energy norm in V}, as follows

Ivl2, =an(v,v), VvEV

We are now in a position to state the following theorem.

(2.13)

(2.14)

(2.15)

(2.16)

Theorem 2.1. Assume that (H1) and (H2) are fulfilled. Then problem (2.7) admits a unique

solution (up,pp) € Vi, x Wy, such that

) —1II
e — wnllln < 2ffu — Myul,, + Zrlpun — i)

+ [I( = Qn)divullo,

[un — ITpulla,

En(u,p, v
1o~ pnlo < o — Qupllo + 2[[u — Myula, +2 sup Z2LPY

Y
vevi IVl

ap

[l[diva — divpug|lo = ||(I — Qr)divul|o.
Proof. By (2.1), (2.7) and (H2), we obtain
(divhuh,q) = (divu,q) = (thivu7 q) = (divhﬂhu,q)7 Vqe Wy

This implies that
divhuh = diV}thu.

From (2.20) and the assumption (H2), we get the third estimate
[diva — divpug o = ||diva — divpITpullo = (I — Qp)divul|o.
By (2.14) and (2.7), we have
a(u—uy,v) — (p fph,divhv) = Ep(u,p,v), VveT,.
Taking v = up — ITpu in (2.22) gives

a(u—up,up —pu) = By (u,p,up — Hyu).

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Using the triangle inequality, Cauchy-Schwartz inequality, and (2.23), we have

u = uplla, < [lu—Tpula, + [lup —Tpula,

a(up — pu,up — jyu)

=|lu—1Iju +
H ”ah Huh - Hhu| an
—1II —-1I — —1I
= fJu— Myull,, + 28— T e T aln = w, w. T
[up, = pulle, [up, — Hpulla,

|En(u,p,up, — jpu)|
||uh — Hhu|

< 2|lu —Ilnulla, + (2.24)

ap

Then (2.19) and (2.24) imply (2.17). By the discrete in f-sup condition (2.10) and the assump-
tion (H1),

(divpv, Qnp — pn)

||th - ph”() < sup

vev, 1vllan
— sup a(ufuhvv) 7Eh(u7pav)
vevy ||V| anp
< sup |Eh(uvpav)| + su |a(u—uh,v)|
vevy, HV”ah vevy HV”ah
E
< sup ERWPV
vevi  1vlla,

Combining the above two estimates, inequality (2.24), and the triangle inequality, we get the
desired estimate for the pressure p. ]

In addition to the assumptions (H1) and (H2), we assume that the operators II, and Qj,
satisfy

(H3)

v — v SA vk, 0<j<k 1<k,
(H4)

lg — Qnallo < 7™ |glm-

Here k,m are two integers. For the consistency error Ej(u,p,v), we also assume

(H5)
| Bn(u,p,v)| S h'(Juls + [pla)||v]

ans VVEVh,

for integers I, s and n. If V}, C H(div), there is no |p|, term in (H5).

Therefore, from Theorem 2.1, we have:

Theorem 2.2. Under the assumptions (H1)-(H5), problem (2.7) admits a unique solution
(up,pn) € Vi, x Wi, such that

1w = wnllln S A (uf + uls + [divaln + [pla),

[l[divu — divpug|lo < A™|divual,,

Ip — pallo S R ELEMY (Jufy + [uls + [pln + [Plm)-
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Remark 2.1. In fact, we cannot expect that all the norms of u and p in the above estimates
are bounded independently of e. As e approaches zero |u|s may blow up, especially in the case
that the solution has boundary layers. In such a situation, higher order elements may not attain
the expected higher order accuracy (see, e.g., Section 4).

3. Construction of 2D Nonconforming Rectangular Elements

In this section, we will construct 2D nonconforming rectangular elements based on the
assumptions (H1)-(H5).
3.1. A low order finite element space

Denote PZ(T) is the d-dimensional polynomial space of degree at most m on T. For each
rectangle T € T}, we introduce the following affine invertible transformation

~ 1 1
Fg: K - K, x=§hx€+xo, y==

2hy77 + Yo,

with the center (z¢,yo), the horizonal and vertical edge lengthes h, and h,, respectively, and
2

~

the reference element K = [—1,1]
The velocity polynomial space on the rectangle T, is defined by

VT(l) = {V = (vi,v0)T 1wy € span{l,x,y,y2},v2 € span{l,:c,y,x2}}.
The dimension of VT(l) is 8 and the 8 degrees of freedom are given below
/v-nds, Vee E(T), (3.1)
/v-tds, Ve e E(T). (3.2)

Here t and n are the unit tangent and normal vectors on the edge e respectively. The element
diagram is illustrated in Fig. 3.1.

—_—

|

Fig. 3.1 The degrees of freedom of the first element.

Lemma 3.1. For allv € VT(I) 1s uniquely determined by the above 8 degrees of freedom.
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Proof. Let all degrees of freedom for v = (v1,v2)% € VT(I) be equal to zero, then it is enough
to show v = 0. Without losing the generality, we prove it on the reference element K. In this
case, v1 can be written as

v1 = ag + a1 + agn + azn?,

with some interpolation constants ag, a1, as, as. By taking the above formulation in the related
4 of the 8 degrees, we can get

1 1
a0+a1+§a3:0, aofalJrgag:O, ag—az+a3 =0, ag+az+asz=0.

From the above equations we can easily derive ag = a1 = a3 = ag = 0 and then v; = 0. Owing
to the symmetry, similar calculation gives vo = 0 and then v = 0. g

The finite element spaces V;, and W), are defined by

ve LX) :vlp eV, VT eT),,

Vh(l) = all the degrees on the boundary of €2 are equal to zero, ,
the moments (3.1) and (3.2) are continuous across mesh edges
W= { gew:qreP(D), VTeTh}.

It can be verified that Vh(l) ¢ H(div,Q) and so V,,(1) ¢ H}(Q). This choice of spaces leads to
a nonconforming finite element discretization of problem (2.7). By the construction of Vh(l), we
easily have

/ divyvd2 =0, VYve V.
Q

Then the assumption (H1) is satisfied. Define the interpolation operator IIj, : (H? (Q))2 — Vh(l)
by

/(vfﬂhv) ‘nds =0, Vee E(T),

e

/(v —IIyv)-tds=0, Vee E(T).

Let T = [~1,1]? be the reference element and ﬁ; : (H2 (ZA“))2 — %1) the interpolation operator
with respect to 7. Then for all v € (H? (f))2, there holds
- 5o
1Tvlyz < (1 mlly o+ 1V tllg 07) < V12 21011 5.

Since the operator II;, preserves the linear polynomials locally, it follows from a standard scaling
argument, using the Bramble-Hilbert lemma, that the following estimates hold:

HV - Hhv”jﬁ 5 h2_jlvl27 J=0,1, (3'3)
[T, v|

1a S vl

This implies that ITj, is bounded and the assumption (H3) holds with j = 0,1,2 and k& = 2. For



408 S.Q. ZHANG, X.P. XIE AND Y.M. CHEN

all v e V and q € Py(T), by Green’s formula we have
/ divIl,vgdQ = — / v -VqgdQ + / IIyv-ngds
T T T

:/ Hhv-nquZ/ v-nqds
aT ar

—/v-quQ—i—/ v-nqgds
T ar

:/divquQ:/thivquQ.
T T

Thus, it follows from the relation div;th(l) C W,gl) that
divpIlpv = Qpdivv, VT € Ty,.

This implies the commutativity property in the assumption (H2).

Since @y, preserves constant locally, we have
lg — Qngllo S hlgh, Vg€ H'NLG.

This implies that the assumption (H4) holds with m = 1.

We define the jump [v-n]|e = v -n|oryne — V- 0oy if € is an edge shared by two elements
Ty and Ty, and [v-nl|l. = v-n|. if e C E(T) () 09Q. To estimate the consistency error, we need
the following lemma.

Lemma 3.2. For allv € V}fl), there holds

3 / venlds =0, VgeC®), glre PyT), (3.5)

e€E(Ty)

Proof. Since

/v-nds=/v-tds:o, vveVi, Vec E(T)( o

(&)

the term Y [ ¢[v-n]ds can be written into the following form
e€E(Th)

Z/vn Zae/vnds—i—b/vtds

e€E(Ty) e€E(T

- Y /v nds +b, /v tds, (3.6)

ecEi(Ty)

where Ei(Ty) := E(Ty) \ (E(Th) N GQ) denote the set of all the interior edges in T}, a. and b,
are constants dependent on ¢ and the basis functions of Vh(1

all of the coefficients a. and b, are equal to zero.

). Then we only need to prove that
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A2 A4 AG
e
el Ty L > n Ty €2
A1 A3 A5

Fig. 3.2 An interior edge e shared by 71 and Ts.

As shown in Fig. 3.2, we assume e is an interior edge shared by two rectangles T7 and Ts
with element sizes a1 = |A1As|,a2 = |A3A45],0 = |A3A4|. Let (x0,y0) be the center of Tj.
Notice that e is vertical to the z-axis. In fact, in the case that e is parallel to the z-axis, the
proof is similar.

For v € Vh(l), we can write, for i = 1,2,

vir, —N/v nds + Z N()/v nds + Z N( /v tds, (3.7)

e'€E(T;)\e e e’ €E(Ty)

where Nj, NS,), Né,) are the corresponding nodal basis functions on the elements 73, and

T
213 1 3
N 22 (e — - —(y — 20l =:[Ny 0T
1 b[8 2a1( xo) 2b2<y o), } [N1,0]7,
213 1 a+as, 3 2 1" T
No = 2|2 - — (¢ —pn — - —(y — 0| =:[N.,0]".
9 b[S o (x — x0 > ) 2b2(y Yo)~, ] [Nz, 0]

Thus only the first term on the right side of (3.7) contributes to a. =: aél) + ag) with

(’)— Z /qN - nds.
e'cE(T;)

Along the four edges A1 A3, As Ay, A3As and A4Ag, the unit normal vectors are of the form
[0,1]7 or [0,—1]T, so N1 - n and N3 - n are equal to zero. This leads to

ae:/ qNgds—/ qNy ds+/qN2ds—/qN1 ds. (3.8)
€2 el e e

Along the edge e, we have x = x¢ + a1/2. This indicates Ny — No = 0 on e. Thus, by the
continuity of ¢ we obtain

/qNg ds — /qN1 ds =0. (3.9)
e e

Through translation n = 2(y — yo)/b, we have

1
1 3
Nods = Z_Zp?)dp =
/62 208 /1<8 8")" b
L 71 3 b
Nyds = ——n? ) = dn = 0.
/erQS /_1(8 8”)(2n+y0)n
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Consequently,
/ gN2ds =0, VYqe€ Pi(es). (3.10)
e
Similarly, we have
/ qudSZO, VqEPl(el). (311)
€1
For g|r € Po(T),VT € Ty, we can suppose that

Q|T1 = a1 + aox + a3y + auxy + 045552 + a6y2,
qlr, = B1 + Box + By + Paxy + Bsx® + Bey’.

By the continuity of ¢, we know that g¢|r, is equal to ¢|r, along the edge e: x = zp + a1/2.
Hence we easily get ag = . From (3.8)-(3.11) we have

ae= [ Bey*Nods — / aey® Ny ds
eg el
1 2
b 1 3,
= — = - == dn = 0.
/_1(56 046)(277+y0) (8 5" ) U]
Similarly we can derive that b, = 0. This completes the proof. O

Remark 3.1. Similar to the proof of Lemma 3.2, we can show that for all v € Vh(l), there
holds

3 / v-t]ds =0, YqeC@), qlr € Po(T). (3.12)

e€E(Ty)

From the proof of Lemma 3.2, we can derive the following stronger conclusion.

Corollary 3.1. For allv € V(l), there holds
Z / v-n|ds =0, Vge s, (3.13)
e€E(Ty)

where

§= {q €C(Q): qlr € Po(T) Uspan{a®,y® 2", y*, 2" y° -}, VT € Th}-

We rewrite the consistency error (2.15) as following
By(u,p,v)= / u,p)n
e€cE(Ty)

On the edge e, we decompose the vector o(u,p)n and v along the normal direction n and the
tangential direction t, i.e.,

o(u,p)n = (o(u,p)n-n)n+ (oc(u,p)n - t)t,
v=(v-n)n+ (v-t)t,
This leads to

E u,p,v Z / ,pn t V t]d8+
e

e€E(Ty) e€E(Ty)

/(U(u,p)n ‘n)[v - n]ds. (3.14)
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Lemma 3.3. Foruec HNH3 pec H*NL: k=23,

|En(u,p,v)| S (heluls + b5 pli)[V]]an, Vv e VY. (3.15)

Proof. First we have

> [otmm oyt
e€E(Ty) ¢
= Z / (2Vun - t)[v - t] ds — / ((pDn - t) [v - t] ds}
e€E(Ty) €
= Z / (2Vun - t)[v - t]ds‘ = inf /(Vun-t—Q)[V-t]ds}
c€E(Ty) €T eepm,) e
= inf | / (Vun-t—q)v-tds‘
q€Py T;h aT
= ¢ inf ‘ Z /V(Vun~tfq)xde+/(Vun~tfq)rotVdQ‘
qePy Ter, /T T
(
9€P e,
Se D Mulsr(e ) S ehfulspllvia, (3.16)

TeT

where P, := {qeC(Q): qlr € P(T), VT € Ty, }, and we have used (3.12) to obtain the third
equality above.

Secondly, we have

Z / u,p)n - n)[v-n]ds = Z / ((€Vu - pI)n - n)[v - n]ds

ecE(Ty) e€E(Ty)
Z / ((€Vu)n-n)[v-n]ds — Z / (pD)n - n)[v - n]ds. (3.17)
ecE(Ty) e€E(Ty)

For the first term on the right side of (3.17), using a trick similar to the proof of (3.16) gives

an. (3.18)

Z / ((€Vu)n-n)[v-n ds‘ < eh|uls||v]

e€E(Ty)
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For the second term on the right side of (3.17), we have

Z/plnnvnds:z:/vnds
e€E(Ty) 7 ¢ c€B(Ty) "¢
=| inf /(p—q)[v-n]ds‘: inf /(p—q)v-nds‘
9E€P; eGEZ(Th) € 9Pz T;h or
inf Z /V(pfq)deJr/(pfq)divde‘
quzTeT T T
< inf Y [[V(p—q)
q€P2TeT;
S D Wbl (| )
TeTy

SHEplklvl

ans (3.19)

where Py := {q € C(Q) : q|r € P,(T), YT € Ty, }, and we have used (3.5) to obtain the second
equality above. The desired estimate follows from (3.16)-(3.19). O

From Lemma 3.3, the assumption (H5) holds with [ = 1,s = 3,n = 2,3. Taking V}, = Vh(l),
Wy, = W,gl) in the problem (2.7), and applying Theorem 2.1, we then get the following error
estimates.

Theorem 3.1. Let (up,pp) € Vh(l) X W,El) be the solution of the problem (2.7). Ifu € HiNH?3
and p € L2N H*, k = 2,3, then the following error estimates hold:

I = wplln S Ak + €)luls + 2" px,
[div(u = up)|lo S h|divuly,
Ip = prllo Sh(lply + (b + €)luls + A5 |p|r).

Remark 3.2. If p € S , from (3.13) and the analysis of the consistency error, we can see that
the |p|i term will not appear in Lemma 3.3 and Theorem 3.1.

2. A higher order element

Define
VT(2) = {v = (v1,v2)T 1wy € span{l,x,y,xy,xQ,yQ,y3},

Vg € span{l,x,y,xy,x2,y2,x3}}.

The dimension of this space is 14 and the 14 degree of freedoms are:
/v~nqu, Vqe Pie), Yee E(T), (3.20)
e
/v -tds, VeeE(T), (3.21)
e

/v-qu7 Vq e PAT). (3.22)
T
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The element diagram is give in Fig. 3.3. Let us define the following finite element spaces:

veL*Q?:v|p eV, VT eT,,
Vh@) = all the degrees on the boundary of §2 are equal to zero, ,

the moments (3.20) and(3.21) are continuous across mesh edges
W= { qeW: glre P(T), VT €T}

Following the discussions similar to those in Section 3.1, we can prove that the above element
is unisolvent and satisfies the assumptions (H1)-(H5) for some suitable integers. So Theorem
2.2 holds for this element and we have the following error estimate.

B
-~ —
{ ) ) ‘
I a— ——
e

L

Fig. 3.3 The degrees of freedom of the second element.

Theorem 3.2. Let (up,pp) € V,(Q) X W,EQ) be the solution of the problem (2.7). Ifu € HX N H*

2

and p € L2N H* k = 3,4, then the following error estimates hold

I = wnlln S5 (h+ €)luls + b plx,

[div(u — up)|lo <R™|divaly,, m=1,2,
I = pallo S5 (Iplz + (h + €)lula + B*[plx ).
Remark 3.3. Let

S1:= {q €C(Q): qlr e R5(T)U span{:c4,y4,:£5,y5,x6,y6 . }, VT € Th},
similar to the lower order element, if p € §1, then there is no |p|x term in Theorem 3.2 because

> [alv-nlds=0, VgeS1, vveVy?.
ecE(Ty) Y ¢

Remark 3.4. Foru € H} N H*, p € H*, k = 3,4, from a consistency error analysis similar to
that in Section 3.1, we can easily obtain

En(w,p,v)| S (Beluls + 0 ple) V]|, Vv €V

as S1 contains piecewise polynomials of degree not more than three.
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4. Boundary Layers and Uniform Estimates

In general we cannot expect the norm |u|e and ||p||1 are bounded independently of €. As e
approaches zero |u|s may blow up, especially in the case that the solution has boundary layers.
So the previous estimates do not imply uniform convergence with respect to €. Let

H(rot) = {f € L*(Q)?| rotf € L*(Q)}, where rotv = 86—1;1 - %

2
Hi{geHlmL?):/ﬂ)'QdQ<oo, j1,2,---,N},
Q|x_$j|

with an associated norm

o [ o)
2 2
lgll1,+ = llgll1 + Z/Q mdﬂ
j=1
where x1,x9, -+ ,xn denote the vertices of 2. The following lemmas by Mardal, Tai and

Winther [22], will be useful in our analysis.

Lemma 4.1. Assume that £ € H(rot), g € Hi, and let (u,p) be the corresponding solution of
(1.1)-(1.3). Then

€7 ||rotul| —|—€%||rotu||1 < (4.1)

Lemma 4.2. Assume that £ € H(rot), g € H} and (u,p) is the solution of (1.1)-(1.3). Then

) (4.2)

1
la—u’flo+[lp — p°ll1 S e (

where (u°,p°) is the solution of the following reduced system:

-Vl =f in Q
divu® = ¢ mn 0,
uw - n=0 on Of. (4.3)

Now we rewrite the consistency error (3.14) as
En(u,p,v) =€ Z /Vuntvtds—l— Z / u,p)n - n)[v-njds. (4.4)
e€E(Th) c€E(Ty)

We suppose the exact solution p satisfies the following condition
peSs. (4.5)

Then the consistency error can be further simplified as

En(u Z /Vun t)[v - t]ds + €2 Z /Vun n)[v - nds. (4.6)

e€E(Ty) e€E(Th)

Remark 4.1. To simplify the analysis, we impose here the condition (4.5) to get uniform
error estimates. In some cases, the solution p may satisfy condition (4.5) or at least can be
approximated well by functions in the space S , so the assumption and the following analysis
make sense in such situations.

In order to get uniform error estimates for our new elements, we need the following consis-
tency error estimate.
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Lemma 4.3. For ue H>NHE, Vv €V}, we have

[En(u, v)| < eh?[lullf [lull3 [[v]a,. (4.7)

Proof. Following Lemma 3.3, we get

-t) - . < i .t — i t—
/e(Vun t) - [v t]dsN)}g{HVun t )\Ho’e;}lelfimv t — pulo,e-

Using the standard scaling argument and the trace theorem, we have

2
Vv —
~ 1,7 UTs 2,TE+UT’| |1,TiuTe .

e

1 1
inf t— Ao inf |[v-t— < h2lul? H
jnf [Vun lo.c inf IVt = pulllo.e |ul |yl

Combining the above two estimates, we see from (4.6) the first part of Ej(u,v) satisfies the
lemma. The proof for the second part is similar. O

Applying Lemmas 4.1 and 4.3, Theorems 3.1 and 3.2, we have the following uniform error
estimates for our new elements.

Theorem 4.1. Let (up,pn) € Vh(i) X W,Ei),z' = 1,2, be the solution of the problem (2.7). If
f € H(rot), g € H} and condition (4.5) holds, then

1
[lla = un|lln +llp = pallo < h2 (ot £llo + llgll1.+)- (4.8)

5. Vanishing Viscosity

In what follows we will show that Theorems 3.1, 3.2 and 4.1 are also valid in the case of
€ = 0, where the velocity space V is taken as

V = Ho(div,Q) := {v € H(div,Q)| v-n =0 on 00}.
The finite dimensional space V3, C V, the norms on V and V}, reduce to

Iv][]? = (divv, divv) + (v, v), vevy, (5.1)
an = [[Vllo, v €W, (5.2)

VIlln = (vl v

and the boundary condition (1.3) becomes u-n = 0.

With the above modifications, by a similar argument to that in the case of € € (0,1] in
Section 2, we easily know that the two stability conditions (2.4) and (2.5) trivially hold in the
case ¢ = 0. In addition, we can see that Lemma 2.1 also holds. As a result, we have the
following simplified version of Theorem 2.1.

Theorem 5.1. Let (up,pp) € Vh(i) X Wf(bi) (i =1,2) be the solution of the problem (2.7) in the
case of € = 0. Assume (H1) and (H2) are fulfilled. Then we have

[l[u = wpll[n < 2[ju—Thuljo + |(1 = Qn)divullo,

2= pallo < llp = Qupllo + 2[[u = Tpullo + (I — @n)divul
[[div(u —an)llo = [[(I — Qn)divullo,

0,

Thus, in the case of ¢ = 0 the same error estimates as in Theorems 3.1 and 3.2 also hold for
the two elements.
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6. Construction of 3D Nonconforming Rectangular Elements

In this Section we will construct 3D finite elements based on the assumptions (H1)-(H5).

6.1. A low order finite element space

For each 3-rectangle T € T}, we introduce the similar affine invertible transformation as
~ 1 1 1
FK:KHK; I':§hz§+l’0, yzihyn+y0; Z:5h24+207

with the center (0,0, 20), the three axes edge lengthes hy, hy, and h., respectively, and the
reference element K = [—1,1]>.
The velocity polynomial space on the 3-rectangle T' is defined by

v = (v1,v2,03)" 1 vy € span{l,z,y, 2,92 2},

VT(3) = vy € span{l,x,y,z,x2,z2},

v3 € spcm{l, z, v, z,x2,y2}

The dimension of VT(3) is 18 and the 18 degrees of freedom are given below
/v-nds, VfeF(T), (6.1)
f
[wxn)ads aerd). vrer). (6.2)
f

Lemma 6.1. For any v € VT(B), it is uniquely determined by the above 18 degrees of freedom.

Proof. Let all degrees of freedom for v = (v1,vq,v3)T € VT(B) be equal to zero, then it is
enough to show v = 0. Without losing the generality, we prove it on the reference element K.
In this case, v; can be written as

v1 = ap + a1 + azn + asC + asm’® + as(?,
with some interpolation constants ag, a1, as, as, aq, as. By taking the above formulation in the

related 6 of the 18 degrees, we can get

1 1 1 1
a0+a1+§a4+§a5=0, ao—a1+§a4+§a5=0,

1 1
ao—a2+a4+§a5:0, a0+a2+a4+§a420,

1 1
a0+a3+§a4+a5:0, ao—a3+§a4+a520.

From the above equations we can easily derive that ap = a1 = a2 = a3 = a4 = a5 = 0 and then
v1 = 0. Owing to the symmetry, similar calculation gives vo = 0,v3 = 0 and then v = 0. g
The finite element spaces Vh(g) and Wf(bg) are defined by

ve X3 :vlp eV, VT eT),,
all the degrees on the boundary of €2 are equal to zero, ,

v
A
the moments (6.1) and (6.2) are continuous across mesh edges

W= {qgeW: glr e PR(T), VT €Ty}
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It can be verified that Vh(g) ¢ H(div,) and so Vh(3) ¢ H}(2). The assumptions in (H1) are
satisfied by construction. The interpolation operator Il : V — Vh(3) is defined by

J-tw)-ads=0. vae R, vier@).
f
For any v € V and p € Py(T), using Green’s formula, we have

/ divIl,vpdQ = — / IIpv - Vp dQ + / II,v -np ds
T T T

:/ Hhv-npds:/ v-npds
T ar

—/V-Vde—i—/ v-npds

T T

=/ divvp dQ = / Qndivvp dS2.
T T

Taking p = divIlyv — Qpdivv, we get divpllpv = Qpdivv for all T € Tp,. This verifies the
assumption (H2). Similar to (3.3) and (3.4) in Section 3.1, in 3D cases the assumptions (H3)
and (H4) hold as

v — HhVHj,h Sh* ]y, j=0,1.

In 3D, the consistency error term is
E(u,p,v) = Z / (Vun) - [v]ds + Z / v - 1] (6.3)
fEF(Tn) fEF(Th)

By decomposing vectors Vun and v on the face f into their normal and tangential components,
ie.,
Vun = (Vun x n) + (Vun-n)n, v=(vxn)+(v-nn.

Then we can further write the consistency error term as

Ep(u,p,v)
=62f€;(:Th)</f(Vun-n)[v-n]ds—i—/f(Vunxn)-[vxn ) fG;)/ p[v -1

Similar to the discussion in Section 3.1, we can derive the following estimates
En(u,p.v) < (heluls + h2[pl3) | V]|a,- (6.4)
Moreover, if u € H™+! m = 1, we have
|[div(u — up)|lo S A™|divuly,.
Then we can immediately get the following theorem.

Theorem 6.1. Let (up,pr) € Vh(g) X W,EB) be the solution of the problem (2.7). Ifu € HiNH3
and p € L3N H* k = 2,3, then the following error estimates hold:

I = wanllln < Ak + )[uls + A5 plx,
||diV11 — divhuh||0 ,S h|divu|1,
lp = prllo < A(Ipl1 + (e + h)|uls + A5 |p|1).
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6.2. A higher order element
Define

_ T. 2,2 .2 3.3

W v = (v1,v2,v3)" : vlespan{l,:c,y,z,x,y,z,:Ey,:nz,y,z}
4 2,2 .2 3.3
VT - V2 Gspan{l,:c,y,z,x Y Y2, XY, Yz, T, 2 }
2,2 .2 3,3

U3 €5pan{1a$7yaza$ Y Y 2T T2, Y2, LY }

The dimension of VT(4) is 33 and we give the following 33 degrees of freedom as

/v~nqu, q € Pi(f), (6.5)
f
[ xn)-ads, ae R (6.6)
f
/ v -qdQ, q € P3(T). (6.7)
T
Let us define the following finite element spaces
veLX)3: vipeV, VT eT,,
Vh(4) = all the degrees on the boundary of 2 are equal to zero, ,

the moments (6.5) and (6.6) are continuous across mesh edges
W,g4) = {qeW: qlr e P(T), VT € Tp,}.

Following some discussions similar to those in Section 6.1, we can show that this element is
unisolvent and satisfies the assumptions (H1) to (H5) for some suitable integers. So Theorem
2.2 holds for this element and we have the following error estimate.

Theorem 6.2. Let (up,pr) € Vh(4) X W,E4) be the solution of the problem (2.7). Ifu € H:NH*
and p € L3N H* k = 3,4, then the following error estimates hold:

Il = wnllln < 1%+ €)luls + 25 plx,
[ldiva — divpug)|lo < A™|divalm,, m = 1,2,

lp = prllo < R (Iply + (e + A)lula + 25 |pli).

6.3. Uniform estimates and vanishing viscosity

Similar to the 2D cases, by applying the regularity results by Tai and Winther [26] and
assuming the source term g = 0, we can derive the following uniform error estimates.

Theorem 6.3. Let (up,pn) € Vh(i) X W,Ei),z' = 3,4, be the solution of the problem (2.7). If
f e H', then
[I[a = wnllln + Ip = pallo S h¥ €]

For the vanishing viscosity € = 0, similar to Theorem 5.1, we have

Theorem 6.4. Let (up,pp) € Vh(i) X W}Ei),i = 3,4, be the solution of the problem (2.7) in the
case of e = 0. If (H1) and (H2) are fulfilled, then

[l[u = wpll[n < 2[ju—Thuljo + |(1 = Qn)divullo,

P = prllo < llp — Qnpllo + 2[lu — Taullo + [[(I — Qr)divul
[[div(u —an)llo = [[(I — Qn)divullo,

0,
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7. Numerical Tests

In this section, we give some 2D numerical tests to verify the theoretical analysis.

7.1. An example without boundary layers

We consider the problem (1.1)-(1.3) with  taken as the unit square. The domain is triangu-
lated into n x n squares. The exact solution p = sin(rz) — 2/ and u = curlsin®(7z) sin(7y),
while f = u — €2Au — gradp. So the function g = 0 and the solution is independent of the
perturbation parameter e. This is the same example as used in [22].

In Tables 7.1 and 7.2, we give the computational results of the new low order element for
the absolute error for velocity measured in L? norm and energy norm for different values of e
and h = 1/n, respectively. In Table 7.3 we give the results of the absolute error for pressure
measured in L? norm. The corresponding results for the higher order element are listed in
Tables 7.4-7.6. For each element and each fixed e the convergence rate with respect to h is
estimated by computing the average of the usual log-linear relation. From the tables we can
see that the computational results are in good agreement with our theoretical analysis.

Table 7.1: The absolute error for velocity in L? norm for the new low order element.

h\ e 1 272 P 278 210 0
272 | 3.12e-1 | 3.0de-1 | 2.92e-1 | 2.91e-1 | 2.91e-1 | 2.86e-1
273 | 8.40e-2 | 8.06e-2 | 7.52e-2 | 7.44e-2 | 7.44e-2 | 7.39e-2
27% | 2.14e-2 | 2.05e-2 | 1.89e-2 | 1.86e-2 | 1.86e-2 | 1.86e-2
rate | 1.93 1.95 1.97 1.98 1.98 1.97

Table 7.2: The absolute error for velocity in energy norm for the new low order element.
h\e| 1 272 274 278 2710 0
272 5.47 1.39 4.47e-1 | 2.91e-1 | 2.91e-1 | 2.86e-1
27% | 2.74 | 6.89e-1 | 1.87e-1 | 7.52e-2 | 7.45e-2 | 7.39e-2
24 1.37 | 3.43e-1 | 8.76e-2 | 1.94e-2 | 1.87e-2 | 1.86e-2
rate | 1.00 1.01 1.18 1.95 1.98 1.97

Table 7.3: The absolute error for pressure in L? norm for the new low order element.

h\ e 1 272 24 278 210 0
272 | 9.15e-1 | 1.72e-1 | 1.60e-1 | 1.59e-1 | 1.59e-1 | 1.59%-1
273 | 3.59e-1 | 8.41e-2 | 8.01e-2 | 8.00e-2 | 8.00e-2 | 8.00e-2
27% | 1.04e-1 | 4.07e-2 | 4.01e-2 | 4.01e-2 | 4.01e-2 | 4.01e-2
rate | 1.57 1.04 0.99 0.99 0.99 0.99

Table 7.4: The absolute error for velocity in L? norm for the new higher order element.

h\ e 1 272 274 278 2710 0
272 | 1.13e-1 | 1.12e-1 | 1.07e-1 | 1.04e-1 | 1.04e-1 | 1.02e-1
273 | 1.17e-2 | 1.16e-2 | 1.13e-2 | 1.09e-2 | 1.09e-2 | 1.08e-2
27*% | 1.30e-3 | 1.30e-3 | 1.30e-3 | 1.20e-3 | 1.20e-3 | 1.20e-3
rate | 3.22 3.21 3.18 3.22 3.22 3.20
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Table 7.5: The absolute error for velocity in energy norm for the new higher order element.
h\ e 1 272 P 278 210 0
272 2.71 6.85e-1 | 1.98e-1 | 1.05e-1 | 1.04e-1 | 1.02e-1
273 6.62e-1 | 1.66e-1 | 4.27e-2 | 1.12e-2 | 1.09e-2 | 1.08e-2
274 1.58e-1 | 3.94e-2 | 9.90e-3 | 1.40e-3 | 1.20e-3 | 1.20e-3
rate 2.05 2.06 2.16 3.11 3.22 3.20

Table 7.6: The absolute error for pressure in L? norm for the new higher order element.

h\ e 1 272 P 278 2710 0
272 1.01 | 6.70e-2 | 1.72e-2 | 1.63e-2 | 1.63e-2 | 1.63e-2
273 | 1.87e-1 | 1.24e-2 | 4.10e-3 | 4.10e-3 | 4.10e-3 | 4.10e-3
27*% | 2.51e-2 | 1.90e-3 | 1.01e-3 | 1.01e-3 | 1.01e-3 | 1.01e-3
rate | 2.66 2.57 2.05 2.01 2.01 2.01

Table 7.7: The absolute error for velocity in L? norm for the new low order element for case 1.
h\ e 52 o1 56 58 5—10 512

271 | 5.67e-2 | 7.46e-2 | 1.46e-1 | 1.93¢-1 | 1.98e-1 | 1.99e-1
272 1.65e-2 | 2.60e-2 | 7.75e-2 | 1.28e-1 | 1.42e-1 | 1.43e-1
273 | 4.30e-3 | 7.71e-3 | 3.20e-2 | 7.46e-2 | 9.88e-2 | 1.0le-1
24 1.12e-3 | 2.12e-3 | 9.13e-3 | 3.85e-2 | 6.39¢-2 | 7.09e-2
rate 1.90 1.72 1.33 0.78 0.54 0.50

Table 7.8: The absolute error for velocity in energy norm for the new low order element for case 1.
h\ e 52 o1 56 58 5—10 o—12

21 1.40e-1 | 1.04e-1 | 1.50e-1 | 1.94e-1 | 1.98e-1 | 1.99e-1
272 7.02e-2 | 4.79¢-2 | 8.81e-2 | 1.29e-1 | 1.42e-1 | 1.43e-1
273 | 3.50e-2 | 2.05e-2 | 4.47e-2 | 7.67e-2 | 9.89e-2 | 1.0le-1
24 1.74e-2 | 9.20e-3 | 1.84e-2 | 4.37e-2 | 6.41e-2 | 7.09e-2
rate 1.00 1.17 1.01 0.72 0.54 0.50

7.2. Examples with boundary layers

In this section we give two examples to verify the theoretical analysis for boundary layers.
Let u = ecurle ®%/¢ and then g = 0. In fact, u is not the solution of the corresponding system
(1.1)-(1.3) because the boundary conditions are not satisfied. However, the adaptation of our
new methods to nonhomogeneous boundary conditions is straightforward.

The significance of the solution u just given is related to the fact that the quantities of

—1/2 35 € tends to zero. As we have seen in the former

[rotullp and e||rotu||; are both of order e

analysis, this behavior is typical for solutions of singular perturbation problem (1.1)-(1.3).
We select p in the following two cases:

1

case 1:p=ee ™+ €(e”

case 2:p = ee” @V _ 3(e

of which the former is the same as that in [19] and satisfies (4.5), while the other one does not
satisfy it.

The computational results for case 1 are listed in Table 7.7-7.12. we can see that they are in
good agreement with our theoretical analysis as the condition (4.5) holds. In Table 7.13-7.18,
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we give the computational results for case 2. Although condition (4.5) is not satisfied, the

results are similar to the former as p can be approximated well by functions in the space S in

Lemma 4.

Table 7.9: The absolute error for pressure in L2 norm for the new low order element for case 1.

ment for case 1.

h\ e 52 o1 56 55 5—10 o—12
271 | 4.70e-2 | 1.22¢-2 | 8.30e-3 | 9.91e-3 | 1.07e-2 | 1.40e-2
272 | 2.51e-2 | 8.20e-3 | 3.41e-3 | 5.50e-3 | 6.40e-3 | 6.94e-3
277 | 1.28e-2 | 5.41e-3 | 1.51e-3 | 2.41e-3 | 3.31e-3 | 3.61e-3
27% | 6.40e-3 | 3.00e-3 | 1.01e-3 | 8.60e-4 | 1.52e-3 | 1.80e-3
rate 0.96 0.68 1.02 1.18 0.95 0.97
Table 7.10: The absolute error for velocity in L? norm for the new higher order ele
h\ e 9—2 o4 56 58 9—10 o—12
271! 1.53e-2 | 3.12e-2 | 9.05e-2 | 1.46e-1 | 1.53e-1 | 1.53e-1
272 | 2.20e-3 | 8.40e-3 | 3.64e-2 | 9.10e-2 | 1.07e-1 | 1.08e-1
273 | 2.79¢e-4 | 1.61e-3 | 1.04e-2 | 4.54e-2 | 7.29¢-2 | 7.54e-2
274 | 3.43e-5 | 2.31e-4 | 1.92e-3 | 1.76e-2 | 4.47e-2 | 5.25e-2
rate 2.93 2.36 1.86 1.02 0.59 0.52

Table 7.11: The absolute error for velocity in energy norm for the new higher order element for case 1.

h\ e 92 o1 56 58 9—10 9—12
271 5.96e-2 | 5.59e-2 | 9.43e-2 | 1.46e-1 | 1.53e-1 | 1.53e-1
272 1.70e-2 | 2.15e-2 | 4.50e-2 | 9.16e-2 | 1.07e-1 | 1.08e-1
273 4.41e-3 | 6.80e-3 | 1.82e-2 | 4.70e-2 | 7.31le-2 | 7.55e-2
274 1.10e-3 | 1.90e-3 | 5.21e-3 | 2.17e-2 | 4.50e-2 | 5.26e-2
rate 1.92 1.63 1.39 0.92 0.59 0.51

Table 7.12: The absolute error for pressure in L? norm for the new higher order element for case 1.

h\ e 92 91 56 58 9—10 9—12
271 3.08e-2 | 7.71e-3 | 5.12e-3 | 7.70e-3 | 8.90e-3 | 9.20e-3
272 1.54e-2 | 4.70e-3 | 1.61le-3 | 3.32e-3 | 4.31e-3 | 4.60e-3
273 7.70e-3 | 2.30e-3 | 8.51le-4 | 1.13e-3 | 1.82e-3 | 2.12e-3
24 3.81e-3 | 1.02e-3 | 4.80e-4 | 2.93e-4 | 7.39e-4 | 9.59e-4
rate 1.01 0.98 1.14 1.57 1.20 1.09

Table 7.13: The absolute error for velocity in L? norm for the new low order element for case 2.

h\ e 92 914 96 98 9—10 9—12
27! 5.68e-2 | 7.46e-2 | 1.46e-1 | 1.93e-1 | 1.98e-1 | 1.99e-1
272 1.65e-2 | 2.61e-2 | 7.75e-2 | 1.28e-1 | 1.42e-1 | 1.43e-1
273 4.30e-3 | 7.80e-3 | 3.20e-2 | 7.46e-2 | 9.88e-2 | 1.0le-1
274 1.11e-3 | 2.12e-3 | 9.13e-3 | 3.85e-2 | 6.39e-2 | 7.09e-2
rate 1.90 1.72 1.33 0.78 0.54 0.50
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Table 7.14: The absolute error for velocity in energy norm for the new low order element for case 2.
h\ e 52 o1 56 58 510 512

2-! 1.40e-1 | 1.04e-1 | 1.50e-1 | 1.94e-1 | 1.98e-1 | 1.99e-1
272 7.02e-2 | 4.81e-2 | 8.81e-2 | 1.29e-1 | 1.42e-1 | 1.43e-1
273 3.50e-2 | 2.07e-2 | 4.47e-2 | 7.67e-2 | 9.89e-2 | 1.0le-1
2-4 1.74e-2 | 9.30e-3 | 1.84e-2 | 4.37e-2 | 6.41e-2 | 7.09e-2
rate 1.00 1.16 1.01 0.72 0.54 0.50

Table 7.15: The absolute error for pressure in L? norm for the new low order element for case 2.
h\ e 9—2 o4 56 58 9—10 o—12

271 1 2.79e-2 | 7.90e-3 | 8.20e-3 | 9.91e-3 | 1.07e-2 | 1.40e-2
272 1.36e-2 | 2.61e-3 | 3.21e-3 | 5.50e-3 | 6.40e-3 | 6.94e-3
273 | 6.60e-3 | 1.42e-3 | 8.93e-4 | 2.41e-3 | 3.31e-3 | 3.61e-3
274 | 3.20e-3 | 7.64e-4 | 2.05e-4 | 8.48e-4 | 1.52e-3 | 1.80e-3
rate 1.04 1.12 1.77 1.18 0.95 0.97

Table 7.16: The absolute error for velocity in L? norm for the new higher order element for case 2.
h\ e 52 o1 56 58 5—10 512

271 | 1.53e-2 | 3.12e-2 | 9.05e-2 | 1.46e-1 | 1.53e-1 | 1.53e-1
272 | 2.20e-3 | 8.40e-3 | 3.64e-2 | 9.10e-2 | 1.07e-1 | 1.08e-1
273 | 2.79e-4 | 1.63e-3 | 1.04e-2 | 4.54e-2 | 7.29e-2 | 7.54e-2
27% | 3.43e-5 | 2.32e-4 | 1.92e-3 | 1.76e-2 | 4.47e-2 | 5.25e-2
rate 2.93 2.36 1.86 1.02 0.59 0.52

Table 7.17: The absolute error for velocity in energy norm for the new higher order element for case 2.
h\ e 52 o1 56 58 510 512

271 | 5.96e-2 | 5.59-2 | 9.43e-2 | 1.46e-1 | 1.53e-1 | 1.53e-1
272 1.70e-2 | 2.15e-2 | 4.50e-2 | 9.16e-2 | 1.07e-1 | 1.08e-1
273 4.41e-3 | 6.80e-3 | 1.82e-2 | 4.70e-2 | 7.31e-2 | 7.55e-2
24 1.10e-3 | 1.90e-3 | 5.21e-3 | 2.17e-2 | 4.50e-2 | 5.26e-2
rate 1.92 1.63 1.39 0.92 0.59 0.51

Table 7.18: The absolute error for pressure in L? norm for the new higher order element for case 2.
W\ e 52 o1 56 55 5—10 o—12

271 | 1.26e-2 | 2.31e-3 | 4.92¢-3 | 7.70e-3 | 8.90e-3 | 9.20e-3
272 | 4.70e-3 | 1.30e-3 | 1.30e-3 | 3.32e-3 | 4.31e-3 | 4.60e-3
273 | 1.90e-3 | 5.58e-4 | 2.28e-4 | 1.13e-3 | 1.82e-3 | 2.12e-3
27% | 8.96e-4 | 1.76e-4 | 7.90e-5 | 2.68c-4 | 7.38¢-4 | 9.59¢-4
rate 1.27 1.24 1.98 1.61 1.20 1.09

8. Conclusions

In this article, we have proposed two lower order 2D rectangular elements which are uni-
formly stable for the Darcy-Stokes problem. We have also suggested two 3D uniformly stable
rectangular elements. However, it seems not easy to extend these elements to arbitrary quadri-
laterals and hexagons. We will consider this issue in future work.
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